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QoS-Efficient and Near-Optimal Imprecise
Computation Task Deployment for Heterogeneous
Multicore Systems

Abstract Heterogeneous multicore platforms are widely used in many applica-
tions due to their customizability, where energy efficiency, real-time response, and
system quality-of-service (QoS) are critical. Imprecise computation (IC) tasks pro-
vide an efficient architecture to balance these conflicting requirements. Existing
methods seldom consider deploying IC tasks on heterogeneous platforms under
complex scenarios and providing an efficient way to find proper solutions. This pa-
per studies the joint-design problem of mapping and scheduling dependent IC tasks
on heterogeneous multicores. The target problem is formulated as a mixed-integer
nonlinear program (MINLP) that maximizes system QoS under energy supply,
task deadline, precedence, and non-overlap constraints. To solve the problem ef-
ficiently, we propose a decomposition-based solution, including a master problem
(MP) that handles task allocation and execution cycle adjustment, a scheduling
problem (SP) that focuses on dependency-aware task scheduling, and a closed-loop
feedback mechanism from SP to MP to improve task schedulability. Experimen-
tal results show that the proposed method achieves 95.25% of the optimal QoS
obtained by a commercial solver while using only about 19.8% of its computation
time, demonstrating a favorable trade-off between solution quality and computa-
tional efficiency.

Keywords Heterogeneous multicores - imprecise computation tasks - quality-of-
service - problem decomposition

1 Introduction

Heterogeneous multicore platforms are widely used in current embedded and mo-
bile computing systems [13}35], e.g., automated guided vehicles (AGVs) and un-
manned aerial vehicles (UAVs). Multiple cores can execute the tasks in parallel
to improve task execution efficiency, and they provide heterogeneity for different
tasks [16]. Applications are usually composed of dependent and real-time tasks,
which can be modeled as directed acyclic graphs (DAGs) [18,[29]. By deploying
these tasks on the platforms, the desired system performance can be achieved |27,




e.g., federated learning and UAV flight control. Because tasks usually have real-
time requirements while platforms are often limited by system resources (e.g.,
process capacity and energy supply), task deployment must satisfy both timing
and energy constraints |6]. Energy efficiency and task deadlines are important,
but these are conflicting objectives, since enhancing real-time execution often re-
quires consuming more energy [37]. Task allocation (on which processor each task
is executed) and task scheduling (when each task starts and ends its execution)
should be considered jointly to satisfy energy supply, task deadline, precedence,
and non-overlap constraints.

Imprecise computation (IC) [17] is an efficient architecture to balance output
quality, execution time, and energy consumption. Executing more task cycles im-
proves output quality at the cost of additional task execution time and energy.
Each task consists of a mandatory part and an optional part |19]. The manda-
tory part guarantees the baseline QoS, while the optional part further improves
QoS when more resources are available [20]. For the IC tasks, we should further
consider the optional cycle adjustment in the task deployment problem.

Existing methods mainly include energy- and QoS-aware task deployments.
Energy-aware task deployment methods minimize energy consumption while pre-
serving time and dependency constraints [8,/11}/15}[23}24130}/32]; however, most of
them consider fixed task workloads, and thus, the QoS improvements are limited.
In contrast, QoS-aware task deployment methods consider IC tasks to enhance
system QoS [2}10},21|22L[25}26},31,/33L[36L/38], but platform heterogeneity, task de-
pendency, time and/or energy constraints are not comprehensively considered. In
addition, most IC studies use a linear QoS model and assume that QoS increases
linearly with optional execution |10,22,,31133}36,38|. Although the linear model has
a simple structure, it cannot cover a more general and realistic case, e.g., the QoS
improvement is saturated when more optional cycles are executed. In addition, the
nonlinear items in the task deployment problem bring difficulties in the solving
process, making the computation time and solution quality hard to balance.

Compared with existing works, we consider maximizing the system QoS by
mapping IC tasks on a heterogeneous multicore platform under real-time response,
task dependency and non-overlapping, and energy-supply constraints. The original
problem is a mixed-integer nonlinear program (MINLP), because binary alloca-
tion and ordering decision variables interact with continuous optional-execution
variables and nonlinear QoS functions. To make the problem computationally
tractable, we develop a problem decomposition solving framework. The master
problem (MP) determines task-to-core allocation and optional-execution adjust-
ment, while the scheduling problem (SP) considers task sequence and task start
and end time, and further, the closed-loop feedback mechanism updates the results
of the MP according to the SP solution. The main contributions of this paper can
be summarized as follows.

— Joint-Design Problem Formulation. QoS-aware task deployment problem on het-
erogeneous multicore platforms is formulated as an MINLP, which jointly opti-
mizes task-to-core allocation, optional-cycle adjustment, and task sequence and
scheduling, under multiple constraints.

— Decomposition-Based Solution. The original problem is decomposed into an MP
and an SP, and solved in sequence through problem transformation, dual de-
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Table 1: Task Deployment Methods

Ref. Obj. Plat. Fun. Cons.

EA | QA | HO | HE | LF | NF | RT | ES | DE | NO

15 v v v v | v
11 v v V]iv]iv]v
I [30 v v v v
32 v v v v
|23 v v v v
|24 v v v v
IRE v v v v |V
12] v |V | vV v
|22 v |V v v v | v
|26 v |V v Vv v]v
|25 v |V v v |V v
|31 v v | v v v
136 v v | v v | v v
38 v v | v v | v v
33 v v | v v | v v
[ |10 v |V v V] ivI|v]|v
|21 v v v [V v
[ Proposed v v VI viivi]vI]v

EA: energy minimization; QA: QoS maximization; HO: homogeneous multicore; HE:
heterogeneous multicore; LF': linear QoS function; NF: nonlinear QoS function; RT:
real-time constraint; ES: energy constraint; DE: task dependency; NO: task
non-overlapping.

composition, and a sorting algorithm based on DAG structure to reduce com-
putational complexity.

— Constraint-Aware Feedback Mechanism. A feedback mechanism is introduced
to adjust the MP result based on the constraint violation of the SP solution,
in order to improve the solution quality and task schedulability of the whole
problem.

— Performance Evaluation. Experimental results show that our method achieves
95.25% of the optimal QoS obtained by the Gurobi solver while using only
19.8% of its computation time. Compared with existing methods, the feedback
mechanism improves QoS and task schedulability for complex DAG scenarios.

The rest of this paper is organized as follows. Section [2] reviews the related
works. Section[3]introduces the system model and formulates the joint optimization
problem. Section [ presents the proposed decomposition-based solution framework.
Section [5] shows the experimental evaluations. Section [6] concludes the paper.

2 RELATED WORK AND BACKGROUND

Table [I] compares some representative studies on multicore task deployment prob-
lems. The objective can be classified as energy-aware (EA) or QoS-aware (QA).
The platform can be classified as homogeneous (HO) or heterogeneous (HE). The
QoS is described by a linear (LF) or nonlinear (NF) function. The constraints
include real-time requirements (RT), energy supply (ES), task dependency (DE),
and task non-overlapping (NO).



2.1 Energy-Aware Task Deployment

Energy-aware task deployment mainly focuses on minimizing energy consumption
under application and platform requirements. For homogeneous multicore plat-
forms, Energy consumption and deadline-missing ratio are reduced in [15] for the
application tasks described by a DAG. Considering the battery-powered embedded
platforms, the computation and communication costs among the cores are opti-
mized in [11] when handling the dependent and real-time tasks. Task dependency
enforces task scheduling to follow precedence relations and avoid execution con-
flicts. The target problems are usually formulated by mathematical programming
combined with allocation and scheduling rules.

For heterogeneous multicore platforms, task-to-core allocation couples with
task execution time and energy consumption because different cores have differ-
ent execution characteristics. Energy consumption for executing independent peri-
odic tasks under deadline constraints is minimized in [30] through a task partition
method. Task allocation, scheduling, and task data processing are jointly optimized
in [32] for real-time tasks by integer linear programming (ILP) and greedy-based
heuristics. ILP formulations are also used in [23}/24] to minimize the energy con-
sumption of large-scale independent task sets. The above methods do not consider
task dependency. In contrast, dependent tasks are considered in [8], and a task
mapping method is developed for heterogeneous multicore systems. Nevertheless,
the above methods consider fixed task workloads (precise computation tasks) and
thus cannot perform optional-execution adjustment to improve system QoS.

