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Abstract

Processing long customer journeys and estimating touchpoint contributions can make neural multi-
touch attribution computationally expensive. Touchpoint selection reduces this cost but may change
credit allocations even when conversion predictions remain similar. We propose AdaSeq-MTA, an
adaptive neural framework that jointly optimizes conversion prediction, credit consistency, and com-
putational cost. Guided by a frozen full-journey teacher, the model selects a processing path and
retention budget for each journey. It maps selected credits back to the original touchpoints and aligns
touchpoint and channel allocations, with additional terms for signed contributions and positive-credit
mass. A workload-level constraint controls routing, selection, and encoding costs, while confidence-
controlled Shapley sampling adjusts attribution effort. On the Criteo benchmark, AdaSeq-MTA
retains 66% of touchpoints and reduces inference latency from 18.4 to 13.1 ms per journey, a 28.8%
reduction, while the area under the receiver operating characteristic curve (ROC-AUC) changes from
0.7758 to 0.7753. Channel-credit drift decreases from 0.029 for prediction-only adaptive routing to
0.019. With 100 Shapley samples, touchpoint selection reduces attribution latency from 156.4 to
104.2 ms per journey, a 33.4% reduction relative to full-sequence evaluation. These results show that
AdaSeq-MTA reduces inference and attribution time with a small change in predictive ROC-AUC,
while achieving lower credit drift than prediction-only adaptive routing.

Keywords: adaptive neural computation, multi-touch attribution, sequence modeling, attribution
consistency, knowledge distillation

1 Introduction

Users often encounter several advertisements
before converting. Multi-touch attribution ana-
lyzes these touchpoints and their interactions to
allocate conversion credit across touchpoints and
channels, supporting marketing analysis. Neural

sequence models can capture behavioral depen-
dencies within customer journeys, but process-
ing complete histories and repeatedly evaluating
touchpoint contributions increases computational
cost. Sequence retrieval, touchpoint selection, and
adaptive computation offer practical ways to
improve efficiency (Yang et al. 2020; Kumar et al.
2020; Qi et al. 2020; Wang et al. 2018).



Customer journeys differ in channel composi-
tion, repeated visits, and temporal spacing as well
as length (Fig. 1). Journeys of the same length can
contain different amounts of useful information:
some touchpoints are highly repetitive, while oth-
ers reflect important behavioral changes. Efficient
multi-touch attribution therefore requires compu-
tation to adapt to journey characteristics while
retaining information useful for both prediction
and credit allocation.

Similar conversion predictions do not guar-
antee consistent credit allocations. Two models
may predict similar conversion probabilities yet
respond differently when a touchpoint is removed,
leading to different touchpoint or channel cred-
its. Selection changes both the model input and
the set of touchpoints participating in attribution,
motivating direct constraints on credit changes
during compression. Comparing the resulting allo-
cations also requires mapping retained touch-
points back to their original positions. Signed con-
tributions and total credit magnitude complement
normalized allocation proportions by capturing
additional aspects of credit change.

We propose AdaSeq-MTA, a framework that
jointly optimizes conversion prediction, credit
consistency, and computational cost. Using a
frozen full-journey teacher as a reference, the
model draws on channel diversity, repetition,
temporal structure, and predictive uncertainty
to choose full-sequence processing or order-
preserving touchpoint selection and determine a
retention budget for each journey. Selected credits
are mapped back to the original touchpoints and
aligned with the teacher at both touchpoint and
channel levels, with signed-marginal and positive-
mass terms constraining additional credit changes.
A workload-level cost constraint controls over-
all computation, while a confidence-stopping rule
adjusts the number of Shapley samples.

This study focuses on the consistency of
model-based credit allocations before and after
compression. The teacher provides reference pre-
dictions and credits for complete journeys rather
than attribution ground truth. Model-based cred-
its differ from the incremental causal effects of
advertising exposure, whose identification requires
appropriate data and assumptions (Singal et al.
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Fig. 1 Illustrative customer journeys with different touch-
point patterns and contextual evidence.

2019; Yao et al. 2022). The experiments sepa-

rately examine teacher—student credit discrepan-

cies and routing-induced credit drift between full

and selected paths within the same student model.
Our main contributions are:

® Joint optimization of prediction, credit,
and cost. We optimize conversion prediction
and credit consistency under an overall compu-
tation budget, making the attribution effects of
touchpoint compression part of resource alloca-
tion.

® Credit-consistency objectives at touch-
point and channel levels. We map selected
credits back to original touchpoints and
combine distribution alignment with signed-
marginal and positive-mass terms. Staged LOO
and Shapley supervision connects training
objectives to the final attribution computation.

e Adaptive computation based on journey
characteristics. We use channel, temporal,
and uncertainty features to select processing
paths and retention budgets, together with a
separate confidence-stopping rule for attribu-
tion sampling, combining touchpoint selection
with sampling-precision control.

Routing-policy comparisons, credit-objective
ablations, backbone comparisons, and efficiency
analyses evaluate the trade-offs among prediction
performance, credit consistency, and computa-
tional cost.



2 Related Work

2.1 Neural Prediction over
Customer Journeys

Customer journeys connect heterogeneous digital
touchpoints to marketing outcomes and man-
agerial actions. Al-enabled journey-management
research frames intelligent tools as supporting
the analysis, design, engagement, and guidance
of customer interactions (Rusthollkarhu et al.
2022). In digital attribution, intelligent systems
have combined real-time conversion prediction
with channel-level decision support, including
Bayesian-network models designed for imbal-
anced e-commerce journeys (Ben Mrad and Hnich
2024). These studies motivate treating MTA as
an auditable marketing decision-support problem
rather than only a sequence-classification bench-
mark.

CTR and CVR prediction provide the pre-
dictive foundation for such systems. Reviews of
online-advertising prediction organize the field
around statistical, factorization, deep, and tree-
based models (Yang and Zhai 2022), while recent
work surveys knowledge-aware CTR models and
their treatment of sparse and cold-start interac-
tions (Jin and Yang 2025). Representative archi-
tectures include DeepFM (Guo et al. 2017b),
DIN and DIEN (Zhou et al. 2018b,a), and multi-
task recommendation models such as MMoE and
PLE (Ma et al. 2018; Tang et al. 2020). Delayed-
feedback correction and calibration remain impor-
tant because a ranking gain does not guarantee
reliable conversion probabilities (Cao et al. 2022).

Long-history systems such as SIM, UBR, and
MIMN retrieve or maintain target-relevant user
interests to control the cost of extensive behav-
ioral histories (Qi et al. 2020; Chen et al. 2021; Pi
et al. 2019). Their retrieval mechanisms motivate
our long-sequence coarse-to-fine module (LSCM),
but Top-K selection is not claimed as new. Exist-
ing customer-journey predictors generally do not
test whether computational compression preserves
the resulting touchpoint and channel conclusions.

2.2 Multi-Touch Attribution and
Credit Fidelity

Rule-based attribution assigns credit through
fixed conventions such as first-click, last-click,

and equal allocation (Jordan et al. 2011;
Abhishek et al. 2012). Neural approaches, includ-
ing DeepMTA and attention-based attribution,
learn representations of observed journeys (Yang
et al. 2020; Kumar et al. 2020). CausalMTA intro-
duces explicit causal modeling assumptions (Yao
et al. 2022), while industrial attribution sys-
tems connect individual journeys with aggregate
marketing analysis (Bencina et al. 2025). These
paradigms use different credit-allocation rules
(Fig. 2) and differ in the meaning of their outputs.
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Fig. 2 Schematic comparison of credit allocation across
multi-touch attribution paradigms.

Credit fidelity in this study concerns a spe-
cific transformation: replacing full-journey com-
putation with a learned selected path. The full
and selected predictors induce different coalition
games, so their credit vectors require an explicit
index mapping before comparison. Teacher agree-
ment measures the combined effect of parameter
adaptation and processing-path changes; external
attribution targets provide a separate assessment
of the resulting credit quality. Multi-attribution
learning and benchmark work motivate evaluat-
ing against defined target quantities rather than
inferring attribution correctness from conversion
accuracy (Chen et al. 2025; Wu et al. 2026).

Post-hoc explanations also differ in their
reference quantities. LIME fits local surrogate
models, whereas SHAP expresses local impor-
tance through additive Shapley-based expla-
nations (Ribeiro et al. 2016; Lundberg and
Lee 2017). Integrated Gradients uses a path-
based attribution rule, and DeepLIFT propa-
gates activation differences relative to a reference
input (Sundararajan et al. 2017; Shrikumar et al.
2017). These constructions should not be treated



as interchangeable credit targets. At the popula-
tion level, SAGE evaluates feature contributions
to predictive power (Covert et al. 2020); this
differs from distributing a particular journey’s
conversion credit.

Explanation quality also requires checks
beyond prediction accuracy. Attention weights
need not faithfully explain model predictions (Jain
and Wallace 2019), and saliency-map random-
ization tests can reveal dependence on learned
parameters and data (Adebayo et al. 2018).
Robustness and infidelity criteria examine com-
plementary properties of an explanation (Alvarez-
Melis and Jaakkola 2018; Yeh et al. 2019). These
findings motivate separating credit stability under
compression from external credit validity in our
evaluation.

2.3 Adaptive Neural Computation
and Attribution Consistency

Efficient recommender systems must balance pre-
dictive effectiveness with deployment cost. Knowl-
edge distillation can transfer a high-capacity
teacher into a scalable student (Jose and Shetty
2022); related studies also use multiple teachers to
address recommendation bias rather than treat-
ing all teacher signals as equally reliable (Yang
et al. 2025). AdaSeq-MTA similarly uses a frozen
teacher, but transfers prediction and mapped
credit structure rather than only logits or rep-
resentations. This internal target can preserve
a teacher’s error, so external-credit evaluation
remains separate.

Classical distillation transfers softened out-
puts (Hinton et al. 2015), while FitNets transfers
intermediate hints and attention transfer aligns
teacher and student attention maps (Romero et al.
2015; Zagoruyko and Komodakis 2017). Rela-
tional and similarity-preserving distillation extend
the target to relationships among examples (Park
et al. 2019; Tung and Mori 2019). These prece-
dents establish that output matching alone is not
the only form of knowledge transfer. Our target
instead compares signed and normalized coalition
contributions after restoring the original journey
indices.

Adaptive Computation Time and Ponder-
Net learn how many computation steps to allo-
cate (Graves 2016; Banino et al. 2021). Fast-
BERT combines adaptive inference with self-
distillation (Liu et al. 2020). These approaches
motivate input-dependent processing and the need
to measure the resulting accuracy—cost trade-off.

