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Supplementary Notes
Supplementary Note 1 | MAC architecture and propagation delay
The serial and parallel MAC implementations described in Methods differ in the numbers of cascaded arithmetic stages along the accumulation path. For contributions, serial accumulation requires  stages, whereas parallel adder trees require stages followed by a subtraction. Note that these expressions describe arithmetic depth rather than measured physical delay, which also depends on operand width, carry propagation, placement and routing.
The parallel architecture reduced TTT in both ferromagnetic and antiferromagnetic Ising models (Extended Data Fig. 3e, f). For the largest tested ferromagnetic model, TTT decreased from approximately 0.6 to 0.05 microseconds, corresponding to an approximately twelvefold speedup. An approximately fivefold speedup was also observed in the largest antiferromagnetic model. These results suggest that optimising the MAC architecture can speed up CTD-HNN. Further optimisation of gate and routing delays, e.g. through implementation in an application-specific integrated circuit, potentially brings additional performance gains.
Parallel accumulation within a neuron is distinct from fully parallel evolution of neural states. The former concerns how the weighted sum is computed, whereas the latter determines which neurons can evolve concurrently. Block evolution can therefore be applied irrespective of the choice between serial and parallel MAC architectures.
Supplementary Note 2 | Instability and its relation to feedback loops
To investigate instability and its relation to feedback-loop abundance, we examined the convergence dynamics of the 64-spin (8 × 8) antiferromagnetic model in detail. We classified trajectories as unstable, stable at a local minimum, or stable at a global minimum. Representative neural traces exhibit distinct dynamical features. In an unstable run, multiple neurons continued to switch irregularly throughout the observation window, with no evident repeating pattern over the recorded interval. In contrast, a representative stable run rapidly reached a time-invariant state (Extended Data Fig. 4a, b). Across the ensemble, most trajectories that failed to reach a ground state remained non-convergent, whereas only a small fraction stabilised at local minima (Extended Data Fig. 4c). 
We next examined the relationship between feedback-loop abundance and stability across model sizes. Feedback loops refer to closed paths in the model’s connection graph, along which recurrent signals can propagate. Loop length was defined as the number of edges along the path, which equals the number of distinct nodes visited. Each loop was counted once, irrespective of starting node or traversal direction (Extended Data Fig. 5b). The studied Ising models contain only even-length loops.
In CTD-HNN, signal propagation is subject to intrinsic path delays, which can alter relaxation and reduce stability. We counted these even-length feedback loops to examine the relationship between recurrent connectivity and the observed dynamics. For the ferromagnetic and antiferromagnetic models, we counted loops of lengths 4, 6, 8, 10 and 12 and summed their counts. This sum increases rapidly with network size, indicating a growing number of closed paths (Extended Data Fig. 5c). 
In the ferromagnetic models, the larger loop counts were associated mainly with slower stabilisation. In the antiferromagnetic models, larger feedback-loop counts were associated with slower stabilisation and a larger proportion of non-convergent runs (Extended Data Fig. 5d, e). The antiferromagnetic trajectories largely remained unstable rather than stabilising at an energy minimum (Extended Data Fig. 5f–i).
We further extended this analysis to the Max-Cut datasets presented in Fig. 5. Feedback-loop counts and stability were analysed using the same graph instances and experimental datasets as in Fig. 5a–c, covering network sizes from 50 to 200 vertices. We counted feedback loops of lengths 3, 4 and 5 across network sizes. The sum of these counts increased rapidly with size, and larger networks generally converged more slowly (Extended Data Fig. 9a, b). When averaged across sizes, the fraction of unstable runs decreased over time, indicating an overall trend towards convergence despite the instability. However, most runs stabilised at local minima rather than at a global minimum (Extended Data Fig. 9c). Feedback-loop counts reflect the underlying recurrent connectivity. Block evolution interrupts the feedback by holding neural states fixed and improves stability, thereby promoting convergence. 
Supplementary Note 3 | Propagation delays and attractor dynamics
CTD-HNN dynamics involve propagation delays and logic glitches that are too complicated to be captured by a simple model. We therefore use continuous and binary Hopfield models with delays to qualitatively interpret the continuous-time dynamics.  
Continuous HNN with propagation delays
We first consider a continuous Hopfield neural network with connection-dependent propagation delays and constant external inputs:
	  (S1)
Here,  is the number of neurons,  is the internal potential of neuron i that activates the output, and  is the output. The parameters  and  represent an effective input capacitance and leak resistance, respectively.  is the coupling from neuron  to neuron ,  is a constant bias, and  is the corresponding constant propagation delay. We assume symmetric couplings (), , and differentiable activations with . 
The classical Hopfield energy for continuous activation functions is

	(S2)
This energy is evaluated at the current state. To determine whether it decreases over time, we differentiate it with respect to time. Using , we obtain