2.2 QoS-Aware Task Deployment

QoS-aware task deployment improves system QoS through optional-execution ad-
justment under resource constraints. On homogeneous multicore platforms, [2]
optimizes the rewards of independent real-time tasks under linear and nonlinear
concave reward functions. [22] uses a linear QoS model and considers intra-task
and inter-task dependencies when performing optional execution adjustment. |26]
and [25] maximize the QoS of approximate real-time tasks through hybrid task
scheduling methods. With a linear QoS model and dependent IC tasks, [10] jointly
considers deadline, energy, precedence, and non-overlap constraints. Although the
above methods consider linear/nonlinear QoS models or task dependency, they
mainly focus on homogeneous platforms. For heterogeneous platforms, task-to-core
allocation is coupled with other variables, e.g., optional-execution adjustment.

On heterogeneous multicore platforms, a task allocation and scheduling method
is developed in |31] for independent IC tasks. QoS for independent imprecise or
approximate computation tasks under time and energy constraints are optimized
in [33}36})38], but they consider linear QoS models. In contrast, a nonlinear concave
QoS function is considered in [21] to describe the diminishing gain from additional
optional cycles and determine task-to-core allocation and optional-execution ad-
justment on heterogeneous platforms; however, the dependency among the tasks
is not considered. The extensions from independent to dependent tasks are not
straightforward, especially involving heterogeneity and nonlinear QoS functions,
as complex coupling among the variables makes the problem difficult to solve.



QoS-Efficient Imprecise Computation Task Deployment 5

The energy-aware and QoS-aware task deployment problems are well-known
NP-hard problems, as they usually involve a set of binary/integer/continuous vari-
ables (e.g., task allocation and sequence, task start and end time); finding an op-
timal solution is time-consuming. Heuristics are popular methods used to solve
complex optimization problems, e.g., [32,[38]. To reduce computation time, they
usually adopt a multi-step optimization, i.e., to decouple the variables and to
determine their values in sequence. Although they can find feasible solutions in
a short amount of time, the solution qualities are hard to guarantee. Compared
with existing optimal and heuristic methods, we propose a near-optimal method
to handle our task deployment problem, balancing computation time and solution
quality.

3 System Model and Problem Formulation
3.1 IC Task Model

Definition 3.1 A task 7; is defined as an IC task when it can be logically divided
into a mandatory subtask and an optional subtask. The mandatory subtask executes
M; cycles to generate the baseline QoS level. The optional subtask executes o; cycles
to improve the QoS.

For the sake of problem formulation, a real-time application A is modeled as a
five-element tuple {T,&, M,0O, D}, where T = {71,...,7n} is the set of N tasks,
each task 7; is released at time 0 and sharing a common deadline H (also known
as scheduling horizon); £ is the set of directed edges e;;, where e;; € £ implies
task 7; cannot start until 7; completes; each task 7; is an IC task divided into a
mandatory subtask with M; cycles to achieve the baseline QoS, and an optional
subtask with o; cycles bounded by 0 < 0; < O; to enhance QoS, where O; is an
upper bound. The total execution cycle number of 7; is given by M; + o0;. M; and
0; are measured by the worst-case execution cycles (WCEC).

Linear and nonlinear functions are widely used QoS representations in the
literature |1], as they can capture the behavior of many application areas, such as
image and speech processing, control engineering, and automatic target recogni-
tion. In this paper, we mainly consider a nonlinear QoS function.

Because the tasks are both dependent and real-time, task mapping must satisfy
the following timing requirements:

— All tasks must complete within the scheduling horizon H;

— For each precedence edge e;; € &, task 7; can start only after 7; finishes, i.e.,
t; > t5;

— The computation time of task 7; is small than its relative deadline D; but still
within the scheduling horizon H, i.e., D; < H.

For IC tasks, executing more optional cycles generally improves QoS but also
consumes additional time and energy. Therefore, the proposed task mapping algo-
rithm jointly optimizes task scheduling and allocation with precedence and QoS-
energy trade-offs, which are critical for resource-constrained heterogeneous sys-
tems.
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Fig. 1: K-means application tasks.

For example, K-means applications can be modeled as IC tasks , since it
is an iterative algorithm; the more iterations are executed, the higher the classi-
fication accuracy can be achieved. In addition, K-means can tolerate arithmetic
inaccuracies while maintaining comparable clustering performance.

The task DAG of K-means is illustrated in Fig. [I} where the mandatory sub-
task (M cycles) of task 71 generates initial centroids, while the optional sub-
task (01 < O1) refines this initialization. Then, tasks To—7¢ iteratively compute
the point-to-centroid distances and update the partial cluster statistics, in which
mandatory subtasks provide the coarse but acceptable results and optional sub-
tasks progressively improve centroid accuracy. Finally, task 77 performs cluster
assignment, while tasks 78 and 79 consolidate centroids and control iterations, re-
spectively; their mandatory subtasks ensure basic correctness, and their optional
subtasks enhance clustering precision.

3.2 Multicore Platform Model

We consider a multicore platform with M heterogeneous processors {61, ...,0n}.
The energy consumption of each processor 0 includes both static and dynamic
components. On the one hand, the dynamic power P& = C$fv2 fi. of processor 6,
is determined by its clock frequency f, and supply voltage vi, where C£ denotes
the average effective switching capacitance of 6y, capturing the power consumed
by circuit activity during task execution.

On the other hand, the static power Pj of 0}, is counted over the whole schedul-
ing horizon H, including the time when the processor executes tasks and the time
when it is idle but still powered on. Since static power is mainly caused by leakage
currents, we adopt the following leakage model :

bs
P = vl Ky ef20 e 4 |ob8| 15, (1)

where K1, K2, and K3 are the technology-dependent constants; v}, is the thermal
voltage; vy is the effective gate voltage; v}gs is the reverse-bias voltage treated
as constant for leakage reduction; and I; is the approximately constant junction
leakage current.

Therefore, for processor 0y, the total power consumption during task execution
is the sum of static and dynamic components: Pf = Pg 4+ P. To characterize task
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Table 2: Main Symbols Used in Problem Formulation

Symbol Description

Parameters
M Number of processors
N Number of tasks
Nik Execution efficiency of task 7; on processor 0
Vg Voltage of 0
fr Frequency of 6y
D; Relative deadline of 7;
H Scheduling horizon
Es Energy supply of platform
M; Mandatory cycles of 7;
O; Maximum optional cycles of 7;
€ij Task dependency (e;; = 1 if 7; precedes 7;)
P]‘j Dynamic power of 6
P? Static power of 6y
Pi, i QoS coefficients of 7;
Binary Variables
Sik = 1if 7; is assigned to 0, else =0
Ui = 1 if 7; and 7; are allocated to the same processor and 7; is executed before

Tj, else =0

Continuous Variables

t? Start time of 7;
(54 End time of 7;
04 Optional cycles of 7;

Auxiliary Variables
tik Execution time of 7;’s optional subtask on 6

execution efficiency on heterogeneous processors, we introduce a parameter \;; €
(0,1] (also known as a heterogeneity factor) |28|, which describes how efficiently
processor 0 executes task 7; relative to an idealized baseline. When task 7; with
M; + o, cycles is assigned to processor 6 working on voltage v and frequency fi,

the corresponding execution time of 7; is then given by %

3.3 Problem Formulation

The objective is to maximize system QoS by mapping a set of dependent tasks
onto heterogeneous processors while accounting for real-time and energy supply
constraints. In this context, we determine the following decisions:

— On which processor should the task be executed (task-to-processor allocation);
— How many optional cycles should be executed (task cycles adjustment);
— When should the task start (task start time determination).

To formulate the task mapping problem, we introduce the binary and contin-
uous variables summarized in Table 2| Let N £ {1,...,N} and M £ {1,..., M}
denote the sets of tasks and processors, respectively. The objective function and
the constraints are explained as follows.



3.3.1 Objective Function

Our goal is to maximize QoS under multiple system constraints, where a general
nonlinear QoS function [9] is adopted here to explicitly capture the non-decreasing
relationship between QoS and optional cycles o;.

g(0) = ZieN (pioi — ai/0i) (2)

with task QoS coefficients p; and g;.