Conditional-computation methods allocate
different workloads to different inputs or tokens.
SkipNet learns input-dependent layer skip-
ping (Wang et al. 2018); DynamicViT removes
less informative tokens (Rao et al. 2021); Token-
Learner constructs a compact adaptive token
set (Ryoo et al. 2021); and Mixture-of-Depths
routes a capacity-limited subset of sequence posi-
tions (Raposo et al. 2024). These works provide
technical precedents for dynamic routing, but pri-
marily optimize prediction—efficiency trade-offs.
They do not require a marketing-credit distribu-
tion computed after routing to remain aligned
with its full-input counterpart.

AD-KD transfers token-level Integrated Gra-
dients and multi-view attribution targets from a
teacher to a student (Wu et al. 2023). Attribution
transfer itself is therefore an established compres-
sion strategy. AdaSeq-MTA focuses on the addi-
tional change in the player set caused by evidence
selection: it restores original touchpoint indices,
aligns channel aggregates and signed credit mass,
and learns the retained evidence under a work-
load constraint. This distinction concerns the joint
formulation, not a claim to introduce attribution
distillation.

Explanation-guided learning already con-
strains model behavior through explanation
penalties, including input-gradient regulariza-
tion (Ross et al. 2017). AdaSeq-MTA addresses
the narrower problem of aligning coalition-derived
credits between full and selected chronological
journeys while learning their processing budget.
Its distinction lies in this joint formulation and
the sign- and scale-sensitive mapped objective,
rather than in the general idea of explanation
supervision.

The proposed formulation differs from
prediction-oriented routing and efficient sequence
encoding (Wang et al. 2018; Rao et al. 2021;
Ryoo et al. 2021; Raposo et al. 2024) in its
optimization target. A prediction-only router
may discard observed touchpoints while preserv-
ing AUC yet materially change channel credit.



AdaSeq-MTA therefore treats the full-observed-
journey touchpoint/channel distribution as an
internal teacher target and optimizes mapped-
credit distortion jointly with the learned routing
workload. This target measures teacher-routed
discrepancy, including student adaptation, not
attribution truth. Coalition sample count is not
learned jointly: it is controlled afterward by a
separate statistical stopping rule, and encoder
versus attribution costs are reported as two dis-
tinct axes. Multi-attribution learning and MAC
provide complementary label views and an exter-
nal evaluation setting (Chen et al. 2025; Wu et al.
2026); they do not by themselves decide how
much observed evidence a journey should retain.
Prediction-only routing provides a system-level
comparison; attributing a difference solely to
credit supervision additionally requires identical
deployed architecture and training conditions.

3 Methods

The method couples two learning decisions: which
observed evidence to retain and how closely the
resulting predictor should preserve full-journey
credit. The router and retention budget define
the evidence path; Eq. (17) measures its credit
distortion; and Eq. (21) couples that distortion
and prediction loss to workload cost. The back-
bone supplies the predictive value function, while
Sec. 3.5 controls attribution estimation precision
after the path is selected.

Figure 3 summarizes the training, adaptive
prediction, and fixed-route attribution pipeline.

3.1 Problem Formulation and
Credit Scope

Multi-touch attribution (MTA) in online advertis-
ing aims to allocate model-based conversion credit
across the observed touchpoints of a customer
journey. Given a dataset D = {(u;, J;,y:)} Y,
u; € R% contains prediction-time context, J; =
(pi1, ---» DiT; ) is a chronologically ordered sequence
of variable length T;, each touchpoint p; =
(cit, fit) contains channel identifier ¢;; and features
fir € RY available at or before the event times-
tamp t;¢, and y; € {0,1} is the conversion label.
The accounting output assigns «;; € [0, 1] to every

observed touchpoint and satisfies

T;
Z Ot = Yy, Vi (1)
t=1

This conservation rule is an accounting con-
vention, not a causal estimand. Let 7;; be the
marginal change in the trained predictor under the
order-preserving coalition definition in Sec. 3.5.
Final credits use one definition throughout the
paper:

max(0, 7;¢)
Yi =T, o (2)

Yoy max(0, 7y)

Equation (2) applies when at least one retained
score is positive. When all rectified scores are zero,
the label-independent normalized distribution is
uniform over retained touchpoints. Multiplication
by the observed label gives this allocation to con-
verted journeys and zero accounting credit to
non-converted journeys. Touchpoints excluded by
LSCM always receive exactly zero before and after
normalization. Conservation is exact by construc-
tion, but the resulting ay; remains model-based
credit and is not identified as an individual treat-
ment effect.

Beyond confounding, MTA faces heteroge-
neous evidence sufficiency and cost. Length T;
is observable but incomplete: journeys of equal
length can differ in channel diversity, repetition,
temporal spacing, and predictive uncertainty. We
therefore use short/medium/long groups only for
descriptive auditing. The operational policy is
learned in Sec. 3.2 and is compared with a length-
only router in the experiments.

To address this, we condition computation
on observed evidence sufficiency and uncertainty
rather than sequence length alone. We define a
budget-aware attribution function:

Qi =

(Fit Bi) = gu(t | Jiyws),  aw=wiBfy.  (3)
Here gy denotes the complete routing and attribu-
tion procedure with all fitted routing and student
parameters 1, not an additional prediction head.
At prediction time it produces signed contribu-
tions 7;; and their rectified, normalized distribu-
tion 55 on the original index space, with the
retained-position uniform fallback defined above.
Neither output requires the realized conversion
label. Only after the outcome window has matured
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Fig. 3 Overall architecture of AdaSeq-MTA, integrating adaptive routing, teacher-guided learning, and Shapley attribution.

is y; used to form the accounting allocation «;;.
Thus an unobserved outcome is not treated as
zero, and the label is never an input to routing,
selection, or coalition prediction. The subsequent
sections define the adaptive policy and its feasible
expert operations.

3.2 Evidence-Aware Routing,
Consistency, and Budget
Control

Fixed length thresholds are retained only as
descriptive strata for evaluation. The operational
decision is learned from a journey evidence vector

8i = [lOg(l + Tl>7 HC(JZ')7 Rdup(t]i)a

(4)

IIleEHl(Atl)7 Std(Ati)7 Uz] 5
where H. is channel entropy and Rgyp is
the repeated-channel occurrence fraction defined

below, and U; = —pgo) logpgo) - (1- pgo)) log(1 —
pgo)) is predictive entropy from an aggregate-only
logistic model trained on the training partition
and frozen before router training. That model con-

sumes static request/user context and the same

count, entropy, repetition, and time-gap sum-
maries in g;; it does not run the LSTM, LSCM,
attention, or any full-journey embedding encoder.
All non-uncertainty summaries are updated in one
streaming pass over logged touchpoints and are
available at the prediction timestamp.

Boundary cases and repeated-channel
counts. A model input journey contains at least
one observed event. Records with T; = 0 are
excluded before forming this study’s prediction
and attribution datasets; no zero-event attribu-
tion is produced. The empty coalition in Sec. 3.5
is a model evaluation baseline, not an additional
observed journey. Let n;. = S, Ileir = ¢] and
let O count distinct channel categories in the
full observed journey. We use

> .max(n;,. —1,0)

Rdup(Ji) = T
Cpbs
=1- = )
Ti ? ( )
Nic Nic
cinge>0 H H



All occurrences after the first in each channel
are counted, whether consecutive or separated
by other channels. The definition uses channel
identity only, not ad, product, or complete-event
equality. Missing channel IDs use a dedicated
missing category under the fixed preprocessing
dictionary.

Let the interval list be D; = (tio—ti1, ..., tim, —
t;1,—1) in a fixed time unit specified as part of the
preprocessing configuration. For n; = 7; — 1 > 0,
define D; = n;l Zzzl D;; and population stan-
Vi k(D — Di)?. For
n; = 0, both statistics are zero by definition.
Thus one interval has zero standard deviation,
and a one-touch journey has H. = Rqyp = D, =
s; = 0. No additional no-interval flag is used:
log(1+4T;) already distinguishes the singleton case
from multi-event journeys with tied timestamps.
Events are stably ordered by timestamp and orig-
inal event index; tied timestamps yield zero gaps.
Records with missing or invalid timestamps are
excluded under a fixed preprocessing rule rather
than given fabricated gaps. These conventions are
applied before evaluating the evidence vector or
uncertainty predictor. For T; = 1, only the full
route is feasible, with probability one, and the
budget head is not evaluated.

The evidence-aware router (EER) assigns one
of two core paths,

dard deviation s; =

7; = softmax(MLP 4(g;)), e; € {full, select}.
(6)

The full path uses every observed touchpoint;
select uses the index-preserving LSCM. Selection
is infeasible when no candidate budget is smaller
than T;. During a router warm-up, feasible paths
and budgets are sampled with a nonzero proba-
bility floor; training then samples discrete paths
and budgets from their masked categorical prob-
abilities. Continuous categorical relaxations are
established alternatives (Jang et al. 2017; Maddi-
son et al. 2017); here a likelihood-ratio estimator
supplies the gradients of hard structural choices.
Validation and test use deterministic arg max, m;e.
The initial warm-up lasts exactly Fwarm €pochs
and follows the prespecified exploration schedule.
For the selection expert, a second router
assigns a journey-specific retained budget from
a fixed set of distinct positive integers K =

{Ku,. o K}

p,; = softmax(MLP k ([g;; :])),

b?ard = arg ml?X Pib;
thard = min(ﬂ, Kb}?ard), (7)
_ IK|
K; = min | T3, ZPibe
b=1

During training, e; ~ 7; and b; ~ p; for the selec-
tion path; the argmax equations specify deter-
ministic evaluation. Infeasible budgets are masked
before normalization. K; describes the expected
budget under the unmixed conditional distribu-
tion p;; the actual training expectation uses p,.
Neither quantity differentiates a hard sequence
slice. Costs and credit losses are evaluated on the
realized hard path. Shapley sample counts are
controlled separately by Sec. 3.5.

Let &; and B; be the feasible route and budget
sets. During training epoch ¢, the scheduled explo-
ration coefficient n; € [0, 1) is fixed independently
of the current action. The actual distributions are

Tie = (1 = n)mie +ne/|Eil, ()
piv = (1 = ne)piv + m/|Bil.
These formulas apply only to feasible choices; all
others have probability zero. The budget distri-
bution is used only when selection is feasible and
selected. Warm-up uses positive 1y, followed by a
prespecified decay; evaluation uses the unmixed
argmax distributions. The likelihood-ratio esti-
mator differentiates the logarithm of the mixed
probabilities, not that of the unmixed softmax.
Gradients for discrete processing deci-
sions. Let a; = (e;,b;,0;) include the route,
budget, and an ordered sample 0; = (041, . .., 0ik;)
of distinct touchpoints. Given coarse scores (;; and
fixed positive selection temperature 75, selection
samples without replacement with

= exP(Gi,o / Tsel)

i OZ bl — 1,0k se .

