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Abstract 6 

In oxygen-deficient perovskites, even the complete site-resolved coordination fields of both cation sublattices need 7 

not determine the oxygen-vacancy arrangement. Here we solve this information gap exactly on the perovskite 8 

parent network. A joint map from oxygen occupation to A- and B-site coordination gives the full compatibility 9 

conditions and separates finite-support coordination-preserving variations from additional periodic freedoms. At 10 

ABO2.5 composition, differences between explicit binary orders span this nonlocal sector, and occupancy capacity 11 

makes a large exactly characterized subset rigid against every finite-support rearrangement preserving both 12 

coordination fields. A CaMnO2.5 vacancy-order microdomain identified by electron diffraction and HREM maps 13 

exactly onto the minimal member of this rigid sector. A general domain-stitching identity then shows how changes 14 

between same-coordination orders reappear as interface defects. In a fully specified exchange channel, the optimal 15 

peak joint defect measure grows as 2L+2 although separately optimized A- and B-site peaks remain constant. 16 

Experimental bulk structures, vacancy-order domains and homologous intergrowths place the exact results within 17 

the broader coordination fibre. 18 

Introduction 19 

Ordered oxygen vacancies reorganize perovskites over length scales far beyond a single coordination polyhedron. 20 

Diffraction and electron microscopy have resolved vacancy superstructures, tetrahedral-chain order, stacking 21 

variants, antiphase boundaries, long-period order and order–disorder transitions in brownmillerites and related 22 

oxygen-deficient perovskites [1,2,3,4,5,6,7,8,9]. These arrangements can also change transport, magnetic and 23 

structural responses [7,10,11]. Coordination environments are therefore natural descriptors of oxygen-deficient 24 

structures. A more basic question remains: if the coordination of every A site and every B site is specified, has the 25 

oxygen-vacancy configuration itself been determined? 26 

Existing approaches answer adjacent questions. Symmetry analysis enumerates crystallographically distinct anion 27 

orders [12]. Structure generation and first-principles calculations explore candidate vacancy patterns and the 28 

chemical or elastic factors that select among them [10,11,13,14]. Cation coordination preferences also organize 29 

[111] stacking designs across layered perovskite compositions [13,15]. Microscopy and diffraction identify the 30 

orders and defects realized in particular compounds [1,2,3,4,5,6,7]. These approaches do not determine what 31 

structural information is contained in the complete local coordination fields themselves. Because one oxygen site is 32 

shared by two B sites and four A sites in the perovskite parent network, the two coordination fields cannot be 33 

assigned independently. Conversely, even their complete site-resolved values need not uniquely specify the oxygen 34 

pattern. We ask which A/B fields can arise from one oxygen occupation, what structural freedom remains after 35 

both are fixed, and what is required to change that remaining order locally. 36 

Translation-resolved constraint operators provide a useful language for this problem. In periodic framework and 37 

flat-band theories, singular symbols can separate compactly generated modes from additional periodic freedoms 38 

[16,17,18]. Related constrained lattice models show how local rules generate subextensive configuration families 39 

and suppress local rearrangements [19,20]. These results establish precedents for constraint-induced nonlocal 40 
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structure. Here, a single oxygen occupation field must reproduce both complete site-resolved cation coordination 41 

fields. We therefore seek the image, finite-support kernel, periodic residual freedom and binary realizability of this 42 

specific joint map. 43 

Atomic occupation adds a second layer: an oxygen site is occupied or vacant. A signed linear kernel therefore need 44 

not describe a permitted rearrangement of a binary configuration, just as a linear or algebraic kernel basis need not 45 

connect a non-negative integer fibre [21]. The compatibility problem must retain both the complete linear kernel 46 

and the occupancy constraint. 47 

Here we solve the joint oxygen-occupation–coordination map on the perovskite parent network. We first obtain the 48 

complete compatibility spectrum and the full finite-support coordination-preserving kernel. Their difference 49 

identifies a periodic sector that is invisible to all local A/B coordination counts. We then construct binary ABO2.5 50 

orders whose differences span this sector and show that occupancy capacity makes an explicit, exponentially 51 

growing subset locally rigid under coordination-preserving changes. An experimentally identified CaMnO2.5 52 

microdomain provides a direct structural instance of this extremal sector: its observed (√2×√2)�45∘ parent 53 