3.8.2 Task Allocation Constraint

Without considering task migration [14], each task is assigned to exactly one pro-
cessor for execution:

Zke/\/l sik=1, Vi€ N. (3)

3.3.8 Task Real-Time Constraints
Taking time Aflljp‘zl and task allocation decision s;; into account, the execution

_ . Mito, : : :
= ZkeM (slk vy ) Since the execution time

comp
i

of each 7; cannot exceed its relative deadline D;, and the end time of 7; must
remain within the scheduling horizon H, we have the following time constraints:

time of task 7; is given by ¢

M2 < D Vie N, (4)
ti <H, VieN. (5)

3.3.4 Energy Supply Constraint
Since dynamic power P¢ is mainly consumed by task execution, while static power
P; is consumed across the scheduling horizon H to maintain the basic circuit
operation; moreover, the total energy consumption across all processors during

the scheduling horizon H must be smaller than the available energy supply FEs,
we get

M‘+O' d
comp __ ) i i sl o«
E g M [E N (SlkiAikfk )Pk +HPk} < FEs. (6)

3.8.5 Task Dependency Constraint

If task 7; is a predecessor of 7; (i.e., e;; = 1), 7; starts only after 7; completes:

G+ (L —ey)H > 6+, Vi#jeN, (7)
where t; is the start time of ;. Note that @ only restricts dependent tasks 7;
and 7;. If 7; and 7; are independent, i.e., e;; = 0, is always satisfied, as
0<t5,¢5 < H.

i1 Y]
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3.8.6 Task Non-Owverlapping Constraint

For independent tasks 7; and 7; (i.e., e;; = 0), when these tasks are assigned to
the same processor (e.g., 0x), we need to determine the task execution sequence,
as one processor cannot handle multiple tasks simultaneously:

tfSt;+(2—sik—Sjk)H-i-(l—uij)H, Vi#£jeN, (8)

where t§ = t§ 4+ ;"™ is the end time of 7;. If 7; and 7; are assigned to 0, i.e.,
Sik = Sk = 1, is mon-trivial and restricts their execution sequences, e.g., if
uij = 1, 7; is executed before 7;; otherwise, it holds automatically.

8.3.7 Primal Problem

Based on the objective function and the constraints mentioned above, the primal
problem (PP) can be formulated as follows:
PP: min &= —g(o) (9)
s,u,t%,0

s‘t‘{_’

Sik, Uij € {071}, 0<0;<0;, 0<t <H.

Remark 3.1 For tractability, the execution cycle number o; is treated as a con-
tinuous variable in @ When the problem is solved, we can round the result down.
As tasks typically execute hundreds of thousands of cycles, the impact of a single
cycle is negligible [16].

Remark 3.2 Note that nonlinear terms exist in the constraints through the prod-
ucts s;;0; of binary variable s;;, and continuous variable o; in 7, and also in
the objective function g(o) with respect to o; in . Thus, @D is a mized-integer
nonlinear programming problem, which is NP-hard [5].

4 Dual Decomposition Algorithm Based on Topological Sorting

Because s;;, and u;; are binary variables and are coupled with continuous variables
(e.g., execution cycles and timing variables), @D is a non-convex optimization
problem. Directly solving it becomes computationally expensive as the number
of tasks and processors increases. We therefore use a decomposition strategy: the
assignment-related variables (e.g., s;r and o;) are handled in the master problem
(MP), while the ordering and start-time variables (e.g., ui; and tj) are recovered in
the scheduling problem (SP) through a dependency-aware scheduling procedure.
Compared with s;i, relaxing u;; from a binary variable to a continuous variable
is more difficult. This is because u;; represents the execution sequence between
tasks 7; and 7;. In addition, u;; is only applied for independent tasks 7; and T7;
(i.e., e;; = 0) when they are allocated to the same processor (i.e., six = s;i). If
7; and 7; are dependent (i.e., e;; = 1), the execution sequence between them is
fixed, no matter whether they are located on the same or different processors. On
the other hand, although s;; represents the task-to-core allocation, we can treat
it as a continuous variable, and during the problem-solving process, if additional
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constraints are taken into account to force it to select either 1 or 0, the final result
of s;1 is still a binary value.

Based on this idea, we decompose the original problem @ into two subprob-
lems, where s;; and wu;; are considered in the first and the second subproblems,
respectively, as u;; is influenced by s;i. Each subproblem, because it contains fewer
variables and constraints, is easier to solve than the single joint-design problem.
Besides s;;, and u;;, primal problem @ also involves variables o; (task optional cy-
cles) and t7 (task start time). When u;; is unknown, the value of ¢ is unavailable.
Therefore, s;, and o; can be considered simultaneously.

Note that the selections of s;x and o; are restricted by allocation constraint ,
time constraint , and energy constraint @ Recalling the objective function in
problem @[)7 the first subproblem (MP) can be formulated as . On the other
hand, under the given s;; and o0;, we determine w;; and t; in the second subproblem
(SP), along with residual constraints, such as the deadline constraint (b)), task
dependency constraint @, and task non-overlapping constraint . Therefore,
the second subproblem can be formulated as (11)).

MP :min &= (~pioi +4iv/i) (10)

. {080

Sik € {0,1}, 0<o0; <0O;.

SP 2181’13 b = ieN(—piOi + qi\/0:) (11)
y { 0. ®

ui; € {0,1}, 0 <t < H.

After relaxing the assignment (binary) variable s;; in , the resulting con-
tinuous MP can be handled in an iterative dual-decomposition manner. In each
iteration, the temporary results (i.e., the values of s;; and o0;) are transmitted
to . Once the SP is solved, its scheduling outcome is fed back into for the
next round multiplier update. This iterative design enables a controllable trade-
off between solution quality and computational complexity through the prescribed
convergence condition. The structure of our method is shown in Fig. [2}

4.1 Problem Transformation and Dual Decomposition for MP

To handle the nonlinear item s;i0; in and (6), we can introduce auxiliary
variables and add additional constraints into , so as to transform it from
MINLP to MILP |7]. However, it also increases the problem size. To circumvent this
difficulty, we replace the nonlinear item s;;0; with a new variable ¢;1, representing
the execution time of optional subtask 7; on processor 0y, which is bounded by
0 <tip < x .

With t;f, the time constraint (4) and energy constraint @ can be updated as
follows:

M; .
E e M (szk Nxfr + t1k> <D;, Vie N, (12)
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Dependent task and multicore platform modeling

@ Core 1 Core 2 Constraints Objective Function
/7: = /7-7\‘ o o . ]IE{cal—timc | N
2 (TN ) s
@ || Comsicaeit : Bt 9(0) = iz (pioi — aiv/03)
eterogeneous e Non-overlapping
IC tasks Multicore
v
Closed-loop optimization between MP and SP
MP: QoS-Aware Task Mapping SP: Dependency-Based Start Time
Constraints: Real-time and energy supply Constraints: Precedence and non-overlapping
Updated Lagrange multipliers fik: 24 Topological sorting of task DAG
Decide task-to-core allocation Det ine task start ti
and optional-execution adjustment ctermine tasx start tume

Check completion time and energy J

Objective function converged

optimal e How many optional cycles should be executed (o0;)
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Solution ® When should each task start (t7)

Fig. 2: Joint-design and problem decomposition architectures.

M; d s
) ) g + < E,.
keM { ieN (Slk ik fr tm) Pe+ HE| < Bs (13)

Note that we have

Zie/\/ (=pioi + qiv/0i) = ZiGN ZkeM (—pitix + qivti) , (14)

under the given task mapping decision t;,. Therefore, (10) can then be reformu-
lated as the following master problem with the affine time and energy constraints:

MPLimin @=3 > (-piti +¢iv/ix) (15)

sik € {0,1}, 0 <ty < 5%
Lemma 4.1 MP and MP1 are equivalent.