Q ( | ) kl;[l Zt¢{0i17~~~,0@,k—1} eXp(Cit/Tsd)
(9)
The sampled indices are then sorted chrono-
logically to form I;; sampling order is never
passed to the encoder. For selection, P;(a;) =
i selectPib; Qi (05 | b;); for the full path, Pi(a;) =




Tifull. These are the actual sampling probabili-
ties, including any warm-up mixture. Let ¢;(a;) be
the per-journey prediction, distillation, and credit
objective, and 1 collect all trainable parameters.
With pp = N=13 CHU fixed, define

fi(ai) = li(a;) + AsCi(ai)/pr,
VEa ] = Eo, [Vofi, ] 10)
+ Ea, [(fi — vi)Vy log Pi(a;)].

Here v; is an action-independent baseline deter-
mined before drawing a;, and the multiplier f; —v;
is detached in the likelihood-ratio term. The first
term backpropagates through the realized coali-
tion predictions with indices fixed; the second
trains route, budget, and coarse-score choices from
their prediction, credit, and cost consequences. No
gradient is taken through sorting, integer indices,
or the zero-filled excluded positions themselves.
The estimator targets the expected stochastic-
policy objective and can have high variance. Val-
idation and deployment use deterministic argmax
and hard Top-K.

Staged attribution-consistency teacher.
Training proceeds in three prespecified stages.
Stage I trains a full-observed-journey teacher with
binary cross-entropy. A scalar temperature Tg
is fitted on validation teacher logits and frozen
for every nonempty teacher input. Empty inputs
use the separately calibrated context-only base-
line in Sec. 3.5. All teacher modules and both
calibration parameters are then frozen. Stage II
trains the router and routed student using cached
calibrated teacher predictions and non-negative
leave-one-out (LOO) scores

rh = pf(J;) — pf (Ji \ pat),
bf; = maX{O,rg}, (11)

B = Normalize(bl").

with retained events restored to chronological
order. For both LOO and Shapley evaluations,
event-local attributes and absolute timestamps
remain fixed, while event-relative features (includ-
ing the previous-touch time gap) are recomputed
from the retained chronological sequence using the
same fixed preprocessing and start-of-journey con-
vention. The route and selected index set remain
fixed as specified in Sec. 3.5. Stage III replaces

LOO targets on a fixed training subset with low-
sample Shapley targets from the frozen teacher,
evaluating coalitions in chronological order, and
fine-tunes the router/student at a lower learning
rate. This aligns the training target with final
evaluation while retaining LOO as a documented
warm-start proxy. The objective ablation com-
pares LOO-only training, LOO continuation, and
sampled-Shapley refinement. The Stage-III target
is

ﬂF,Sv

; = Normalize(

[max{O7 ﬁft(Mtrain)}} " (12)

t=1""

where M, qin is fixed on validation data and is
smaller than the maximum evaluation sample
count.

Separating adaptation and routing
effects. Let ¢! be the full-teacher signed Shap-
ley vector, <pf’fuu the same journey evaluated
with the fitted student’s full path, and gof’ its
realized routed-path vector mapped to the origi-
nal indices. The two student games use identical
fitted parameters, context, empty-coalition base-
line, and student temperature; forcing the full
path changes only the processing path. Then

S, full
e =l = (e~ ")

S, full
+ (07" = ).

(13)
The first term isolates the selected processing
path, including its refinement operation; the sec-
ond captures student adaptation and any teacher—
student calibration difference. The identity con-
cerns vectors, not additive JS divergences or addi-
tive error norms. Comparing these three discrep-
ancies requires identical journeys and common
sampled permutations restricted to each player
set. A teacher-routed loss remains the optimiza-
tion target; it is not interpreted as a pure measure
of touchpoint deletion.

The routed credit is computed from the
same attribution operator as the stage target.
Stage-IT examples are drawn independently with
replacement from a fixed mixture of nonempty
length /outcome strata. The known per-example
probability ¢(¢) > 0 includes stratum selection
and within-stratum sampling. Converted strata
may be oversampled, but batches are not rejected



or resampled when they contain no conver-
sion; such a batch has a zero estimated credit
term while prediction and distillation remain
active. Known sampling probabilities are used to
importance-weight prediction, distillation, credit,
and cost terms to their specified full-partition
objectives. In Stage II, the routed student uses
chronological LOO marginals; in Stage III, it
uses student Shapley marginals evaluated with
the same sampled permutations as the frozen
teacher (common random numbers). The follow-
ing marginal formulas apply only to retained
positions t € I;; define % = 0 separately for every
t ¢ I; before forming the full-length vectors:

it = pit(Jf)
=P (I \ pir)
—R
rf =SV, (Myain) (Stage I1I), (14)
b = max{0, 7%},
BF = Normalize([b5][2,).

(Stage 1),

This zero extension does not evaluate a Shapley
value for a non-player. The rectified and normal-
ized vectors above include all original positions,
with excluded positions explicitly zero before nor-
malization. The fixed Stage-III refinement subset
is selected once from the training partition by
prespecified strata of journey length and channel
diversity. Frozen-teacher Shapley targets and their
permutation identifiers are cached once. Student
coalition predictions use the two-pass recomputa-
tion procedure below with fixed common permuta-
tions; a single nonlinear credit loss is formed from
the complete marginal vector. No test journey or
test-derived threshold enters subset selection.

Stage-1II objective and sampling. Let
S+ C D, be the fixed, nonempty subset with
cached Shapley targets. Refinement uses two inde-
pendent sample streams. The first samples the full
training partition with ¢p(¢) > 0 and retains pre-
diction, distillation, and cost terms with the origi-
nal N, Dg. The second samples S1 with gg(i) > 0
and estimates the explicitly subset-defined objec-
tive

II1 SV
‘Ccredit ‘S | Z IEU«L L al ]
€Sy
III mg LSV alk (15)
crcdlt Z |S+|q5’ Zk:

Here Lfv is the complete per-journey bracket
of the mapped-credit objective with sampled
Shapley inputs. It replaces the Stage-II LOO
credit term; it is not claimed to estimate a full-
population Shapley objective. The two streams’
weighted gradients are added before each update.
The full-data stream uses prediction, distillation,
and budget returns in the direct and likelihood-
ratio estimator; the subset stream uses )\attrLfV
with its own action-independent baseline and sub-
set weights. Prediction and cost are not counted
again on the subset stream. Every Stage-II1 epoch
retains the full-partition stochastic budget update
and deterministic validation checks. An empty S
disables this refinement stage.

Exact gradient of the sampled nonlinear
loss. For a fixed sampled action and fixed Mi;ain
permutations, write the zero-mapped marginal
vector as r(f) = ZbB:C1 ry(0), where each block
already includes its 1/Mi;ain factor. In pass one,
compute and accumulate the full vector without
retaining coalition computation graphs. Form the
entire normalized, signed, and mass-sensitive loss
L7V (r) once and obtain g = OL?Y /Or by treat-
ing the accumulated vector as a differentiable leaf.
In pass two, recompute each block with gradients
enabled and backpropagate the scalar

stopgrad(g) "r,(6). (16)

Summing these block gradients gives (Or/90)"

the gradient of the single complete sampled loss
wherever differentiable, rather than an average
of blockwise losses. Both passes use the same
branch-derivative convention. Rectification uses
derivative zero at zero, and the uniform-fallback
distribution is treated as constant on its active
branch. At the discontinuous zero-mass boundary
this is an implementation convention, not a claim
of a classical derivative; signed and mass terms
retain their own branch derivatives. Parameters,
route, selected indices, coalition features, and per-
mutation IDs remain unchanged between passes;
coalition evaluation uses deterministic layers with
dropout disabled and no mutable running-statistic
updates. The first-pass scalar loss is detached in
the action likelihood-ratio term and used once per
sampled action, with log P;(a;) recomputed at the
unchanged parameters. The optimizer steps only
after both passes and both data streams finish.
Memory scales with one coalition block plus the



marginal vector and shared model state; the extra
recomputation and direct prediction passes are
included in reported training cost. Away from the
stated nondifferentiable boundaries, this exactly
differentiates the fixed Monte Carlo surrogate; it
is not an unbiased gradient claim for the nonlinear
exact-Shapley loss.

If all rectified scores of a game vanish, its
fallback is uniform over that game’s players:
all original touchpoints for the full teacher and
only retained touchpoints for the routed student.
Student-excluded positions remain zero. For the
loss only, add €35 > 0 per coordinate and renor-
malize on the common original support. Chan-
nel vectors are aggregated from the unsmoothed
touchpoint distribution first, then smoothed on
the same observed-channel support for both mod-
els. Reported credits remain unsmoothed with
exact excluded-position zeros; reported JS uses

the continuous convention 0log(0/q) = 0. The
numerical floor is fixed before evaluation.
Channel-level distributions af and af' are

K3 K3
obtained by summing normalized non-negative
credits by channel. To penalize magnitude changes
hidden by normalization, define positive masses
gF =3, bF and ¢t =3, b8 Let Dy = {i 1 y; =
1}; mapped-credit consistency is defined only for
converted journeys:

1

£attr = TN
D4

> | Das(8187)
i€Dy

+veDys(a; [laf)

T;

% Huber, (rf; — rk)
bt=1

. (17)

+ Ym|log(€m + ¢f)

— log(em + qu)‘]
where % denotes LOO marginals in Stage II
and sampled teacher Shapley values in Stage III;
B uses their rectified normalization. We use
Huber,(z) = 22/2 for |z| < k and k(|z| —
k/2) otherwise, with x > 0; no division by
is applied. Here ¢,, > 0, and both mass and
JS terms use natural logarithms. The coefficients
Yes Vss Yms AKD, Aattr are non-negative. Numerical
floors are not fitted on test credits. The signed
Huber term detects suppressive-touch and scale
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changes, while the log-mass term penalizes propor-
tional shrinkage that normalization would hide.
Teacher scores with zero positive mass use the
same uniform fallback as Eq. (2), but their zero
mass remains visible to the magnitude term.
Non-converted journeys contribute prediction and
distillation losses but no normalized conversion-
credit target. Teacher calibration is performed
once in Stage I and is not optimized through
the student loss. Signed marginals, positive mass,
total game effect v;(A4;) —v;(&), and non-negative
accounting credit are distinct quantities.

