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Summary 10 

Attractor dynamics underlie the collective computation of neural networks1,2. Recurrent 11 

connections between biological neurons can give rise to stable states towards which network 12 

activity relaxes, allowing parallel operation without global coordination while preserving 13 

robustness3,4. Implementing physical systems with reliable attractor dynamics is therefore 14 

important both for understanding biological intelligence and for developing bio-inspired 15 

computing systems. However, parallel physical evolution introduces dynamical challenges. 16 

Concurrent evolution of artificial neurons can support rapid collective relaxation, but can also 17 

prevent the network from settling5–7. Here, we realise a continuous-time digital Hopfield neural 18 

network (CTD-HNN) that combines digitally programmable energy landscapes with state 19 

evolution in physical time. Across ferromagnetic and antiferromagnetic Ising models, associative 20 

memory tasks, and Max-Cut problems up to 1,000 vertices, we show that this system can be tuned 21 

to exhibit stable relaxation, persistent instability, or transient exploration of state space before 22 

convergence. By regulating feedback, activation and propagation delays, we control the intrinsic 23 

instability as a dynamical degree of freedom, thereby balancing exploration and convergence while 24 

preserving the task-defining interactions. This work combines the configurability and precision of 25 

digital hardware with continuous-time dynamics, establishing a programmable framework for 26 

attractor computation in which energy landscapes are digitally defined but physically explored. 27 

 28 
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 29 

Text 30 

In 1982, Hopfield articulated that a recurrent network of binary threshold neurons with symmetric 31 

connections can possess an energy function (Fig. 1a, b), allowing stored patterns to be embedded 32 

as its local minima1. When cued with a partial or corrupted pattern, the network relaxes towards a 33 

nearby attractor (Fig. 1c), ideally recovering the corresponding stored pattern2,8. Such attractor 34 

dynamics support associative memory, persistent activity and decision-making in 35 

neuroscience1,3,8–10. Hopfield envisaged a physical implementation in which neurons would update 36 

in parallel and asynchronously, so that the network can converge rapidly and reliably towards a 37 

predetermined attractor1,2. More than four decades later, realising that vision has proven to be 38 

challenging. 39 

Continuous-time analogue networks come closest to Hopfield’s original vision11,12. Resistive 40 

interconnections can encode synaptic weights, and current amplifiers can integrate the net current 41 

and activate the output (Fig. 1d). Yet, propagation delays inherent to any physical wiring 42 

complicate the dynamics, just as early theoretical analyses predicted (Fig. 1e–g)7. Analogue 43 

circuits have struggled to combine programmability, precision, and scale13–17. By contrast, digital 44 

implementations provide programmability and precision, but often sacrifice the parallel evolution 45 

that Hopfield regarded as the source of the network’s power18,19. 46 

The conventional digital–analogue dichotomy overlooks one important fact. Digital circuits are 47 

themselves physical entities and can therefore evolve continuously in time. Autonomous Boolean 48 

networks realise rich continuous-time dynamics in a digital circuit, but without embedding 49 

computational tasks in attractor dynamics20–23. A system in which both the energy landscape and 50 

the dynamical properties can be programmed for a given task remains out of reach. In this work, 51 

we introduce a continuous-time digital Hopfield neural network (CTD-HNN) with reconfigurable 52 
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topology and controllable dynamical properties (Fig. 1h). Its collective behaviour arises from the 53 

continuous evolution of the physical system rather than from a sequence of globally clocked 54 

iterations. Although concurrent evolution of neural states with intrinsic delays along 55 

interconnection paths and activation nonlinearities can give rise to inherent instability, we can 56 

leverage the programmability of digital circuits to regulate instability and exploit it as a 57 

computational resource. We demonstrate controllable dynamical regimes with ferromagnetic and 58 

antiferromagnetic Ising models up to 169 spins, a 30-node associative memory task, and Max-Cut 59 

problems up to 1,000 vertices.  60 

 61 

Fig. 1 | Architecture and dynamics of conventional HNN and the CTD-HNN. a, Schematic of the recurrent 62 

connections in an HNN. 𝑠௜ denotes the ith neural state, and the blue lines represent mutual connections. b, Illustration 63 

of neural computation based on weighted sum and binary activation. ߤ௜ is the weighted sum of the inputs, ℎ௜ the bias, 64 

