
Supplementary Materials for A Differential Equations Analysis of Renewable Energy Consumption Resilience for Climate Risk Mitigation
Numerical simulation codes
1. [bookmark: _Hlk204233085]Simulation Code for Phase Portrait for Fossil-Renewable Consumption
import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp

# Parameters
sigma = 1.45
alpha = 1.6
K = 1
lam = 0.017
beta = 1
L = 0.8
gamma = 0.23
# System of ODEs
def system (t, XY):
    x, y = XY
    dx = sigma*x + alpha*x*(1 - x/K) - lam*x*y
    dy = beta*y*(1 - y/L) + gamma*x*y
    return [dx, dy]
# Create grid for phase portrait
x_vals = np.linspace(0, 6, 20)
y_vals = np.linspace(0, 4, 20)
X, Y = np.meshgrid(x_vals, y_vals)
U = sigma*X + alpha*X*(1 - X/K) - lam*X*Y
V = beta*Y*(1 - Y/L) + gamma*X*Y
# Normalize arrows for better display
N = np.sqrt(U**2 + V**2)
U /= N
V /= N
plt.figure(figsize=(3,3))
# Plot vector field
plt.quiver(X, Y, U, V, color='gray', alpha=0.6)
# Plot some trajectories
for xy0 in [(0.5,0.5), (2,1), (4,2), (5,3), (1,3)]:
    sol = solve_ivp(system, [0,50], xy0, t_eval=np.linspace(0,50,500))
    plt.plot(sol.y[0], sol.y[1], lw=1.5)
# Nullclines
# Prey nullcline: y = (σ + α(1 - x/K)) / λ
y_nullcline = (sigma + alpha*(1 - x_vals/K))/lam
plt.plot(x_vals, y_nullcline, 'r--', label='dx/dt=0')
# Predator nullcline: y = L(1 + (γ/β)x)
y_nullcline2 = L*(1 + (gamma/beta)*x_vals)
plt.plot(x_vals, y_nullcline2, 'b--', label='dy/dt=0')
plt.xlim(0,6)
plt.ylim(0,4)
plt.xlabel(' x')
plt.ylabel(' y')
plt.title('Phase Portrait for 2000-2024')
plt.legend()
plt.grid(False)
plt.show()

2. Simulation Code for Dynamics 
import numpy as np
import matplotlib.pyplot as plt

from scipy.integrate import solve_ivp

# Parameters
sigma = 0.1     # intrinsic growth/decay of x
alpha = 0.5     # logistic growth rate of x
K = 5.0         # carrying capacity for x
Lambda xy = 0.02 # interaction effect of y on x
beta = 0.3      # logistic growth rate of y
L = 4.0         # carrying capacity for y
gamma = 0.01    # interaction effect of x on y
# System of ODEs
def system (t, XY):
    x, y = XY
    dxdt = sigma * x + alpha * x * (1 - x/K) - lambda * x * y
    dydt = beta * y * (1 - y/L) + gamma * x * y
    return [dxdt, dydt]
# Initial conditions
x0, y0 = 1.0, 0.5
XY0 = [x0, y0]
# Time span
t_span = (0, 60)
t_eval = np.linspace(*t_span, 1000)
# Solve the system
sol = solve_ivp(system, t_span, XY0, t_eval=t_eval)
# Extract solutions
x_sol, y_sol = sol.y
# Plot time series
plt.figure(figsize= (4,4))
plt.plot(sol.t, x_sol, label='x(t)', lw=1)
plt.plot(sol.t, y_sol, label='y(t)', lw=1)
plt.xlabel('Time')
plt.ylabel('Rate of Energy Consumption')
plt.title('Fossil-Energy Dynamics')
plt.legend()
plt.grid(False)
plt.show()

3. Bifurcations
3.1. Energy vs intensity
import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp

# Define the system of ODEs
def system(t, z, sigma, alpha, beta, gamma, K, L, lambda_):
    x, y = z
    dxdt =  sigma * x + alpha * x * (1 - x / K) - lambda_ * x * y
    dydt = beta * y * (1 - y / L) + gamma * x * y
    return [dxdt, dydt]

