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Abstract 

Self-sustained proto-Darwinian replication in an RNA world requires mechanisms to control molecular parasitism 

while sustaining the energetic demands of replication. How minimal RNA systems could coordinate replication, 

energy metabolism, and regulation remains an open question in origin-of-life research. Here, we develop a 

mathematical model of an autocatalytic ribozyme network integrating template-directed replication, an ATP/ADP 

energy cycle, and ATP-dependent allosteric regulation. In the absence of regulation, replication-error-derived 

parasites exploit the replicase and can destabilize or collapse the network. We show that allosteric interactions 

involving ATP-bound parasitic ribozymes and hyperparasites—parasites of parasites—can establish regulatory 

control and stabilize the system. Hyperparasites interact with the replicase and both ATP-bound and ATP-free 

parasitic ribozymes, but their sequestration of ATP imposes energetic constraints on replication. Increasing ATP 

turnover can alleviate these constraints, revealing a fundamental trade-off between parasite suppression and 

energy availability. Regulatory control can arise through two distinct mechanisms: intrinsically allostery-prone 

parasitic RNAs or trans-acting “allosterase” parasites that confer allosteric regulation on other RNAs. Once 

regulatory stability is established, catalytic ATP synthase/ATPase ribozymes can enhance ATP/ADP cycling, 

increasing energetic capacity and adaptability. These findings suggest a plausible evolutionary sequence in which 

parasite-mediated regulation precedes energetic optimization. More broadly, our model illustrates how molecular 

parasitism, rather than merely threatening early replicating systems, could contribute to the emergence of 

regulatory organization and increasingly autonomous proto-metabolic networks. 
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Introduction 

Origin-of-life scenarios have traditionally been framed around two contrasting principles: the metabolism-first and 

replication-first hypotheses (Anet 2004; Pross 2004). The metabolism-first view proposes that self-organized re-

action networks initially harnessed geochemical energy to drive organic synthesis, with prebiotic catalysis progres-

sively giving rise to biological metabolism (Zimmermann et al. 2024). Within this framework, the architecture of 

ancient chemolithoautotrophic pathways, including carbon fixation through the reductive citric acid cycle, may 

preserve features of primordial nonenzymatic reaction networks (Morowitz 1999). Conversely, replication-first 

scenarios propose that the emergence of self-replicating informational polymers, particularly RNA, preceded the 

development of increasingly complex metabolic systems. Irrespective of their evolutionary sequence, however, 

the emergence of autonomous evolving systems ultimately required the functional integration of energy conver-

sion, information replication, and mechanisms controlling molecular parasitism. How these functions could have 

become dynamically coupled within minimal molecular networks remains a fundamental question in origin-of-life 

research. 

Adenosine triphosphate (ATP) occupies a central position at the interface of metabolism and heredity. In 

extant life, it serves as a principal energy currency while simultaneously functioning as one of the four nucleoside 

triphosphate substrates of RNA synthesis. ATP also participates extensively in core metabolic pathways, including 

those associated with ancient forms of chemolithoautotrophic metabolism based on H₂ and CO₂ (de Duve 2005; 

Pinna et al. 2022). Several reactions within these pathways can proceed without enzymes, supporting the hypoth-

esis that early metabolic networks originated from geochemically driven processes (Wimmer et al. 2021). How-

ever, contemporary purine biosynthesis requires multiple ATP-dependent phosphorylation reactions, creating a 

potential evolutionary bootstrap problem in which ATP is required for its own synthesis (Pinna et al. 2022). This 

suggests that simpler phosphorylating agents may have preceded ATP in early energy metabolism. Acetyl phos-

phate, a conserved intermediate connecting thioester and phosphate chemistry, has been proposed as one such 

precursor. Its experimentally demonstrated ability to phosphorylate ADP under aqueous conditions supports a 

potential role in prebiotic energy transfer (Whicher et al. 2018; Pinna et al. 2022). 

Additional evidence for an ancient connection between metabolism and RNA comes from the molecular 

architecture of coenzymes. Many coenzymes contain nucleotide-derived structural elements, particularly adeno-

sine monophosphate moieties, and several appear to have retained essential biochemical functions since the last 

universal common ancestor (Kirschning 2022; Zimmermann et al. 2024). These features have motivated the hy-

pothesis that nucleotide-containing cofactors preserve molecular signatures of early catalytic systems. Morowitz 

similarly proposed that the diversification of biomolecules from a restricted core of carbon-fixation reactions could 

have generated the molecular precursors of genetic systems through the progressive expansion of protometabolic 

networks (Morowitz 1999; Zimmermann et al. 2024). Such observations suggest that the emergence of RNA-based 

heredity and the evolution of energy metabolism may have been closely interconnected, regardless of which pro-

cess arose first. 
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The RNA world hypothesis proposes that early evolving systems relied on RNA molecules capable of both 

storing genetic information and catalyzing chemical reactions (Gilbert 1986). Abiotic polymerization and subse-

quent recombination of RNA oligomers may have generated structurally diverse molecules, some exhibiting cata-

lytic activities such as RNA ligation (Briones 2009). Experimental studies have demonstrated that Group I intron-

derived ribozymes can assemble from shorter RNA fragments through recombination, illustrating plausible routes 

toward increasingly complex autocatalytic systems (Hayden 2006). Progressive functional diversification could 

subsequently have generated RNA polymerase ribozymes capable of template-directed replication, establishing 

the molecular basis for Darwinian evolution (Nghe 2025). 

However, the emergence of template-directed replication would also introduce a fundamental evolution-

ary vulnerability: molecular parasitism. Replication errors can generate RNA variants that retain access to replica-

tion machinery while losing catalytic functions required for maintaining the network. By exploiting the replication 

capacity of functional ribozymes without contributing equivalent catalytic activity, such parasites can acquire a 

selective advantage and potentially destabilize autocatalytic systems. Consequently, sustained RNA-based evolu-

tion requires mechanisms that limit parasite proliferation while preserving the catalytic and energetic functions 

necessary for replication. Although spatial organization and compartmentalization provide potential solutions, 

molecular regulatory interactions offer an alternative route through which parasite dynamics could become inte-

grated into the stability of autocatalytic networks. 

Allosteric regulation provides a particularly interesting candidate mechanism for such integration. Allostery 

describes the modulation of molecular activity or binding affinity through interactions that alter the conforma-

tional or energetic state of a macromolecule (Fenton 2008). Originally conceptualized as a fundamental principle 

of biological regulation (Monod 1977), allostery is now commonly interpreted through conformational ensemble 

models, in which ligand binding or other perturbations redistribute the relative populations of molecular states 

(Wodak et al. 2019). Importantly, allosteric regulation is not restricted to proteins. Experimental studies have 

demonstrated ligand-dependent conformational changes and catalytic modulation in engineered ribozymes (Araki 

1998). These observations establish the physical plausibility of RNA-based allosteric mechanisms and suggest that 

conditional molecular regulation could have preceded the emergence of protein-based regulatory networks. In 

particular, ATP-dependent allostery could provide a mechanism linking the metabolic state of an RNA system to 

the activity and interactions of its replicating components. 

In previous work, we developed mathematical models of early RNA-based autocatalytic systems to investi-

gate the evolutionary dynamics of replication and molecular parasitism (Conrad et al. 2023; Pirovino et al. 2025). 

Using a Lotka–Volterra framework, we first demonstrated that tripartite systems comprising nested host–parasite 

interactions can exhibit homeostatic stability (Conrad et al. 2023). We subsequently extended this approach to 

autocatalytic ribozyme networks governed by Michaelis–Menten kinetics, showing that interactions among host, 

parasite, and hyperparasite catalysts can generate characteristic dynamical trajectories in which parasitic compo-

nents become functionally integrated into the network (Pirovino et al. 2025). These findings suggest that molecu-

lar parasitism need not represent an exclusively destructive evolutionary force but may, under specific interaction 

architectures, contribute to the stabilization of autocatalytic systems. 
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Here, we extend this framework by coupling autocatalytic RNA replication to an ATP/ADP-based protomet-

abolic energy cycle and ATP-dependent allosteric regulation. We investigate whether a minimal network compris-

ing a replicating host ribozyme, a parasite-derived metabolic catalyst, and hyperparasite-mediated regulatory in-

teractions can sustain replication despite the continual emergence of non-catalytic parasitic mutants. Our simula-

tions identify a sequence of functional dependencies between energy conversion and molecular regulation. An 

initial increase in ATP/ADP turnover establishes conditions under which ATP-dependent allosteric regulation be-

comes effective. Hyperparasite-mediated regulation can then suppress parasite-driven network collapse, but ATP 

sequestration introduces an energetic constraint that requires further enhancement of ATP turnover for sustained 

replication. We additionally identify two alternative routes to effective parasite control: intrinsic allosteric respon-

siveness of parasitic ribozymes or conversion to an allosterically responsive state through an additional catalytic 

activity. Together, these findings demonstrate how energy conversion, information replication, and molecular reg-

ulation can become dynamically integrated within a minimal autocatalytic RNA network, providing a computa-

tional framework for investigating the emergence of stable, self-sustaining proto-Darwinian systems. 

 

Results and Discussion 

We construct a minimal model of an autocatalytic ribozyme network capable of maintaining stable self-replication 

during the transition from geochemical prebiotic chemistry toward an emerging proto-biological system. The 

minimal requirements are (i) a prebiotically available source of activated chemical energy, represented here by an 

ATP/ADP-based energy-conversion cycle (Pinna et al. 2022), and (ii) autocatalytic, template-based self-sustained 

replication (Papastavrou 2024; Gianni et al. 2026) that remains robust against the internal emergence of, or 

invasion by, parasitic ribozymes (Conrad et al. 2023; Pirovino 2025). 

Here, we introduce a specific realization of the general framework described in the Methods section (Eqs. 

(1)–(7)), which we refer to as the minimal stable model: an autocatalytic RNA-world habitat regulated by an 

ATP/ADP-based energy cycle. The construction of this model relies on the following assumptions. Because 

ribozyme replication is driven by an ATP/ADP-based proto-metabolic energy cycle (Pinna et al. 2022), the habitat 

must maintain a sufficient ATP supply to sustain replication. However, any prebiotic habitat has limited access to 

both metabolic energy and the molecular resources required for RNA synthesis. Since ATP serves simultaneously 

as an energy carrier and as a molecular resource for replication, we assume conservation of the total ATP and ADP 

pools, including both free and ribozyme-bound forms. Accordingly, the conservation relation defined by Eq. (7) 

also applies to the minimal model, as schematically illustrated in Fig. 1. As a starting point, we consider the shortest 

possible autocatalytic ribozyme cycle, namely a type 2 cycle of length one: 

𝑅1 + 𝑅1   11′′ܻ  11′′݂݂݋⇌11′′݊݋ ܿℎ′′11⇌ܿݑℎ′′11 ܼ′′11ܿܽݐ′′(𝑅1)11⇀ 𝑅1 

Here, 𝑅1 denotes the host replicase, which catalyzes its own replication. Throughout Fig. 2, we assume that 

replication of the host replicase is powered exclusively by an ATP/ADP-based chemical energy cycle naturally 

available within the habitat (Pinna et al. 2022). No ATP/ADP-cycle-catalyzing ribozyme is present at this stage. 