௜݂ the activation function, ݓ௜௝  the synaptic weight from neuron ݆ to neuron ݅. c, Illustration of attractor dynamics in a 65 

delay-free HNN. d, Conceptual analogue HNN. The lumped resistor and capacitor (grey) represent RC delays. ܴ௜௝ 66 

denotes resistive connections, ௜ܷ neural state and ܫ௜  the bias current. e–g, Illustrations of predicted dynamics in a time-67 

delayed HNN showing stable relaxation (e), persistent instability (f), and explorative barrier-crossing (g). Spheres 68 
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indicate successive network states. h, Simplified architecture of the proposed CTD-HNN. All modules of the recurrent 69 

signal paths are implemented with unclocked combinational logic. 70 

We implemented the CTD-HNN on a field-programmable gate array (FPGA) by explicitly 71 

permitting loops of combinational logic. An external host generates the synaptic weights and 72 

biases for each problem, and downloads them to registers in the FPGA (Extended Data Fig. 1a). 73 

After initialization, an integrated logic analyser samples the neural states and stores them in the 74 

block random access memory (BRAM) for readout by the host computer and for post-processing. 75 

Its unclocked recurrent data path mainly comprises multiplication-accumulation (MAC) and 76 

binary activation modules (Fig. 1h and Extended Data Fig. 1b). Unless otherwise specified, the 77 

network implements all-to-all connectivity. In principle, our approach is hardware-agnostic and 78 

can be realised on any digital logic platform.  79 

The main-text experiments used a combinational serial MAC architecture, and a parallelised adder-80 

tree MAC was evaluated for comparison (Extended Data Fig. 1c and Methods; Supplementary 81 

Note 1). The activation module realises a sign function. To regulate the dynamical properties, we 82 

incorporate three optional, programmable controls. An inert region reduces the neuron's 83 

susceptibility to large fluctuations of weighted sum. A state-retention mechanism enables block 84 

evolution (Extended Data Fig. 1d and Methods). A variable delay module alters propagation delay 85 

(Extended Data Fig. 1e and Methods). We investigate the dynamics in three distinct energy 86 

landscapes, i.e. ferromagnetic and antiferromagnetic Ising models, associative memory with 87 

planted attractors, and Max-Cut problems.  88 

Attractor dynamics in ferromagnetic and antiferromagnetic Ising models 89 

We first examined how parallel physical evolution gives rise to attractor relaxation in 90 

ferromagnetic and antiferromagnetic Ising landscapes. We implemented 9-spin (3 × 3 lattice) Ising 91 
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models on the CTD-HNN. In these tests, each spin 𝑠i (𝑠i = 1 for spin up, and 𝑠i = −1 for spin 92 

down) is encoded as a binary neural state. The spin–spin couplings ݓij are mapped to synaptic 93 

weights. The Ising energy is  94 

(𝑠)ܪ = − 12 ∑ ௜௝𝑠௜𝑠௝ݓ − ∑ ℎ௜𝑠௜௜௜,௝ , (1) 95 

where ݓ௜௝ = +1 for nearest-neighbour pairs in the ferromagnetic model and ݓ௜௝ = −1  in the 96 

antiferromagnetic model, with ݓ௜௝ = 0 otherwise. The Hopfield energy for binary neurons is of 97 

the same form1, which we evaluate in our following experiments. All local biases ℎi are set to zero. 98 

We set the activation to the basic sign function without the optional control measures, and 99 

initialised the neurons with all 29 = 512 possible configurations. For both models, most initial 100 

configurations reach a global energy minimum within 30 ns (Fig. 2a, b). The zero-input activation 101 

biases the distribution between the two degenerate ground states (Extended Data Fig. 2; Methods). 102 

However, a few exceptions are observed, indicative of trapping in local energy minima (LMs in 103 

insets of Fig. 2a, b). 104 

We then studied the more complex dynamics of larger networks, with model sizes up to 169 spins 105 