supercell and all-square-pyramidal Mn coordination uniquely fix, up to translation and parent-axis exchange, the 54 

minimal checkerboard vacancy topology used in the theorem [1,22,23]. The same joint map gives a general relation 55 

between changes of same-coordination order and the coordination defects created at their boundaries, together with 56 

an exact quantitative separation in a solvable exchange problem. Experimental Ca2Mn2O5 and Sr2Mn2O5 57 

structures and Sr–Mn homologous vacancy planes then show how the compatibility language organizes realized 58 

bulk order, registry changes and coherent intergrowth. 59 

Results 60 

Shared oxygen sites impose joint coordination constraints 61 

We place B sites at integer parent coordinates n, A sites at �+(1/2,1/2,1/2), and the three oxygen sites at �+�
/2, 62 

where j labels the parent axes. The binary variable �
(�) is one for a vacancy and zero for an occupied oxygen site. 63 

We count missing oxygens in the parent neighbour shells: 64 

 ��(�)=∑ [
 �
(�)+�
(�−�
)],  ��(�)=∑ ∑ �
1�,�=0
 (�+���+���), (1) 65 

where {�,�,�}={�,�,�}. The coordination counts are 6−�� and 12−��. Equation (1) defines the joint map �=!� (Fig. 66 

1a). A coordination fibre is the set of occupations giving the same complete site-resolved field f. 67 
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 68 

Figure 1 | Joint coordination compatibility on shared oxygen sites. a, Parent connectivity: one oxygen site is shared 69 
by two B sites and four A sites; �� and �� count missing neighbours. b, Complete rank-deficient set of the joint symbol, 70 
with four body-diagonal lines, three zone-edge lines and the rank-zero point R. Generic points have rank two. c, An L=4 71 
target with uniform ��=1 and ��=(3,1,1,3) along diagonal layers. The two fields have separate binary realizations but 72 
violate the joint diagonal selection rule. d, Dimensions of the periodic kernel, periodized finite-support span and their 73 
difference for the displayed even periods. The nonlocal dimension is 14"−17. All coordinates are parent coordinates. 74 

Including the oxygen basis positions in the Fourier transform gives the symbol 75 

 !(�)= ( 2%& 2%' 2%(4%'%( 4%&%( 4%&%') ,  %
=cos(�
/2). (2) 76 

The generic rank is two. It drops to one on four signed body diagonals and three zone-edge lines, and to zero at 77 �=(*,*,*). These are all rank-deficient points on the real reciprocal torus. We denote their union by Σ. At a 78 

diagonal point �=(±+,±+,±+), compatibility requires ,�=2cos(+/2),�; on a zone edge it requires ,�=0; at R both 79 

components vanish (Fig. 1b). For real periodic occupations, these pointwise conditions are necessary and sufficient. 80 

Binary occupation imposes the additional site-capacity condition. 81 

A simple example shows why two separate coordination checks are insufficient. On a four-period parent lattice, 82 

take ��=1 everywhere and let �� cycle as (3,1,1,3) along .=�&+�'+�(. Each target separately has a binary 83 

realization with the same vacancy number. Together they violate the diagonal selection rule at �=(*/2,*/2,*/2): ,� 84 

vanishes there while ,� does not (Fig. 1c). Thus the desired A and B environments cannot coexist on one oxygen 85 

pattern. 86 
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The kernel also separates into local and nonlocal parts. Let /0=ker!0 for an "×"×" parent torus. Let 10 be the span 87 

of periodic images of all finite-support kernel vectors on the infinite parent lattice. A primitive Laurent vector G 88 

generates every such finite-support signed variation. Its Fourier value spans the generic one-dimensional kernel and 89 

vanishes exactly on Σ. Consequently, 90 

 /0=10⊕30,  30=⨁�∈Σ6ker!(�), (3) 91 

with conjugate Fourier components paired for real fields. For even L, 92 

 dim30=14"−17. (4) 93 

The corresponding odd-period dimension is 8"−6. The distinction is between finite-support variations on the 94 

infinite network and additional periodic freedoms, not between short and long wavelengths. The Supplementary 95 

Notes “Parent adjacency, Fourier conventions and real compatibility”, “Complete finite-support kernel” and 96 

“Periodic decomposition and dimensions” give the complete kernel and counting proofs. 97 