Consequently, free and total concentrations of ATP and ADP coincide, and the available ATP pool is directly coupled 

to replication of 𝑅1 (Fig. 2a and b). 
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Despite its high standard free energy of hydrolysis of 50 kJ mol-1, ATP is chemically stable, with an estimated 

half-life of approximately one year under aqueous physiological-like conditions. In extant organisms, the ratio 

[ATP]/[ADP][Pi] is maintained approximately nine orders of magnitude away from equilibrium, reflecting the active 

regulation of cellular energy metabolism (Macdonald 2025). Under prebiotic conditions, however, such a strong 

thermodynamic disequilibrium would initially have been much less pronounced. In our model, the phosphorylation 

potential is subsequently increased through the evolution of enhanced ATP/ADP-cycle turnover, as described in 

the following section.  

Because replication of the host replicase is inevitably error-prone, catalytically inactive parasitic ribozymes 𝑅3 continuously arise through mutation (Iranzo et al. 2016; Koonin 2017). In the absence of an effective regulatory 

mechanism, uncontrolled replication of these parasites by the host replicase ultimately leads to collapse of the 

host–parasite system (𝑅1, 𝑅3), (Fig. 3a to c). A major source of this instability is the characteristic binding behavior 

of parasites. Throughout this work, we define the parasitic binding property as a combination of a relatively high 

association rate with the host replicase 𝑅1, and very low association rates among parasitic ribozymes. As a result, 

parasitic ribozymes compete efficiently for access to the host replicase while exhibiting only weak self-association. 

This binding pattern gives rise to the characteristic evolutionary trajectory observed throughout our simulations: 

parasites initially proliferate at the expense of the host (Fig. 3c), but their continued expansion ultimately causes 

the collapse of both the host and parasite populations (Fig. 3b to c). Fig. 3 illustrate how the parasitic binding 

property, in the absence of any regulatory mechanism, inevitably drives the host–parasite system to collapse.  

We propose allosteric regulation as a plausible evolutionary mechanism by which early autocatalytic RNA 

systems could have mitigated molecular parasitism. This hypothesis is supported by the widespread occurrence 

of allosteric regulation in extant biological systems (Montserrat-Canals et al. 2025). According to Eq. (6), each 

ribozyme 𝑅2௞−1 may reversibly convert into an ATP-bound allosteric state, 𝑅2௞. The replicase 𝑅1 is assumed to 

lack an allosteric site and is therefore not subject to allosteric regulation (𝑅2 = 0). This simplifying assumption 

isolates the effects of allosteric regulation on parasite control without introducing additional regulation of the 

replication process itself. Not all parasitic ribozymes are assumed to be allostery-prone. However, if a parasitic 

ribozyme 𝑅3 undergoes ATP-induced conversion to the allosteric state 𝑅4, thereby completing the allosteric 

conversion cycle defined by Eq. (6), uncontrolled parasite proliferation can be markedly attenuated (Fig. 4a to d), 

provided that 𝑅4 possesses the assumed hyperparasitic binding property. In this scenario, allosteric regulation 

serves a dual evolutionary role. First, it suppresses runaway parasite proliferation. Second, rather than eliminating 

parasitic ribozymes, it creates an opportunity for their evolutionary exaptation into functional components of the 

molecular ecosystem, where they may ultimately contribute to host fitness. 

The hyperparasitic binding property is characterized by three binding preferences: a high association rate 

with the host replicase 𝑅1, comparable to that of the parasite 𝑅3; a high association rate with ATP-free parasitic 

ribozymes 𝑅3; and, optionally, an elevated association rate with ATP-bound parasitic ribozymes 𝑅4. Consequently, 

ATP-bound parasites not only compete with ATP-free parasites for access to the host replicase but also bind di-

rectly to parasitic ribozymes, thereby suppressing their uncontrolled proliferation. This hyperparasitic strategy, 

however, incurs a metabolic cost. ATP sequestration by the allosteric state 𝑅4reduces the concentration of free 

ATP, thereby slowing ATP–ADP turnover and progressively limiting the metabolic energy available to sustain RNA 
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replication. Consequently, the metabolic energy available to sustain RNA replication progressively becomes limit-

ing. When the ATP–ADP turnover rate is increased by doubling the rate constants ݇0and ݇1in Eq. (3) relative to 

the conditions shown in Fig. 4a to d, complete stabilization is restored (Fig. 5a to d). This finding indicates that the 

residual destabilization results primarily from reduced ATP turnover caused by ATP sequestration, rather than 

from allosteric regulation per se. The simulations therefore demonstrate that allosteric regulation can provide an 

effective mechanism for suppressing molecular parasitism, provided that ATP–ADP turnover remains sufficiently 

rapid to sustain the energetic demands of RNA replication. 

In the first scenario, loss of replicase activity is intrinsically coupled to the acquisition of an allosteric site. 

Consequently, every parasitic product of the host replicase 𝑅1 immediately enters the allosteric conversion cycle 

described by Eq.(6). Fig. 4a to d and 5a to d demonstrate that this mechanism effectively stabilizes the host–

parasite system. If such an intrinsic coupling were readily selectable in an RNA-world habitat, it would constitute 

the most energy-efficient solution to molecular parasitism. 

The second scenario is energetically less efficient but is likewise supported by our simulations. In this 

scenario, a parasitic ribozyme, denoted 𝑅5, evolves into an allosterase (Fig. 6d). For simplicity, we assume that the 

allosterase is itself allostery-prone and therefore possesses an ATP-bound allosteric counterpart, 𝑅6  (Fig. 6e). Upon 

encounter, 𝑅5, and possibly also 𝑅6, catalyzes the conversion of a non-allostery-prone parasitic ribozyme 𝑅3 into 

the allostery-prone forms 𝑅7 and 𝑅8 through a type 1 catalytic process (Fig. 6f to g). Figures 6a to g show that this 

mechanism substantially improves system stability relative to the unregulated dynamics shown in Fig. 3a to c. 

Complete stabilization, however, is not achieved because ATP sequestration during allosteric regulation slows ATP–

ADP turnover, thereby limiting the metabolic energy available for RNA replication. When the ATP–ADP turnover 

rate is increased by tripling the rate constants ݇0 and ݇1, complete stabilization is restored (Fig. 7a to g). 

Taken together, these simulations demonstrate that two distinct evolutionary pathways can stabilize RNA 

replication in the presence of molecular parasitism. The first relies on intrinsic allostery-proneness, in which all 

newly emerging parasitic ribozymes are inherently capable of ATP-dependent allosteric regulation (Fig. 4 and 5). 

The second relies on allosterase-mediated regulation, in which a specialized allosterase converts non-allostery-

prone parasitic ribozymes into allostery-prone forms (Fig. 6 and 7). In both scenarios, molecular parasitism is tamed 

through ATP-dependent allosteric regulation. However, ATP sequestration by the allosteric states reduces the 

effective ATP–ADP turnover rate, thereby imposing an energetic cost on the system. 

The simulations presented above show that allosteric regulation effectively tames molecular parasitism but 

simultaneously reduces the metabolic energy supply by sequestering ATP. This trade-off creates a selective pres-

sure favoring ribozymes that restore ATP–ADP turnover. We therefore propose that, among the predominantly 

catalytically inactive parasitic ribozymes, one mutant 𝑅3 acquires catalytic activity for the ATP–ADP cycle (type 3), 

thereby functioning as an ATP synthase/ATPase (Fig. 8a to d). 

Following the first evolutionary scenario described in the previous section, we assume that this ATP syn-

thase/ATPase ribozyme is itself allostery-prone and therefore possesses the ATP-bound allosteric counterpart 𝑅4. 

As shown in Fig. 4 and 5, allosteric regulation alone substantially improves the stability of the host–parasite system 

but does not achieve complete stabilization because ATP sequestration slows ATP–ADP turnover. By simultane-

ously catalyzing ATP regeneration, 𝑅3 compensates for this reduction in ATP turnover, thereby restoring the met-

abolic energy supply required for RNA replication and enabling complete stabilization of the system. 
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The allosteric regulation of the ATP synthase/ATPase ribozyme 𝑅3 serves two complementary functions, 

namely first, control of molecular parasitism. The ATP-loaded allosteric counterpart 𝑅4 attenuates the parasitic 

behavior of 𝑅3 through the hyperparasitic binding property. Second, regulation of ATP availability. Because 𝑅4 is 

catalytically inactive, ATP bound to its allosteric site is temporarily removed from the metabolically active pool. 

The allosteric counterpart therefore acts as a dynamic ATP buffer, regulating ATP availability while 𝑅3 maintains 

ATP–ADP turnover. Together, these two functions establish a feedback mechanism in which ATP synthase/ATPase 

activity maintains the metabolic energy supply required for RNA replication, whereas allosteric regulation prevents 

uncontrolled proliferation of parasitic ribozymes. 

The present study identifies a minimal autocatalytic RNA network in which information replication, 

ATP/ADP-based energy conversion, and molecular regulation become dynamically integrated. Our simulations 

demonstrate that sustained replication in the presence of continually emerging parasitic ribozymes can be 

achieved through the combined activity of a self-replicating host, an ATP/ADP-cycle-catalyzing ribozyme, and ATP-

dependent allosteric regulation mediated by hyperparasitic interactions. Within the modeled reaction architec-

ture, these components establish a self-maintaining system in which molecular parasitism is constrained without 

eliminating the parasitic intermediates that may contribute to metabolic and regulatory functions. 

A central finding is the energetic trade-off associated with allosteric parasite control. Although ATP-de-

pendent allostery suppresses the proliferation of non-catalytic parasites, ATP sequestration by allosteric ribozymes 

reduces the free ATP pool and constrains energy turnover. Consequently, effective regulation alone is insufficient 

to guarantee sustained replication. Stabilization requires adequate ATP regeneration, achieved in our model either 

through increased turnover of the pre-existing energy cycle or through the introduction of a parasite-derived ri-

bozyme catalyzing ATP/ADP interconversion. The resulting feedback between energy conversion and parasite sup-

pression illustrates how metabolic and regulatory functions can become mutually dependent rather than evolving 

as independent molecular capabilities. 

