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Abstract
Continuum moment closures provide tractable partial differential equations for kinetic descriptions of oriented cell migration,
but their finite-scale accuracy can be difficult to separate from numerical or workflow error. We developed a fail-closed, hash-
locked audit framework in which independent implementation and adjudication agents evaluate pre-specified derivations,
numerical tolerances and execution artifacts under human supervision. We applied this framework to drift-diffusion,
anisotropic-diffusion, Chapman-Enskog density and dynamic first-moment quasi-equilibrium closures against a canonical
polar velocity-jump Monte Carlo target on a heterogeneous orientation field supported by a real human T1-derived anatomical
mask. None of the tested closures recovered adequacy on the frozen final-time metric. For the dynamic closure, the centre-of-
mass trajectory diverged directionally from the particle target, with final angular errors of -74.3° and − 92.6° in two test cells
and combined errors 58–64 times the replicate-noise scale. Removing the finite angular-relaxation initial layer changed the
combined error by only 0.34 and 0.23 noise units. These results suggest that local low-order quasi-equilibrium closure can
remain inadequate in strongly heterogeneous polar fields despite numerical convergence and asymptotic consistency.

Introduction
Velocity-jump processes provide a foundational kinetic description of biological migration: particles move at fixed speed and
reorient stochastically at a Poisson rate toward direction distributions set by their local microenvironment¹,²⁷⁻³⁴. In oriented
tissues—including white-matter tracts, collagen networks and aligned extracellular matrix—a common computational strategy
is to close the kinetic equation at low angular moments and evolve a small set of continuum fields²⁻⁹,³⁵. The resulting drift–
diffusion and anisotropic-diffusion equations underpin, among other applications, diffusion-tensor-imaging-informed models
of glioma invasion⁷,⁸,³⁷⁻⁴¹. The underlying mathematical theory is well developed: diffusion limits are established under
parabolic scaling²,³,¹², moment hierarchies can be constructed systematically¹⁰,¹¹, and first-moment closures that retain flux
dynamics have been derived and analysed⁴,¹³.

Less attention has been paid to how such closures should be audited when they are used as finite-scale quantitative
surrogates for the underlying kinetic process on strongly heterogeneous fields. In that regime, sharp directional changes may
arise from the field itself or from processing and modelling conventions, while numerical and workflow choices can introduce
errors that are difficult to distinguish from model inadequacy. More generally, computational studies remain vulnerable to post
hoc metric selection, in-place repair of failed runs, threshold adjustment and selective reporting of negative outcomes¹⁸⁻²¹,²⁶.
A closure failure is therefore scientifically informative only if alternative explanations arising from the computational pipeline
have been constrained in advance.

We address this problem with a fail-closed, dual-agent audit framework for computational model testing. An implementation
agent derives, implements, statically audits and numerically qualifies each diagnostic stage inside an isolated, SHA-256-hash-
locked namespace. A separate adjudication agent audits the frozen pre-execution package, independently re-derives the
governing mathematics, repeats the numerical qualification in a different software environment, and issues or withholds an
authorization tied to the approved lock hash. Execution stops on any failed gate; failed criteria and superseded versions are
retained rather than overwritten; and acceptance criteria are specified before the tests they judge are first run. A human
investigator directs the protocol and brokers all transfers between the two systems.

We then use this framework to test a ladder of local moment closures for a canonical polar velocity-jump process on a
heterogeneous orientation field constructed over a real human T1-derived anatomical support mask. The orientation field
itself is synthetic, so the study is a controlled transport stress test rather than a biological or clinical validation. The ladder
culminates in a dynamic first-moment quasi-equilibrium closure that retains finite flux relaxation and the kinetically correct
first-moment initial condition. Its fast-relaxation reduction to the previously audited density closure is verified symbolically
with zero residual. Across the frozen final-time metric, none of the tested closures recovers adequacy. Time-resolved analysis
of the dynamic closure further reveals a persistent directional mismatch from the Monte Carlo target, while an ablation shows
that the finite first-moment relaxation layer contributes only a small fraction of the total discrepancy. Together, these results
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provide a traceable test case in which numerical validity and asymptotic consistency are insufficient to guarantee transport-
level adequacy.