Binary occupation turns hidden modes into rigid vacancy structures 98 

We now fix ��=1 and ��=2 at every site, corresponding to BO5/AO10 and ABO2.5. For even L, one family is 99 

 �&(�)= 1+(−1)89+8:;(<=)2 ,  �'=�(=0, (5) 100 

where each H is independently +1 or -1. All 20 layer sequences have identical A/B coordination. Their non-101 

constant Fourier content lies on the zone edge (*,*,�(). A second family uses .=�&+�'+�(: empty layers alternate 102 

with vacancy-containing layers, and each vacancy-containing layer independently chooses one of the three oxygen 103 

orientations (Fig. 2a,b). The corresponding modes lie on a body diagonal. 104 

These constructions are complete in two natural subspaces. If only one oxygen orientation can be vacant, every 105 

BO5/AO10 structure belongs to one of two transverse checkerboard layer families obtained from equation (5) by 106 

interchanging axes. If the occupations depend only on s, every solution has the alternating empty/active-layer form. 107 

In both cases, integrality supplies the decisive restriction: a linear superposition allowed by equation (1) need not 108 

remain binary. The constructions also extend to non-periodic layer sequences on the infinite network. 109 
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 110 

Figure 2 | Binary vacancy order and capacity rigidity. a, Two layer words in the zone-edge family, equation (5), with 111 
identical BO5/AO10 coordination. b, A body-diagonal construction with alternating empty and vacancy-containing 112 
layers and an independent orientation choice on each active layer. c, Contributions to the occupancy identity for a purely 113 
singular binary state, a fractional midpoint of two layer words, and a mixed binary example. Each bar is normalized by 114 
5"3/12 at L=4. Purely singular binary configurations exhaust this value through the nonlocal norm and admit no non-115 
zero capacity-allowed change in the local span. d, Binary construction differences span the full nonlocal space at the 116 
displayed even sizes; the lines show the proved dimensions. e, Experimental minimal rigid topology. SAED/HREM 117 

studies of CaMnO2.5 identified a √2×√2R45∘ vacancy-order microdomain in the all-MnO5 endpoint [22,23]. The two-118 
parent-cell supercell contains one vacancy. Uniform BO5 excludes a vacancy along the unchanged parent axis and 119 
uniquely fixes, up to translation and axis exchange, the checkerboard topology shown. Direct evaluation gives ��=1, 120 ��=2, and Fourier support only at Γ and ?&', so the observed topology is a member of @0. The examples illustrate 121 
constructions, not a list of thermodynamically selected phases. 122 

Occupancy capacity gives a stronger consequence than multiplicity. Write any real solution in this fibre as 123 

 �=%+A+B, %=1 6⁄ D, A∈10, B∈30. 124 

125 
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For 0≤�≤1, 126 

 ∥A∥2+∥B∥2+∑ �FF (1−�F)= 50312 . (6) 127 

The explicit binary families have A=0. Denote all binary states with this property by @0. If �0∈@0 and a signed 128 

local variation H∈10 keeps �0+H inside the occupancy cube, then ⟨�0,H⟩=0 and ∑ HFF =0. At a vacant site H≤0; at an 129 

occupied site H≥0. The two equalities force every component of H to vanish. Hence 130 

 (�0+10)∩[0,1]303={�0}. (7) 131 

The same finite-support argument applies to the infinite, possibly non-periodic constructions. The linear map 132 

retains finite-support zero modes generated by G; occupancy capacity removes every admissible local direction at 133 

these extremal states. Their rigidity follows from the shared-neighbour constraints and binary capacity, without 134 

specifying a hopping energy. 135 

Although each such state has no non-trivial local move preserving both coordination fields, differences between 136 

these states span the entire nonlocal space: 137 

 spanℝ(@0−@0)=30. (8) 138 

Thus no part of the nonlocal linear sector relies solely on fractional occupation. Moreover, 20≤|@0 |≤2140−17, so 139 

log|@0 | grows in proportion to L. This remains true after quotienting by the parent translations and cubic point 140 

group. The multiplicity grows exponentially in linear size, while its logarithm per volume tends to zero. The 141 