These findings suggest an evolutionary role for molecular parasitism extending beyond its conventional 

interpretation as a destabilizing consequence of imperfect replication. Parasitic variants generate a selective chal-

lenge that may favor mechanisms capable of restricting their proliferation, while the energetic costs of such mech-

anisms create additional demands for metabolic adaptation. Our simulations are consistent with a sequence in 

which sufficient initial energy throughput enables regulatory control, and subsequent improvements in energy 

conversion compensate for the costs imposed by regulation. This relationship suggests a control-before-optimiza-

tion principle: increasing catalytic or energetic efficiency in an unregulated system may amplify parasitic exploita-

tion, whereas regulatory mechanisms can establish conditions under which further metabolic improvements ben-

efit network persistence. This interpretation parallels broader theories of evolutionary transitions, in which the 

suppression of internal conflict facilitates the emergence of higher levels of biological organization (Maynard Smith 

1995; Szathmáry 2015). 

The model identifies two alternative architectures for ATP-dependent parasite control. In the first, loss of 

replicase activity is associated with intrinsic allosteric responsiveness, allowing parasitic ribozymes to participate 

directly in hyperparasitic regulation. In the second, a specialized allosterase catalyzes the conversion of non-allo-

stery-prone parasites into allostery-prone forms. Both architectures support stable replication under appropriate 

energetic conditions, including following successive rounds of parasite emergence. Their principal distinction lies 
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in the additional catalytic machinery required by the allosterase-mediated pathway. These results indicate that 

the regulatory function necessary for network stabilization need not depend on a single molecular architecture, 

although the evolutionary accessibility of either mechanism remains to be established. 

The present work extends our previous models of nested host–parasite interactions (Conrad et al. 2023; 

Pirovino et al. 2025) by explicitly coupling RNA replication and molecular parasitism to an ATP/ADP-based energy 

cycle and ligand-dependent allosteric regulation. Whereas earlier models demonstrated that hyperparasitic inter-

actions can stabilize autocatalytic networks under externally supplied energetic conditions, the present framework 

introduces feedback between ATP availability, metabolic catalysis, and the regulatory interactions governing par-

asite proliferation. This extension provides a mechanistic basis for investigating how parasitic components may 

become functionally integrated into the metabolic and regulatory organization of early replicating systems. 

Several limitations should be acknowledged. The model represents an idealized chemical network with 

predefined catalytic activities, binding preferences, and allosteric responses. It therefore establishes the dynamical 

feasibility of the proposed mechanisms rather than demonstrating their spontaneous molecular emergence or 

historical evolutionary sequence. The ATP/ADP cycle similarly represents an abstraction of protometabolic energy 

conversion, whose operation in a prebiotic environment would require an appropriate source of chemical free 

energy. Furthermore, the stability of the network depends on the modeled reaction architecture and kinetic pa-

rameters. Experimental characterization of RNA-based allosteric interactions, parasite-derived metabolic catalysis, 

and their energetic coupling would be required to evaluate the biochemical accessibility of the proposed mecha-

nisms. 

Our results suggest that the evolutionary significance of early molecular regulation may have extended 

beyond the suppression of parasites: by constraining molecular exploitation, regulation could have created the 

conditions under which improved energy conversion and replication became mutually reinforcing, enabling the 

emergence of persistent, evolvable RNA systems. 

 

Materials and Methods 

We consider an RNA-world habitat in which an underlying proto-metabolism provides sufficient chemical energy 

to sustain the production and maintenance of a limited set of ribozymes. These ribozymes are assumed to self-

organize into autocatalytic networks. 

In this section, we formulate the reaction equations of a general mathematical framework describing 

autocatalytic ribozyme networks fueled and regulated by an ATP/ADP-based energy cycle supplied by the 

surrounding habitat. The framework permits an arbitrary number of distinct ribozyme species participating in an 

autocatalytic replication network and provides the basis for the minimal model developed in the Results section. 

Let ݊ be the number of different ribozymes, 𝑅1, 𝑅2,…, 𝑅௡, the free ribozyme concentrations, and ݀ோ೔ , ݅ =1, … , ݊, the decay rates of these ribozymes. 

These ribozymes may exhibit three fundamentally distinct catalytic functions, which we refer to here as the 

three types of catalysis. 

 

Type 1 catalysis – RNA modification 
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A catalytically active ribozyme modifies a substrate ribozyme to produce a different ribozyme. During this process, 

the catalyst forms a transient intermediate complex with the substrate ribozyme, which is chemically transformed 

into the reaction product. 

 

Type 2 catalysis – template-directed replication 

A catalytically active ribozyme uses another ribozyme as a template for the synthesis of a new ribozyme. The 

catalyst therefore forms a transient intermediate complex with the template ribozyme. Upon completion of 

replication, both the catalyst and the template are released unchanged, while the newly synthesized ribozyme 

enters the habitat as an additional product. 

 

Type 3 catalysis – metabolic energy conversion 

A catalytically active ribozyme catalyzes the interconversion of non-genetic substrates, such as ATP, ADP, or other 

small molecules involved in proto-metabolism. In contrast to Types 1 and 2, neither the substrates nor the products 

are information-carrying RNA molecules. Instead, these reactions generate or recycle the chemical energy and 

molecular resources required to sustain autocatalytic ribozyme replication. 

 

In the present work, modeling of type 1 catalytic processes is restricted to hypothetical allosterases involved in 

allosteric ATP regulation of ribozymes. Although type 1 processes, including ligase- and recombinase-mediated 

RNA modification, were likely important during the emergence of template-based replication (type 2 catalysis), the 

present model focuses on the minimal autocatalytic pathway required to sustain replication. Within this 

framework, stable self-replication is achieved through the coupled action of type 2 and type 3 catalytic processes, 

while type 1 catalysis is considered only as a regulatory mechanism for controlling parasitic ribozymes. 

 

Definitions of type 1 and type 2 catalytic processes 

We first define the concentrations and rate processes associated with type 1 and type 2 ribozyme activities. 

Throughout the model, we use the general reaction scheme 

 𝑅 + ܵ ⇌ 𝑅ܵ ⇌ 𝑅ܵ∗ → 𝑅ܲ → 𝑅 + ܲ, 
 

where 𝑅ܵ denotes the reversibly bound ribozyme–substrate complex, 𝑅ܵ∗ the activated catalytic complex, and 𝑅ܲ the ribozyme–product complex. The activated catalytic complex 𝑅ܵ∗  is explicitly represented in the model, 

whereas the ribozyme–product complex 𝑅ܲ is not. Throughout this work, the term "charged" refers to the acti-

vated ribozyme–substrate state 𝑅ܵ∗, whereas "uncharged" refers to the reversibly bound ribozyme–substrate 

complex 𝑅ܵ. 

 

Let ܻ′, ܼ′, ܻ′′, ܼ′′߳ ℝ௡௫௡ be matrices. For ݅, ݆ = 1, . . , ݊ the entries of these matrices are defined as follows: ܻ′௜௝  … uncharged type 1 intermediate complex of ribozyme 𝑅௜  with substrate 𝑅௝, being subject to modification, ܼ′௜௝  … charged type 1 intermediate complex of ribozyme 𝑅௜  with substrate 𝑅௝, being subject to modification, 
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ܻ′′௜௝  … uncharged type 2 intermediate complex of ribozyme 𝑅௜  with template 𝑅௝, ܼ′′௜௝  … uncharged type 2 intermediate complex of ribozyme 𝑅௜  with template 𝑅௝ 

 

We note that in general ܻ′௜௝ ≠ ܻ′௝௜ , ܼ′௜௝ ≠ ܼ′௝௜ , ܻ′′௜௝ ≠ ܻ′′௝௜ , and ܼ′′௜௝ ≠ ܼ′′௝௜ . This stems from the fact that for 

both type 1 and type 2 intermediate complexes the roles of 𝑅௜  and 𝑅௝ are distinct, and thus not exchangeable: 𝑅௜  
acts as the enzyme catalyzing the reproduction, and 𝑅௝ functions as type 1 substrate subject to modification or as 

type 2 template.  

 

In both cases, type 1 and 2, these concentrations are governed by a respective Michaelis-Menten process: 

𝑅௜ + 𝑅௝   ݊݋′௜௝⇌݂݂݋′௜௝   ܻ′௜௝  ܿℎ′௜௝⇌ܿݑℎ′௜௝  ܼ′௜௝ܿܽݐ′(𝑅௞)௜௝⇀ 𝑅௞ ,              ݅, ݆, ݇ = 1, … , ݊,   (1) 

𝑅௜ + 𝑅௝   ݊݋′′௜௝⇌݂݂݋′′௜௝   ܻ′′௜௝  ܿℎ′′௜௝⇌ܿݑℎ′′௜௝  ܼ′′௜௝ܿܽݐ′′(𝑅௞)௜௝⇀ 𝑅௞, ݅, ݆, ݇ = 1, … , ݊.   (2) 

Here, the different classes of kinetic parameters—namely association (on) rates, dissociation (off) rates, charging 

(activation) rates, discharging/uncharging (deactivation) rates, and catalytic rates—are encoded as entries of ݊ × ݊ 

matrices. For instance, for ݊ = 2, the type 1 association-rate matrix is defined as: ݊݋′ = 11′݊݋) 21′݊݋12′݊݋  .(22′݊݋
We write the ݊ x ݊ matrix ݊݋′ = ௜௝[௜௝′݊݋]  ߳ ℝ௡௫௡, implying  ݅, ݆ = 1, … , ݊. 

Thus, we define the following type 1 and  2 matrices of the rates: ݂݂݋′ = ௜௝[௜௝′݂݂݋] , ′′݂݂݋ = ௜௝[௜௝′′݂݂݋] ߳ ℝ௡௫௡… off-rates from uncharged type 1 and 2 intermediate complexes to 

free ribozymes, ܿℎ′ = [ܿℎ′௜௝]௜௝ , ܿℎ′′ = [ܿℎ′′௜௝]௜௝߳ ℝ௡௫௡… charge-rates from uncharged to the charged type 1 and 2 intermediate 

complexes, ܿݑℎ′ = ௜௝[ℎ′௜௝ܿݑ] , ′′ℎܿݑ =  ௜௝߳ ℝ௡௫௡… uncharge-rates from the charged to uncharged type 1 and 2[ℎ′′௜௝ܿݑ]

intermediate complexes. 