Results
A provenance-controlled closure ladder

The kinetic reference is a canonical polar velocity-jump process (Methods). Particles move at speed s = 0.09 and reorient at
rate λ = 10 toward a local von Mises distribution q(x,e) ∝ exp[k(x)p(x)·e], with concentration k(x) = 2.5c(x) determined by the
local orientation coherence c(x) and polar director p(x) = n(x)·sign(n�) under the locked n� ≥ 0 convention. The structural field
is generated once, deterministically, over a real human T1 coronal slice (SHA-256 pinned; dipy sample data²⁵) that defines an
anatomical support mask within the unit square; the orientation field itself is synthetic. Two initial-condition cells are
considered: a high-coherence seed ('off-singularity', (0.5, 0.45)) and a seed at a nematic defect core ('on-singularity', (0.5,
0.5792…)), the latter re-derived at every run from a locked rule. For each cell, the target statistics are obtained from three
Monte Carlo replicates of 30,000 particles with fixed seeds and are required to reproduce seven locked upstream scalar
anchors to relative precision 10⁻⁹; the observed maximum relative difference was 0.0.

The frozen primary metric is Eᴄᴏᴍʙɪɴᴇᴅ = Eᴅᴇɴˢɪᴛʏ + 0.5·Eᴄᴏᴍ, combining the RMSE between normalized final densities with a
scaled final centre-of-mass (COM) velocity error (V_SCALE = 0.04). Adequacy is reported as Eᴄᴏᴍʙɪɴᴇᴅ divided by the Monte
Carlo replicate-noise scale, which provides the stochastic reference floor for the comparison.

Four diagnostic stages were executed sequentially under the same authorization protocol (Fig. 1): (i) primary model selection
among five candidate continuum mechanisms, in which a drift–diffusion model (M3) had the lowest frozen metric among the
primary candidates; (ii) an anisotropic-diffusion-plus-polar-drift diagnostic (M34), which did not recover adequacy; (iii) a
kinetic-consistent Chapman–Enskog density closure with exact coefficients u = sA₁(k)p and D = (s²/λ)[(1 − A₂)/2·I + (A₂ −
A₁²)ppᵀ], which remained worse than the locked final-time comparators in both cells; and (iv) the dynamic first-moment flux
closure examined here. Each stage was hash-locked before the next began, and upstream outputs were used downstream
only as read-only evidence.

Dynamic first-moment closure and verified fast-relaxation consistency

The dynamic closure tests whether a density-only representation discards transport information carried by the first angular
moment. Taking the first two angular moments of the kinetic equation gives

∂ρ/∂t + ∇·J = 0, ∂J/∂t + ∇·Π = λ(ρu − J),

with the second moment closed at quasi-equilibrium, Π_QE = ρ(λD + uuᵀ) = ρs²E_q[eeᵀ]. Two design properties are central.
First, uniform initial headings imply J(x,0) = 0, so the full closure retains the finite first-moment relaxation layer with timescale
τ = 1/λ = 0.1. An ablation initialized with J(x,0) = ρ₀u ('instant relaxation') isolates the effect of this first-moment initial layer.
This does not make the complete initial angular state exact: where c > 0, the quasi-equilibrium second moment Π_QE differs
from the true uniform-heading second moment at t = 0. Second, adiabatic elimination of J at large λ recovers the audited
density closure, J = ρu − ∇·(Dρ) − (ρ/λ)(u·∇)u + O(λ⁻²). This reduction is re-derived symbolically inside the static audit at every
run, and the observed residual is zero in both components.