(13 × 13, the largest all-to-all model supported by our FPGA). Each model was run 100 times. 106 

Figure 2c and d show that the average Ising energy decreases over time, suggesting relaxation 107 

towards attractors. The success rate of reaching global minima was 100% in ferromagnetic models, 108 

but generally decreased with larger size in antiferromagnetic models (Extended Data Fig. 3a, b). 109 

To quantify the convergence property, we followed refs24,25 and evaluated the time-to-target (TTT), 110 

which scales with size in a way similar to other energy-based hardware and software solvers 111 

(Extended Data Fig. 3c, d; Methods)26–28. A parallelised MAC architecture shortens the overall 112 

signal delay and reduces TTT, particularly in larger antiferromagnetic models (Extended Data Fig. 113 

3e, f; Supplementary Note 1). 114 
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Figure 2e and f plot the proportions of stable runs at different times. All ferromagnetic trajectories 115 

stabilised within this window, although larger models took longer (Fig. 2e). In contrast, larger 116 

antiferromagnetic models exhibited slower stabilisation and a larger proportion of runs remained 117 

unstable throughout (Fig. 2f). We used principal component analysis (PCA) to project the recorded 118 

neural states onto a two-dimensional plane and visualised representative trajectories (Methods). A 119 

representative unstable run from a 64-spin antiferromagnetic model shows a non-convergent 120 

trajectory (Fig. 2g), while a stable run relaxes towards one of the degenerate global minima in an 121 

explorative way (Fig. 2h). 122 

 123 

Fig. 2 | Convergence properties of the CTD-HNN. a, b, Energy versus time of the ferromagnetic (a) and 124 

antiferromagnetic (b) Ising models. The orange squares represent the average energy of 512 runs, and the yellow 125 

shaded region represents standard deviation. Two typical traces of energy evolution are plotted with green triangles 126 

and blue circles. The insets plot the counts of runs reaching the two global minima (GM1 and GM2) and all other local 127 

minima (LMs). The lattices illustrate their typical spin configuration. c, d, Mean energy versus time over 100 runs of 128 

ferromagnetic (c) and antiferromagnetic (d) Ising models. The energy is normalised to the range [0, 1] based on its 129 

minimum and maximum values. e, f, Proportion of stabilised runs over time for ferromagnetic (e) and 130 

antiferromagnetic (f) models of different sizes. A run was classified as stable once all sampled neural states remained 131 

unchanged thereafter. g, h, Two-dimensional PCA projection of one representative unstable trajectory (g) and one 132 
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representative stable trajectory (h). The projection contains states observed across 100 runs, together with the two 133 

ground states. Colour indicates Ising energy. 134 

These experiments show that fully parallel physical evolution can support rapid relaxation towards 135 

attractors, but can also give rise to persistent instability as network complexity increases (Extended 136 

Data Fig. 4). We attribute the instability to embedded feedback loops6,29. Combined with 137 

propagation delays and nonlinearities, increasing numbers of feedback loops can yield positive 138 

feedback that destabilises a circuit7,30–33 (Extended Data Fig. 5; Supplementary Note 2). We can 139 

qualitatively understand the behaviour of CTD-HNN within the framework of time-delayed HNN 140 

models7. When delays come into play in physical HNNs, the monotonic decrease of the classical 141 

Hopfield energy cannot be assumed (Fig. 1e–g; Supplementary Note 3). The delay-induced 142 

instability can contribute to barrier-crossing on the energy landscape.  143 

Instability-assisted barrier-crossing in an associative memory task  144 

To reveal the instability-assisted barrier crossing, we performed an associative memory task with 145 

a well-defined energy landscape (Fig. 3a). The task involved 30 neurons and four stored patterns, 146 