 

We define the catalytic rates as follows. Let ܿܽݐ′(𝑅1) = ௜௝[௜௝(𝑅1)′ݐܽܿ] ∈ ℝ௡×௡ denote the matrix of rates at which 

charged type 1 intermediate complexes catalyze the formation of ribozyme 𝑅1. More generally, we define ܿܽݐ′(𝑅௞) = ௜௝[௜௝(𝑅௞)′ݐܽܿ] ∈ ℝ௡×௡, (𝑅௞)′′ݐܽܿ = ௜௝[௜௝(𝑅௞)′′ݐܽܿ] ∈ ℝ௡×௡,  
as the matrices of rates at which charged type 1 and type 2 intermediate complexes, respectively, catalyze the 

formation of ribozyme 𝑅௞, ݇ = 1, … , ݊. 

 

Within this framework, each charged intermediate complex may catalyze the production of any free ribozyme 

species, either (i) through modification of an existing ribozyme in the case of type 1 catalysis, or (ii) through mu-

tation or imperfect template-based replication in the case of type 2 catalysis. 
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Consequently, each free ribozyme species may receive contributions to its production from every charged 

intermediate complex. In practice, however, most entries of ܿܽݐ′(𝑅௞) and ܿܽݐ′′(𝑅௞) are expected to be zero or 

negligibly small for all ݇, ݅, ݆ = 1, … , ݊. 

Finally, let ݀௒೔ೕ′ , ݀௓೔ೕ′ , ݀௒೔ೕ′′ , and ݀௓೔ೕ′′ , ݅, ݆ = 1, … , ݊, denote the decay rates of the corresponding catalytic interme-

diate complexes. 

 

The ATP-ADP cycle and its type 3 catalytic process 

We now introduce two further concentrations, ܶ and ܦ, responsible for the energy supply in the habitat providing 

the metabolism needed for ribozyme reproduction.  ܶ … concentration of free ATP in the habitat, and ܦ … concentration of free ADP in the habitat. 

These concentrations are governed by the following reaction equation: 

 (3)        ܦ 1݇⇌0݇   ܶ

We assume that the total amount of ADP and ATP in the habitat remains constant, including both free and bound 

forms. This constraint defines the external metabolic conditions for the reproduction cycle of the ribozymes 𝑅௜. 
The ATP–ADP cycle (3) is further assumed to be linked to the Michaelis–Menten processes (1) and (2) through two 

coupling pathways. 

 

The first coupling between cycles (3), (1), and (2). We assume that the catalytic Michaelis–Menten processes (1) 

and (2) are driven by the ATP–ADP cycle (3) as follows. The activation of intermediate complexes formed between 

two ribozymes 𝑅௜  and 𝑅௝, from the uncharged to the charged state, requires ATP consumption. For type 1 and type 

2 processes, this activation is represented by: 

 ܻ′௜௝  ܿℎ′௜௝⇀ ܼ′௜௝ , and  ܻ′′௜௝  ܿℎ′′௜௝⇀ ܼ′′௜௝ , ݅, ݆ = 1, … , ݊, 
During these transitions, ATP is hydrolyzed to ADP. Consequently, the production of an additional amount Δܼ௜௝′  or Δܼ௜௝′′   requires the consumption of a corresponding amount of ATP, denoted by Δܶ′ and Δܶ′′, respectively. These 

quantities are determined by the following equations: ∆ܶ′ = ௜௝∆ܼ′௜௝′ߙ ,  and  ∆ܶ′′ = ௜௝∆ܼ′′௜௝′′ߙ , ݅, ݆ = 1, … , ݊.    
Here, the matrices ߙ′ = ′௜௝ߙ] ]௜௝  and ߙ′′ = ௜௝[′′௜௝ߙ] ∈ ℝ௡×௡ contain the coefficients specifying the ATP requirements 

of the charging processes described by reactions (1) and (2), respectively. 

 

The second coupling between cycle (3) and processes (1) and (2). We assume that some, or potentially all, 

ribozymes 𝑅௜  can contribute to the catalysis of the ATP–ADP cycle by enhancing both the synthesis of ATP and its 

hydrolysis into ADP. Following the definition introduced above, these reactions are classified as type 3 catalytic 

processes: ܻ′′′(ܦ)௜  … concentration of uncharged type 3 ribozyme-ADP intermediate complex, ܼ′′′(ܦ)௜ … concentration of charged type 3 ribozyme-ADP intermediate complex, 
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ܻ′′′(ܶ)௜ … concentration of uncharged type 3 ribozyme-ATP intermediate complex, ܼ′′′(ܶ)௜ … concentration of charged type 3 ribozyme-ATP intermediate complex, ݅ = 1, … , ݊. 
 

The catalysis of this metabolic cycle is governed by Michaelis–Menten kinetics in both the forward and reverse 

directions. Considering first the direction of ATP production: 

𝑅௜ + ௜(ܦ)′′′݂݂݋⇌௜(ܦ)′′′݊݋   ܦ ௜(ܦ)′′′ܻ    ܿℎ′′′(ܦ)௜⇌ܿݑℎ′′′(ܦ)௜ ⇀௜(ܶ)′′′ݐ௜ܿܽ(ܦ)′′′ܼ  ܶ, ݅ = 1, … , ݊, (4) 

and second the direction of ATP-consumption and -hydrolysis, respectively: 

𝑅௜ + ௜(ܶ)′′′݂݂݋⇌௜(ܶ)′′′݊݋   ܶ   ܻ′′′(ܶ)௜  ܿℎ′′′(ܶ)௜⇌ܿݑℎ′′′(ܶ)௜  ܼ′′′(ܶ)௜ܿܽ(ܦ)′′′ݐ௜⇀ ,ܦ ݅ = 1, … , ݊,          (5) 

 

Here, the vectors (ܦ)′′′݂݂݋ ,(ܦ)′′′݊݋, ܿℎ′′′(ܦ), ܿݑℎ′′′(ܦ), ݂݂ܿܽ݋ ,(ܶ)′′′݊݋ ,(ܶ)′′′ݐ′′′(ܶ), ܿℎ′′′(ܶ), ܿݑℎ′′′(ܶ), and ܿܽ(ܦ)′′′ݐ ∈ ℝ௡ represent the corresponding parameter entries for the additional type 3 Michaelis–Menten 

processes. As before, the transition of intermediate complexes from the uncharged to the charged state requires 

activation; in the case of ATP production, this process is given by: 

௜(ܦ)′′′ܻ  ܿℎ′′′(ܦ)௜⇀ ௜(ܦ)′′′ܼ , ݅ = 1, … , ݊,  
and in the case of ATP-hydrolysis 

ܻ′′′(ܶ)௜  ܿℎ′′′(ܶ)௜⇀ ܼ′′′(ܶ)௜ , ݅ = 1, … , ݊,  
additional amounts of ATP, i.e. ∆ܶ′ݏ, are needed for the catalyzation of the respective processes. ∆ܶ in the case of 

ATP-production is ∆ܶ = ௜(ܦ)′′′ܼ∆௜(ܦ)′′′ߙ ,    ݅ = 1, … , ݊, 
and in the case of ATP-hydrolysis  ∆ܶ = ௜∆′′′ܼ(ܶ)௜(ܶ)′′′ߙ ,    ݅ = 1, … , ݊.   
Again, ݀௒′′′(஽)೔ , ݀௓′′′(஽)೔ , ݀௒′′′(்)೔ , and ݀௓′′′(்)೔ , ݅ = 1, … , ݊, represent the decay rates of the catalytic type 3 

intermediate complexes formed between ribozymes and ADP or ATP, respectively.  

 

The habitat restriction in the ATP-ADP cycle 

The ATP demand rate ௗܶ௘௠௔௡ௗ , representing the amount of ATP that must be hydrolyzed to ADP per unit of time 

to maintain the complete charging process in the system, is therefore given by: 

ௗܶ௘௠௔௡ௗ = ∑ ௜௝ܿℎ′௜௝ܻ′௜௝′ߙ} + ௜௝ܿℎ′′௜௝ܻ′′௜௝}௡′′ߙ
௜,௝=1 + ௜(ܦ)′′′௜ܻ(ܦ)′′′௜ܿℎ(ܦ)′′′ߙ}∑ + ௜ܿℎ′′′(ܶ)௜ܻ′′′(ܶ)௜} ௡(ܶ)′′′ߙ

௜=1 . 
Conversely, the ATP–ADP cycle described by Eqs. (3), (4), and (5) determines the maximum total rate of ATP 

hydrolysis into ADP, which is given by: 

௦ܶ௨௣௣௟௬ = ݇0ܶ + ∑ ௜ܼ′′′(ܶ)௜(ܦ)′′′ݐܽܿ  .௡
௜=1  
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If dܶemand > sܶupply, the resulting excess demand must be compensated for to restore equilibrium between ATP 

supply and consumption. To achieve this, all charging rates, ܿℎ௜௝′ , ܿℎ௜௝′′ , ܿℎ′′′(ܦ)௜, and ܿℎ′′′(ܶ)௜, are proportionally 

reduced by multiplication with a common damping factor ߜ :ߜ = min ( ௦ܶ௨௣௣௟௬ௗܶ௘௠௔௡ௗ , 1) = 

min ( ݇0ܶ + ∑ ∑௜ܼ′′′(ܶ)௜௡௜=1(ܦ)′′′ݐܽܿ ௜௝ܿℎ′௜௝ܻ′௜௝′ߙ} + ௜௝ܿℎ′′௜௝ܻ′′௜௝}௡௜,௝=1′′ߙ + ∑ ௜(ܦ)′′′௜ܻ(ܦ)′′′௜ܿℎ(ܦ)′′′ߙ} + ௜ܿℎ′′′(ܶ)௜ܻ′′′(ܶ)௜}௡௜=1(ܶ)′′′ߙ , 1). 
 

Allosteric ATP-regulation of ribozymes 

In the following, we set ݊ = 2 ݉, corresponding to an even number of ribozymes in the system. To incorporate 

allosteric ATP regulation into the model of ribozyme production, we assume that ATP molecules can bind to a non-

active allosteric site on the ribozyme. 

𝑅2௞−1 + ܶ   ܽ௞⇌ܾ௞   𝑅2௞        (6) 

Here, ܽ௞  denotes the rate of allosteric ATP binding, and ܾ௞  the corresponding reverse rate, for ݇ = 1, … , ݉. 