The solver treats (ρ, J�, Jγ) as a hyperbolic relaxation system with a Rusanov finite-volume flux¹⁵,⁴²,⁴⁵ and an integrator that is
exact for the stiff relaxation term in the homogeneous benchmark (error ≤ 10⁻¹⁷)¹⁶,¹⁷,⁴³. Ten pre-specified qualification tests all
pass. These include asymptotic recovery of the density closure under a criterion fixed before its first run (monotone residual
shrink of 64.5× over λ = 10 to 300) and a production-horizon time-convergence gate showing that the frozen time resolution
contributes 2.55% of the smaller replicate-noise scale to the metric-form discretization error. The numerical time-step budget
was therefore fixed below the stochastic reference floor before the scientific run.
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The qualification history also exposed two classes of implementation risk. An early pipeline version contained a genuine
integrator defect that was invisible on homogeneous tests but was detected by a heterogeneous regression identity; the
corrected production path is now bound to that identity at execution time. Separately, two pre-specified asymptotic-recovery
criteria failed at coarse time resolution. Those failures were retained, independently reproduced in a second software
environment, and diagnosed by controlled step-size refinement as time-discretization error. The time step was then refined
under unchanged thresholds, while the superseded pipeline versions remained de-authorized. Qualification values
subsequently agreed across environments to full printed precision.

Structural audits define the locked transport challenge

Two mandatory pre-execution audits characterize the locked field before the closure comparison (Fig. 2). Applying the n� ≥ 0
polarity convention to the smooth synthetic director field generates 520 sign-discontinuity edges, with a maximum drift jump
of 0.1376, approximately twice the maximum local drift magnitude, across one grid cell. Both seeds lie one grid cell (0.0099
length units) from the nearest seam, but in very different local environments: the off-singularity seed is adjacent to a high-
coherence seam (c = 0.961; jump 0.1357), whereas the on-singularity seed lies near the low-coherence defect core (c = 0.025;
jump 0.0026). A separate boundary audit shows that the actual outer boundary of the locked A1 field is isotropic with zero
drift, so the adopted reflecting ghost-cell treatment is exact for this specific boundary configuration. These audits diagnose
the geometry; they do not smooth or repair it.

The dynamic closure does not recover adequacy in either cell

The authorized production run lasted 109.8 s. All provenance stages and hard numerical-validity gates passed: relative mass
change was ≤ 3.9×10⁻¹⁶, no clipping occurred, and the boundary mass-flux residual was 0 (Table 2). The run produced four
records, {off, on} × {full closure, instant-relaxation ablation}, each with the full time-resolved state stored at the ten mandatory
times and independently re-verified from the persisted arrays by a read-only validator.

Table 1. Main results for the four dynamic-closure records on the frozen Monte Carlo-anchored metric.

Record E_density E_COM E_comb. Adequacy

(×noise)

vs

primary

vs

diagnostic

vs
density

closure

Final

angle
err.

Final speed

(closure/MC)

off / full
closure

0.11632 0.68953 0.46109 63.72 −28.9% −29.3% −0.68% −74.32° 0.01031 /

0.02852

off /
instant
ablation

0.11597 0.68533 0.45864 63.38 −28.2% −28.6% −0.15% −73.31° 0.01047 /

0.02852

on / full
closure

0.09908 0.57279 0.38548 57.80 −12.7% −16.2% −1.97% −92.62° 0.00731 /

0.02138

on /
instant
ablation

0.09858 0.57074 0.38395 57.58 −12.2% −15.7% −1.56% −91.75° 0.00738 /

0.02138

Negative percentages indicate a larger (worse) dynamic-closure error than the named comparator. Replicate noise: 0.00724
(off-cell) and 0.00667 (on-cell). Initial-layer ablation effect (full closure minus instant-relaxation ablation): +0.00245 (0.34
noise units, off-cell) and +0.00153 (0.23 noise units, on-cell).

Table 2. Pre-specified numerical-validity gates; all four dynamic-closure records satisfied every gate.