In the following section, we explain how to solve problem efficiently. The
proposed method contains three steps:

— Relax the binary variable s;; to a continuous variable within the range [0, 1];
— Decouple variables s;; and t;; through the Lagrange multipliers, yielding a
task-allocation subproblem and an optional-execution subproblem;

— Update the multipliers to recover s;x and t;;, and transmit the results to the
SP.
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4.1.1 Problem Relaxation

We first relax the binary variable s;; to a continuous variable within the range
[0, 1]. Therefore, can be transformed into the following problem:

MP2 :min ¢ = ZieN ZkeM (—pitir + qivtik) (16)
{ B, @), @

0< s <1, 0<ty < Mfk

Let @7 and &5 denote the optimal objective function values of and ,
respectively. Compared with , the feasible region of is enlarged because the
range of the variable s;i is enlarged. Since and are both the minimization
problems, @7 is actually an upper bound of @3, i.e., &7 > ®3. Note that is
the continuous relaxation of and can be handled efficiently by dual-based
iterative methods, such as the subgradient method [4]. If the solution obtained
from also satisfies the binary assignment structure required by 7 then we
get #7 = &5. To promote such a solution, the constraint s;;, € {0, 1} is embedded

into the decision recovery step of ([16)). Next, we explain how to solve problem ({15])
based on the solution to problem ([16])

4.1.2 Dual Problem Construction and Refinement

Instead of solving problem directly, we construct a Lagrangian dual relaxation.
To construct the dual problem, we introduce Lagrange multipliers o, 3 > 0,

v > 0, and p > 0 with proper dimensions to constraints , , , and set
0< ti < . .

E(Sat7a7ﬁa’)’aﬂ) = ZiGN ZkGM (7p1t1k+q’b\/ﬂ) (17)
+ Zie/\/ (ZkeM Sik 1) @i
+ Z’LEN Zke/\/{ < Szk)\ f > ﬂzk

M;
+ Zie/\f |:Zke/\/l (SZkW + tik) - Dz:| Yik
d s
+ {ZkEM [ZZGN ( zk.fk: + tlk) Pk + HPk:| B ES} H-

The dual function R(e, 3,7, u) is defined as the minimum value of the La-
grangian L(s,t, o, 3,4, 1) over the variables s and t of the original problem [9].
Therefore, under given Lagrange multipliers «, 3, v and p, the corresponding dual
function is

R(a56777lj‘) :Hs}i{lﬁ(satya,ﬂ%#)- (18)

Based on the dual function R(ex, 3,4, ), the Dual Problem (DP) associated
with problem can be formulated as

DP: max R(a,8,7,p) (19)

a,B,7,1
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st. B0, y=0, p>0.

Note that , , (13) are linear functions regarding variables s;; and t;, and
Y ien 2owem (—Pitik + giv/tix) is a convex function [9]. Hence, Slater’s condition
is satisfied [4], and we have the following lemma.

Lemma 4.2 Strong duality exists between the primal problem and its dual
problem .

Due to the strong duality, the primal problem and its dual problem have the
same optimal objective function value [4], i.e., solving problems and are
equivalent.

Note that DP has separable objective terms. To solve the problem of max-
imizing R(ex, 8,4, 1), we first solve the problem of minimizing £(s,t, o, 3,7, p)
over s and t. As variables s and t are coupled with each linearly in L(s, ¢, a, 8,7, p),
the Lagrangian can be decomposed as

£(57ta aaﬁ:"y’ l"’) = 51(370‘7/877711) + 62(t7ﬁa7a l"’) + 53(')’7#/)7 (20)

where
OiBik — Mi (yix + Pf
Li(s,a,B,7, 1) = ZieN ZkeM [ai - Bt )\ik(}ik T k'u) Sik — Qi
(21)
La(t,B,v, 1) = Zie/\/ Z%M [(5zk + ik + Pl — pz‘) ti + qz\/tTk} . (22)
Labyom) =3 [0 (D) = B+ HPp]. (23)

Note that £1(s, e, 8,7, p) is linear with respect to s, L2(t, 3,~, p) is separable
with respect to ¢, and L3(vy, ) is fixed under the given multipliers v and pu.
Therefore, the dual function in DP (19) can be written as

Rlev, 8,7, p) = min L1(s, &, B,y, p) +min La(t, 8,7, p) + La(v, 1), (24)

which means the two subproblems ming £1(s, o, 3,7, ) and ming Lo(t, 3,7, )
in can be solved separately, and the details are as follows.

— Minimizing L1 through s: Define H;x(3,v, 1) = OiBik ]\/\/[fk(;:"JrPk ") and substi-

tute Hix (8,7, 1) into L1(s, e, 8,7, 1), we can obtain:

msin‘cl(sa aaﬁfva I‘I’) = Hgnziej\/ ZkGM [Oéi - Hlk(ﬁava”)] Sik — Q4. (25)

Since [o; — Hir (8,7, 1t)]sik is a linear function regarding the variable s;i, and
the dimension of s is N x M, can be decomposed into N x M independent
problems and each with the form: mins,, [o0; — Hik (8,7, pt)]sik. Comparing o
with H;x (8,7, 1), we can select a proper value of s;; to achieve the minimiza-
tion. Therefore, the task allocation decision s;; can be determined as follows:

1 if o < Hine (,@,"}’7 u)
Sik — [0, 1] if o = ’sz (,3, Y, p,) (26)
0 if oy > Hir (8,7, p).
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From , we can obtain
minfa; — Hir (8,7, w)]sik = [ci — Hie(B,7, )], (27)

Sik
where [z]~ £ min{z, 0}. With (27), subproblem can be decomposed into N
independent minimization problems, and each problem has an objective func-
tion: Y, o gl — Hir(B, v, )]~ . To transform s from a continuous value to
a binary value, we introduce the following lemma.

Lemma 4.3 Since each task 7; is executed on only one processor, to minimize
the function ), c \(lai — Hik(B,v, )™, the optimal task allocation decision is
determined by:

. { 1 ifk= argmkin{ai —Hi(B, v, 1)}

0 else

If o; — Hir (8,7, 1) has multiple same minimum values, we randomly select one
from these minimum values, as each task can be assigned to only one processor.
— Minimizing L2 through t: Under the given multipliers 3, v, and u, to find an
optimal task execution time t* to minimize L2(¢, 3,7, u), we can solve the fol-
lowing differential equations: 0L2(t, 3,7, u)/0t;, = 0 = t. Then, based on ¢
and t;x = s;;0; (task execution time t;; is influenced by task allocation deci-
sion s;1), the optimal execution time of optional task ¢}, can be determined as

follows:
tix ifsh, =1
t:kz{ kT ik (29)
0 else

Thus, we have ming Lo(t, B,v, n) = L2(t™, 3,7, 1), where t* and Lo2(t*, 3,7, 1)
are actually the functions with respect to multipliers 3, v, and p. Substitut-
ing (28) and into the dual function , the refined dual function is

Rle, By, 1) = L1(s™, e, B,v, 1) + L2(t", B, v, 1) + L3(v,p).  (30)

Finally, based on the above two steps, we can replace the objective function
in the DP with the refined dual function , and solve the refined dual problem
through the Lagrangian multipliers o, 3, v, and .

4.1.8 Lagrangian Multipliers Update

To solve the refined dual problem, an important step is to find the subgradient
of the refined dual function . Let Vay, VBik, Vvik, and Vu denote the sub-
gradients of refined dual function R(a, 3,7, i) with respect to the variables a;,
Bik, Vik, and u, respectively. Based on the definition of subgradient [4], we have

X
Vo, = ZkeM sik — 1,

VBik = tix — Sik~—»
» ¥ *Nikfr

V’sz —_ ZieN [Zke/\/l (Szkm +tzk) - Dz:| 9

_ * Mz * d S
V= ZkeM [ZieN (Sikm+tik> Py +HPk:| — Es,

31
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Algorithm 1 Dual Decomposition-Based Solution for MP2

Input: Parameters in MP2;

Output: s* and t*;
1: Initialize Lagrangian multipliers (e, 3,4, u), set n =0, &, = do, and ¢
2: while n < Npax do

3 for i =1to N do

4 for k=1 to M do

5: Update s:,gn) and t:,in) through and (29));

6: end for

7 end for

8 s*(n) = [Sjjin)]NX]\/[ and t*(") = [tflﬁ")]zvxm;

9 Calculate g(t*(”)) by > icn ZkeM(—pit;gn) + qi t:,i"));

10: Calculate £(s*(™) (7)) a("),ﬂ("),’y(”),p(")) through ;
1 [£(s*™,£400, o), g0 () L))~ (—g(¢*(M))] < ¢ then

12: s* « s*(n) and t* « ¢x(0);
13: return ;
14: end if

15 ACHD A 45, VA by @BI), where A =, 8,7, 1;
16: Set n < n + 1, and update step size dp+1 < On/V/1;
17: end while

where sj;, and t, are corresponding optimal solutions of task allocation and exe-
cution time under the given multipliers «, 3, =, and u, respectively.