This distinction gives rise to two classes of ribozymes: ATP-loaded species—hereafter referred to as “loaded” 

(activated)—and ATP-unloaded species—hereafter referred to as “unloaded” (deactivated)—with respect to their 

allosteric sites. Accordingly, we assume that ribozymes 𝑅௜  with even indices ݅ = 2݇ are allosterically ATP-loaded, 

whereas ribozymes with odd indices ݅ = 2݇ − 1 remain unloaded. We further note that ribozymes 𝑅2௞−1 can 

interact with ATP in two distinct ways. Binding of ATP at the catalytic site results in the formation of a type 3 

intermediate complex 2ܻ௞−1′′′ (ܶ), whereas binding at the allosteric site converts the ribozyme into its corresponding 

loaded form 𝑅2௞. 

An important property of the allosteric process described by Eq. (6) is that it is assumed to be non-catalytic. 

The transition between allosteric states is therefore not mediated by any of the three catalytic processes included 

in the model (types 1–3). In particular, type 1 catalysis does not modify the allosteric state of a ribozyme: ATP-

loaded ribozymes cannot arise from ATP-free ribozymes, nor can ATP-free ribozymes be regenerated from ATP-

loaded ribozymes, through type 1 catalytic reactions. Hence, type 1 catalysis does not contribute to the 

interconversion between ATP-loaded and ATP-free ribozyme populations. Based on this assumption, we define: ݀ܶ݀ݐ = −݇0ܶ + ܦ1݇ − ௔ܶ௟௟௢−௕௢௨௡ௗ + ௔ܶ௟௟௢−௥௘௟௘௔௦௘ௗ  

+ net release from intermediate complexes ܶ with ribozymes 𝑅௜  
+ catalytic production of ܶ from intermediate complexes with ribozymes 𝑅௜  with ܦ, 

and ݀݀ݐܦ = ݇0ܶ −  ܦ1݇

+ net release from intermediate complexes ܦ with ribozymes 𝑅௜  
+ catalytic production of ܦ from intermediate complexes with ribozymes 𝑅௜  with ܶ, 

where 
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௔ܶ௟௟௢−௕௢௨௡ௗ = ∑ {ܽ௞𝑅2௞−1ܶ + ∑ ௜௝ܼ′′௜௝௡(𝑅2௞)′′ݐܽܿ
௜,௝=1 } ,௠

௞=1  

௔ܶ௟௟௢−௥௘௟௘௔௦௘ௗ = 

∑ {ܾ௞𝑅2௞+݀ோ2ೖ𝑅2௞ + ݀௒′′′(஽)2ೖܻ′′′(ܦ)2௞ + ݀௓′′′(஽)2ೖܼ′′′(ܦ)2௞ + ݀௒′′′(்)2ೖܻ′′′(ܶ)2௞ + ݀௒′′′(்)2ೖܻ′′′(ܶ)2௞௠
௞=1 + ݀௓′′′(்)2ೖܼ′′′(ܶ)2௞ + ∑(݀௒′೔,2ೖܻ′௜,2௞ + ݀௒′2ೖ,೔ܻ′2௞,௜ + ݀௓′೔,2ೖܼ′௜,2௞ + ݀௓′2ೖ,೔ܼ′2௞,௜)௡

௜=1+ ∑(݀௒′′೔,2ೖܻ′′௜,2௞ + ݀௒′′2ೖ,೔ܻ′′2௞,௜ + ݀௓′′೔,2ೖܼ′′௜,2௞ + ݀௓′′2ೖ,೔ܼ′′2௞,௜)௡
௜=1 } . 

In the last equation, we assume that ATP bound at the allosteric site is released into the habitat during the decay 

of the ATP-loaded ribozyme 𝑅2௞, regardless of whether the ribozyme is present as a free species or as part of an 

intermediate complex. 

Let finally ܨ௜ , ݅ = 1, … ݊, define the net conversion flow between the 𝑅2௞−1′ݏ and 𝑅2௞′ݏ according to Eq. (6): 2ܨ௞−1 = −ܽ௞𝑅2௞−1ܶ + ܾ௞𝑅2௞,   2ܨ௞ = ݇                                       ,2௞−1ܨ− = 1, … , ݉. 
Now we can define the chemical dynamics of the whole system completely.  

 

The explicit governing Michaelis-Menten equations  

All these considerations lead to the following explicit ordinary Michaelis-Menten differential equations.  

First, for the ATP-ADP cycle: ݀ܶ݀ݐ = −݇0ܶ + ܦ1݇ − ௔ܶ௟௟௢−௕௢௨௡ௗ + ௔ܶ௟௟௢−௥௘௟௘௔௦௘ௗ + 

+ ∑ ௝ܻ′′′(ܶ)௝(ܶ)′′′݂݂݋ − ௝𝑅௝ܶ(ܶ)′′′݊݋ + ݀௒′′′(்)ೕܻ′′′(ܶ)௝ + ݀௓′′′(்)ೕܼ′′′(ܶ)௝ + ௝(ܦ)′′′௝ܼ(ܶ)′′′ݐܽܿ ,௡
௝=1  

ݐܦ݀݀ = ݇0ܶ − ܦ1݇ + 

∑ ௝(ܦ)′′′௝ܻ(ܦ)′′′݂݂݋ − ௡ܦ௝𝑅௝(ܦ)′′′݊݋
௝=1 + ݀௒′′′(஽)ೕܻ′′′(ܦ)௝ + ݀௓′′′(஽)ೕܼ′′′(ܦ)௝ ௝ܼ′′′(ܶ)௝(ܦ)′′′ݐܽܿ +  , 
assuming that all ADP and ATP molecules bound to the catalytic intermediates are released into the habitat during 

the decay of their intermediate complexes, and ݀݀ݐ ௜(ܦ)′′′ܻ = −݀௒′′′(஽)೔ܻ′′′(ܦ)௜ + ܦ௜𝑅௜(ܦ)′′′݊݋ − ௜(ܦ)′′′݂݂݋) + ௜(ܦ)′′′ܻ(௜(ܦ)′′′ℎܿߜ + ௜(ܦ)′′′௜ܼ(ܦ)′′′ℎܿݑ ݐ݀݀ , ௜(ܦ)′′′ܼ = −݀௓′′′(஽)೔ܼ′′′(ܦ)௜ + ௜(ܦ)′′′௜ܻ(ܦ)′′′ℎܿߜ − ௜(ܦ)′′′௜ܼ(ܦ)′′′ℎܿݑ − ௜(ܦ)௜ܼ(ܶ)′′′ݐܽܿ ݐ݀݀ , ܻ′′′(ܶ)௜ = −݀௒′′′(்)೔ܻ′′′(ܶ)௜ + ௜𝑅௜ܶ(ܶ)′′′݊݋ − ௜(ܶ)′′′݂݂݋) + ℎ′′′(ܶ)௜)ܻ′′′(ܶ)௜ܿߜ + ℎ′′′(ܶ)௜ܼ′′′(ܶ)௜ܿݑ , ݐ݀݀    ܼ′′′(ܶ)௜ = −݀௓′′′(்)೔ܼ′′′(ܶ)௜ + ℎ′′′(ܶ)௜ܻ′′′(ܶ)௜ܿߜ − ℎ′′′(ܶ)௜ܼ′′′(ܶ)௜ܿݑ − ௜ܼ′′′(ܶ)௜(ܦ)′′′ݐܽܿ , 
for ݅ = 1, … , ݊.   

Second, for the ribozymes: 
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ݐ݀݀ 𝑅௜ = −݀ோ೔𝑅௜ + ௜ܨ ௜(ܦ)′′′௜ܻ(ܦ)′′′݂݂݋+ + − ܦ௜𝑅௜(ܦ)′′′݊݋ + ௜(ܦ)′′′௜ܼ(ܶ)′′′ݐܽܿ ௜ܻ′′′(ܶ)௜(ܶ)′′′݂݂݋+  − ௜ܼ′′′(ܶ)௜(ܦ)′′′ݐܽܿ + ௜𝑅௜ܶ(ܶ)′′′݊݋  
+ {∑ ௜௝ܻ′௜௝′݂݂݋ − ௜௝𝑅௜𝑅௝′݊݋ + ௝௜ܻ′௝௜′݂݂݋ − ௝௜𝑅௝𝑅௜௡′݊݋

௝=1 + ∑ ௜௝′′݂݂݋ ௜ܻ௝ − ௜௝𝑅௜𝑅௝′′݊݋ + ௝௜ܻ′′௝௜′′݂݂݋ − ௝௜𝑅௝𝑅௜௡′′݊݋
௝=1  

+ ∑ ௟௝ܼ′′௟௝(𝑅௜)′′ݐܽܿ + ௜௝ܼ′′௜௝(𝑅௟)′′ݐܽܿ + ௝௜ܼ′′௝௜௡(𝑅௟)′′ݐܽܿ
௟,௝=1 + ௟௝ܼ′௟௝(𝑅௜)′ݐܽܿ +   ,{௜௝ܼ′௜௝(𝑅௟)′ݐܽܿ

for ݅ = 1, … , ݊; 

and for the type 1 and 2 intermediate complexes, we have ݀݀ݐ ܻ′௜௝ = −݀௒′೔ೕܻ′௜௝ + ௜௝𝑅௜𝑅௝′݊݋ − ௜௝′݂݂݋) + ℎ′௜௝)ܻ′௜௝ܿߜ + ℎ′௜௝ܼ′௜௝ܿݑ ݐ݀݀ , ܼ′௜௝ = −݀௓′೔ೕܼ′௜௝ + ℎ′௜௝ܻ′௜௝ܿߜ − ℎ′௜௝ܼ′௜௝ܿݑ − ∑ ௜௝ܼ′௜௝,௡(𝑅௟)′ݐܽܿ
௟=1 ݐ݀݀  ܻ′′௜௝ = −݀௒′′೔ೕܻ′′௜௝ + ௜௝𝑅௜𝑅௝′′݊݋ − ௜௝′′݂݂݋) + ℎ′′௜௝)ܻ′′௜௝ܿߜ + ℎ′′௜௝ܼ′௜௝ܿݑ ݐ݀݀ , ܼ′′௜௝ = −݀௓′′೔ೕܼ′′௜௝ + ℎ′′௜௝ܻ′′௜௝ܿߜ − ℎ′′௜௝ܼ′′௜௝ܿݑ − ∑ ௜௝ܼ′′௜௝(ோ೗)′′ݐܽܿ ,௡

௟=1  ݅, ݆ = 1, … , ݊. 
Finally, the total concentrations of the ribozymes, free plus bound, are given by 𝑅௜௧௢௧ = 𝑅௜ + ௜(ܦ)′′′ܻ + ௜(ܦ)′′′ܼ + ܻ′′′(ܶ)௜ + ܼ′′′(ܶ)௜+ ∑ ܻ′௜௝ + ܻ′௝௜ + ܼ′௜௝ + ܼ′௝௜ + ܻ′′௜௝ + ܻ′′௝௜ + ܼ′′௜௝ + ܼ′′௝௜௡

௝=1 , ݅ = 1, … , ݊, 
and, consequently, for the total amounts of ADP and ATP, free plus bound, it follows: 

௧௢௧ܦ = ܦ + ∑ ௜(ܦ)′′′ܻ + ௜௡(ܦ)′′′ܼ
௜=1 , 

ܶ௧௢௧ = ܶ + ∑ 𝑅2௞௧௢௧௠
௞=1 + ∑ ܻ′′′(ܶ)௜ + ܼ′′′(ܶ)௜௡

௜=1 . 
In the preceding analysis, we assumed that the external metabolism of the habitat constrains the total amount of 

these quantities to remain constant, such that: 

ݐ݀݀  ௧௢௧ܦ) + ܶ௧௢௧) = 0.           (7) 
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Figures 

Fig. 1. Minimal ATP–ADP cycle (schematic evolution)  
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Fig. 2. Prebiotic ATP production and 𝑅1replication 

Fig. 2
a. b.