Supplementary Notes “Binary constructions and complete restricted classifications”, “Capacity rigidity, dual 142 

criterion and nonlocal saturation” and “Hidden-coordinate geometry, counting and structural distance” give the 143 

classifications, rigidity criterion and symmetry count. 144 

Experimental realization of the minimal rigid state 145 

An early electron-diffraction and HREM study of reduced CaMnO3 identified four distinct CaMnO2.5 vacancy-146 

order superstructures. The smallest has an in-plane (√2×√2)�45∘ mesh with %≃O�, while the CaMnO2.5 endpoint 147 

is formed only from MnO5 square pyramids [1,22,23]. These observations determine the parent vacancy topology 148 

without requiring a full atomic refinement of the microdomain. The supercell contains two parent B sites and one 149 

oxygen vacancy. Its translations may be chosen as 150 

 (1,1,0),  (1,−1,0),  (0,0,1). 151 

A vacancy on a �-oriented oxygen edge would connect the same B translation class at both ends and would 152 

therefore give missing-oxygen counts 2 and 0 on the two B classes, inconsistent with uniform five-coordinate Mn. 153 

The vacancy must therefore lie on an �- or �-oriented edge; these choices are related by parent symmetry. Up to 154 

translation and axis exchange, the unique binary topology is 155 

 �&(�)= 1+(−1)89+8:2 ,  �'=�(=0, 156 

the P=+1 member of Eq. (5). 157 

Direct substitution gives 158 

 ��(�)=1,  ��(�)=2 159 
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at every parent site. Relative to %=D/6, its Fourier support is only at Γ and ?&'=(*,*,0). The Γ component is 160 

proportional to (2,−1,−1), and the ?&' component to (1,0,0); both lie in the corresponding kernels of !(�). Hence 161 A=0 and this experimentally identified vacancy topology belongs to @0 (Fig. 2e; Supplementary Note 162 

“Experimental minimal rigid topology in CaMnO2.5”). The capacity-rigidity theorem therefore applies directly to 163 

the observed microdomain topology: no non-zero finite-support occupation change can preserve both complete 164 

coordination fields while remaining within the occupancy bounds. 165 

Experimental Pbam structures expose a different registry freedom 166 

The experimental Pbam refinements of Ca2Mn2O5 [24] and Sr2Mn2O5 [2] provide coordinate-level tests of the 167 

parent description. Both map to a four-parent-cell translation lattice with columns (1,1,0), (2,-2,0) and (0,0,1). After 168 

expanding the reported symmetry operations, the occupied oxygen sites assign one-to-one to ten of its twelve 169 

parent oxygen edges (Fig. 3a). The missing sites are a y-edge anchored at (0,0,0) and an x-edge anchored at (1,0,0), 170 

modulo these translations. Direct neighbour counting gives ��=1 and ��=2 on every site. 171 

These experimental decorations are not purely singular. Per four-parent-cell unit, 172 

 ∥A∥2=1,  ∥B∥2= 23 . (9) 173 

Their regular components occur at ±(*/2,−*/2,0), while Γ and ?&'=(*,*,0) carry singular components. The 174 

observed order therefore occupies the broader coordination fibre, rather than only the rigid construction sector. 175 

For Ca2Mn2O5, the same mapping gives a reciprocal-space interpretation of the reported diffraction pattern. An 176 

orthorhombic reflection (h,k,l) maps to parent reciprocal-lattice units (h/2+k/4,h/2-k/4,l). The indexed (131) and 177 

(061) reflections [24] belong to regular and singular classes, respectively. The two ideal vacancy sites give non-178 

zero vacancy contrast at both reflections (Fig. 3b). This connects the decomposition to identifiable reciprocal 179 

classes; the full measured intensities also contain the refined atomic displacements. 180 
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 181 

Figure 3 | Experimental Pbam order and registry constructions. a, Parent-site assignments of the refined Ca2Mn2O5 182 
[24] and Sr2Mn2O5 [2] coordinates, with the same two missing oxygen edges. Parent idealization and refined positions 183 
are distinguished. b, Per four-parent-cell norm split, ∥A∥2=1 and ∥B∥2=2/3, and representative Ca reflections: (131) is in 184 
a regular reciprocal class, (061) in a singular class. The displayed contrasts are ideal vacancy amplitudes, not measured 185 
intensities. c, The Sr stripe coordinate R=�'−�& reduces uniform BO5/AO10 occupation to a two-labelled matching. A 186 
four-period cell has eight labelled solutions; an eight-period cell has 24 genuinely doubled solutions in addition to the 187 
eight repeated ones. d, Fixed-parity registry boundaries can preserve both coordination counts; a parity change requires a 188 
coordination defect within this stripe subspace. These are calculated boundary classes motivated by the microscopy of 189 
ref. 3, not assignments of individual micrographs. 190 