P1–P4, with weights calculated by the Hebbian rule1 (Fig. 3b, c and Methods). We generated all 147 

possible two-bit perturbations of each stored pattern (Extended Data Fig. 6a), yielding 435 148 

perturbed cues per pattern and 1,740 retrieval trials in total. These perturbed cues provided initial 149 

states for retrieval. 150 

Figure 3d plots the confusion matrices of retrieval tests at 5, 100, 200 and 300 ns. At 300 ns, P1 151 

and P3 were successfully retrieved from all their cues, whereas the higher-energy patterns were 152 

less accessible. P2 was retrieved from 70% of its cues, and P4 from 96%, with the remainder 153 

entering spurious attractors or remaining unstable within the observation window. The two most 154 
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frequent spurious patterns occurred with probabilities of 7.4% and 0.2%. They correspond to the 155 

inverted patterns of P4 and P3 (Extended Data Fig. 6b).  156 

The success rate of retrieval rises more quickly for patterns with lower Hopfield energies (Fig. 3e). 157 

In general, the average energy increases briefly before falling (Fig. 3f). This transient rise is 158 

consistent with theoretical predictions for time-delayed HNNs (Supplementary Note 3)34,35. 159 

Depending on the influence of the delay, a trajectory can converge, remain unstable or transiently 160 

explore state space before settling into an attractor (see Fig. 1e–g)7,32,34.  161 

 162 

Fig. 3 | Attractor dynamics in a planted energy landscape. a, Schematic showing the energies of the four stored 163 

patterns. b, The stored patterns. Orange and blue are represented by neural state +1 and -1, respectively. c, The weight 164 

matrix of the associative memory task. d, Confusion matrices of retrieval. From left to right, top to bottom, the panels 165 

correspond to 5, 100, 200 and 300 ns, respectively. Po refers to configurations other than the stored patterns, and Pu 166 

refers to unstable dynamics. e, Success rate of retrieval over time. f, Evolution of energy. The energy averaged over 167 

all 1,740 retrieval trials is also shown for comparison. g, h, Two-dimensional PCA projections of two representative 168 



 

10 

 

trajectories converging to the P2 attractor (g) or a spurious attractor (h). In (h), the barrier-crossing dynamics is 169 

observed. i, Snapshots of the barrier-crossing trajectory in h (Methods). The colour corresponds to the Hopfield energy 170 

of the states, which has the same quadratic form as equation (1). The blue open circle marks P2. Black circles in i 171 

indicate the current state. The panels from left to right correspond to 10, 25, 40, 55, 65, 75 and 85 ns. 172 

A PCA trajectory of successful retrieval approaches P2, with an energy of -392, straight from the 173 

initial state (Fig. 3g). Failed retrieval follows a more circuitous path. The Hopfield energy rises 174 

transiently, enabling the network to cross an energy barrier and descend into the wrong attractor, 175 

with a lower energy of -400 (Fig. 3h, i). If we apply block evolution (Methods), which restricts 176 

feedback loops, the network restores correct retrieval of all cues within 100 ns (Extended Data Fig. 177 

6c–f; Supplementary Note 4).  178 

These experiments confirm that instability helps the network cross energy barriers and converge 179 

to lower energy minima. We can leverage the programmability of digital hardware to steer the 180 

dynamics of CTD-HNN between exploratory and convergent regimes. Whereas associative 181 

memory tasks favour stable relaxation to nearby attractors, combinatorial optimisation problems 182 

can benefit from instability that helps the system escape local minima.  183 

Programming exploration and relaxation in Max-Cut problems  184 

We next used Max-Cut problems to demonstrate control over these dynamic regimes. Max-Cut is 185 

an archetypal combinatorial optimisation problem with broad applications in graph theory and 186 

social networks36,37. It seeks a partition of a graph’s vertices that maximises the number of edges 187 

between the two sets (Fig. 4a). High-quality solutions of Max-Cut can be encoded as the minima 188 

of a Hopfield energy (Methods)26,38. Existing hardware solvers use mechanisms such as quantum 189 

tunnelling and thermal noise to escape local minima26,39–43. In the CTD-HNN, exploration instead 190 

arises from intrinsic instability. 191 



 

11 

 

We generated random graphs with 50% connectivity using the rudy graph generator and first 192 

studied 100-vertex instances44. With fully parallel evolution and the basic sign activation, the 193 

network remained non-convergent throughout the observation window. We then applied three 194 

controls. First, a block evolution scheme divides the neurons into ten groups that evolve in turn 195 