0 1000 2000 3000 4000 5000

Time step [t]

0.5

1.00

0.50

0.25

0.75

0 1000 2000 3000 4000 5000

Time step [t]

0.75

0.25

0.4

0.6

0.8

1.0

 

 

 

 

 

 

Fig. 3. Catalytically inactive parasitic ribozyme 𝑅3  

Fig. 3
a. b.

0 1000 2000 3000 4000 5000

Time step [t] Time step [t]

0.75

0.25

0.0

0.50

1.00

0.50

0.25

0.75

0 1000 2000 3000 4000 5000

1.00

0.50

0.25

0.00

0.75

0 1000 2000 3000 4000 5000

Time step [t]

0.0

0.2

0.4

0.8

0.6

c.

 

 



20 

 

Fig. 4. Allosteric regulation mitigates molecular parasitism 
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Fig. 5. Accelerating the ATP/ADP cycle restores stabilization 
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Fig. 6. Allosterases confer allostery in trans 
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a. b.

Time step [t]

0 1000 2000 3000 4000 5000

Time step [t]

c.

0 1000 2000 3000 4000 5000

Time step [t]

d.

Time step [t]

0 1000 2000 3000 4000 5000

0 1000 2000 3000 4000 5000

0.75

0.25

0.00

0.50

1.00

0.50

0.25

0.75

1.00

0.50

0.25

0.00

0.75

0.100

0.025

0.000

0.050

0.075
0.04

0.01

0.00

0.02

0.03

0.05

 

 

 

 

 

 

 

 

 

 

    6    

             
0 1000 2000 3000 4000 5000

             

  

0 1000 2000 3000 4000 5000
             

0 1000 2000 3000 4000 5000

0 05

0 02

0 00

0 04 0 04

0 02

0 00

0 06

0 100

0 025

0 050

0 075

0 000



22 

 

Fig. 7. Allosterases and enhanced ATP–ADP turnover 

Fig. 7
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Fig 7
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Fig. 8. Parasite ribozymes 𝑅3evolve into ATPase/ATP synthetase ribozymes 

Fig. 8
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Fig. 9. ATPase/ATP synthase ribozymes enable resistance to subsequent parasite invasion 

Fig. 9
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Fig. 9
e. f.
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Fig. 10. Habitat with ATPase/ATP synthetase ribozymes and allosterases recapitulates parasite resistance  
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Figure Captions 

Fig. 1. The habitat maintains a constant total nucleotide pool: tܶot + totܦ = with tܶot ,ݐݏ݊݋ܿ = ܶ + ( ௧ܶ௢௧ − ܶ) and ܦtot = ܦ + ௧௢௧ܦ) − ) denoting free and ܦ ,ܶ with ,(ܦ tܶot − ܶ), totܦ) −  bound ATP and ADP, respectively. The (ܦ

y-axis shows the concentrations of ATP and ADP ribozymes, and the x-axis represents discrete time steps. 

 

Fig. 2. At moderate ATP consumption associated with replication, the system can be maintained without catalytic 

enhancement of the ATP–ADP cycle. a Free and total ATP and ADP concentrations are assumed to be identical. b 

All available ATP is immediately consumed by 𝑅1replication. (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− −); (𝑅1, 

blue; total 𝑅1,tot, brown). 

 

Fig. 3. a Evolution of ADP (D_), ATP (T_), and (delta_); no ATP/ADP-cycle-catalyzing ribozyme is present at this 

stage. Initially, 𝑅3 proliferates at the expense of the host c. However, unchecked parasite growth eventually causes 

the collapse of both the host 𝑅1population b, and the 𝑅3parasite population c. (D_—), (D_tot − −), (delta_—), (T_—

), (T_tot− −); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; total 𝑅3,tot, brown). 

 

Fig. 4. Allosteric regulation mitigates molecular parasitism 

a Evolution of ADP (D_), ATP (T_), and (delta_); no ATP/ADP-cycle-catalyzing ribozyme is present at this stage. b 

Evolution of the host ribozyme 𝑅1. c-d The parasitic ribozyme 𝑅3undergoes ATP-induced allosteric conversion to 𝑅4, thereby substantially taming uncontrolled parasite proliferation, provided that 𝑅4satisfies the hyperparasitic 

binding property. (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− −); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; total 𝑅3,tot, 
brown, 𝑅4, blue; total 𝑅4,tot, brown). 
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Fig. 5. Accelerating the ATP/ADP cycle restores stabilization 

a Evolution of ADP (D_), ATP (T_), and (delta_); no ATP/ADP-cycle-catalyzing ribozyme is present at this stage, but 

the ATP–ADP turnover rate is doubled. This increase, achieved by doubling the rate constants ݇0and ݇1, restores 

complete stabilization. b-d Evolution of the host ribozyme 𝑅1, parasitic ribozyme 𝑅3, and allosteric ribozyme 𝑅4, 

respectively. (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− −); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; total 𝑅3,tot, 
brown, 𝑅4, blue; total 𝑅4,tot, brown).   

 

Fig. 6. Allosterases confer allostery in trans 

a Evolution of ADP (D_), ATP (T_), and (delta_), no ATP/ADP-cycle-catalyzing ribozyme is present at this stage. The 

allosterase 𝑅5 undergoes ATP-induced conversion to its allosteric counterpart 𝑅6, which subsequently converts 

parasitic ribozymes 𝑅3 into the allostery-prone forms 𝑅7 and 𝑅8. This mechanism improves system stability but 

does not achieve complete stabilization. b-g Evolution of 𝑅1, 𝑅3, 𝑅5, 𝑅6, 𝑅7, and 𝑅8, respectively. (D_—), (D_tot − 

−), (delta_—), (T_—), (T_tot− −); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; total 𝑅3,tot, brown; 𝑅5, blue; total 𝑅5,tot, 
brown; 𝑅6, blue; total 𝑅6,tot, brown; 𝑅7, blue; total 𝑅7,tot, brown; 𝑅8, blue; total 𝑅8,tot, brown). 

 

Fig. 7. Allosterases and enhanced ATP–ADP turnover 

a Evolution of ADP (D_), ATP (T_), and (delta_), no ATP/ADP-cycle-catalyzing ribozyme is present at this stage, but 

the turnover rate of the ATP/ADP cycle is tripled. The allosterase 𝑅5undergoes ATP-induced conversion to its 

allosteric counterpart 𝑅6, which subsequently catalyzes the conversion of parasitic ribozymes 𝑅3 into the allostery-

prone forms 𝑅7 and 𝑅8. Under these conditions, complete stabilization is achieved. b-g Evolution of 𝑅1, 𝑅3, 𝑅5, 𝑅6, 𝑅7, and 𝑅8, respectively. (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− −); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; 

total 𝑅3,tot, brown; 𝑅5, blue; total 𝑅5,tot, brown; 𝑅6, blue; total 𝑅6,tot, brown; 𝑅7, blue; total 𝑅7,tot, brown; 𝑅8, blue; 

total 𝑅8,tot, brown). 

 

Fig. 8. Parasite ribozymes 𝑅3evolve into ATPase/ATP synthetase ribozymes 

a Evolution of ADP (D_), ATP (T_), and (delta_); ATPase/ATP synthase activity has emerged from the parasitic 

ribozyme 𝑅3 c. As shown in Fig. 4, ATP-dependent allosteric regulation by 𝑅4d tames parasitism by 𝑅3, but requires 

additional ATP turnover that is supplied by the newly evolved ATPase/ATP synthase activity. b-d Evolution of 𝑅1, 𝑅3, and 𝑅4, respectively. (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− −); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; 

total 𝑅3,tot, brown, 𝑅4, blue; total 𝑅4,tot, brown). 

 

Fig. 9. ATPase/ATP synthase ribozymes enable resistance to subsequent parasite invasion 

 

a Evolution of ADP (D_), ATP (T_), and (delta_); ATPase/ATP synthase activity has emerged from the parasitic 

ribozyme 𝑅3 c. The resulting allosterically regulated habitat d, supported by sufficient ATP supply a, resists 

subsequent invasion by parasitic ribozymes 𝑅5 and 𝑅6 e-f, provided that newly emerging parasites are allostery-

prone. b-f Evolution of 𝑅1, 𝑅3, 𝑅4, 𝑅5, and 𝑅6, respectively.  (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− −); (𝑅1, 
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blue; total 𝑅1,tot, brown; 𝑅3, blue; total 𝑅3,tot, brown, 𝑅4, blue; total 𝑅4,tot, brown, 𝑅5, blue; total 𝑅5,tot, brown, 𝑅6, blue; total 𝑅6,tot, brown). 