The Pbam topology suggests the registry coordinate R=�'−�&. In the stripe subspace invariant along (1,1,0) and the 191 

third parent axis, let ST and UT denote the two oxygen-edge vacancy occupations. Equation (1) becomes 192 

 ��(R)=ST+ST+1+UT+UT−1,  ��(R)=2��(R). (10) 193 

Uniform BO5/AO10 occupation is exactly a perfect matching of a one-dimensional cycle with two alternative edge 194 

labels on each matched pair. For even registry period V≥4 there are two matching parities, and each of the m/2 195 

pairs independently chooses X or Y. The complete labelled count is 2W/2+1. 196 
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The ordinary m=4 period has eight states. Doubling it to m=8 gives 32, of which 24 genuinely require the doubled 197 

registry period (Fig. 3c). This provides exact candidates with the enlarged periodicity reported in Sr2Mn2O5 198 

microscopy [3]. Within a fixed matching parity, changing the X/Y label sequence produces an aligned registry 199 

boundary without changing any A/B count. Changing the matching parity instead requires a degree defect in this 200 

stripe subspace. Translational variants shifted by two registry units preserve parity and differ only in regular 201 

modes; shifts by one unit also change the ?&' singular component. 202 

The construction thus distinguishes two possible kinds of antiphase boundary in the same Pbam order. It supplies 203 

atomistic candidates consistent with the reported domain and stacking-fault classes [3], while the published bulk 204 

coordinates alone do not assign a particular microscopic boundary to one of these candidates. Supplementary Note 205 

“Pbam coordinate mappings and registry constructions” gives the complete registry construction and its spectral 206 

correspondence. 207 

Local rewriting converts hidden order into coordination defects 208 

The relation between bulk order and an interface follows directly from C. Let two binary endpoint structures have 209 

the same field, !�0=!�1=�, and set H=�1−�0. A spatial patchwork �=�0+XH chooses one endpoint at each oxygen 210 

site. For any corresponding cation mask XY, 211 

 ZY=(!�−�)Y=∑ !Y[[ (X[−XY)H[. (11) 212 

Only neighbours crossing a change in the mask can contribute. In particular, locally replacing a rigid background 213 

by a different same-fibre structure must leave coordination defects at the boundary of a finite patch (Fig. 4a). The 214 

identity applies to arbitrary three-dimensional endpoint decorations; it also permits cancellations for compatible 215 

aligned boundaries such as those above. 216 
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 217 

Figure 4 | Defects generated by local rewriting. a, A finite patch of one same-fibre structure within another. Equation 218 
(11) confines possible coordination defects to neighbour incidences crossing the patch boundary. b, In the single-layer, 219 
single-orientation periodic channel, a binary flip mask produces B and A defects on perpendicular parts of its boundary, 220 
with \�=]& and \�=2]'. c, Row- and column-scan exchange paths at L=8 show how minimizing one coordination 221 

measure transfers defects to the other. Each path takes "2/2 exchanges. d, Exact optimum values over the same path set: 222 
2 for \�, 4 for \�, and 2L+2 for \�+\�/2, for even "≥4. These are peak coordination-defect measures, not energy 223 
barriers. 224 

The defect geometry carries information about the rearrangement. For a finite occupation change, write 225 
̂=∑ H< �
(�), ^=∑ 
̂
 . The difference between the A-defect second moment and twice the B-defect second 226 

moment is exactly 227 

 _=∑ Z�� R�R�̀−2∑ Z�� R�R�̀=^a−2diag( &̂, '̂, (̂). (12) 228 

Its zeroth and first moments vanish. Thus a number-conserving transfer between vacancy orientations requires a 229 

definite traceless coordination-defect second moment. At R, the corresponding staggered structural amplitudes are 230 

recovered from first moments of B defects. More generally, the singular amplitudes of any finite change follow 231 
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from first-order defect moments, with second order needed at Γ. These relations follow from the symmetry and 232 

derivatives of equation (2), as shown in Supplementary Note “Domain restriction and defect moments”. 233 