Page 4/11



Gate Tolerance Worst observed value

Finiteness throughout required all finite

Clip ratio ≤ 10⁻⁶ 0.0

Mass conservation (relative) ≤ 10⁻⁶ 3.9×10⁻¹⁶

Boundary mass-flux residual ≤ 10⁻¹⁰ 0.0

Normalized flux bound ≤ 1.05 0.752

Maximum time step vs. bound step ≤ bound 4.1265×10⁻⁴ ≤ 4.1267×10⁻⁴

Substep-vs-production regression = 0.0 0.0

The final-time outcome is consistent across both cells (Table 1; Figs. 3–5). For the off-singularity cell, the full dynamic closure
yields Eᴄᴏᴍʙɪɴᴇᴅ = 0.4611 (63.7× replicate noise), which is 28.9% larger than the locked drift–diffusion primary, 29.3% larger
than the anisotropic-diffusion diagnostic and 0.7% larger than the density closure. For the on-singularity cell, the
corresponding value is 0.3855 (57.8× replicate noise), 12.7%, 16.2% and 2.0% larger than the same three comparators.
Removing the first-moment relaxation layer changes the combined error by only + 0.00245 (off) and + 0.00153 (on), equivalent
to 0.34 and 0.23 replicate-noise units. Thus, within this test, the finite first-moment initial layer has a small effect on the final
discrepancy.

Time-resolved analysis identifies a persistent directional mismatch

Time-resolved comparison of the dynamic closure with the regenerated Monte Carlo target localizes the dominant
discrepancy (Fig. 4). Through t = 0.2 (2τ), the COM separation remains ≤ 0.006 length units. Thereafter, the trajectories diverge:
the Monte Carlo COM moves predominantly in + y, with final headings of + 93.5° (off) and + 92.0° (on), whereas the full
dynamic closure ends at + 19.2° and − 0.6°, respectively. The resulting final angular errors are − 74.3° and − 92.6°, and the
dynamic-closure COM speeds are lower than the Monte Carlo values by factors of 2.8 and 2.9. The full and instant-relaxation
variants remain close to one another after the early transient, while their error relative to the Monte Carlo target continues to
grow. This separation indicates that the first-moment initial layer is not the dominant source of the late-time transport
mismatch.

The integrity record constrains alternative computational explanations

Across four audit rounds, the framework detected a silent implementation defect that homogeneous tests had missed,
retained two pre-specified criterion failures without threshold adjustment, rejected superseded lock hashes even when paired
with valid authorization tokens, and reproduced qualification values across software environments to full printed precision.
The reported observables are contained in, or recomputable from, the hash-verified handoff package, and the persisted state
arrays reproduce the corresponding derived quantities to 10⁻¹² or exactly. This audit record does not establish biological
validity, but it substantially narrows the class of numerical and provenance failures that could account for the observed
closure discrepancy.

Discussion
For the canonical polar velocity-jump process and locked heterogeneous field studied here, none of the tested local
continuum closures recovers adequacy on the frozen final-time metric. The time-resolved evidence is strongest for the
dynamic first-moment closure: despite numerical convergence, exact conservation checks and verified fast-relaxation
consistency with the density closure, its centre-of-mass trajectory diverges markedly in direction from the Monte Carlo
reference in both test cells. The instant-relaxation ablation further shows that the finite first-moment initial layer contributes
only a small fraction of the final discrepancy. These observations support a narrower conclusion than a general rejection of
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moment methods: under this strongly heterogeneous polar field, local low-order quasi-equilibrium closure is insufficient to
reproduce the reference transport trajectory.

This finding does not conflict with rigorous diffusion-limit results for velocity-jump processes²,³,¹²; rather, it highlights the
distinction between an asymptotic limit and finite-scale quantitative adequacy. Here, the locked polarity convention creates a
dense network of drift discontinuities, including a high-coherence near-reversal seam adjacent to one seed. Such
discontinuities violate the smooth-field setting underlying many asymptotic arguments and can amplify differences between
local continuum sampling and particle transport. The present evidence does not identify the unique missing mechanism. It
instead motivates controlled tests of higher angular moments, nonlocal transport descriptions, or explicit treatment of seam
structure¹⁰. The dynamic first-moment result also cautions against assuming that adding hyperbolic relaxation alone will
restore adequacy when a diffusion-type closure fails⁴,¹³.

The audit framework provides a complementary methodological contribution. Pre-registration and reproducibility
norms¹⁸⁻²¹,⁵⁴⁻⁵⁷ emphasize the value of prespecified criteria and traceable computational workflows; here those principles are
implemented through separated implementation and adjudication roles, hash-pinned artifacts, fail-closed execution and
preserved failure histories. The value of this architecture lies not in AI autonomy but in enforced separation of roles and
human-accountable verification. As AI-assisted research workflows become more common²²,⁴⁶⁻⁴⁹, comparable provenance
controls may help prevent rapid iteration from obscuring criterion changes, superseded results or implementation drift.