Why distribution alignment is insuf-
ficient. Consider positive teacher marginals
(0.8,0.2) and student marginals (0.08,0.02). Their
normalized credit distributions coincide, although
their positive masses differ by a factor of ten. Dis-
tribution divergence alone is therefore zero in this
example; the mass term in Eq. (17) detects the
change. Likewise, rectification removes negative
marginals from the normalized target, motivating
the separate signed penalty.

For the recurrent core, the fixed-coefficient
deployment routing-cost proxy includes the base
uncertainty predictor, router, full scan and partial
sorting required by selection, retained sequence
encoding, and the quadratic fine-attention term:

CroMe = co + ¢, + crTi + cerﬁ
+ Ife; = select] [, T; + ¢, T log(1 + K;)
+ K + caKf],

Cifun =co+ ¢ + i1 + 15

(18)
where K¢ = T; for the full path and equals
the realized hard budget for the selection path.
Here ¢;T; accounts for shared feature/summary
extraction, c,T; for selection-only coarse projec-
tions, and cyK; for fine-attention input/output
projections at fixed widths. The full-path denomi-
nator includes the same uncertainty predictor and
router overhead to isolate the path saving. This
denominator therefore differs from a teacher-only
system without routing overhead. All coefficients
are fixed from operation accounting or a training-
partition hardware calibration, never fitted to test
latency. This is the deployment-path cost objec-
tive even when evaluated on sampled training
actions; without-replacement sampling and back-
propagation add training overhead outside this
deployment proxy. Kernel fusion and batching



can change the relation between this analytical
proxy and wall-clock latency. The proxy defines
the recurrent-core optimization constraint; the
latency tables provide separate runtime compar-
isons. A Transformer implementation requires its
own full-path attention cost model; its measured
comparison does not validate the recurrent proxy
for that architecture. Deployment attribution cost
is reported separately because its M; is set by
statistical precision rather than the learned router.

We constrain the ratio of total routed workload
to total full-path workload, rather than averag-
ing per-journey ratios that would give a one-touch
journey and a very long journey equal weight. Let

route
>ienCi

full
>ienCi
Before training, an optimistic cost-only lower

bound is computed separately on the training and
validation workloads,

Rp = (19)

>, min(CM ming, <7, C3°°°*(K))
Zi szull ’
(20)
where an empty inner feasible set leaves the full-
path cost. This oracle bound ignores policy expres-
sivity, exploration floors, and quality constraints,
so satisfying it is necessary but not sufficient for an
acceptable operating point. A requested B < Bpin
is rejected before optimization; it is never made
feasible by silently dropping journeys or accuracy
terms. We impose Rp < B with a Lagrangian
rather than a fixed soft-penalty weight:

Bmin =

Ecore = Epred + AxkpLkD
+ )\attr‘cattr + )\B(R’D - B)a (21)
AB emaX{O,AB—l—r]B (Rpr)} (22)

The training denominator Dp = Zf\il chall g
computed once and held fixed. For indepen-
dent draws i1, ...,4,, from this length/outcome-
stratified sampler with known probabilities ¢(i) >
0, the budget estimator is

D 1 - Cik(a’ik)
fis = 221 q(ix) 2

Consequently E[Rg] = D' Y EoCifay). A
random batch denominator is not used. Pre-
diction and distillation terms use weights
1/[Ngq(i)]; converted-only credit terms use I[y; =
1]/[N4q(i)], with the full training counts N, N
fixed. Equivalently, ¢; in Eq. (10) includes
(N/N)1[y; = 1] on its credit term. The same sam-
pling weights apply to both direct and likelihood-
ratio gradients. If N, = 0, the credit objective
is not defined and attribution training is not
performed.

The multiplier is held fixed within each epoch.
At its boundary, it is updated once using an
importance-weighted estimate of the training
stochastic-policy workload over the full train-
ing partition, with independent evaluation draws.
Deterministic training and validation workload
ratios are monitored separately. An operating
point is accepted only if the deployed determinis-
tic policy satisfies its specified budget and quality
criteria. Validation violation triggers rejection, not
a claim that the stochastic constraint guarantees
deterministic feasibility. The requested budget,
realized deterministic workload, and stochastic-
policy workload are distinct quantities. A cost
value alone is not a certificate of constraint satis-
faction.

3.3 Predictive Backbone
3.3.1 Encoder and prediction head

Given a wuser set U, the advertising inter-
action journey of user i is represented as
Ji = (pi1,pi2;---,pir;). Bach touchpoint p;; =
(Cit, fER, fA™™ 'my;y) contains a channel identifier,
categorical fields, continuous fields, and missing-
ness indicators. Categorical fields use separate
embedding tables; continuous fields are trans-
formed using training-partition statistics only and

projected through a small MLP:
ecit = Embed.(cit), (24)

Ry
e = C(;I;(lzat Embed, (f}), (25)
efi = MLP ¢ ([Normygrain (f7"™); mit]),  (26)
erit = [efis e - (27)
Unknown categories use training-defined out-of-
vocabulary tokens, and missing continuous values



are imputed with training statistics while retain-
ing m;. These are concatenated to form the
sequential input representation:

Cin,iT;)

(28)
Let dey = dim(ey,;;) denote the encoded feature
width, distinct from the raw feature width dy,
and let d;;, = dim(e.,i¢) + des. The shared LSTM
accepts exactly d;,, features per event and has hid-
den width dj,. The full path supplies e;y, ;+ € Rdin
directly. The selection path supplies the fine-stage
output at the same width, as specified below. The
full-path recurrence is:

Cin,it = [€c,it; €fit]s  €inyi = (€inyily-- -,

hit = LSTM(€in,it, hit—1) (29)

Touchpoint-level representations are aggregated
via additive attention. For attention width d,, let

Wy, € Rdaxdn 1, € Rdaxdin p, g, € Rda:

it = v, tanh(Wyhis + Weein it + ba),

B exp(8;t) (30)
Zk:l exp(slk)
T;
m; = Zwithit (31)
t=1

User /request attributes are split into categor-
ical, continuous, and missingness fields using the
same training-only preprocessing rule as Eq. (27).
Their concatenated representation is projected to
the encoded touchpoint-feature width, with W,, €
Resxdim(ewi) and b, € Res:

Cuyi = [Concat Embed, (uf%');

Normyyain (uf™™); mi'], (32)
Vi = 0(Wyeui +bu), vu; € RS
exp (6}—7#%,1')
Wit = 1 T ’
D ki1 exp (ef,ikvu’i) (33)

T;
Vattn,i — E Wit€f it-
t=1

The student parameters 6 include copies
of the Stage-I teacher’s compatible embed-
ding, feature-projection, user-context, LSTM,
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additive-attention, user-pooling, and prediction-
head parameters. These are separate trainable
copies; the teacher parameters 6 remain frozen.
The router, budget head, coarse-query/scoring
layers, and fine-attention projections have no
teacher counterparts and are initialized indepen-
dently with the recorded run seed. For each new
matrix with fan-in n;, and fan-out mg.:, entries
are drawn uniformly from [—a,a], where a =

6/(nin + nout); new biases are zero. The coarse-
score vector uses the same rule as a matrix with
one output. No fine-attention weight is described
as teacher-pretrained.

The initial Stage-IT warm-up jointly trains the
student and new selection modules with the exist-
ing LOO-based objective and exploration mixture;
it is not an additional pretraining stage. A fixed
number Fya..m of epochs and the exploration
schedule are specified before the run. The new
layers receive direct gradients when they partici-
pate in the realized predictor and likelihood-ratio
gradients when they determine discrete choices.
Teacher weights and cached targets are not
updated during warm-up. The full and selected
paths then use the compatible prediction-head
architecture:

vl = v v, 2 = MLP(v)),
R R., R R R( 4)
Vi = [mi ;vattn,i;vu,i]’ MLPQ(Ul )

(35)

Here m and vl encode the complete observed

attn,s
journey, whereas mf and vattm- are recomputed
exclusively from the routed touchpoints. Only the
raw static prediction-time user/request fields are
shared. The teacher retains its own frozen categor-
ical embeddings, continuous-feature projections,
user-context encoder, recurrent encoder, pooling
layers, output head, and temperature. The stu-
dent receives separate parameter copies, including
its user-context encoder, and can update them

without modifying teacher state. Thus v}, and

vE®. need not coincide after training; the ear-

u,t
lier unsuperscripted user-encoder equation defines
their common architecture, not shared trainable
storage. Training-only preprocessing statistics and
category dictionaries are fixed for both. Teacher
caches are tied to the frozen teacher and its pre-

processing/calibration version. Thus the selection



path cannot recover excluded touchpoints through
a full-journey side representation. Touchpoint-
level scores are derived from the routed predictor
in Sec. 3.5.

For Stage-II/III nonempty inputs, pf” =
o(zF/rr) and pf = o(zf'/7F): the common
attribution temperature is Tatty = 7p. These

probabilities are used consistently in prediction,
distillation, LOO, and Shapley losses. Stage 1
trains its teacher at unit temperature before cal-
ibration. The main student supervision is binary
cross-entropy,

1 N
prcd — *N Z Yi Ingﬁ

+ (1 — ;) log(1 — pf)].

(36)

Prediction distillation aligns the student to
the stop-gradient full-observed-journey teacher
through

Lxp = %Z Dx1, (Bern(pf)” Bern(pf)) . (37

During consistency training, the shared fixed tem-
perature prevents different temperature choices
from being conflated with path changes; it does
not eliminate differences in learned logit scale.
Student prediction and coalition passes in Stage
IT/IIT use deterministic layers with dropout dis-
abled; dropout is a Stage-I training option. Rout-
ing and subset sampling remain stochastic. After
the routed model and budget are fixed, a separate
scalar temperature 7 is fitted to routed valida-
tion logits for each operating point. All reported
routed predictions and nonempty-coalition val-
ues use that frozen 7g; calibration metrics and
final credits are computed from these values. Full-
teacher nonempty-coalition outputs retain their
own frozen temperature. In both training and
reporting, the empty coalition is an explicit excep-
tion: teacher and student share the separately
calibrated, frozen context-only probability defined
in Sec. 3.5, without applying 7.4, or Tg to it again.
Temperature scaling follows the validation-based
calibration approach of Guo et al. (Guo et al.
2017a).
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3.4 Order-Preserving Long-Journey
Selection

When the learned router selects the selection
expert, LSCM implements index-preserving coarse
selection and fine refinement under the journey-
specific budget K;. The implementation is as
follows:

Let X; € RT:X(H+C) denote the long-journey
feature matrix. We partition it into intrinsic fea-
tures X? € RT*H (eg. channel and product
descriptors) and interaction cross-features X¢§ €
RT:*C (e.g., time gap and interaction duration):

X; = [XI; Xg]. (38)
This feature matrix partitions the encoded event
representation into disjoint intrinsic and cross-
feature columns, so H + C = d;,; the field-to-
column mapping is a dataset-specific input to
the method and must be fixed before fitting.
The notation separates journey length T;, intrin-
sic dimension H, cross-feature dimension C, and
routed retained count K.