A fully solvable switching problem makes the effect of joint coordination quantitative. Take one layer of equation 234 

(5) on an even "×" periodic cross-section and reverse its layer sign. Only that layer and oxygen orientation may 235 

change, through nearest-neighbour oxygen/vacancy exchanges. Every binary intermediate state is specified by a 236 

mask X indicating the flipped sites. Direct substitution gives \�=∥Z�∥1=]& and \�=∥Z�∥1=2]', where ]& and ]' 237 

are the two directional boundary lengths of X. Therefore 238 

 b=\�+1 2⁄ \�=|∂X|. 239 

This boundary-length formulation is closely related to communication-height results for periodic Ising and Potts 240 

models [25,26]. Here the optimization uses the specified vacancy-exchange graph and the physical A- and B-site 241 

defect variables. Over the same set of allowed paths c, 242 

 infd maxe \�=2,  infd maxe \�=4,  infd maxe b=2"+2 ("≥4). (13) 243 

The factor 1/2 removes duplication of the A-interface contribution on two neighbouring layers. It is a counting 244 

convention, not an energetic weight. 245 

The lower bound follows because every path crosses half coverage. A half-covered torus has perimeter at least 2L; 246 

equality occurs only for a straight strip, and a legal exchange next to such a strip raises the perimeter by at least 247 

two. A row-by-row path attains 2L+2 in the minimum possible "2/2 exchanges. It keeps \�≤2 while \� reaches 248 

4L. A column-by-column path instead keeps \�≤4 while \� reaches 2L (Fig. 4b–d). Each individual objective can 249 

therefore transfer the coordination disturbance to the other sublattice. No path in this channel keeps the joint 250 

disturbance bounded independently of L. The complete proof and inverse reconstruction of a mask from its defects 251 

are in Supplementary Note “Complete single-layer channel and exact switching extremum”. 252 

A vacancy-plane rule permits coherent homologous intergrowth 253 

The strontium manganites Sr4+<Mn4+<O10+3< provide a material-specific application beyond uniform 254 

coordination. Their established members include n=0,1,3, and their structures have been organized using 255 

MnO5/MnO6 building blocks [4,5]. A published HR-TEM report describes vacancy lines in (310) parent planes 256 

and coherent n=1/n=3 growth on opposite sides of a shared vacancy plane [27]. We use that reported plane 257 

geometry to construct the corresponding parent oxygen pattern. 258 

Let .=3�&+�' and let R be the integer set of vacancy-plane anchors. Put x-oriented vacancies at .∈� and y-259 

oriented vacancies at .−1∈�. Their oxygen-edge centres share the plane coordinate r+3/2. With I the indicator of 260 

R, equation (1) gives 261 

 
��(.)=a(.)+a(.−1)+a(.−2)+a(.−3),��(.)=2[a(.−1)+a(.)+a(.+1)+a(.+2)]=2��(.+2). (14) 262 

Within this motif, having only BO5/BO6 and AO10/AO12 is equivalent to requiring every consecutive plane 263 

spacing to be at least four. If two anchors are closer, a four-site window contains both and a lower B coordination 264 

appears. If all spacings are at least four, no window contains more than one anchor. This proves both necessity and 265 

sufficiency for the stated coordination palette, including non-periodic spacing sequences. 266 
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A uniform spacing m=n+4 gives two vacancies per m parent cells, hence O/B=3-2/m and exactly the homologous 267 

composition. It has four BO5 and four AO10 sites, plus n BO6 and n AO12 sites per repeat. At m=4 this motif 268 

reduces, up to a registry shift, to the mapped Pbam decoration. The coordination words along the two in-plane 269 

parent directions advance through the registry by one and three, respectively, reproducing the canonical building 270 

sequences [5]. 271 

Choosing spacings five on one side of a shared plane and seven on the other introduces no new coordination class 272 

at the junction. Alternating 5/7 spacings gives a 12-parent-cell repeat with eight BO5, four BO6, eight AO10 and 273 

four AO12 sites, and average O/B=8/3 (Fig. 5). This is a constructive coordination-compatible realization of the 274 

n=2 average composition through n=1/n=3 intergrowth, consistent with the reported microstructural possibility 275 