# Tuned parameters
alpha = 2.5
beta = 1.5
gamma = 0.23
lambda_ = 0.017
K = 1
L = 1

# Bifurcation parameter range
sigma_values = np.linspace(0.0, 20.0, 500)
t_span = [0, 300]
t_eval = np.linspace(t_span[0], t_span[1], 10000)

# Initial conditions
x0, y0 = 2, 1

# Standard deviation threshold to detect instability
std_threshold = 0.5

# Data containers
stable_sigma = []
stable_x = []
unstable_sigma = []
unstable_x = []

# Loop over sigma values
for sigma in sigma_values:
    sol = solve_ivp(system, t_span, [x0, y0],
                    args=(sigma, alpha, beta, gamma, K, L, lambda_),
                    t_eval=t_eval, rtol=1e-6, atol=1e-8)

    x_vals = sol.y[0, -200:]
    std_dev = np.std(x_vals)

    if std_dev < std_threshold:
        stable_sigma.extend([sigma] * len(x_vals))
        stable_x.extend(x_vals)
    else:
        unstable_sigma.extend([sigma] * len(x_vals))
        unstable_x.extend(x_vals)

# Plot the bifurcation diagram
plt.figure(figsize=(3, 3))
plt.plot(stable_sigma, stable_x, ',b', alpha=0.6, label="Stable (blue)")
plt.plot(unstable_sigma, unstable_x, ',r', alpha=0.5, label="Unstable (red)")
plt.xlabel(r'$\sigma$ (intensity)', fontsize=12)
plt.ylabel(r'$x$ (Fossile Enegy)', fontsize=12)
plt.title("Bifurcation x vs $\sigma$", fontsize=12)
plt.grid(False)
plt.legend()
plt.tight_layout()
plt.show()

import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp

# ODE system
def system(t, z, sigma, alpha, beta, gamma, K, L, lambda_):
    x, y = z
    dxdt = 2 * sigma * x + alpha * x * (1 - x / K) - lambda_ * x * y
    dydt = beta * y * (1 - y / L) + gamma * x * y
    return [dxdt, dydt]

# Fixed parameters (except lambda)
alpha = 1.4
beta = 0.4
gamma = 0.07
sigma = 0.8  # fixed sigma
K = 50
L = 100

# Vary lambda (air pollution) instead of sigma
lambda_values = np.linspace(0.001, 0.1, 400)  # air pollution influence
t_span = [0, 300]
t_eval = np.linspace(t_span[0], t_span[1], 10000)

# Initial conditions
x0, y0 = 5, 2

# Threshold for stability detection
std_threshold = 0.5

# Containers
stable_lambda = []
stable_x = []
unstable_lambda = []
unstable_x = []

# Loop over lambda values (bifurcation parameter)
for lambda_ in lambda_values:
    sol = solve_ivp(system, t_span, [x0, y0],
                    args=(sigma, alpha, beta, gamma, K, L, lambda_),
                    t_eval=t_eval, rtol=1e-6, atol=1e-8)

    x_vals = sol.y[0, -200:]
    std_dev = np.std(x_vals)

    if std_dev < std_threshold:
        stable_lambda.extend([lambda_] * len(x_vals))
        stable_x.extend(x_vals)
    else:import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp

# ODE system
def system(t, z, sigma, alpha, beta, gamma, K, L, lambda_):
    x, y = z
    dxdt = 2 * sigma * x + alpha * x * (1 - x / K) - lambda_ * x * y
    dydt = beta * y * (1 - y / L) + gamma * x * y
    return [dxdt, dydt]

# Fixed parameters (except lambda)
alpha = 1.4
beta = 0.4
gamma = 0.23
sigma = 1.45  # fixed sigma
K = 50
L = 100

3.2.  Vary lambda (CO2-Eq)
lambda_values = np.linspace(0.001, 0.1, 400)
t_span = [0, 300]
t_eval = np.linspace(t_span[0], t_span[1], 10000)