(Methods), partially interrupting feedback loops (Fig. 4b). Second, an inert activation region 196 

retains the current states when the absolute weighted sum exceeds a tunable threshold, thereby 197 

suppressing glitches and limiting state changes (Fig. 4c). Third, a variable delay alters the feedback 198 

delays without changing the logical states (Fig. 4d).  199 

 200 

Fig. 4 | Controlling instability for solving Max-Cut problems. a, Schematic of a Max-Cut problem. The dashed 201 

green curve indicates the optimal partition, and blue and orange vertices denote the two subsets. b, Schematic of block 202 

evolution, in which neurons are partitioned into blocks that evolve in turn. c, Schematic of the tunable inert region in 203 

activation functions. d, Schematic of variable delays. A chain of inverters provides taps with selectable propagation 204 

delays. e, Distributions of the largest cut value reached per run with fully parallel evolution, block evolution, block 205 
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evolution plus inert region, and block evolution plus inert region plus variable delays. For each condition, a 100-vertex 206 

Max-Cut instance was run for 80 μs with different initial states. The dashed line denotes the known maximum cut of 207 

1,439, obtained using the Biq Mac online solver (Methods)
45

. f, Cut-value evolution of representative trajectories 208 

under the four corresponding conditions. The red dots mark the largest cut value reached by each trajectory, and the 209 

dashed line denotes the known maximum cut. g, Two-dimensional projections obtained by PCA of the trajectories in 210 

f, shown from left to right for fully parallel evolution, block evolution, inert region and variable delays. Each panel 211 

shows the first 500 time steps of the run (Methods). The black dashed lines mark the trajectories. Blue open circles 212 

denote the two known maximum cuts. 213 

For each condition, we recorded the largest cut reached in each of 100 runs (Fig. 4e, f). Fully 214 

parallel evolution yields a cut distribution comparable to random sampling. Block evolution shifts 215 

the distribution modestly towards larger cuts, although the network remains unstable. Applying 216 

block evolution together with an inert region markedly increases convergence, whereas variable 217 

delays further improve the achieved cut value. 218 

Figure 4g shows the corresponding trajectories in a principal-component representation 219 

(Methods). Under fully parallel evolution, the network sweeps through state space and exhibits 220 

persistent instability. Bit-resolved measurement of the weighted sum revealed transient glitches in 221 

the higher bits, leading to large jumps in state space (Extended Data Figs. 7 and 8; Supplementary 222 

Note 5). Applying block evolution does not by itself yield the desired dynamics. On top of block 223 

evolution, introducing an inert activation region limits the influence of transient glitches while 224 

maintaining an explorative trajectory and notably improving convergence. However, without 225 

block evolution, applying the inert region alone fails to stabilise the dynamics. After variable 226 

delays are introduced, the trajectory becomes more exploratory, which helps the network find a 227 

better solution. The analysis of stepwise Hamming distances corroborates the observations 228 

(Extended Data Fig. 8; Supplementary Note 6). These results suggest that delays in the feedback 229 

loops play a central role in determining the inherent stability of the network. 230 
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The above experiments demonstrate the principle of regulating instability to balance exploration 231 

and convergence. We next varied the sizes of Max-Cut instances to test how broadly this principle 232 

applies. With block evolution and an inert activation region, all instances converged, although 233 

larger networks stabilised more slowly (Fig. 5a). Analysis of the graphs and dynamics showed that 234 

higher feedback-loop counts lead to slower stabilisation, as observed in the Ising models (Extended 235 

Data Fig. 9; Supplementary Note 2). For some larger graphs, the probability of reaching 99% of 236 

the known maximum increases with size (Fig. 5b), consistent with the observed instability-assisted 237 

barrier-crossing above. The TTTs of the CTD-HNN remain almost constant across sizes and are 238 

approximately two orders of magnitude shorter than those of a simulated annealing algorithm on 239 

a laptop graphics processing unit (Fig. 5c and Methods). 240 

  241 

Fig. 5 | Solving Max-Cut problems of different sizes and connectivity. a, Stability over time for Max-Cut problems 242 

with 50% connectivity. A trajectory is considered stable at a given time point if all sampled neural states remain 243 