[27]. Uniform spacing six is also compatible. The rule therefore explains the structural admissibility of the 276 

intergrowth, while the selection between it and a homogeneous n=2 arrangement requires additional material 277 

information. Supplementary Note “Homologous vacancy planes and intergrowth” separates this palette comparison 278 

from equality of complete site-resolved fields. 279 

 280 

Figure 5 | Vacancy-plane spacing and homologous intergrowth. a, The two-edge motif on a (310) parent vacancy 281 
plane. b, Four-site windows of the anchor indicator give the B field and a shifted A field, equation (14). Spacings at least 282 
four are exactly those retaining the BO5/BO6 and AO10/AO12 palette within this motif. c, Uniform spacings five and 283 
seven, and a shared-plane 5|7 junction, provide parent constructions corresponding to the reported homologous geometry 284 
[4,5,27]. d, Alternating 5/7 and uniform 6 spacings have the same average O/B=8/3 and coordination histograms but 285 
different site-resolved fields. Both are coordination-compatible. The diagram establishes admissibility of the intergrowth; 286 
it is not an energetic ranking of the two structures. 287 
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Discussion 288 

Vacancy ordering, stacking variants and local order–disorder phenomena are well established in oxygen-deficient 289 

perovskites [3,5,6,7,8,9,10,11]. The present result concerns a different level of the structural problem: the 290 

information content of local coordination itself. Even when the coordination of every A and every B site is 291 

specified, the oxygen configuration need not be unique. At the same time, the two coordination fields cannot be 292 

prescribed independently because they are generated by the same shared oxygen sites. The joint map makes both 293 

statements exact: its image gives the compatibility conditions, while the difference between its finite-support and 294 

periodic kernels identifies structural information that complete local coordination does not contain. 295 

Binary occupation changes the meaning of this remaining freedom. The growth log|@0|=Θ(") places the rigid 296 

family among systems with subextensive configuration multiplicity [19,20,28]. In the present coordination 297 

problem, every state retains the same complete A/B fields, and differences of the rigid binary states span 30. Each 298 

such state nevertheless admits no non-zero finite-support change preserving both fields and occupancy capacity. 299 

Thus coordination-invisible order is not simply a continuous null direction available to an atomic configuration. 300 

When a same-coordination structure is introduced only in a finite region, the joint map converts the structural 301 

difference into boundary coordination defects. Equation (11) gives this relation for arbitrary three-dimensional 302 

endpoint decorations, while equation (13) provides one fully solved quantitative example: within its specified 303 

exchange channel, separately minimizing either cation-sublattice defect measure keeps that optimum constant, 304 

whereas the joint optimum grows as 2L+2. The separation is a consequence of the shared oxygen constraint rather 305 

than of an assumed energetic penalty. 306 

The material mappings span both an extremal and the broader parts of the compatibility fibre. Most directly, the 307 

smallest CaMnO2.5 vacancy-order microdomain identified by SAED/HREM has the (√2×√2)�45∘ parent mesh 308 

and all-square-pyramidal Mn coordination that uniquely force the minimal checkerboard @0 topology. The 309 

capacity-rigidity theorem therefore applies to this experimentally identified topology. The more common Pbam 310 

Ca2Mn2O5 and Sr2Mn2O5 structures instead occupy mixed regular/nonlocal sectors of the same BO5/AO10 fibre, 311 

showing that realized structures need not sit at the extremal singular states. The Sr2Mn2O5 registry reduction and 312 

the Sr–Mn homologous vacancy-plane construction then show how longer-period order, registry changes and 313 

coherent intergrowth can occur within or between such coordination descriptions. Together these cases separate an 314 

exact extremal limit from the wider structural fibre realized by the same class of oxygen-deficient perovskites. 315 

Methods 316 

Parent representation and proofs 317 

All coordination counts refer to the inherited perovskite neighbour network in equation (1). We use vacancy 318 

indicators rather than occupied-oxygen indicators throughout. Real-linear compatibility is proved mode by mode. 319 

Completeness of the finite-support kernel uses a primitive Laurent generator, not just a numerical null vector. 320 

Periodic real dimensions pair conjugate characters. General supercells use their own translation-character set; the 321 

cubic formula 14"−17 is not applied to a four-cell orthorhombic unit. The Supplementary Notes from “Parent 322 

adjacency, Fourier conventions and real compatibility” through “Complete single-layer channel and exact 323 

switching extremum” contain the derivations. 324 
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Experimental structure mapping 325 