Algorithmsummarizes the proposed MP2 solution. In each iteration n, under
the given Lagrangian multipliers az(-"), BE,?), '72(1?)7 and u("), the decisions regarding
task allocation szlgn) and execution time t:,gn) are updated through and
(Line . Then, based on s:,gn) and t:,gn), the Lagrangian multipliers are updated
by (Line , where [z]T £ max{0,z}, and are used in the next iteration
n+ 1.

4.1.4 Complexity Analysis

In the n'” iteration, the primal variables [s:ém]NxM and [t:,gn)]NxM (task alloca-
tion and scheduling) are updated, leading to a computational cost of O(NM).
In addition, the calculation of the dual function g(¢*("™)) and the Lagrangian
L(s* () o) gn) M) (M) requires the computation complexity O(NM).
On this basis, updating the dual variables a;, Bik, Vik, and p via the sub-gradient
method takes O(NM + N). Therefore, the overall complexity per iteration
is dominated by O(N M), and in the worst case, the complexity is O(NmaxNM),
where Nmax is the maximum iteration number. Since M < N, i.e., the number
of processors is much smaller than the number of tasks, the complexity can be
simplified as O(NmaxN), which is approximately linear with the task number N
under the given Ny ax. Therefore, the proposed method can solve problem in
polynomial time.

4.2 Determine Task Execution Sequence for SP

By using the solution to MP, the decisions regarding task-to-processor allocation
sir and task execution time t;; are known. To solve SP, we need to determine
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the task execution sequence wu;;, and on this basis, we can calculate the start
time for each task t;. To optimize u;; and ¢; under multiple constraints, such as
deadline , task dependency , and task non-overlapping , we propose a task
sorting method based on task dependency, and the details are as follows.

Since the tasks are dependent, a task 7; can start its execution only when all
its predecessors are completed. Let pred(r;) = {m: € T | (75, 75) € £} denote the
set of 7;’s predecessors, where 7 and £ are the vertex and the edge of task DAG
G = (T, &), respectively, and let t?red denote the latest time when all predecessors
of 7; finish their executions. For each predecessor 7; € pred(r;), since its end time
can be given by t§ = ¢; +t;°"", we have t?red =max {t; + ;""" | 7; € pred(r;)}.
On the other hand, if task 7; is assigned to processor py, the earliest possible start
time of 74, i.e., t?arl, is determined by the end time of 7;’s previous task on the

arl pred

J
Note that the task execution sequence u;; is restricted by the task non-overlapping
constraint . Instead of dealing with u;; directly, we determine task execution

order through two auxiliary variables t?red and avail? ) t?red

same processor, i.e., avail?. Therefore, we have t7*" = max {t ,avail?}.

records the latest com-

pletion time of the predecessors of task 7;, and avail? records the earliest available
time of processor 0, for task 7;. In this way, task dependency is handled by tz-m’d,

while task non-overlapping is handled by avail?. The details of t?red and avail?

calculations are as follows.

— In the initialization step, we compute the in-degree for each task 7;, according to
the task DAG G(T, &) (Line[I). Let deg(r:) = [{pred(r:) | (1i,7;) € £}| denote
the in-degree of 7;, representing the number of uncompleted predecessors of ;.
For entry tasks, the in-degree is zero because they have no predecessors. All
tasks with zero in-degree are inserted into the Ready Queue, which stores the
tasks whose dependency constraints have been satisfied and are ready to be
scheduled. Their start times are then determined according to t?md and avail?
(Line [2).

— The tasks in the Ready Queue are handled in sequence. Suppose that task 7;
is selected from the Ready Queue. Based on the decision s;x, the processor
responsible for executing 7; is known, e.g., processor 0 with s;; = 1. If 7; is an
entry task, its start time is set to ¢; = 0. Taking task execution time ¢;; into
account, we can calculate its end time ¢ (Line . Note that tasks sorted by
Ready Queue satisfy the task dependency constraint @

— When calculating the end time ¢ for each task 7;, we can compare it with the
scheduling horizon H to check whether the deadline constraint is satisfied
or not. If ¢§ violates the deadline constraint, we adjust the values of ¢;; and s;x
via the method in Section

— Once task 7; is completed, we remove 7; from the Ready Queue and decrease the
in-degree of each successor of 7; by one (Line . If a successor task 7; reaches
zero in-degree, it enters the Ready Queue. Assume that 7; is also assigned to 6y,
i.e., sjr = 1. To determine the start time of 7;, we calculate t?red (Line @) and
avail? (Line E[) If 7; has the latest finish time among 7;’s predecessors, then we
have t?red = t§. If no other task is scheduled between 7; and 7; on 6y, then we
get avail? = t§. Therefore, the earliest possible start time of 7; is determined

by t?arl = max {t?red, availf}.
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deg(7m1)=0 deg(74)=2

=

deg(12)=1 deg(13)=2

(a) output 1. (b) output 7s.

deg(74)=0
e deg(75)=1
© @)

GDA%(TS)_2

deg(13)=1 deg(73)=0 deg(15)=0

(c) output 74. (d) output 3. (e) output 75.

Fig. 3: Task sorting according to task dependency.

Table 3: Scheduling of Dependent and Real-Time Tasks on Multi-Core Platform

Task 1 T2 T4 T3 5
Processor P Ps3 P> P Ps3
;oM 1.498 1.265 0.566 0.924 0.274
Predecessor None 1 1,72 To, T4 T3, T4
Task No Wait for 7 Wait for 7 Wait for o Wait for 73
Dependency  Predecessors, (t§=1.498), and 7o and 74 and 74
Check Py available Pz available  (max{t§,t5}  (max{t5,t5} (max{t§,t5}
at 0 at 0 =2.763), P =3.329), P, =4.253), P3
available at 0 available at available at
1.498 2.763
t? 0 1.498 2.763 3.329 4.253
(54 1.498 2.763 3.329 4.253 4.527
availf 1.498 2.763 3.329 4.253 4.527

— By applying the above method for each task in the set 7, we can determine
the task scheduling on the processors. Note that this method can meet the
constraints regarding task dependency and task non-overlapping simul-
taneously.

Algorithm [2] summarizes the implementation details of the scheduling algo-
rithm. We also use an example with five tasks 7 ~ 75 to illustrate the proposed
dependency-aware task scheduling method, as shown in Fig. 3] and Table [3]

— Since 71 is an entry task, and 71 is assigned to processor P;, we have deg(m1) =0
for 71. 71 executes at t = 0 ms and completes at t§ = 1.498 ms, due to P; being
available at ¢ = 0 ms. Upon 71 finishes its execution, the values of deg(m2)
and deg(74) are reduced by one, as 72 and 74 are the successors of 71, making
deg(m2) = 0 and deg(74) = 1.
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Algorithm 2 Dependency-Aware Task Scheduling

Input: Task allocation s;i, task execution time ¢;;, and task DAG G(T, &)
Output: Start time 7, end time ¢

1: Initialize avail® = 0 (Vk € M), deg(r;) (Vi € N)

2: Initialize Ready Queue

3: while Ready Queue # 0 do

4: 7; < Ready Queue

5: Assign task 7; to processor 0y through s;j
6: tfred =max {t] + ;""" | 7, € pred(r;)}
7 7 < max {t?red, availf}

8: £ = e <Sik JKI:;}C;)

9:  availf « ¢5 4 5P

10: t8 5+ to™

11: for each successor 7; € succ(r;) do

12: deg(7;) < deg(r;) — 1

13: if deg(7;) = 0 then

14: 7; enters Ready Queue

15: end if

16: end for
17: end while

— Since deg(m2) = 0, T2 enters the Ready Queue to determine its start time ¢3,
which is detailed in the second line of “Dependency Check” in Table [3} Note
that 2 is assigned to Ps, and its start time is restricted by the end time of ;.
To starts at t5 = 1.498 ms and ends at t5 = 2.763 ms.