		(S3)
Because the coupling matrix is symmetric, equation (S3) reduces to
   (S4)
Substituting equation (S1) and using  yields
   (S5)
Without delays, the second term on the right side vanishes and , so the network is guaranteed to converge. With delays, however, this term may outweigh the non-positive first term. The classical Hopfield energy therefore need not decrease monotonically. 
Binary HNN with propagation delays
Because the activation function of CTD-HNN is binary, we next analyse the change in the corresponding binary-state energy. Let  and define

Here, , , and the biases are constant. Consider any two binary configurations  and , and write . The superscripts  and  now denote the configurations immediately before and after the event. Substituting  into equation (S6) gives

On expanding the quadratic form, the unchanged terms cancel. Symmetry of  makes the two linear cross terms equal, giving the exact identity

, which represents the weighted sums of neurons. The second term on the right side of the above equation accounts for interactions among neurons whose states change. Unlike the continuous model’s infinitesimal increments, binary flips have finite amplitudes , so this quadratic contribution cannot be discarded. To examine the effect of delayed feedback, we consider an idealised switching event at physical time . Multiple neurons are permitted to switch. Suppose the signal driving a switching neuron can be represented by the delayed weighted sum

The delayed states denote the signal values used to determine the event; for a zero-delay input, the pre-event state is used. Adding and subtracting  in equation (S8) gives

Let  denote the set of switching neurons. Since every switching neuron follows the sign of its delayed weighted sum,  and  for , so

Therefore, the first term in (S10) is non-positive. However, in equation (S10), neither the second term nor the quadratic term has a definite sign. The classical Hopfield energy therefore need not decrease monotonically. 
Together, these analyses show that delayed interactions do not generally guarantee monotonic descent of the classical Hopfield energy in either continuous or binary networks. The delay-induced instability depends on the network parameters and can be regulated in our CTD-HNN platform. 
Supplementary Note 4 | Block evolution in the associative memory task
In the main text, some cues associated with P2 and P4 converged to wrong patterns. To restore the network’s ability to recall, we introduced block evolution. We found that a four-block evolution strategy, with a 15 ns enable window for each block, achieved 100% correct retrieval for the four stored patterns. All tested cues converged to their corresponding target patterns within 100 nanoseconds and remained stable for the rest of the observation window (Extended Data Fig. 6c, d). The energy traces showed stable relaxation (Extended Data Fig. 6e). Under block evolution, only the enabled subset of neurons could change states. The remaining neurons held their states, thereby restricting active feedback paths and instability. We visualised the energy evolution of a successful P2 recall with block evolution. The trajectory followed a short path in the two-dimensional PCA projection and terminated at the stored pattern (Extended Data Fig. 6f). This experiment confirms that reducing instability can restore reliable retrieval and make the trajectory less exploratory.
Supplementary Note 5 | Accumulation glitches and threshold control
Signals in combinational logic propagate with different delays, even across the same logic depth. Unequal path delays can produce abrupt transients in the weighted sum of a neuron, thereby contributing to undesired state switching. We designed the inert activation region to limit state changes driven by large transient weighted sums. For unit-weight Max-Cut,  denotes an entry of the binary adjacency matrix and the weighted sum is

The degree of the  vertex is

Since  and , the settled weighted sum obeys
 
Thus . 
In the 100-vertex Max-Cut experiment with 50% connectivity and no inert region, the decoded weighted sum exceeded 100 and reached approximately 400. These values fall outside the possible range, and are attributed to glitches. In two’s-complement representation, even a small numerical change across zero can alter several high-order bits, including the sign bit. 
To regulate these glitches, the inert region mechanism holds the neural states when the weighted sum exceeds the positive bound or falls below the negative bound, as described in Methods. With the inert region, the observed weighted sum showed smoother transitions (Extended Data Fig. 7). 
Supplementary Note 6 | Hamming-distance analysis of the representative Max-Cut trajectories
Changes between successive sampled states were quantified by the Hamming distance,
 
Here, k indexes the sampling time step. Hamming distance counts the neurons whose recorded states differ between consecutive samples. 
We analysed the stepwise Hamming distances of the four representative trajectories shown in Fig. 4f and g to compare neural state changes under fully parallel evolution, block evolution, inert region and variable delays (Extended Data Fig. 8). Fully parallel evolution produced sustained changes throughout the observation window, with a mean Hamming distance of 46.66 (Extended Data Fig. 8a). Thus, nearly half of the recorded neural states flipped. Block evolution also maintained substantial state changes, with a slightly lower mean of 44.77 and intermittent drops to small Hamming distances (Extended Data Fig. 8b). 
With an inert region, state changes rapidly subsided, after which the Hamming distance remained zero. The mean over the analysed window decreased to 0.11 (Extended Data Fig. 8c). With variable delays, the mean Hamming distance increased slightly to 0.12 (Extended Data Fig. 8d), indicating more exploration in the state space.
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