unchanged for the rest of the observation window. b, The success rates of reaching different ratios of the known 244 

maximum cut. For a and b, we tested five independently generated graphs for each network size, running 100 times 245 

per graph. Curves and shaded bands represent the mean and standard deviation across the five graph instances. c, TTT 246 

versus size. The target is defined as reaching at least 99% of the known maximum cut. Circles and triangles represent 247 
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the CTD-HNN and a simulated annealing (SA) algorithm on a graphics processing unit, respectively. d, Convergence 248 

rate without block evolution versus network size and graph connectivity. For each graph, the rate is obtained from 100 249 

runs with different initial configurations. e, Convergence rate with block evolution. f, Best-cut ratio obtained with 250 

block evolution. Here, best cut refers to the largest cut value reached in 100 runs per graph. 251 

Because many practical problems are sparse, we further tested Max-Cut problems up to 1,000 252 

vertices with connectivity ranging from 0.6% to 10%. To conserve resources, these instances 253 

omitted zero-weight multiplication modules. Without block evolution, the convergence rate 254 

decreases with both size and connectivity, in line with the previous analysis. Figure 5d shows a 255 

boundary between convergence and non-convergence in the parameter space. The larger the 256 

network, the sparser it must be to remain stable. Block evolution substantially improves stability 257 

and convergence (Fig. 5e), while the best cut ratio relative to the known maximum increases with 258 

both size and connectivity (Fig. 5f). Together, these observations support two complementary 259 

effects: interrupting feedback loops reduces instability, whereas instability can promote transient 260 

exploration of state space for better solutions (see Fig. 5d, f).  261 

Discussion 262 

In our approach, neural activation and synaptic weights remain digital and reconfigurable, yet the 263 

trajectories unfold through physical signal propagation rather than globally clocked iterations. The 264 

rich continuous-time dynamics thus become accessible and controllable components of digital 265 

attractor computation, rather than non-essential details to be abstracted away. The intrinsic 266 

instability is not simply beneficial or detrimental. It emerges from the physical evolution in our 267 

system, but can be regulated while preserving the task-defining interactions and energy landscape. 268 

Its computational role depends on how it is regulated and lies in its balance, i.e. sufficient to enable 269 

exploration but constrained enough to preserve convergence. Digital programmability provides a 270 

powerful means to regulate this balance. Our approach therefore brings continuous-time attractor 271 
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computation into a precise, programmable and portable digital framework. This framework 272 

provides a practical path towards physical solvers for energy-based problems, and opens an 273 

experimental avenue to investigate the physical dynamics of more complex recurrent networks.  274 

 275 
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 364 

Methods 365 

Hardware platform 366 

We implemented the ferromagnetic and antiferromagnetic Ising models, the associative memory 367 

task and Max-Cut problems with 50–200 vertices on a Xilinx Zynq-7000 system-on-chip device 368 

(XC7Z100), which integrates a field-programmable gate array (FPGA) with dual-core ARM 369 

processing units. Max-Cut problems with 300–1,000 vertices were implemented on an AXKU085 370 

FPGA development board. A host computer generated the coupling weights for each problem and 371 

transferred them to the registers on the FPGA through the UART interface. The weights remained 372 

fixed during each run and defined the encoded energy landscape. The onboard Integrated Logic 373 

Analyzer (ILA) recorded neural states during network evolution. The sampled data were stored in 374 

BRAM and then retrieved by the host computer through the JTAG interface. The clock for control 375 

was 200 MHz for the XC7Z100 platform and 25 MHz for the AXKU085 platform. 376 

MAC implementation 377 

The results presented in the main text are based on the serial MAC architecture. In this 378 

implementation, a serial chain of adders computes the weighted sum, represented in two’s-379 

complement format. Because the MAC module consists of combinational logic, any change in the 380 
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neural states propagates through the feedback path and MAC module, thereby changing the 381 

corresponding weighted sum. 382 

We also implemented a parallel MAC architecture to reduce the logic depth and propagation delay. 383 