Several limitations constrain the interpretation. The anatomical content is a single real human T1 coronal slice used only as a
support mask, with a synthetic orientation field superimposed; this is a controlled geometry stress test rather than a biological
or clinical validation. Only two seed locations, one field and one kinetic parameter set were examined. The seam network is
induced by the locked polarity convention, so a different convention would define a different transport problem. The Monte
Carlo target is a regenerated, identity-gated surrogate for the upstream target rather than a reused raw array, and time-
resolved comparisons are therefore available only for the dynamic closure versus the regenerated Monte Carlo target;
upstream closures enter only as final-time read-only comparators. Finally, although J(x,0) = 0 matches the uniform-heading
first moment exactly, the quasi-equilibrium second moment does not match the true uniform-heading second moment at t = 0
in regions with c > 0. The present study therefore motivates, but does not perform, the next step beyond a first-moment
closure.

Methods

Canonical kinetic model and structural field
The kinetic reference is a canonical polar velocity-jump model taken from five source files whose SHA-256 hashes are locked
and re-verified before every run. Particles at position x ∈ [0,1]² with heading e ∈ S¹ satisfy ∂f/∂t + s e·∇�f = λ{ρ(x,t)q(x,e) − f},
with ρ = ∫_{S¹}f de, s = 0.09 and λ = 10. The post-turn kernel is q(x,e) = exp[k(x)p(x)·e]/(2πI₀(k(x))), with k = 2.5c(x). The polar
director is p = n·sign(n�), with sign(0) → +1. The structural field (θ(x), c(x)) is generated deterministically: a real human T1
coronal slice from the dipy sample data²⁵ (SHA-256 verified at runtime; 256×256) is thresholded and resampled to an
anatomical support mask on an N = 101 cell-centred grid, over which a synthetic coronal orientation field is constructed. The
support mask is used only for post hoc leakage diagnostics and is never treated as a solver boundary. The two seeds are (0.5,
0.45) and (0.5, 0.5792079207920792); the latter is re-derived at every run from the locked minimum-coherence rule.

Monte Carlo target and identity gate
For each cell, the target is regenerated once as three replicates of 30,000 particles using fixed seeds, an MC step of 0.005 and
horizon T = 6. Final densities are Gaussian-smoothed and normalized exactly as in the upstream workflow. Seven scalar
anchors—replicate noise for both metric components, two turning-kernel order parameters, turning-rate ratio, COM speed and
mask leakage—must match the locked upstream evidence to relative tolerance 10⁻⁹; the observed maximum relative
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difference was 0.0 in both cells. The Monte Carlo COM trajectory was additionally sampled at the ten mandatory times 0,
0.025, 0.05, 0.1, 0.2, 0.5, 1, 2, 4 and 6.

The dynamic closure system, discretization, and frozen time resolution
The first- and second-moment definitions J = s∫ef de and Π = s²∫eeᵀf de yield the moment system in Results by direct
integration over e. The quasi-equilibrium closure uses s²E_q[eeᵀ] = λD + uuᵀ, with u = sA₁(k)p, A_j(k) = I_j(k)/I₀(k)¹⁴,³⁶, and D as
defined in Results. No fitted parameter is introduced in this closure. The full variant uses J(·,0) = 0, matching the first moment
of the uniform initial heading distribution; the instant-relaxation ablation uses J(·,0) = ρ₀u. The full variant should not be
interpreted as matching the complete initial angular state: Π_QE differs from the true uniform-heading second moment at t = 0
where c > 0. Reflecting boundaries are implemented with ghost cells (density Neumann; antisymmetric normal flux; symmetric
tangential flux). For the actual locked A1 outer boundary, c = 0 and the drift vanishes, so this treatment coincides with the
corresponding specular-reflection moment condition.