 

Fig. 10. Habitat with ATPase/ATP synthetase ribozymes and allosterases recapitulates parasite resistance  

a Evolution of ADP (D_), ATP (T_), and (delta_); ATPase/ATP synthase activity emerges from the parasitic ribozyme 𝑅3 c. The resulting integrated system, comprising the host replicase 𝑅1 b, the ATP synthase/ATPase ribozyme 𝑅3 

and its allosteric counterpart 𝑅4 c-d, and the allosterase pair 𝑅5 and 𝑅6 e-f, remains stable following the emergence 

of the non-allostery-prone parasitic ribozyme 𝑅7 g. The allosterase subsequently converts 𝑅7 into the allostery-

prone forms 𝑅9 and 𝑅10 h-i, thereby maintaining parasite resistance. (D_—), (D_tot − −), (delta_—), (T_—), (T_tot− 

−); (𝑅1, blue; total 𝑅1,tot, brown; 𝑅3, blue; total 𝑅3,tot, brown, 𝑅4, blue; total 𝑅4,tot, brown, 𝑅5, blue; total 𝑅5,tot, 
brown, 𝑅6, blue; total 𝑅6,tot, brown, 𝑅7, blue; total 𝑅7,tot, brown, 𝑅9, blue; total 𝑅9,tot, brown, 𝑅10, blue; total 𝑅10,tot, brown). 
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  ∆ T =   𝛼 ′ ′ ′  ( D )  i ∆   Z ′ ′ ′  ( D )  i ,         i = 1 , … , n ,


  ∆ T =   𝛼 ′ ′ ′ ( T )  i ∆ ′ ′ ′   Z ( T )  i ,         i = 1 , … , n .    


    d    Y  ′ ′ ′    ( D )  i


    d    Z  ′ ′ ′    ( D )  i


    d    Y  ′ ′ ′    ( T )  i


    d    Z  ′ ′ ′    ( T )  i


  i = 1 , … , n


    T  d e m a n d


    R 1


    T  d e m a n d =   ∑  i , j = 1  n   {   𝛼 ′  i j     c h ′  i j Y ′  i j +   𝛼 ′ ′  i j   c h ′ ′  i j   Y ′ ′  i j } +   ∑  i = 1  n   {   𝛼 ′ ′ ′  ( D )  i   c h ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i +   𝛼 ′ ′ ′  ( T )  i   c h ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i }   .


    T  s u p p l y =   k 0 T +   ∑  i = 1  n    c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i   .


    T demand >   T supply


  c  h  i j ′


  c  h  i j  ′ ′


  c  h  ′ ′ ′    ( D )  i


  c  h  ′ ′ ′    ( T )  i


  𝛿


  𝛿 =  min ⁡   (     T  s u p p l y    T  d e m a n d , 1 ) =


   min ⁡   (     k 0 T +   ∑  i = 1  n    c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i    ∑  i , j = 1  n   {   𝛼 ′  i j   c h ′  i j   Y ′  i j +   𝛼 ′ ′  i j   c h ′ ′  i j   Y ′ ′  i j } +   ∑  i = 1  n   {   𝛼 ′ ′ ′  ( D )  i   c h ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i +   𝛼 ′ ′ ′  ( T )  i   c h ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i } , 1 ) .


    R 3


   min ⁡   (     k 0 T +   ∑  i = 1  n    c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i    ∑  i , j = 1  n   {   𝛼 ′  i j   c h ′  i j   Y ′  i j +   𝛼 ′ ′  i j   c h ′ ′  i j   Y ′ ′  i j } +   ∑  i = 1  n   {   𝛼 ′ ′ ′  ( D )  i   c h ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i +   𝛼 ′ ′ ′  ( T )  i   c h ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i } , 1 ) .


  n = 2   m


    R  2 k − 1 + T            a  k   ⇌     b  k       R  2 k                 ( 6 )


    a  k


    b  k


  k = 1 , … , m


    R  i


  i = 2 k


  i = 2 k − 1


    R  2 k − 1


    R 3


    Y  2 k − 1  ′ ′ ′  ( T )


    R  2 k


    d T  d t = −   k 0 T +   k 1 D −   T  a l l o − b o u n d +   T  a l l o − r e l e a s e d


  T


    R  i


  T


    R  i


  D


    d D  d t =   k 0 T −   k 1 D


  D


    R 4


      R  i


  D


      R  i


  T


    T  a l l o − b o u n d =   ∑  k = 1  m   {     a  k R  2 k − 1 T +   ∑  i , j = 1  n    c a t ′ ′  (   R  2 k )  i j   Z ′ ′  i j } ,


    T  a l l o − r e l e a s e d =


    T  a l l o − r e l e a s e d =


    ∑  k = 1  m   {     b  k R  2 k   + d    R  2 k   R  2 k +   d    Y ′ ′ ′  ( D )  2 k   Y ′ ′ ′  ( D )  2 k +   d    Z ′ ′ ′  ( D )  2 k   Z ′ ′ ′  ( D )  2 k +   d    Y ′ ′ ′  ( T )  2 k   Y ′ ′ ′  ( T )  2 k +   d    Y ′ ′ ′  ( T )  2 k   Y ′ ′ ′  ( T )  2 k +   d    Z ′ ′ ′  ( T )  2 k   Z ′ ′ ′  ( T )  2 k +   ∑  i = 1  n   (   d    Y ′  i , 2 k   Y ′  i , 2 k +   d    Y ′  2 k , i   Y ′  2 k , i +   d    Z ′  i , 2 k   Z ′  i , 2 k +   d    Z ′  2 k , i   Z ′  2 k , i ) +   ∑  i = 1  n   (   d    Y ′ ′  i , 2 k   Y ′ ′  i , 2 k +   d    Y ′ ′  2 k , i   Y ′ ′  2 k , i +   d    Z ′ ′  i , 2 k   Z ′ ′  i , 2 k +   d    Z ′ ′  2 k , i   Z ′ ′  2 k , i ) } .


    ∑  k = 1  m   {     b  k R  2 k   + d    R  2 k   R  2 k +   d    Y ′ ′ ′  ( D )  2 k   Y ′ ′ ′  ( D )  2 k +   d    Z ′ ′ ′  ( D )  2 k   Z ′ ′ ′  ( D )  2 k +   d    Y ′ ′ ′  ( T )  2 k   Y ′ ′ ′  ( T )  2 k +   d    Y ′ ′ ′  ( T )  2 k   Y ′ ′ ′  ( T )  2 k +   d    Z ′ ′ ′  ( T )  2 k   Z ′ ′ ′  ( T )  2 k +   ∑  i = 1  n   (   d    Y ′  i , 2 k   Y ′  i , 2 k +   d    Y ′  2 k , i   Y ′  2 k , i +   d    Z ′  i , 2 k   Z ′  i , 2 k +   d    Z ′  2 k , i   Z ′  2 k , i ) +   ∑  i = 1  n   (   d    Y ′ ′  i , 2 k   Y ′ ′  i , 2 k +   d    Y ′ ′  2 k , i   Y ′ ′  2 k , i +   d    Z ′ ′  i , 2 k   Z ′ ′  i , 2 k +   d    Z ′ ′  2 k , i   Z ′ ′  2 k , i ) } .


    R  2 k


    R 4


    F  i ,   i = 1 , … n ,


    R  2 k − 1 ′ s


    R  2 k ′ s


    F  2 k − 1 = −     a  k R  2 k − 1 T +     b  k R  2 k ,    


    F  2 k = −   F  2 k − 1 ,                                                                               k = 1 , … , m .


    F  2 k = −   F  2 k − 1 ,                                                                               k = 1 , … , m .


    d T  d t = −   k 0 T +   k 1 D −   T  a l l o − b o u n d +   T  a l l o − r e l e a s e d +


  +   ∑  j = 1  n    o f f ′ ′ ′  ( T )  j   Y ′ ′ ′  ( T )  j −   o n ′ ′ ′  ( T )  j   R  j T +   d    Y ′ ′ ′  ( T )  j   Y ′ ′ ′  ( T )  j +   d    Z ′ ′ ′  ( T )  j   Z ′ ′ ′  ( T )  j +   c a t ′ ′ ′  ( T )  j   Z ′ ′ ′  ( D )  j ,


  +   ∑  j = 1  n    o f f ′ ′ ′  ( T )  j   Y ′ ′ ′  ( T )  j −   o n ′ ′ ′  ( T )  j   R  j T +   d    Y ′ ′ ′  ( T )  j   Y ′ ′ ′  ( T )  j +   d    Z ′ ′ ′  ( T )  j   Z ′ ′ ′  ( T )  j +   c a t ′ ′ ′  ( T )  j   Z ′ ′ ′  ( D )  j ,


    d D  d t =   k 0 T −   k 1 D +


    R 1


    k 0


    d D  d t =   k 0 T −   k 1 D +


    ∑  j = 1  n    o f f ′ ′ ′  ( D )  j   Y ′ ′ ′  ( D )  j −   o n ′ ′ ′  ( D )  j   R  j D +   d    Y ′ ′ ′  ( D )  j   Y ′ ′ ′  ( D )  j +   d    Z ′ ′ ′  ( D )  j   Z ′ ′ ′  ( D )  j     +   c a t ′ ′ ′  ( D )  j   Z ′ ′ ′  ( T )  j ,


    ∑  j = 1  n    o f f ′ ′ ′  ( D )  j   Y ′ ′ ′  ( D )  j −   o n ′ ′ ′  ( D )  j   R  j D +   d    Y ′ ′ ′  ( D )  j   Y ′ ′ ′  ( D )  j +   d    Z ′ ′ ′  ( D )  j   Z ′ ′ ′  ( D )  j     +   c a t ′ ′ ′  ( D )  j   Z ′ ′ ′  ( T )  j ,


    d  d t   Y ′ ′ ′  ( D )  i = −   d    Y ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i +   o n ′ ′ ′  ( D )  i   R  i D −  (   o f f ′ ′ ′  ( D )  i + 𝛿   c h ′ ′ ′  ( D )  i )   Y ′ ′ ′  ( D )  i +   u c h ′ ′ ′  ( D )  i   Z ′ ′ ′  ( D )  i ,


    d  d t   Z ′ ′ ′  ( D )  i = −   d    Z ′ ′ ′  ( D )  i   Z ′ ′ ′  ( D )  i + 𝛿   c h ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i −   u c h ′ ′ ′  ( D )  i   Z ′ ′ ′  ( D )  i −   c a t ′ ′ ′  ( T )  i   Z  ( D )  i ,


    d  d t   Z ′ ′ ′  ( D )  i = −   d    Z ′ ′ ′  ( D )  i   Z ′ ′ ′  ( D )  i + 𝛿   c h ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i −   u c h ′ ′ ′  ( D )  i   Z ′ ′ ′  ( D )  i −   c a t ′ ′ ′  ( T )  i   Z  ( D )  i ,


    d  d t   Y ′ ′ ′  ( T )  i = −   d    Y ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i +   o n ′ ′ ′  ( T )  i   R  i T −  (   o f f ′ ′ ′  ( T )  i + 𝛿   c h ′ ′ ′  ( T )  i )   Y ′ ′ ′  ( T )  i +   u c h ′ ′ ′  ( T )  i   Z ′ ′ ′  ( T )  i ,    


    d  d t   Y ′ ′ ′  ( T )  i = −   d    Y ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i +   o n ′ ′ ′  ( T )  i   R  i T −  (   o f f ′ ′ ′  ( T )  i + 𝛿   c h ′ ′ ′  ( T )  i )   Y ′ ′ ′  ( T )  i +   u c h ′ ′ ′  ( T )  i   Z ′ ′ ′  ( T )  i ,    


    d  d t   Z ′ ′ ′  ( T )  i = −   d    Z ′ ′ ′  ( T )  i   Z ′ ′ ′  ( T )  i + 𝛿   c h ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i −   u c h ′ ′ ′  ( T )  i   Z ′ ′ ′  ( T )  i −   c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i ,


    d  d t   Z ′ ′ ′  ( T )  i = −   d    Z ′ ′ ′  ( T )  i   Z ′ ′ ′  ( T )  i + 𝛿   c h ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i −   u c h ′ ′ ′  ( T )  i   Z ′ ′ ′  ( T )  i −   c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i ,


    k 1


  i = 1 , … , n .  