— Subsequently, with the completion of T2, we get deg(r4) = 0, and 74 is listed in
the Ready Queue. Although P is available at time t = 0 ms, 74 must wait for
its predecessors 71 and 72. Therefore, the start time and the end time of 74 are
t5 = max{avail}, t5,1{} = 2.763ms and t§ = 3.329 ms, respectively.

— The task non-overlapping constraint is applied for 71 and 73, as they are in-
dependent and assigned to the same processor P;. After completing 71, Pi
is available after availl = 1.498 ms. 73 starts its execution only after ¢ =
3.329 ms, due to the execution of 71 take 1.498 ms, forcing the start time
to t3 = max {ti,avail%} = max {3.329,1.498} = 3.329ms and the end time to
t§ = 4.253 ms.

— Finally, 75 is scheduled on Ps after its predecessors 73 and 74 are completed;
driven by the latest completion of 73 at 4.253 ms (which exceeds the earliest
availability time of Ps at 2.763 ms), 75 starts at t3 = 4.253 ms and ends at
tg = 4.527 ms, ensuring a valid, conflict-free task mapping.

4.3 Closed-Loop Joint Optimization Framework

Note that multiple constraints, such as task deadline (5)), task dependency @, and
task non-overlapping , are considered in the SP rather than the MP .
The optimal objective function value achieved by MP is a lower bound of the
original problem (9), leading to the corresponding task end time t§ = t§ + ;"7
which may violate the scheduling horizon H, i.e., the SP may be infeasible un-
der the given MP solution. The infeasibility of SP is mainly caused by the time
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constraint , as constraints @ and can be satisfied by the proposed task
sorting method in Section To enhance the feasibility of SP, in this section, we
propose a closed-loop feedback framework to adjust the MP solution based on the
SP result.

To guarantee a feasible solution of problem @, the SP not only determines u;;
and t$, but also acts as a feasibility check by calculating the actual finish time ¢§
and verifying time constraint . If the global deadline is violated, i.e., t{ > H, the
residual time ¢t§ — H is used as feedback to indicate how far the current MP solution
is from scheduling feasibility. The closed-loop method then updates the penalties
and guides the MP to select faster processors or reduce optional execution in the
next iteration.

As shown in Line [I5] of Algorithm [T} in each MP iteration, the Lagrange mul-
tipliers a, 3, 7, and p act as sensitivity weights for the corresponding constraints.
According to , we can see that a; enforces task-to-processor assignment, B;x
controls the optional-execution bound, «;; penalizes timing violations, and p reg-
ulates total energy consumption against the system budget. These multipliers are
then embedded in the next MP update of sj;, and ¢, forming the feedback loop
between scheduling feasibility and optional-execution allocation.

The proposed closed-loop optimization framework consists of the following
three steps: 1) primal solution and feasibility check; 2) multiplier update; and
3) termination of MP and SP iterations, and their details are as follows.

4.8.1 Primal Solution and Feasibility Check

In the n'” iteration, under the given multipliers agn), ,BZ.(,?), 'yi(,?), and p(™, the
MP provides the task assignment s:,in) according to and the optional time
t:,gn) according to . Then, we substitute s:én) and t;&n) into the SP and solve
it using the dependency-aware scheduling method in Algorithm [2] The SP returns
the actual task end time t{, where the start time ¢ is determined by both the
latest completion time t?red of the predecessors and the earliest availability time
avail? of the assigned processor 6.

4.8.2 Multiplier Update

In the (n + 1) iteration, we update the Lagrange multipliers aE"“), Bf£+1),

'yi(g+1), and ,u("Jrl) using the MP and SP solutions obtained in the nth iteration,

and the details are as follows:

— Allocation and Energy Multipliers («; and ), which correspond to constraints

and @, respectively. Since the MP solution s:,gn) is derived through , task
allocation constraint is satisfied in each iteration. In addition, the energy
constraint (6]) is handled in the MP. Let []* £ max{x,0}. Based on the gradi-

ents Vagn) and V(™ given by , the updates of agn) and p(™ are

a§n+1) = aE") + 5nVa§n), (32)

+
M(nJrl) — [M(“) +5nvu(n)} . (33)
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— Deadline Multiplier (7;x), which corresponds to time constraint . In the MP
solution, v;; mainly penalizes the violation of the relative deadline t;°™" < D;
for task 7;. Although constraint only limits the task execution time, the
task end time is given by t§ =5 4+ ¢;°""?, i.e., adjusting t;°"" can also help us
to reduce the global deadline violation. Therefore, we define a timing gradient
Vvi(,? ) that considers the violation between the relative deadline constraint
and the global deadline constraint , which can be defined as follows:

V) —max{t“""p(”) Di, ™ —H } (34)
—_——— ——

relative deadline global deadline

comp(n) . . . . *(n) *(n) . i+o;
where t;°"""" is given by substituting s;,"’ and o; """ into Y kem (slk v kfi )
and ti( ™ is given by the SP solution. Hence, the update of %‘(1?) is given by

According to 7 ik serves as a sensitivity weight that amplifies the impor-
tance of task execution time t;°™". If a task 7; satisfies its relative deadline
D; in constraint | . ) but violates the global deadline H in constraint . then
tf(n) H is positive, and further, Vv, k) becomes positive and increases the
timing penalty. This raises the execution-time cost in the MP, forcing the task
to reduce its optional part o; or move to a faster core in the next iteration.

— Optional Execution Multiplier (8;1), which corresponds to the constraint 0 <
tir < %}k, i.e., bounds the optional cycles. Similar to ;;, by adjusting the
value of f3;x, we can change task execution time ¢;;, and further, change the
task end time . Based on this idea, the update of Bi(g) is set to

O; +
B = [ 00 (1) -0 e mv?) ] o)
where p1 is a positive weight. On the one hand, t(- n S,EZ) 2fk represents the

residual of the optional-execution upper bound, as t;x < S;x v )\ . If this residual
is positive, the optional execution time exceeds its upper bound Bik 1is increased
to penalize this violation in the next MP iteration. On the other hand, p1 V’y(n)
transfers the global timing violation to the optional-execution multiplier. If the
global deadline is violated, the positive gradient V’yf,?) increases [, and
raises the cost of optional execution. In the next MP iteration, this higher cost
reduces task execution time t;x, shortens task end time t{, and makes time
constraint (b)) easier to satisfy.

Remark 4.1 (Enhanced Energy Efficiency): In constraint , the duration of
static power P; used to calculate E°°™P is the scheduling horizon H, which means
that processors may remain idle after their assigned tasks finish. However, once the
assigned tasks are completed, processors can switch to a low-power state through
the Dynamic Power Management (DPM) technology [ (e.g., from the idle state to
the sleep state), thereby further reducing energy consumption. By using the actual
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task end times t§ from the SP , we can refine the energy consumption E™P.
Let Tiotar = maxvien {t§} denote the task makespan. Therefore, we have

M; 4
comp _ . X S
E = § .y {E en <szkrkfk +tzk> Py +Twm1Pk] : (37)

By incorporating (37) into (33), the MP can exploit the available energy margin
to adjust s, ’ and o, more efficiently.

4.3.8 Termination of MP and SP Iterations

At each iteration n, the MP produces the task assignment and optional-execution
solution (s*(™ £*(™) by the closed-form updates in Algorithm [1| (Line . The
corresponding optional cycle vector 0*(™ is recovered from t*(™ through the se-
lected processor, and the task QoS g(o*(")) is evaluated by . The MP solution
(s*(™ ¢*(™)) and the multipliers A = (a(™, 3™ ™) ) are substituted
into to obtain the Lagrangian value £(") £ E(s*("), <) (™ g () ,u(")).
Then, the SP converts the solution (s*™) ¢*(™)) into a feasible task execution or-
der and start-time vector ¢°(") through the topological scheduling procedure in
Algorithm [2] (Lines [THI2).

Since our purpose is to obtain a high-quality, feasible solution with a low com-
putational overhead, we consider two termination criteria for the closed-loop iter-
ation. The first criterion evaluates solution quality from an optimality perspective,
while the second criterion evaluates convergence behavior from a stability perspec-
tive.