In this implementation, two parallel adder trees compute the positive and negative contributions 384 

based on the signs of the weight and neural state, and the weighted sum is obtained by subtracting 385 

the negative contribution from the positive contribution (Extended Data Fig. 1c). Compared with 386 

the serial MAC module, this adder tree reduces the logic depth and accelerates convergence. 387 

 388 

Implementation of activation and block evolution 389 

The activation module set the output to −1 when the weighted sum was zero for the ferromagnetic 390 

Ising models and Max-Cut problems, and to +1 for the antiferromagnetic Ising and associative 391 

memory experiments in the main text. The neural states −1 and +1 are represented by logic high 392 

and low, respectively. 393 

The inert region imposed positive and negative bounds on the weighted sum. Neurons retained 394 

their previous states when the weighted sum exceeded the positive bound or fell below the negative 395 

bound. Otherwise, they followed the sign-based activation rule. For Max-Cut experiments with the 396 

inert region, the positive threshold was initialised to a preset value and increased by 1 at specified 397 

time intervals until reaching a preset upper limit. For the experiments in Fig. 4, the threshold was 398 

increased from 4 by 1 in every 20 control-clock cycles, with a preset upper limit of 21. For the 399 

experiments in Fig. 5a–c and d–f, the increment interval was 1 in every 6 control-clock cycles. The 400 

upper limit was selected through a parameter sweep to minimise the time-to-target (TTT) at each 401 

network size. The negative bound was generated as its two’s-complement counterpart. 402 

For Max-Cut experiments using block evolution, neurons were partitioned into ten blocks and 403 

enabled sequentially. Neural state evolution within the enabled block remained continuous-time, 404 
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while the others retained their states. Each block-enable window lasted 100 ns for networks with 405 

50–200 vertices and 240 ns for networks with 300–1,000 vertices.  406 

Clocked control circuitry scheduled threshold changes and block-enable windows, while the MAC 407 

and activation modules operated continuously.  408 

Programmable feedback delay 409 

In addition to intrinsic gate and routing delays, we inserted programmable feedback delays after 410 

the activation module. In the FPGA implementation, each programmable delay unit was 411 

constructed from a chain of cascaded inverters. The output after a selected even number of inverter 412 

stages was tapped by the delay-control signal. In this way, we can adjust the propagation time of 413 

neural states without changing their value. The delay-control signals were configurable during 414 

operation, enabling perturbation of the trajectory of neural states and promoting exploration of the 415 

state space. 416 

Time-to-target analysis 417 

For a given operation period, a run was counted as successful if it reached a target fraction α of 418 

the ground-state energy for Ising problems or a target ratio of the maximum cut value for Max-419 

Cut problems. The success probability, denoted as ௦ܲ(ݐ,  was calculated as the fraction of 420 ,(ߙ

successful runs within the operation period 421 .ݐ 

The TTT estimates the expected time required to reach the target solution with 99% probability 422 

across independent repetitions, 423 TTT(ݐ, (ߙ = ݐ × ௟௡(1−0.99)௟௡(1−௉ೞ(௧,ఈ)). 424 

Because the success probability depends on the operation period, we reported the optimal TTT 425 

over the operation periods,  426 

TTTopt(ߙ) = ݉݅݊௧[TTT(ݐ,  427 .[(ߙ
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For ௦ܲ = 0, TTTopt(ߙ) was assigned an infinite value. For ௦ܲ = 1, TTTopt(ߙ) was defined as the 428 

shortest operation period by which all runs had reached the target.  429 

PCA projection and visualisation of trajectories 430 

Background plot. We sampled the neural-state vectors across all the runs with the same Hopfield 431 

energy (the same weight matrix), for PCA. After obtaining the two principal components, we 432 

projected the available state vectors onto the two-dimensional plane and coloured the points 433 

according to their corresponding energy/cut value. When multiple distinct states occupy the same 434 

point, the colour corresponds to their average energy. The initial/final states, stored patterns or 435 

optimal cuts were projected onto the same principal components for reference. 436 

Antiferromagnetic trajectories. For the 64-spin antiferromagnetic Ising model, the background 437 

dataset comprised all state vectors recorded across 100 runs. Trajectory segments were coloured 438 

according to the average energy of their two endpoint states. 439 

Associative memory trajectories. For the 30-neuron associative memory task, the backgrounds 440 

in Fig. 3g, h used all state vectors recorded across 1,740 runs for P1–P4 for PCA analysis. Extended 441 