The solver advances (ρ, J�, Jγ) with a Rusanov/local-Lax–Friedrichs finite-volume flux¹⁵,⁴²,⁴⁴,⁴⁵, using local wave speeds √M��
and √Mγγ for M = λD + uuᵀ, together with an integrator that is exact for the homogeneous relaxation term¹⁶,¹⁷,⁴³. A single
authoritative substep is used by the production loop and is linked to it by a bit-exact regression gate (tolerance 0.0) in both
qualification and execution. The production resolution is fixed at CFL = 0.003125; the maximum step used was 4.1265×10⁻⁴
against a bound of 4.1267×10⁻⁴, corresponding to approximately 1.5×10⁴ substeps per record. This resolution was selected
solely from a pre-run synthetic time-convergence gate, for which the metric-form discretization difference at the final
refinement was 1.698×10⁻⁴, or 2.55% of the smaller locked replicate-noise scale, with a step-halving ratio of 2.01.

Qualification suite, criterion history, and hard gates
Ten mandatory pre-execution tests, run only on synthetic or manufactured fields, assess coefficient identities, homogeneous
relaxation (error ≤ 10⁻¹⁷), finite-relaxation pulse kinematics, asymptotic recovery of the density closure, mass conservation,
boundary residual, grid and time convergence, heterogeneous stability, a manufactured polarity-seam stress test, and the
substep/production regression identity. The asymptotic-recovery criterion history is retained in full: two pre-specified criteria
failed at coarse time resolution, the failure was independently reproduced and diagnosed by controlled refinement, and the
final configuration passed under unchanged thresholds with monotone residual shrink of 64.5×. Hard execution gates require
finiteness, clip ratio ≤ 10⁻⁶, relative mass change ≤ 10⁻⁶, boundary residual ≤ 10⁻¹⁰, a recorded production CFL, and an exact
substep/production regression identity. A global normalized-flux diagnostic, max|J|/(s·max ρ_initial) ≤ 1.05, is used as a
numerical sanity check (worst observed 0.752) and is not interpreted as a pointwise realizability proof. Any failed gate halts
execution without automatic repair or rerun.

Dual-agent provenance protocol and state artifacts
Scientific execution requires both an explicit authorization flag and an approved SHA-256 lock hash matching a nine-file pre-
execution lock over the execution-critical source and configuration files. Three superseded candidate locks were verified to be
rejected even when paired with a valid authorization flag. A sixteen-stage fail-closed harness checks the pre-execution lock,
canonical source hashes, cleanliness of the working directory, software-environment identity, the input-data hash, the
upstream-evidence lock, and a live static audit before execution. Post-execution stages verify successful completion, the
presence and structure of the result ledger and all four state artifacts, an independent read-only validator, and a final SHA-256
lock generated after re-reading and freshly re-hashing the written files. For each record, the raw state at the ten mandatory
times (density and both flux components, full floating-point precision) is stored without downsampling or precision reduction.
The validator independently reproduces the stored density hashes, final densities, COM trace and flux diagnostics and re-
checks the hard numerical gates. Time-resolved comparison is restricted to the dynamic closure versus the regenerated
Monte Carlo target; upstream comparators are used only at final time because their raw time series were not serialized.

Page 7/11



Roles, adjudication, and statistics
Anthropic Claude served as the implementation agent for derivation support, implementation, qualification and provenance-
controlled execution under human authorization. OpenAI ChatGPT served as the independent adjudication agent for
mathematical re-derivation, cross-environment qualification checks, execution authorization and post-execution scientific
audit. The human investigator specified the protocol, brokered transfers between the systems, determined the study design
and retained responsibility for all scientific decisions and reporting. Uncertainty is summarized by the Monte Carlo replicate-
noise scale, defined as the mean pairwise distance among the three replicates on the combined metric (0.00724 off-cell;
0.00667 on-cell). Adequacy ratios and noise-unit effect sizes are reported rather than null-hypothesis significance tests, and
closure-adequacy rulings use sign-based comparisons against locked final-time comparators. No fitting, parameter tuning, or
post hoc change to the frozen metric or adjudication threshold was introduced during the reported stage.
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