— The relative duality gap is defined as follows:

*(n)y _ £<n>‘
. ‘9(0 )

= Tl )+ .

where £ is a small positive constant to make (38) meaningful. In , g(0*(™)
is the QoS value of the recovered primal solution at iteration n, while £
is the corresponding Lagrangian surrogate value computed with the current

multipliers. Therefore, the item ’g(o*(") ) — C(")‘ quantifies the gap between
the primal solution and the dual-guided surrogate, and normalizes this gap

with respect to the current primal QoS scale. A smaller Fg;g indicates that the
current solution is closer to the dual-guided optimum, and therefore indicates
better solution quality.

— From the stability perspective, we evaluate whether the primal QoS has become

stable across two adjacent iterations. Specifically, we use ‘g(o*(”)) —g(o*(*™Y)
to measures the QoS change from iteration n — 1 to iteration n, and use the
item ‘ g(o*(”fl))’ + £ to normalize this change. Therefore, the relative objective

gap is defined as follows:

P e ]

obj |g(0*(n_1))| 4 é (39)
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Algorithm 3 Closed-Loop Joint Optimization

Input: Task DAG G(T,€&), energy budget Es, maximum iteration number Nmax
Output: Mapping s, optional-execution time ¢, schedule ¢*

1: Initialize A(®) = (a(0>,B(0>,7<0),u(0>), step size o, and tolerances €gap, €obj
2: for n =1 to Nmax do

3: Solve the MP and obtain s*(") and t*(") using and
Run Algorithmwith (s*(™) £+(")) to obtain t5(™) and (")
Update A"t by , , (35), and
Evaluate Fg(;?, by and A(()zj by

if Fgggg, < €gap and A(()z; < €obj then

break

end if
10: Update the step size dn41 < dn/v/1
11: end for
12: return (s*(") ¢*(n) s(n)

The algorithm stops only when F;;}Z < €gap and Ac(fgg < €obj are satisfied
simultaneously, where €gap and €gpj are predefined small tolerances. Otherwise,
the feedback updates in f are applied, and the iteration between MP and
SP is continued until the maximum iteration number Npax is reached.

Algorithm [3] shows the iteration between the MP and the SP, where Line
performs the MP update, Line [f] considers the dependency-aware task scheduling,
Line [f] feeds the SP-induced timing and energy residuals back to the multipliers,
and Lines[6H7]implement the termination test. Note that our method is not limited
to the QoS function described by , and it can be extended to the general convex
scenarios.

4.8.4 Computational Complezity Analysis

The computational complexity of our method is determined by three parts in each
iteration: the MP update, the SP scheduling, and the multiplier feedback.

— In the MP update, the primal variables [s:én)]NxM and [t:én)]NxM are com-

puted for all N tasks and M processors according to Algorithm [I| (Line [5)),
leading to a computational cost of O(NM). In addition, evaluating the QoS
objective and the Lagrangian £(s*(™) ¢*(™) o) 3" ~(m) (")) also requires
scanning the same task-processor pairs, and thus takes O(N M) operations. The
complexity of the MP update is O(NM).

— For the SP scheduling, the proposed topological scheduling method initializes
the in-degree of all tasks and maintains the Ready Queue. For a DAG G(T, &)
with |7] = N and |€| = E, each task enters and leaves the Ready Queue at most
once, and each edge is checked once when updating the in-degree of successor
tasks. Therefore, the complexity of the SP scheduling is O(N + E).

— For the multiplier feedback, updating «a; and ~;1 is performed at the task level
and requires O(N) operations. Updating S3;i is performed for all task-processor
pairs and requires O(NM) operations. The update of p evaluates the energy
terms over task-processor pairs and requires O(NM) operations. Hence, the
complexity of the multiplier feedback is O(NM + N).

Taking the above three parts into account, the per-iteration complexity of our
method is O(NM + N + E). On this basis, with at most Nmax outer iterations, the
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Table 4: Task and Platform Parameters

Processor Model

M 5

Vp (V) [0.65, 0.70, 0.75, 0.80, 0.85]

fp (Hz) 10°x[1.01, 1.26, 1.53, 1.81, 2.10]

P32 (W) 1073x[184.9, 266.7, 370.4, 498.9, 655.5]
Pg (W)  1073x[246.0, 290.1, 340.3, 397.6, 462.7]

n n € (0,1]

ik Xir = 0.9

E, Es = n[MH maxg{Pg} + >N (M; + O;) max { P/ fi}]
Task Model

N N e {1,2,...,200}

M; M; €[4 x 107, 6 x 108]

0; O; € [4x 107, 6 x 108

DAG {LE, JPEG, FFT, Mw}

Real-Time Constraints

- H = (1= B) Hmin + B Himax
. i M;

Hin Hpin = Milge M {%}

- M;+0O;
Hrnax Hmax = MaXpec M %
D; D¢:(1*9)D§nin+0D?ax
D;;nin Df‘i" = minge pm {%}
Dpex D™ = maxgem { ETSy
Objective Model
® @ =30, (—pioi +4ivoi)

overall complexity is O(Nmax(NM + N+ E)). For sparse DAGs, where the number
of edges is usually proportional to the number of tasks, i.e., E = O(N). Moreover,
the number of processors is usually much smaller than the number of tasks, i.e.,
M < N. Therefore, the overall complexity can be simplified to O(NmaxV), i.e.,
the proposed method scales approximately linearly with the task number N under
the given iteration number Npax-

5 Experimental Results and Analysis
5.1 Experimental Setup

We conduct a set of experiments to evaluate the proposed topological-sorting-
assisted dual decomposition task deployment method (TS-DD). The multicore
platform contains M = 5 heterogeneous processors, whose parameters are adopted
from prior heterogeneous real-time scheduling studies . The parameters re-
garding voltage, frequency, dynamic power, and static power are summarized in
Table [d] For each task 7;, the mandatory cycles M; and maximum optional cycles
O; are set within the range [4 x 107, 6 x 108] 7 and the heterogeneity factor
is set to A\;x = 0.9 .
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Fig. 4: Convergence and iteration changes under different do, a®, g 'y(o), and
u(o) parameters.

The available energy is set to Es = nE}, where n € (0, 1] is the energy-supply
factor that controls the tightness of the energy constraint, and E} is an upper
bound on energy consumption, as it considers that all the tasks are executed with
maximum static and dynamic powers and each task with M; + O; cycles. The
tightness of timing is controlled by 6 for task-level deadlines and by S for the
scheduling horizon. The QoS coefficients p; and ¢; are adopted within the range
(0, 1]. To evaluate both random and structured dependency patterns, we randomly
generate DAGs through TGFF and use four real application DAGs (LE, JPEG,
FFT, and MW), which are shown in Fig.[7] Note that we can apply the proposed
method to task deployment problems with different task and platform parameters,
since changes in the parameters do not affect the structure of our problem.

5.2 Convergence and Optimality Gap

Fig. El first studies the influence of initial step size dp on the iteration number
n. In Fig. [a] the dual and the primal values move rapidly toward each other at
the beginning, and then convergence becomes slow. With do = 0.5, most of the
change is completed within about 2,000 iterations. With do = 0.1, the same stable
region is reached at about 3,600 iterations. This behavior follows the update rule
in Algorithm [3} a larger initial step allows deadline and energy violations returned
by the SP to change the multipliers more strongly, and thus, the MP adjusts its
mapping and optional workload more quickly. A smaller step makes each correction
more conservative and therefore needs more iterations.

Fig. also shows that both initial step sizes do = 0.5 and Jo = 0.1 reach
almost the same terminal primal and dual values. The final differences are small
but nonzero. This is because the algorithm stops with finite tolerances (e.g., €gap,
€obj, and Nmax). In addition, as the original problem contains discrete mapping
decisions (s, in (9)), TS-DD uses relaxation (s, in (I6)) and dual updates ((32)-
([36)) to find a near-optimal solution.

Fig. [b] further evaluates the influence of initial multipliers on the iteration
number n, where (a(o),ﬁ(o),'y(o),y(o)) in Sets 1, 2, 3, and 4 are set to (0,0,0,0),
(0.5,0.5,0.5,0.5), (0.2,0.5,1,0.5), and (2,1,0.2,2), respectively. The results show
that the iteration differences among different sets are minute. TS-DD has good
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Fig. 5: Performance under different NV, 6, and n parameters.

adaptability in initial multiplier selection. In addition, the trend of iteration num-
ber increases with the values of set elements, as more multiplier deviation requires
more iterations to converge.