# Initial conditions
x0, y0 = 5, 2

# Stability detection threshold
std_threshold = 0.5

# Containers
stable_lambda = []
stable_x = []
unstable_lambda = []
unstable_x = []

# Simulation loop
for lambda_ in lambda_values:
    sol = solve_ivp(system, t_span, [x0, y0],
                    args=(sigma, alpha, beta, gamma, K, L, lambda_),
                    t_eval=t_eval, rtol=1e-6, atol=1e-8)

    x_vals = sol.y[0, -200:]  # Take last values to analyze stability
    std_dev = np.std(x_vals)

    if std_dev < std_threshold:
        stable_lambda.extend([lambda_] * len(x_vals))
        stable_x.extend(x_vals)
    else:
        unstable_lambda.extend([lambda_] * len(x_vals))
        unstable_x.extend(x_vals)

# Plotting
plt.figure(figsize=(10, 6))
plt.plot(stable_lambda, stable_x, 'o', color='blue', alpha=0.6, markersize=3, label="Stable (blue)")
plt.plot(unstable_lambda, unstable_x, 'o', color='red', alpha=0.5, markersize=3, label="Unstable (red)")
plt.xlabel(r'$\lambda$ (Air Pollution Intensity)', fontsize=12)
plt.ylabel(r'$x$ (Long-Term Values)', fontsize=12)
plt.title("Bifurcation Diagram: $x$ vs $\lambda$ (Air Pollution)", fontsize=14)
plt.grid(True)
plt.legend()
plt.tight_layout()
plt.show()

unstable_lambda.extend([lambda_] * len(x_vals))
unstable_x.extend(x_vals)

# Plot
plt.figure(figsize=(3, 3))
plt.plot(stable_lambda, stable_x, 'o', color='blue', alpha=0.6, markersize=2, label="Stable (blue)")
#plt.plot(unstable_lambda, unstable_x, 'o', color='green', alpha=0.5, markersize=2, label="Unstable (green)")
plt.xlabel(r'$\lambda$ (CO2-Equivalent)', fontsize=12)
plt.ylabel(r'$x$ ', fontsize=12)
plt.title("Bifurcation for $x$ vs $\lambda$ ", fontsize=12)
plt.grid(True)
plt.legend()
plt.tight_layout()
plt.show()

3.3. Bifurcation for Renewable vs Technology
import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve_ivp

def system(t, z, sigma, alpha, beta, gamma, K, L, lambda_):
    x, y = z
    dxdt = 2 * sigma * x + alpha * x * (1 - x / K) - lambda_ * x * y
    dydt = beta * y * (1 - y / L) + gamma * x * y
    return [dxdt, dydt]

alpha = 1.4
beta = 0.4
sigma = 0.8
K = 50
L = 100
lambda_ = 0.05

gamma_values = np.linspace(0, 0.2, 200)
t_span = [0, 300]
t_eval = np.linspace(t_span[0], t_span[1], 10000)
x0, y0 = 5, 2

std_threshold = 0.5

stable_gamma, stable_y = [], []
unstable_gamma, unstable_y = [], []

for gamma in gamma_values:
    sol = solve_ivp(system, t_span, [x0, y0],
                    args=(sigma, alpha, beta, gamma, K, L, lambda_),
                    t_eval=t_eval, rtol=1e-6, atol=1e-8)
    y_vals = sol.y[1, -200:]
    std_dev = np.std(y_vals)

    if std_dev < std_threshold:
        stable_gamma.extend([gamma] * len(y_vals))
        stable_y.extend(y_vals)
    else:
        unstable_gamma.extend([gamma] * len(y_vals))
        unstable_y.extend(y_vals)

plt.figure(figsize=(4, 4))
plt.plot(stable_gamma, stable_y, 'o', color='blue', alpha=0.6, markersize=3, label='Stable')
plt.plot(unstable_gamma, unstable_y, 'o', color='red', alpha=0.6, markersize=5, label='Unstable')

plt.xlabel(r'$\gamma$ (Technology)')
plt.ylabel(r'$y$ ')
plt.title('Bifurcation for $y$ vs $\gamma$')
plt.legend()
plt.grid(True)
plt.tight_layout()
plt.show()