Data Fig. 6f was obtained in the same way. The lines marking the trajectories were coloured by 442 

the average energy of their two endpoint states. 443 

Max-Cut trajectories. For Fig. 4g, the background comprised the first 500 state vectors of 400 444 

runs, 100 runs for each condition, namely fully parallel evolution, block evolution, inert activation 445 

region and variable delays. The principal components were obtained from the 200,000 vectors.  446 

Associative memory task 447 

For the associative memory task, each stored pattern is represented as a binary state vector 𝑠(ఏ) =448 {𝑠1(ఏ), 𝑠2(ఏ), … , 𝑠ே(ఏ)}, where 𝑠௜(ఏ) ∈ {1, −1} represents the ݅th pixel in the ߠth stored pattern. The 449 
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coupling weight ݓ௜௝  between neuron ݅ and neuron ݆ was computed using the standard Hebbian 450 

learning rule (outer product rule), ݓ௜௝ = ∑ 𝑠௜(ఏ)𝑠௝(ఏ)4ఏ=1 , ݅ ≠ ݆. Self-connections were set to zero 451 

௜௜ݓ) = 0).  452 

Max-Cut encoding 453 

For a simple undirected, unweighted graph ܩ = (ܸ, ܸ with vertex set (ܧ = {1, … , ܰ} and edge set 454 ܧ, the coupling  ܽ௜௝ equals 1 if vertices ݅ and ݆ are connected and 0 otherwise, with ܽ௜௜ = 0 and 455 ܽ௜௝ = ௝ܽ௜ . Each vertex was represented by a binary neural state 𝑠௜ ∈ {−1, +1} , each state 456 

identifying a subset of the partitioned vertices. The cut value is therefore 457 

(࢙)ܥ = 12 ∑ ܽ௜௝௜<௝ (1 − 𝑠௜𝑠௝). 458 

Because each edge is counted once, ∑ ܽ௜௝௜<௝ = ℰ, where ℰ is the number of edges. Hence, 459 

(࢙)ܥ = ℰ2 − 12 ∑ ܽ௜௝௜<௝ 𝑠௜𝑠௝ . 460 

To favour different neural states for connected vertices, we implemented antiferromagnetic 461 

interactions with effective couplings −ܽ௜௝. The corresponding Hopfield energy is 462 

(࢙)ெ஼ܪ = − 12 ∑(−ܽ௜௝)𝑠௜𝑠௝௜,௝ = ∑ ܽ௜௝𝑠௜𝑠௝௜<௝ = ℰ −  463 .(࢙)ܥ2

Maximising the cut value is equivalent to minimising ܪெ஼(࢙).  464 

Known maximum cut values 465 

Known maximum cut values were computed using the exact solution method of the Biq Mac online 466 

solver (https://biqmac.aau.at/). This method combines semidefinite relaxations with branch-and-467 

bound. Each instance was subject to a three-hour time limit. When optimality was certified within 468 
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this limit, the optimal cut value was used. Otherwise, we used the best cut value returned at 469 

termination. These values served as references for cut-value normalisation and target definition. 470 

GPU-based simulated annealing 471 

We optimised the Max-Cut problems with a simulated annealing (SA) algorithm, running on an 472 

NVIDIA GeForce RTX 3050 Laptop GPU with 4 GB of memory. For each graph, 100 independent 473 

trajectories were executed in parallel, with one GPU thread assigned to each trajectory. Each 474 

trajectory started from random initial states and performed 20,000 sequential flip attempts, 475 

selecting a vertex at random with replacement. A proposed flip with cut-value change ΔC was 476 

accepted if ΔC ≥ 0. Otherwise, it was accepted with probability exp(ΔC/T). The temperature T 477 

decreased geometrically from 10 to 0.01. For comparison with CTD-HNN, we set the target to 478 

99% of the known maximum cut. Kernel execution time was measured after GPU warm-up, 479 

excluding compilation and host–device data transfers.  480 
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