For coarse selection, the query is built only
from context available at the prediction times-
tamp:

= MLP,([us; al*]) € R**H

(39)
where al'® contains campaign/request context
fixed before the outcome window. It excludes the
conversion indicator, post-conversion attributes,
and any feature derived from the final outcome.
For non-converted journeys the same fields and
timestamp rule apply. With W" W4 ¢ RH*dx
We¢ € RE*C and w. € R, the relevance vector
is

(X? v h)(ql vV q)T c c T;
T + (XW)w, € R,
(40)

At deterministic evaluation, the top K; < T;
indices of ¢, are selected with the budget from
Eq. (7); score ties use original chronological index.
Route ties prefer full processing, and budget ties
prefer the smaller feasible budget. During training,
Eq. (9) samples distinct indices and Eq. (10) trains
the coarse scorer; validation and test inference use
deterministic hard Top-K;. The positive selection
temperature is fixed throughout each run; only

¢ =




the route/budget exploration coefficient follows
the prespecified decay schedule. Selected interac-
tions are restored to chronological order before
refinement, so retrieval does not replace temporal
encoding.

Let I, = (j1 < --- < jk;) be the selected
original indices, where K; is the feasible hard
budget chosen by Eq. (7), and define X|
Fo(Jil1,) € REXWHHC) " where Fy applies the
fixed raw-field reconstruction and training-fitted
preprocessing, followed by the student feature
embeddings/projections, to the retained chrono-
logical events. The preprocessing rule is fixed,
while its student embedding/projection parame-
ters remain trainable; intrinsic and cross-feature
widths are H and C' in this encoded representa-
tion. Event-local fields and absolute timestamps
are preserved, but event-relative fields, includ-
ing previous-touch gaps, are recomputed within
I; using the same start-of-journey convention and
training-fitted transformations. Thus X/ is not a
simple slice of precomputed full-journey relative
features. The same rebuilt retained events sup-
ply user-aware pooling. Coarse scores and routing
summaries are computed once on the full observed
journey; they are not recomputed after selection.
Training, ordinary prediction, LOO, and Shap-
ley evaluation all use this feature-construction
rule. The fine stage must preserve one output per
retained touchpoint. For head a € {1,...,n;},

Qi = XiW¢, Kio = X[WJ, Vi, = X[W)/
(41)
Zi, = softmax(QwKIl + ./\/lgaUS?d) Via, (42)
1a \/@ i ias
Z, = Concat(Z;y, . .., Zin, WO € RE X din,
(43)
The causal mask has Ml = 0 for b < a

and —oo otherwise, using the current retained
sequence or coalition size. Query/key projec-
tion matrices have shape (H + C) x dj, and
value projections have shape (H + C) X d,.
Each attention head has value width d,, and
WO ¢ RdvXdin projects the concatenated heads
to the shared input width. Thus Z. replaces
€in,; at the LSTM input and at the input-
dependent additive-attention term; no additional
adapter is implicit. Hidden width d}, is unchanged.
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User-aware pooling uses retained event features
only. The retained-feature rebuild, pooling, and
input/output projections are included in cqK;.
The index map I; is retained through predic-
tion and attribution so that every computed
score maps to exactly one logged touchpoint.
This makes the coarse stage auditable and avoids
conflating sequence compression with attention
pooling.

Selection audit. Table 6 examines retention,
top-credit recall, channel errors, and channel-
rank agreement under forced budgets for a fixed
student.

3.5 Shapley Credit with Confidence

Stopping
Efficient Shapley estimation can use
regression-based estimators with uncertainty

assessment (Covert and Lee 2021), structured
permutation sampling (Mitchell et al. 2022), or an
amortized explainer such as FastSHAP (Jethani
et al. 2022). Our estimator retains explicit coali-
tion evaluations and controls their sampling
precision separately from the routing budget.

To quantify the contribution of individual
advertising touchpoints, AdaSeq-MTA first esti-
mates Shapley values for a specified predictive
value function. The unrectified exact values sat-
isfy the standard cooperative-game axioms for
that game (Shapley 1952). The final non-negative
accounting credits in Eq. (2) additionally apply
selection, rectification, and renormalization and
therefore must not be described as satisfying all
Shapley axioms.

Formally, define two distinct predictive games.
The full game has player set A = {1,...,T;} and
value v'(S) from the frozen full-observed-journey
predictor. The routed game has player set A% = I
and value v?(S) from the routed predictor. For
either e € {F, R} and t € AS, the exact Shapley
value is

[SIHAAT =[S = 1)
A7

SV = Z

SCA\{t}
x o7 (S U{t}) —vi ()]

(44)

Thus routed credit is a Shapley value of its own
retained-player game, not an approximation to the



Algorithm 1 Learning procedure of AdaSeq-MTA

1: Input: Training dataset D; separate validation and held-out evaluation sets; retained budgets K; routing target B; precision

(Gtouch; €channels 6)7 Mmax-
: {Stage I: full-observed-journey teacher}

: Train and freeze the training-only uncertainty predictor.
Cache teacher predictions and LOO credit proxies.

Compute g; with Eq. (4); mask infeasible experts.
if e; = select then
else

end if

: end for

: Output: Signed contributions, normalized credits, and accounting allocations for mature outcomes.
Train and calibrate the full teacher and context-only baseline; freeze both.
Compute Bpin with Eq. (20); reject an infeasible requested budget.
: Copy compatible teacher modules into the student; initialize new router/selection layers independently.
: {Stage II: router/student warm-up and constrained training}
: for each sampled journey ¢ ~ ¢(i) in the current training epoch do
Sample e; and feasible K; from the scheduled mixed distributions.

Select K; original indices, restore chronology, and retain index map I;.

Use the complete observed journey and identity index map.

Compute full-teacher and routed-student predictions and credit proxies.
Accumulate weighted direct and likelihood-ratio gradients; step after each complete minibatch.

21: Repeat training epochs; update Ap once per epoch from the stochastic training workload.

: {Stage III: Shapley-aligned refinement}

: {Model-based credit calculation}

: Apply the feasible-checkpoint rule; reject a failed operating point, otherwise restore the selected Stage-II checkpoint.

: Select the prespecified stratified training subset and cache teacher targets/permutation IDs.

: Skip refinement if the converted subset is empty; otherwise perform the following Stage-III updates.

: Sample full-data prediction/cost and subset-credit streams with Eq. (15).

: Form the full sampled credit vector, then recompute blocks with Eq. (16).

: Add weighted direct and likelihood-ratio gradients; step only after both streams finish.

: Fine-tune at lower learning rate; retain epochwise full-data dual updates and deterministic validation checks.

: Restore the selected feasible checkpoint (Stage II if refinement was skipped); freeze it and fit 7r on validation logits.

: for each journey (u;, J;) in the held-out evaluation set Deyar do

33 Apply deterministic routing and K; with the calibrated student.

34: Use exact singleton credit; otherwise sample until both confidence tolerances are met or Myax-

35 Flag journeys reaching the sample cap without both conditions.

36: Retain the exact or sampled signed contribution for each retained touchpoint;

37: Map signed values back and normalize; form accounting allocations only after y; matures, using Eq. (2).
38: end for

39: return Signed values and normalized credits on Deya); accounting allocations for mature outcomes.

full-teacher game merely because excluded posi-
tions are assigned structural zeros. The selected
refinement and fitted parameters change the value
function as well as the player set. Full-versus-
routed distortion is evaluated after mapping both
games to the original T; positions.

Coalition evaluation contract. The route
e;, retained budget K;, and original index set
I; are chosen once from the complete observed
journey and then held fixed for all coalition
evaluations. For S C I;, the selected-path
value is obtained by rebuilding event-relative fea-
tures from the raw chronological events in S,
recomputing the fine-attention projections and
causal attention on S, and rerunning the student
sequence encoder and prediction head. The router
and coarse Top-K selector are not rerun. Full-
path teacher and full-path student games likewise
recompute their encoders from the raw coalition.
No contextualized representation computed on a
larger coalition is reused. Event-local embeddings
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may be cached only when they do not depend
on the coalition. Dropout and other inference
randomness are disabled. The full retained coali-
tion uses exactly the same feature construction,
pooling, deterministic layers, and calibration as
ordinary routed prediction, so v?(I;) = p* at the
corresponding training or reporting temperature.
Consequently these values explain the realized,
fixed processing path, rather than attributing
changes in the routing decision itself.

Random permutations are used only to sample
predecessor sets; they never reorder the sequence
presented to the encoder. Coalition members are
restored to their logged chronological order. Abso-
lute timestamps, calendar fields, and event-local
attributes remain fixed. Features defined rela-
tive to another event, such as previous-touch
gap, are not carried over unchanged: the pri-
mary value function recomputes them from the
immediately preceding retained event using the



same training-only transformation, with a start-
of-journey value fixed in the preprocessing config-
uration and shared across ordinary and coalition
evaluation.

For S = @, the primary value is a sepa-
rately trained context-only predictor using the
same static prediction-time user/request fields and
no journey token. Let its logit be z? and its sep-
arately fitted validation temperature be 79. The
common baseline is v/ (@) = v/}(2) = (29 /7).
Both the context-only predictor and 7y are frozen
with the teacher; no teacher or student temper-
ature is subsequently applied to this probability.
The same baseline is used for the student’s forced-
full game, LOO targets, and Shapley targets in
both training and reporting. Nonempty coalitions
follow their respective calibration rules above.

Precision-controlled order-preserving
approximation. Exact evaluation of Eq. (44) is
exponential. We draw permutations in batches
and use predecessor sets only as coalition
masks (Singal et al. 2019); every coalition is
restored to logged chronological order. For the
realized sample count M; of the game being

evaluated (written MF when distinguishing
games),
—e M
SV, (M, Z ),
N (45)
AG" = 0 (S o U {t})
- Uie (Sﬂ-(m),t) .