Ca2Mn2O5 fractional coordinates and cell parameters were transcribed from Table S1 of the supporting 326 

information to ref. 24: O=5.4302 Å, ]=10.2322 Å and %=3.7443 Å. Sr2Mn2O5 uses the crystallographic record of 327 

ref. 2, COD 1001352, revision 130149. The Pbam symmetry orbits were expanded before assignment. In both 328 

structures, parent coordinates are �=g�−h with S columns (1,1,0), (2,-2,0), (0,0,1) and o=(1/2,0,0). B sites map to 329 

integer coordinates, A sites to half-translated integer coordinates, and occupied oxygen sites to parent edge centres. 330 

A one-to-one oxygen assignment was solved in the reported orthorhombic metric. The largest oxygen 331 

displacements from the assigned parent sites are 0.546 Å for Ca and 0.397 Å for Sr; the smallest nearest-versus-332 

next-nearest assignment gaps are 1.722 Å and 2.057 Å. These are geometric assignment diagnostics, not 333 

uncertainties of the refinements. Complete numerical mappings are in Supplementary Tables S1 and S2 and the 334 

source data. 335 

Reciprocal contrast and material-derived constructions 336 

For the ideal parent vacancy contrast we evaluate the finite structure-factor sum over missing sites. The Ca 337 

(131)/(061) labels were checked against the indexed figure accompanying ref. 24. Coordinates and indexed 338 

reflections come from the same refinement, so the comparison supplies a consistent reciprocal interpretation rather 339 

than an independent intensity fit. The Sr homologous construction uses the reported vacancy-plane geometry 340 

[4,5,27] and nominal ordered vacancy sites; partially occupied sites in the refinements represent average 341 

occupations and are kept separate from the binary models. A 12-layer homometric example, following the standard 342 

distinction between a structure and its autocorrelation [29], documents why intensity alone need not reconstruct the 343 

phase-sensitive hidden coordinates. 344 

Computation and reproducibility 345 

Neighbour counts are evaluated directly on integer occupation arrays. Symbolic polynomial identities verify the 346 

Laurent generator and its primitivity. Small periodic instances cross-check rank formulas, binary classifications and 347 

symmetry counts. Exhaustive L=4 path checks use a finite state graph; constructive paths are also checked at larger 348 

L. The general results are proved independently of these finite checks. The supplied programs record input 349 

parameters and output checks, and the site-resolved relation in equation (14) is verified against the full three-350 

dimensional neighbour operator. No new measurements or density-functional calculations were performed for this 351 

study. 352 

Use of artificial intelligence 353 

GPT-5 family models accessed through ChatGPT (OpenAI) assisted with code development, mathematical 354 

formalization, protocol-consistency and implementation checks, and computational documentation. All reported 355 

computational results were obtained by executing the finalized, author-reviewed code using the stated inputs and 356 

configurations. Generative AI was not used to generate, fabricate, or alter the reported numerical results or 357 

experimental data. 358 

During the preparation of this work, the author used ChatGPT (OpenAI; GPT-5 family) for English-language 359 

refinement and clarity and consistency checks. The author reviewed and edited the adopted content as needed and 360 

takes full responsibility for the content of the article. 361 
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Data availability 362 

The source data underlying the main and supplementary figures and tables, together with provenance records and 363 

derived data, are deposited in a private Zenodo record for peer review. Editors and reviewers can access the data 364 

through the following private preview link: 365 

https://zenodo.org/records/23208593?preview=1&token=eyJhbGciOiJIUzUxMiJ9.eyJpZCI6IjI3YjI0ODUwLWE3ZjctNGQ0366 

My04ZjA2LWVlZWJmY2NmN2EzOSIsImRhdGEiOnt9LCJyYW5kb20iOiI0ZDQ4MjlmZTI3MDBjODEwMzFkNDQzMzN367 

lZjE3OTk4MCJ9.PkmH_12JfUExKJGyIv8AJI-S-24RWL4IP2W84CkVedmwMqnqChfTLzQMDfJCOa7yF6gok93-368 

VTZUxADmxHjWdA  369 

The record will be made publicly available with a persistent DOI before publication. 370 

Code availability 371 

The scientific verification code and associated inputs are included in the same Zenodo record and are available to 372 

editors and reviewers during peer review. The code archive will be made publicly available before publication. 373 
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