For every initialization set, increasing do from 0.1 to 0.5, the required iteration
number is reduced by about 47%-57%. This result shows that the step size dp has

a higher priority in affecting the iteration number n than the initial multipliers
(a9, 50, ) @),

5.3 Performance Under Limited Resource Budgets

Fig. [fa) compares the system QoS when the task number N is changed from 10 to
80 under different 6 and 7 settings, i.e., time and energy parameters. The results
show that QoS increases with IV, 8, and 7, as more optional cycles can contribute to
the QoS objective. Fig. [5c|shows the influences of # and 1 on the incremental QoS
gains, where 6 and 1 are changed from 0.5 to 0.8, with a step of 0.1. The QoS gain
is defined as Go—n(N) = [Qn,n(N) — Q0,0(N)] /Qa,a(N) x 100%, where Qq,5(N)
denote the system QoS achieved with N tasks under given a and b parameters.
The trends of the bars indicate that with the values of 8 and n increasing, the
improvement in QoS gain is limited. Under the given task number N, the increment
is saturated when 6 and n reach certain values, as the optional cycles are bounded
by 0; S OZ

Fig. 5D shows the corresponding computation time, i.e., the time required to
solve problem @ When N is changed from 10 to 80, the time increases from
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Fig. 6: QoS and time comparisons under different methods and applications.

1.7 ~ 2.2 s to 10 ~ 13 s, as more variables and constraints are involved in @; the
complex task precedence and conflicting time and energy constraints complicate
the solving process. However, the time increment is almost linear with N, which
shows the scalability of our method. This result is in line with the complexity
analysis in Section[1.3.4f O(N M +N+E) for each iteration. We have E = O(N) for
task DAGs and a fixed processor number M = 5. In each iteration, the complexity
grows approximately linearly with task number N. In addition, under the given NV
parameter, the smaller # and n values require relatively longer computation time,
as they tighten the time and energy constraints, making the optimal solution
harder to find.

5.4 Comparison With Optimal and Sub-Optimal Methods

We consider four real-world applications, e.g., LE (Laplace Equation), JPEG,
FFT (Fast Fourier Transform), and MW (Montage Workflows), and compare our
method with the commercial solver Gurobi (GUB) [12], which directly solves the
original problem @ and provides the reference optimum solution; a Genetic Al-
gorithm (GA) |34], which represents population-based metaheuristic search; and a
two-step heuristic (HEU) [38], which first determines a task-to-processor allocation
and then schedules the start and end time of tasks, including optional cycle adjust-
ment. The task DAGs shown in Fig. [7]include different task numbers, dependency
structures, and parallelism levels.

Fig. @ compares the solution quality (QoS) under different applications. The
results show that our method achieves around 93%, 95%, 96%, and 97% of the
Gurobi QoS on LE, JPEG, FFT, and MW, respectively, with a 95.25% average
ratio. In contrast, GA obtains 88% ~ 92% of the Gurobi QoS, with an average of
90.25%, whereas HEU obtains 72% ~ 78%, with an average of 75.00%. Therefore,
TS-DD improves QoS by about 5.5% over GA and 27.0% over HEU. GA provides
a sub-optimal solution, e.g., local optimum, while our method provides a global
optimum, as we solve the original problem in a convex manner. HEU decomposes
the original problem into several sub-problems and solves them in sequence. In
contrast, our method provides a feedback mechanism among the sub-problems to
improve overall performance.

Fig. [6b] compares the computation time of different methods. From it, we can
see that the computation times of Gurobi, TS-DD, GA, and HEU are 12.10 ~
15.40 s (13.55 s on average), 2.35 ~ 3.10 s (2.6875 s on average), 2.10 ~ 2.95 s
(2.50 s on average), and 0.60 ~ 0.75 s (0.675 s on average), respectively. The result
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Fig. 7: Task DAGs of real-world applications.

shows that T'S-DD uses only 19.8% of the Gurobi time, while achieving 95.25% of
the Gurobi QoS; we can make a better trade-off between computation time and
solution quality. Although the computation time of HEU is low, the solution quality
is hard to control, as it only provides a feasible solution. Compared with HEU,
TS-DD provides a controllable trade-off between computation time and solution
quality by adjusting the maximum iteration number Nmax (see convergence in
Fig. 4] and complexity analysis in Section . GA and TS-DD have similar
computation times, but TS-DD has higher QoS than GA. GA contains several
steps, such as selection, reproduction, mutation, and crossover; the computation
time and solution quality are sensitive to the algorithm parameter selection.

5.5 QoS Enhancing Mechanism

We introduce a ratio p = Ncp/N to describe the intensity of task dependency,
where Ncp and N are the numbers of tasks on the critical path and in the whole
DAG, respectively. A large value of p means this DAG has a complex structure and
will lead to more precedence-induced waiting. We set p € {0.2,0.4,0.6,0.8} and
N € {20,40,80}. For each (N, p) pair, we randomly generate 30 DAGs and show
the achieved QoS under TS-DD and NoFB methods. Compared with TS-DD,
NoFB considers the same MP and topological scheduler but removes the closed-
loop feedback from SP to MP , i.e., omit the task completion-time residual
t; — H in the updates of v, and B;5 (see , , and )

Fig.[Ba]shows the average QoS of TS-DD and NoFB, normalized by the Gurobi
result. When p increases from 0.2 to 0.8, due to task dependency and real-time
restrictions, the normalized QoS of TS-DD decreases only from 0.952 to 0.930;
the degradation is acceptable. However, without the feedback from SP to MP,
i.e., the further adjustment of task scheduling, the task dependency and real-time
constraints are harder to satisfy, especially when the DAG structure is complex,
leading to lower normalized QoS for NoFB (0.941 — 0.781). Note that when
p = 0.2, the DAG dependency structure is relatively simple and imposes fewer
restrictive precedence constraints. TS-DD and NoFB achieve similar QoS values.
With p increasing, e.g., p = 0.8, the complex task dependency makes the closed-
loop feedback from SP to MP essential, leading to a large QoS gap between T'S-DD
and NoFB.

Fig.[BD] compares the feasibility rates across different p and N parameters. The
feasibility rate is defined as Rfea = Nfea/Nrun X 100%, where Nte, and Nyun are
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Fig. 8: QoS and feasibility comparisons with and without feedback mechanism.

the number of feasible cases and total cases, respectively. Note that only when all
constraints, such as deadline, energy, precedence, and non-overlap, are satisfied,
the found solution is feasible. The results show that TS-DD achieves an average
feasibility rate of 96.7%, compared with 80.0% for NoFB. When the values of # and
n are small, under the limited time and energy budgets, the original problem @[)
is infeasible, no matter through Gurobi or TS-DD. Under the same parameters,
the feasibility rate of TS-DD is higher than NoFB. Together with Fig. the
closed-loop feedback mechanism introduced in TS-DD enhances system QoS and
task schedulability, especially for complex DAGs.

6 Conclusion

In this paper, we investigated the allocation and scheduling problem for dependent
IC tasks on heterogeneous multicore platforms for QoS improvement. The target
problem was formulated as an MINLP that jointly determines task-to-processor
assignment, optional-execution allocation, and start-time determination, while en-
forcing deadline, energy, precedence, and non-overlap constraints. To improve the
scalability of the proposed method, we developed a TS-DD framework that de-
composes the original problem into an MP for task-to-processor assignment and
optional-execution allocation, and an SP for dependency-aware scheduling. The
MP and SP are solved in sequence, with low-complexity algorithms. On this basis,
a closed-loop multiplier update mechanism is introduced to adjust the MP solu-
tion according to the constraint violations from the SP, enabling the algorithm
to balance QoS improvement with task schedulability. Experimental results show
that TS-DD achieves 95.25% of the optimal QoS found by the Gurobi solver while
using only 19.8% of its computation time. The runtime of TS-DD grows approx-
imately linearly with task DAG scale, enhancing the scalability of T'S-DD under
complex application and resource-constrained scenarios.
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