For either game e, let L = |A¢], let Cf count its
represented channels, and let ng, count its play-
ers in channel c¢. Thus L = T; and LT = K¢,
Permutations are sampled independently and uni-
formly with replacement. Require My, > 2,
positive tolerances, and 0 < § < 1. Check at the
distinct increasing values M; = min(27, Myayx),
starting at j = 1 and ending at the first occurrence
of the cap. Allocate d7; = 66/[x%j*(L + Cf)].
The empirical-Bernstein half-width for each player
s (Maurer and Pontil 2009)

o [2V5(M) log(4/8%)  14log(4/65;)
it(Mj)_\/ M, + 304, 1)
(46)

where Vt is the unbiased sample variance with
denominator M; — 1 of marginals in [—1,1]. For
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channel ¢, aggregate within each permutation
before computing variance:

Gv(m) —

o Soag™,

tEAS:ci=c

:¢% mws>(m

14n¢ 1og(4/5 )
M TP VA

Here ch’(m) € [-n§,, ns,], and its unbiased sample
variance retains within-permutation covariance.
Its expectation is the sum of touchpoint Shap-
ley values in channel ¢, not generally the Shapley
value of a different game that merges that channel
into one player. Stop when all player half-widths
are at most €youen and all represented-channel half-
widths are at most €channel, Or at the cap. The
two-sided bound follows by rescaling the [0,1]
empirical Bernstein inequality and allocating 4] / 2
to each tail. Conditional on the fitted model, cal—
ibration, journey, and fixed route, a union bound
gives

60—~ ._
> (L§ + €955 = =20 =

Jj=21 Jj=21

(48)

Consequently all these signed intervals cover
simultaneously with probability at least 1 — 6,
including at the selected checkpoint. This is a
per-journey, per-game guarantee; joint claims for
several games or journeys need an additional error
allocation. It does not cover model misspecifica-
tion, out-of-support coalitions, rectification, nor-
malization, or causal error. Cap-hit cases without
both tolerance conditions are flagged.

Precision feasibility before sampling.
For each nonsingleton game, compute a; =
141og(4/6¢;)/[3(M;—1)] at every permitted check-
point and let amj, = minja;. The touchpoint
half-width cannot be smaller than a;, and channel
c has lower bound nf. a;, even at zero sample vari-
ance. If Qmin > €touch O (maXC nzc)amln > €channel,
no checkpoint can certify both tolerances under
this bound. Such configurations cannot certify the
requested precision under the stated cap and tol-
erances. Satisfying this necessary condition does
not guarantee stopping, because empirical vari-
ance also contributes. Any revised cap or tolerance



defines a separately declared configuration and
is never chosen from test results. Equal sample
counts alone do not imply matched precision.

The naive evaluation count is MFZ(L§ + 1).
With the common empty value and each game’s
full value computed once, at most 2 + MF(LS —
1) evaluations are needed before any additional
exact-coalition cache reuse. For a singleton, its
contribution is exactly v§(A$) — vf (@) and needs
no permutation sampling. Exact singleton eval-
uation is distinct from Monte Carlo stopping.
Raw-call counts, cache hits, sample counts, and
latency describe different aspects of estimator
cost. Under selection, scores map back through
I;, and excluded positions remain zero. Com-
mon random permutations across models are
obtained by restricting full-journey permutations
to each player set, preserving each game’s uniform
marginal sampling law.

We set 74 = EVZ for retained touchpoints
and 7; = 0 with an exclusion indicator for filtered
touchpoints. Signed values are retained as diag-
nostic contributions so suppressive or saturation
effects are not erased. Negative retained scores
are rectified only when constructing the separate
non-negative accounting allocation in Eq. (2); no
sigmoid normalization is used. If every retained
score is non-positive on a converted journey,
the accounting fallback is uniform over retained
original touchpoints, never over LSCM-excluded
positions, while the signed diagnostic remains
unchanged. The complete workflow is detailed in
Algorithm 1.

3.6 Marketing Decision-Support
Workflow

AdaSeq-MTA can support the following staged
decision workflow. First, historical impressions
are assembled into leakage-safe customer jour-
neys and processed by the learned evidence-aware
policy under an explicit computational budget.
Second, model-based touchpoint credits are aggre-
gated into channel-level summaries using only the
training partition. Third, the summaries gener-
ate a candidate budget allocation. Fourth, the
candidate is screened on held-out logged support.
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For non-overlapping accounting journeys with
each observed conversion counted once, a descrip-
tive aggregate credit for channel c is

_ Zz Zt:c“:c Qit
Zi Zt:cit:c COStit ,

when logged costs are available and positive.

R, (49)

4 Experiments

The evaluation covers prediction, credit agree-
ment, and computational performance. The exper-
iments address the following questions through
prediction, attribution, ablation, and efficiency
comparisons.

1. What prediction, credit-drift, and latency
trade-offs do the evaluated routing policies
exhibit?

2. How do the full routing configuration and its
objective variants compare with restricted routing
configurations and refinement controls?

3. How do the evaluated methods compare
in touchpoint/channel credit error, ranking agree-
ment, and seed stability within the attribution
comparison?

4. How do adaptive modules affect prediction,
latency, parameter count, and memory on the
tested LSTM and Transformer backbones?

5. What sampling-count, credit-drift, and
attribution-latency trade-offs are observed for
fixed-sample and adaptive-stopping settings?

Masked-view, adversarial, replacement, and
coalition-support studies are outside these core
research questions.

4.1 Experiment Settings

The experiments use the public Criteo Attri-
bution Modeling for Bidding dataset and a
secondary synthetic prediction benchmark. The
Criteo release contains approximately 16.5 mil-
lion impressions across 700 campaigns', with nine
anonymized categorical covariates and user, cam-
paign, time, feedback, and cost fields (Diemert
et al. 2017; Kumar et al. 2020). Campaign
IDs define the channel-credit grouping. The

LCriteo AI Lab: dataset description and field definitions.


https://ailab.criteo.com/criteo-attribution-modeling-bidding-dataset/

prediction-time input contract excludes outcome-
derived fields, including conversion flags, conver-
sion timestamps and IDs, advertiser-attribution
flags, conversion-relative click positions/counts,
and cost-per-order. Other feedback is admissible
only when observed by the prediction timestamp.
Relative event features are rebuilt after selection.
Dataset statistics appear in Table 8.

The primary evaluation uses a forward-time
split. Preprocessing is fitted on training data,
and model selection and calibration use valida-
tion data only. For prediction time s;, inputs lie
in [s; — W, s;], and the outcome window is (s;, s; +
H,|. With label delay d,, training labels satisfy
s; + Hy +d, < cu, and validation labels used
for selection are available by test start .. Incom-
plete outcome windows are excluded rather than
labeled negative. The release’s supplied conversion
flag uses a 30-day horizon. Synthetic prediction,
teacher agreement, and external-credit evaluation
have distinct targets. External-credit evaluation
requires targets independent of the fitted models
and aligned to original events; MAC’s mechanism-
generated conversion labels (Wu et al. 2026) alone
do not define touchpoint-credit ground truth.

Each training stage uses Adam (Kingma and
Ba 2015) for at most 50 epochs, with five-
epoch early-stopping patience; Stage II activates
patience after its fixed warm-up. Validation search
covers learning rates {107%,1073,1072}, batch
sizes {128, 256,512}, hidden widths {64, 128,256},
and dropout {0.1,0.2,0.3}. Retained budgets are
K =1{1,2,4,8,16}, masked by K < T;. Workload
budgets, exploration schedules, loss coefficients,
and precision tolerances are validation-selected.
Checkpoints minimize validation log-loss; student
checkpoints additionally satisfy the workload bud-
get, with ties resolved by lower workload and then
earlier epoch. Calibration follows checkpoint selec-
tion. In Stages II/II1, an epoch comprises [ N/mp]
updates with replacement; Stage III additionally
draws mg refinement samples per update. Stage
IIT restores the selected Stage-II parameters and
dual state, resets Adam moments, and uses a
lower learning rate. The LOO-continuation control
shares this initialization and schedule.

Learned-model results summarize five fixed
training seeds as mean =+ standard deviation,
except for the full-policy overall log-loss, which
is reported as a length-weighted point estimate;
deterministic rule references and pairwise Seed
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JS summaries report point estimates only. Pre-
diction metrics include ROC-AUC, PR-AUC,
log-loss and ECE. Attribution metrics include
touchpoint/channel MAE, rank correlation, top-
k agreement, and cross-seed stability; efficiency
metrics include latency, throughput, memory, and
sampling cost. Seed standard deviations and dis-
played intervals are descriptive uncertainty sum-
maries; no paired non-inferiority conclusion is
drawn. Undefined metrics are N/A rather than
zero. The detailed credit metrics and timing con-
ventions are described in Sec. 4.2.

4.2 Evaluation Protocol and
Reporting

Evaluation procedure. All learned models use a
common Shapley evaluation procedure, map cred-
its to the original touchpoints, and convert them
into non-negative, normalized allocations. Each
model uses its validation-fitted calibration tem-
perature; paired controls within each seed share
the frozen teacher and context-only baseline. Last-
touch and linear attribution serve as rule-based
references and are reported as point estimates.

Attribution metrics. Touchpoint MAE is
averaged first over the original touchpoints within
each journey and then over journeys; channel
MAE uses the same observed-channel set across
methods. Spearman correlation measures agree-
ment in touchpoint-credit rankings, with average
ranks for ties and N/A for singleton journeys or
constant vectors. Top-k agreement is the overlap
fraction between the predicted and target sets of
the top k; = min(k,T;) touchpoints, with ties
resolved by original chronological order; it equals
one when T; < k. Cross-seed stability is mea-
sured by Seed JS: channel-credit JS divergence is
averaged over the ten pairs formed by five train-
ing seeds within each identical converted journey,
then over journeys. JS uses natural logarithms
without distribution smoothing; lower values indi-
cate greater stability. The full pipeline is retrained
for each seed. Evaluation uses common permuta-
tion streams and a fixed sample count, with exact
computation for singleton journeys.

Sampling and timing. With the predictor,
calibration, route, budget, and retained indices



fixed, sampling MAE measures absolute differ-
ences between signed contributions and a same-
game Shapley reference, averaged first over play-
ers and then over journeys. Exact enumeration
has no Monte Carlo error, while an indepen-
dent finite-permutation reference retains sampling
uncertainty. Sampling MAE, credit drift, and
external attribution error are reported separately.
Attribution timing excludes reference construc-
tion. Each invocation starts with a fresh coalition
cache and reuses only results from that invoca-
tion; all configurations use the same endpoint and
event-local cache rules. Device warm-up is sepa-
rate, and accelerators are synchronized at timing
boundaries. Adaptive stopping reports mean and
95th-percentile (P95) sample counts.

The following tables summarize the reported
experimental results, covering routing-policy com-
parisons, objective and component ablations,
length-stratified performance, attribution quality,
and computational efficiency. Numerical values
and their accompanying uncertainty summaries
are presented at the reported precision.

Table 1 shows that AdaSeq-MTA reduces
latency from 18.4 to 13.1 ms relative to uni-
form full-sequence processing, a 28.8% reduction,
while retaining 66% of touchpoints. ROC-AUC
changes from 0.7758 to 0.7753 and log-loss from
0.1098 to 0.1149. This operating point illus-
trates a prediction—cost trade-off rather than an
improvement in every predictive metric. Relative
to prediction-only adaptive routing, AdaSeq-MTA
has lower reported channel-credit drift (0.019 ver-
sus 0.029) and latency (13.1 versus 13.5 ms). These
are comparisons of the displayed operating points,
not a statistical non-inferiority conclusion.

Figure 4 shows prediction performance,
channel-credit drift, and inference latency across
routing strategies. Compared with the prediction-
only adaptive policy, AdaSeq-MTA increases AUC
from 0.7748 to 0.7753, reduces channel-credit drift
from 0.029 to 0.019, and lowers inference latency
from 13.5 to 13.1 ms.

To compare the two credit targets, the LOO-
continuation control and the full method con-
tinue training from the same Stage-II model, with
identical training samples, sampling procedures,
learning-rate schedules, and update counts, using
LOO and Shapley marginals, respectively.
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Router stability measures agreement across
models trained with different seeds in the process-
ing path and retained-touchpoint count for the
same journey. Touchpoint retention is the pro-
portion of original touchpoints retained across all
evaluation journeys.

SSTAM, GRL, channel replacement, and coali-
tion training are outside the main experimental
comparison.

Adding the adaptive modules increases mean
AUC by 0.0051 for LSTM and 0.0023 for Trans-
former, indicating improved predictive perfor-
mance on both backbones.

Figure 5 shows the corresponding changes
in computational resources: inference latency
decreases on both backbones, while parameter
count and peak memory increase. These results
show that adaptive processing achieves higher pre-
dictive AUC and lower inference latency with
increased model capacity and memory use.

Table 5 presents attribution quality and
stability across training seeds. Compared with
prediction-only adaptive routing, AdaSeq-MTA
reduces touchpoint MAE from 0.1640 to 0.1510, a
reduction of 7.9%, and increases Spearman corre-
lation from 0.5730 to 0.6060. Touchpoint MAE is
also 3.2% lower than that of the AD-KD-inspired
control. Its channel-credit MAE is 0.1180, below
0.1300 and 0.1220 for the two controls, indicat-
ing that the credit-consistency constraint helps
improve credit allocation at both touchpoint and
channel levels.

AdaSeq-MTA has Seed JS of 0.0260, below
0.0330 for prediction-only adaptive routing and
0.0280 for the AD-KD-inspired control, indicat-
ing more stable channel-credit allocations across
training seeds. Together with the error and
ranking metrics, these results demonstrate the
method’s advantages in attribution quality and
result stability.

Table 6 compares the effects of touchpoint
retention on prediction and attribution. Within
each training seed, the model and calibration
remain fixed while the retention budget K varies;
the full sequence is retained when K > T;. Pre-
diction metrics use all evaluation journeys, while
attribution metrics use the converted subset and
the same model’s full-sequence results as the refer-
ence. Error bars show standard deviations across
training seeds.



Table 1 Routing-policy comparison in prediction, channel-credit drift, touchpoint retention, attribution evaluations, and
latency. A smaller backbone retains the full sequence because reducing network width does not remove touchpoints.

Channel-credit Retained Attribution Latency

Policy ROC-AUC PR-AUC Log-loss drift (%) evals (ms)
0.7758  0.4310 0.1098

Uniform full sequence £0.0017 +0.0029 £+0.0008 0.000 [0.000, 0.000] 100 201 18.4
0.7702  0.4215 0.1136

Fixed length thresholds +0.0010 +0.0021 +0.0011 0.041 [0.038, 0.044] 62 129 12.7
0.7715  0.4240 0.1128

Learned router: length only +0.0021 +0.0032 +0.0005 0.038 [0.035, 0.041] 64 132 12.9
0.7731  0.4272 0.1115

Learned router: uncertainty +0.0014 +0.0026 +0.0013 0.031 [0.028, 0.034] 71 145 13.8

only
0.7624  0.4090 0.1182

Random feasible routing £0.0009 +0.0019 £+0.0007 0.067 [0.063, 0.071] 58 118 11.9
0.7740  0.4288 0.1109

Teacher-guided fixed-K +0.0019 +0.0030 +0.0009 0.022 [0.020, 0.024] 67 137 13.2
0.7748  0.4296 0.1103

Prediction-only adaptive policy +0.0012 +0.0023 +0.0010 0.029 [0.026, 0.032] 69 141 13.5
0.7671 0.4162 0.1164

Uniform smaller backbone +0.0022 +0.0027 +0.0004 0.046 [0.042, 0.050] 100 113 10.8
0.7741  0.4282 0.1107

AD-KD-inspired adaptive £0.0016 +0.0020 +0.0012 0.024 [0.022, 0.026] 68 135 13.3

control
0.7753  0.4302

AdaSeq-MTA full policy +0.0013 +0.0024 0.1149 0.019 [0.017, 0.021] 66 136 13.1

Table 2 Objective ablations: prediction, touchpoint and channel credit errors, cost, and router stability.

Touch-credit Channel-credit Router
Variant ROC-AUC MAE MAE Cost stability
No learned router 0.7702 4+ 0.0015 0.142 £ 0.0042 0.121 £0.0032 1.00 -

Fixed K
Without prediction distillation
LOO targets only (no Stage III)

Without mapped-credit consistency

Distribution-only consistency
Without signed-marginal term

Without positive-mass term

Fixed cost penalty (no dual update)

LOO continuation (same update budget)

AdaSeq-MTA full objective

0.7715 £ 0.0009
0.7671 £ 0.0017
0.7738 £ 0.0011
0.7729 £ 0.0013
0.7736 = 0.0016
0.7744 + 0.0010
0.7745 £ 0.0018
0.7722 £ 0.0012
0.7741 £ 0.0014
0.7753 £ 0.0013

0.138 £ 0.0031
0.146 £+ 0.0058
0.134 £ 0.0027
0.151 £ 0.0063
0.140 £ 0.0047
0.137 £ 0.0022
0.136 = 0.0054
0.139 £ 0.0036
0.132 £ 0.0069
0.126 £ 0.0029

0.118 £ 0.0041
0.125 £ 0.0018
0.115 £ 0.0047
0.129 £ 0.0025
0.120 £ 0.0038
0.117 £ 0.0013
0.116 = 0.0044
0.119 £ 0.0029
0.113 £ 0.0035
0.107 £ 0.0021

0.72 0.81 +£0.0212
0.70 0.79 £0.0178
0.71 0.83 £ 0.0234
0.69 0.82+0.0191
0.70 0.83 £ 0.0247
0.70 0.84 +0.0163
0.70 0.84 +0.0225
0.73 0.80 £ 0.0182
0.71 0.84 £ 0.0206
0.71 0.86 £+ 0.0154

Figure 6 shows that increasing K from 1 to

16 raises top-credit recall from 0.41 to 0.93 and
channel-rank agreement from 0.52 to 0.92, while
reducing channel-credit MAE from 0.132 to 0.027.
Retaining more touchpoints improves agreement
with the full-sequence attribution reference.
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With a fixed budget of 100 Shapley samples,

LSCM reduces attribution latency from 156.4 ms
for full-sequence processing to 104.2 ms, a reduc-
tion of 33.4%. Adaptive stopping uses a mean
of 126 samples, with attribution latency of 126.9
ms and credit drift of 0.0175. Compared with
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Fig. 4 Trade-offs among prediction performance, attribution consistency, and inference efficiency across routing strategies.

Table 3 Length-stratified performance. Overall log-loss is a descriptive weighted aggregate of the displayed group means,
using journey shares 0.412, 0.435, and 0.153; its unrounded value is 0.1149091. This aggregate is also used for the
corresponding full-policy entries in the routing, component, and backbone comparisons and is reported as a point estimate.

Journeys Conversion

Group (%) (%) ROC-AUC PR-AUC Log-loss ECE
Short 41.2 3.8 0.7624 4+ 0.0017 0.3920 £ 0.0028 0.1210 £ 0.0013 0.0310 £ 0.0014
Medium 43.5 4.6 0.7749 4+ 0.0012 0.4360 £ 0.0021 0.1115 £ 0.0006 0.0260 £ 0.0008
Long 15.3 5.9 0.7816 £ 0.0019 0.4620 £ 0.0016 0.1082 £ 0.0010 0.0240 + 0.0011
Overall 100 4.5 0.7753 £ 0.0013 0.4302 £+ 0.0024 0.1149 0.0270 £ 0.0006
fixed 100-sample evaluation, it reduces credit drift to the full-sequence reference, while sampling pre-
from 0.0190 to 0.0175. Compared with fixed 200- cision is controlled by the confidence bounds in
sample evaluation, it reduces latency from 206.5 Sec. 3.5.

ms to 126.9 ms, a reduction of 38.5%, while credit

drift increases from 0.0130 to 0.0175. These results 4.3 Ablation Analysis of
show that adaptive stopping provides an operating
choice between the two fixed-sample configura-

Credit-Consistency Objectives

tions that balances attribution consistency and Figure 7 shows the effects of credit-consistency
computational cost. objectives on touchpoint and channel MAEs.

Table 7 summarizes training time, predic- Compared with LOO continuation under the same
tion throughput, peak memory, Shapley sample update budget, the full objective reduces touch-
counts, credit drift, and attribution latency. Adap- point MAE from 0.132 to 0.126, a 4.5% reduction,

tive sample counts are reported as the mean and channel MAE from 0.113 to 0.107, a 5.3%
and the 95th percentile (P95), reflecting variation reduction.
in sampling requirements across journeys. Credit Removing credit consistency increases touch-

drift measures changes in credit allocation relative point and channel MAEs to 0.151 and 0.129,
respectively. Distribution-only consistency and

the variants omitting either the signed-marginal
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Table 4 Component configurations and selection controls. Augmentation rows are separate configurations. Target-aware

selection and context-score selection are distinct methods.

Overall Short Long Inference
Variant ROC-AUC ROC-AUC ROC-AUC Log-loss Parameters ms/journey
0.7702 0.7580 0.7760 0.1136
Base encoder +0.0013 +0.0020 +0.0014 +0.0009 1.2M 17.9
0.7640 0.7520 0.7700 0.1178
+ random/zero +0.0016 +0.0018 +0.0012 +0.0007 1.2M 18.1
padding
0.7685 0.7560 0.7740 0.1148
+ interpolation +0.0012 +0.0022 +0.0015 +0.0010 1.3M 18.3
augmentation
0.7721 0.7590 0.7775 0.1123
+ masked +0.0017 +0.0017 +0.0011 +0.0008 1.3M 18.5
augmentation
0.7690 0.7565 0.7745 0.1145
+ recent-K 4+0.0011 +0.0021 +0.0016 4+0.0011 1.3M 12.8
truncation
0.7735 0.7600 0.7790 0.1109
+ target-aware top-K +0.0015 +0.0019 +0.0013 +0.0006 1.4M 13.0
Random feasible 0.7662 + 0.0014 0.7541 + 0.0016 0.7722 4+ 0.0010 0.1160 4 0.0012 1.3M 12.6
fixed-K
Teacher-guided 0.7740 + 0.0018 0.7608 £ 0.0023 0.7795 £+ 0.0017 0.1109 % 0.0005 1.4M 13.0
fixed-K
Prediction-only 0.7748 + 0.0010 0.7614 + 0.0015 0.7802 4+ 0.0009 0.1103 + 0.0013 1.4M 13.1
adaptive policy
Context-score fixed-K 0.7727 +0.0019 0.7592 + 0.0024 0.7778 £ 0.0018 0.1118 £ 0.0004 1.3M 12.9
0.7753 0.7620 0.7810
AdaSeq-MTA core +0.0013 +0.0014 40.0008 0.1149 1.5M 13.1

term or the positive-mass term also yield higher
errors on both measures than the full objective.
These results indicate that the credit-consistency
terms jointly help reduce attribution error. Error
bars show standard deviations across training
seeds.

4.4 Computational Cost and
Efficiency Analysis

We analyze computational cost at two levels:
individual journeys and the evaluation workload.
Coarse scoring costs O(T Hdy,+TC?+ Hdy,) before
partial sorting; fine projections, attention prod-
ucts, and recurrent encoding cost O(Knp[(H +
C)(2dy + dy) + dudin]), O(K?*np(dy + d,)), and
O(Kdp(din + dp)), respectively. Here H and C
are the intrinsic and cross-feature widths, dj and
d, are the projection and value widths, and nj
is the number of attention heads. With archi-
tecture widths fixed, the non-negative coefficients
in Eq. (18) summarize these costs. Let F(T')
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and P(T, K) denote the operation costs of full-
sequence and selected-sequence processing. Their
ratio gives the analytical speedup:

F(T) =co+ ¢ + (cf +ce)T,
P(T,K)=co+ ¢+ (cf+¢p)T
+ ¢sTlog(l + K)
+ (ce + o) K + c K2,
Sselect (T, K) = F(T)/P(T, K).

(50)

Under this proxy,
exactly when

selection saves operations

ce(T — K) > ;T + ¢, Tlog(1 + K)

+cqK+caK2. (51)
The left side is the recurrent computation saved
by retaining fewer touchpoints; the right side
is the additional cost of scoring, selection, and
fine attention. Selection reduces operations when
the savings exceed this overhead. The coefficients
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Fig. 6 Fixed-model selection audit from Table 6: recall, channel-rank agreement, and MAE relative to the forced-full
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are obtained from training-only operation counts
or hardware calibration, with architecture widths
fixed and the fine-output projection included.
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Contextual states are recomputed for each coali-
tion. Actual runtime also depends on event-local

caching, batching, and hardware utilization.



Table 5 Attribution quality and seed stability. Spearman correlation for uniform per-journey linear credit is undefined
and shown as N/A.

Touchpoint Channel-credit Seed JS

Model MAE Spearman p MAE Top-k agreement (lower is better)
Last touch 0.2210 0.4120 0.1870 0.3800 -
Linear attribution 0.1980 N/A 0.1620 0.4400 -
CausalMTA 0.1760 + 0.0023 0.5430 + 0.0043 0.1410 £ 0.0032 0.5100 + 0.0041 0.0410
DCRMTA (Tang 2024) 0.1690 + 0.0027 0.5610 £ 0.0051 0.1360 £ 0.0026 0.5300 + 0.0045 0.0380
Full-observed-journey 0.1580 + 0.0021 0.5920 + 0.0047 0.1240 £+ 0.0022 0.5700 + 0.0039 0.0290
teacher

Prediction-only adaptive 0.1640 4 0.0033 0.5730 4= 0.0062 0.1300 % 0.0034 0.5420 £ 0.0054 0.0330
policy

AD-KD-inspired adaptive  0.1560 4+ 0.0019 0.5850 + 0.0041 0.1220 + 0.0020 0.5610 4+ 0.0037 0.0280
control

AdaSeq-MTA 0.1510 = 0.0025 0.6060 =+ 0.0055 0.1180 £ 0.0028 0.5950 = 0.0050 0.0260

Table 6 LSCM selection audit. Full-path rank agreement applies only to valid nonconstant reference vectors.

Touchpoints Top-credit Channel-credit Rank Long-group
Retained K retained recall Channel JS MAE agreement AUC

1 6.2% 0.4100 4 0.0063 0.1180 = 0.0034 0.1320 4= 0.0029 0.5200 =+ 0.0052 0.7540 4= 0.0018
2 12.1% 0.5500 4 0.0051 0.0890 + 0.0027 0.1040 =+ 0.0036 0.6100 # 0.0047 0.7610 =+ 0.0015
4 23.8% 0.6900 4 0.0046 0.0610 £ 0.0022 0.0780 4 0.0031 0.7200 =+ 0.0058 0.7690 4 0.0012
8 44.6% 0.8200 + 0.0068 0.0370 4 0.0039 0.0510 + 0.0024 0.8300 =+ 0.0043 0.7760 + 0.0019
16 72.3% 0.9300 = 0.0041 0.0180 £ 0.0025 0.0270 4 0.0042 0.9200 =+ 0.0038 0.7800 4 0.0014
Full sequence 100% 100% 0 0 1 0.7810 £ 0.0016

Table 9 summarizes journey lengths, retention and full-sequence journeys gives the overall ana-
budgets, compression eligibility, and analytical lytical speedup:
operation ratios.

For the evaluation workload, let Z, = {i : ¢; = g _ Zi F;
select} be the journeys using selection, with F; = proxy Zigzs Fi+ ier. i
F(T;) and P; = P(T}, K;). Their share of full-path ° (53)
operation cost, ps, and aggregate speedup, S288 = (1 — ps + SZZg) .
are s
Sier Fi - Sier Fi When no jqurngy uses selection, Spm.xy = L
Ps = ﬁa Sg8s = ﬁ (52) The calculation includes feature extraction, rout-
it i€z,

ing, selection, and encoding costs, using observed
journey lengths and realized retention budgets.
It describes operation savings; measured latency
additionally reflects data movement, batching,
hardware utilization, and separately amortized
teacher construction.

For attribution, the naive evaluation count is
M;(K$® + 1). Endpoint reuse and exact single-
ton evaluation reduce actual calls as described in

Both quantities are computed from total operation
costs on the same workload. Combining selected

24



Table 7 Efficiency comparison across processing paths and sampling settings. Credit drift and same-game sampling

MAE are distinct metrics.

Train Reported Peak Shapley Reported Attribution
Setting min/epoch journeys/s memory samples credit drift ms/journey
Full sequence 4.2 182.0 312 MB 25 0.0410 £ 0.0019 42.1
Full sequence 4.2 181.5 318 MB 100 0.0210 + 0.0013 156.4
LSCM 3.1 246.0 236 MB 25 0.0380 £ 0.0022 28.7
LSCM 3.1 245.5 241 MB 100 0.0190 + 0.0016 104.2
LSCM 3.1 245.0 247 MB 200 0.0130 £ 0.0011 206.5
Adaptive stopping 3.1 244.0 244 MB mean/P95 126,/188 0.0175 + 0.0024 126.9

o018 (a) Touchpoint attribution error

0.151
T

0.15 0.132 ik 0-140 0137 0.136
. 0.126 T T £ I
e 1L
@ 0.12
2
2
3 0.09
Q
©
 0.06
i}
=

0.03

0.00

Full LOO No credit Distribution No signed No mass

objective  continuation consistency term term

(b) Channel attribution error

0.129
0.113 =
<

0.117 0.116

0.107

Mean absolute error
o
o
o

No mass
term

No credit Distribution No signed
continuation  consistency only term

Full
objective

Fig. 7 Objective-variant MAEs from Table 2. Error bars show seed standard deviations; LOO continuation matches the

update budget of the full objective.

Table 8 Dataset statistics. The Criteo mean journey
length is rounded from 16,500,000 touchpoints divided by
8,600,000 journeys.

Statistics Criteo Synthetic
No. users 1,240,000 50,000
No. campaigns 675 20
No. journeys 8,600,000 200,000
No. converted journeys 387,000 18,000
No. touchpoints 16,500,000 1,200,000
Avg. journey length 1.92 6.00
Conversion rate 4.5% 9.0%

Sec. 3.5. The measured attribution latency and
adaptive sample counts in Table 7 complement
this cost analysis by showing runtime under the
evaluated retention budgets and stopping settings.
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5 Conclusion

AdaSeq-MTA introduces an adaptive multi-touch
attribution framework that jointly considers
prediction performance, attribution consistency,
and computational efficiency. The framework is
trained with a joint prediction, credit-consistency,
and computational-cost objective. It selects full
processing or touchpoint selection according to
journey characteristics and constrains teacher—
student attribution differences at the original
touchpoint positions. Confidence-controlled Shap-
ley sampling further provides an adaptive balance
between estimation precision and attribution com-
putation cost.

Experimental results show that, compared
with uniform full-sequence processing, AdaSeq-
MTA reduces inference latency from 18.4 ms to
13.1 ms, a reduction of 28.8%, while retaining
comparable prediction performance, with ROC-
AUC values of 0.7758 and 0.7753, respectively.
Compared with the prediction-only adaptive pol-
icy, its channel-credit drift decreases from 0.029



Table 9 Journey lengths, retention budgets, and analytical operation ratios.

Reported Reported Journeys with Operation

T source T K K <T; ratio

Median 2 1 0.41 0.72
P90 4 0.68 0.81
P95 8 4 0.79 0.76
P99 17 8 0.91 0.69
Maximum 64 16 0.98 0.58

to 0.019, illustrating the role of the credit-
consistency constraint. Results on two backbone
networks further demonstrate the applicability
of adaptive processing; adaptive sampling pro-
vides an operating choice between fixed-sample
configurations that balances credit stability and
computational efficiency.

Overall, AdaSeq-MTA provides a practical
approach to efficient multi-touch attribution for
long journeys, enabling computational compres-
sion to account for both prediction quality and
attribution changes. Attribution fidelity in this
study primarily refers to consistency in model-
based credit allocation, and the efficiency gains
correspond to the evaluated data distribution and
operating configurations.
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