    d  d t   R  i =   − d    R  i   R  i +   F  i +


  +   o f f ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i −   o n ′ ′ ′  ( D )  i   R  i D +   c a t ′ ′ ′  ( T )  i   Z ′ ′ ′  ( D )  i


  +   o f f ′ ′ ′  ( D )  i   Y ′ ′ ′  ( D )  i −   o n ′ ′ ′  ( D )  i   R  i D +   c a t ′ ′ ′  ( T )  i   Z ′ ′ ′  ( D )  i


    + o f f ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i −   o n ′ ′ ′  ( T )  i   R  i T     +   c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i


    + o f f ′ ′ ′  ( T )  i   Y ′ ′ ′  ( T )  i −   o n ′ ′ ′  ( T )  i   R  i T     +   c a t ′ ′ ′  ( D )  i   Z ′ ′ ′  ( T )  i


  +  {   ∑  j = 1  n    o f f ′  i j   Y ′  i j −   o n ′  i j   R  i   R  j +   o f f ′  j i   Y ′  j i −   o n ′  j i   R  j   R  i +   ∑  j = 1  n    o f f ′ ′  i j   Y  i j −   o n ′ ′  i j   R  i   R  j +   o f f ′ ′  j i   Y ′ ′  j i −   o n ′ ′  j i   R  j   R  i


  +  {   ∑  j = 1  n    o f f ′  i j   Y ′  i j −   o n ′  i j   R  i   R  j +   o f f ′  j i   Y ′  j i −   o n ′  j i   R  j   R  i +   ∑  j = 1  n    o f f ′ ′  i j   Y  i j −   o n ′ ′  i j   R  i   R  j +   o f f ′ ′  j i   Y ′ ′  j i −   o n ′ ′  j i   R  j   R  i


  +    ∑  l , j = 1  n    c a t ′ ′  (   R  i )  l j   Z ′ ′  l j +   c a t ′ ′  (   R  l )  i j   Z ′ ′  i j +   c a t ′ ′  (   R  l )  j i   Z ′ ′  j i +   c a t ′  (   R  i )  l j   Z ′  l j +   c a t ′  (   R  l )  i j   Z ′  i j } ,  


  +    ∑  l , j = 1  n    c a t ′ ′  (   R  i )  l j   Z ′ ′  l j +   c a t ′ ′  (   R  l )  i j   Z ′ ′  i j +   c a t ′ ′  (   R  l )  j i   Z ′ ′  j i +   c a t ′  (   R  i )  l j   Z ′  l j +   c a t ′  (   R  l )  i j   Z ′  i j } ,  


    R 1


  i = 1 , … , n


    d  d t   Y ′  i j =   − d    Y ′  i j   Y ′  i j +   o n ′  i j   R  i   R  j −  (   o f f ′  i j + 𝛿   c h ′  i j )   Y ′  i j +   u c h ′  i j   Z ′  i j ,


    d  d t   Z ′  i j =   − d    Z ′  i j   Z ′  i j + 𝛿   c h ′  i j   Y ′  i j −   u c  h ′  i j     Z ′  i j −   ∑  l = 1  n    c a t ′  (   R  l )  i j     Z ′  i j ,


    d  d t   Z ′  i j =   − d    Z ′  i j   Z ′  i j + 𝛿   c h ′  i j   Y ′  i j −   u c  h ′  i j     Z ′  i j −   ∑  l = 1  n    c a t ′  (   R  l )  i j     Z ′  i j ,


    d  d t   Y ′ ′  i j =   − d    Y ′ ′  i j   Y ′ ′  i j +   o n ′ ′  i j   R  i   R  j −  (   o f f ′ ′  i j + 𝛿   c h ′ ′  i j )   Y ′ ′  i j +   u c h ′ ′  i j   Z ′  i j ,


    d  d t   Y ′ ′  i j =   − d    Y ′ ′  i j   Y ′ ′  i j +   o n ′ ′  i j   R  i   R  j −  (   o f f ′ ′  i j + 𝛿   c h ′ ′  i j )   Y ′ ′  i j +   u c h ′ ′  i j   Z ′  i j ,


    d  d t   Z ′ ′  i j =   − d    Z ′ ′  i j   Z ′ ′  i j + 𝛿   c h ′ ′  i j   Y ′ ′  i j −   u c  h  ′ ′  i j       Z ′ ′  i j −   ∑  l = 1  n    c a   t  ′ ′  (   R  l )  i j     Z  ′ ′  i j ,   i , j = 1 , … , n .


    d  d t   Z ′ ′  i j =   − d    Z ′ ′  i j   Z ′ ′  i j + 𝛿   c h ′ ′  i j   Y ′ ′  i j −   u c  h  ′ ′  i j       Z ′ ′  i j −   ∑  l = 1  n    c a   t  ′ ′  (   R  l )  i j     Z  ′ ′  i j ,   i , j = 1 , … , n .


    R  i  t o t =   R  i +   Y ′ ′ ′  ( D )  i +   Z ′ ′ ′  ( D )  i +   Y ′ ′ ′  ( T )  i +   Z ′ ′ ′  ( T )  i +   ∑  j = 1  n        Y ′  i j +     Y ′  j i +     Z ′  i j +     Z ′  j i + Y ′ ′  i j +   Y ′ ′  j i +   Z ′ ′  i j +   Z ′ ′  j i ,   i = 1 , … , n ,


    D  t o t = D +   ∑  i = 1  n    Y ′ ′ ′  ( D )  i +   Z ′ ′ ′  ( D )  i ,


    R 5


    T  t o t = T +   ∑  k = 1  m    R  2 k  t o t +   ∑  i = 1  n    Y ′ ′ ′  ( T )  i +   Z ′ ′ ′  ( T )  i .


    T  t o t = T +   ∑  k = 1  m    R  2 k  t o t +   ∑  i = 1  n    Y ′ ′ ′  ( T )  i +   Z ′ ′ ′  ( T )  i .


    d  d t  (   D  t o t +   T  t o t ) = 0 .                       ( 7 )


    R 1


    R 3


    R 3


    T tot +   D tot = c o n s t


    T tot = T +  (   T  t o t − T )


    D tot = D + (   D  t o t − D )


  T


    R  6  


  D


   (   T tot − T ) ,   (   D tot − D )


    R 1


    R 1


    R  1 , tot


    R 3


    R 1


    R 3


    R 1


    R  1 , tot


    R 5


    R 3


    R  3 , tot


    R 1


    R 3


    R 4


    R 4


    R 1


    R  1 , tot


    R 3


    R  3 , tot


    R 6


    R 4


    R  4 , tot


    k 0


    k 1


    R 1


    R 3


    R 4


    R 1


    R  1 , tot


    R 3


    R 3


    R  3 , tot


    R 4


    R  4 , tot


    R 5


    R 6


    R 3


    R 7


    R 8


    R 1


    R 3


    R 7


    R 5


    R 6


    R 7


    R 8


    R 1


    R  1 , tot


    R 3


    R  3 , tot


    R 5


    R  5 , tot


    R 8


    R 6


    R  6 , tot


    R 7


    R  7 , tot


    R 8


    R  8 , tot


    R 5


    R 6


    R 3


    R 7


    R 1


    k 0


    R 8


    R 1


    R 3


    R 5


    R 6


    R 7


    R 8


    R 1


    R  1 , tot


    R 3


    k 1


    R  3 , tot


    R 5


    R  5 , tot


    R 6


    R  6 , tot


    R 7


    R  7 , tot


    R 8


    R  8 , tot


    R 3


    R 3


    R 3  


    R 4


    R 3


    R 1


    R 3


    R 4


    R 1


    R  1 , tot


    R 3


    R  3 , tot


    R 4


    R 4


    R  4 , tot


    R 3  


    R 5


    R 6


    R 1


    R 3


    R 4


    R 5


    R 6


    R 3


    R 1


    R  1 , tot


    R 3


    R  3 , tot


    R 4


    R  4 , tot


    R 5


    R  5 , tot


    R 6


    R  6 , tot


    R 3


    R 3


    R 1


    R 3


    R 4


    R 5


    R 6


    R 7


    R 7


    R 9


    R 10


    R 4


    R 1


    R  1 , tot


    R 3


    R  3 , tot


    R 4


    R  4 , tot


    R 5


    R  5 , tot


    R 6


    R  6 , tot


    R 3


    R 7


    R  7 , tot


    R 9


    R  9 , tot


    R 10


    R  10 , tot


    R 4


    R 3


    R 3


  n


    R 1 ,     R 2 ,


    R  n ,


    d    R  i , i = 1 , … , n ,


  R + S ⇌ R S ⇌ R   S ∗ → R P → R + P ,


  R S


  R   S ∗


  R P


  R   S  ∗  


  R P


    R 1


  R   S ∗


  R S


      Y ′ ,     Z ′ ,   Y  ′ ′ ,   Z  ′ ′ 𝜖   ℝ  n x n


  i , j = 1 , . . , n


    Y ′  i j


    R  i


    R  j


    Z ′  i j


    R  i


    R  j


    R 3


    Y ′ ′  i j


    R  i


    R  j


    Z ′ ′  i j


    R  i


    R  j


    Y ′  i j ≠   Y ′  j i ,


    Z ′  i j ≠   Z ′  j i


    Y ′ ′  i j ≠     Y  ′ ′  j i ,


    Z ′ ′  i j ≠   Z ′ ′  j i


    R 1


    R  i


    R  j


    R  i


    R  j


    R  i +   R  j            o n ′  i j   ⇌     o f f ′  i j       Y ′  i j        c h ′  i j   ⇌     u c h ′  i j     Z ′  i j      c a t ′ (   R  k )  i j   ⇀     R  k ,                             i , j , k = 1 , … , n ,       ( 1 )


    R  i +   R  j            o n ′ ′  i j   ⇌     o f f ′ ′  i j       Y ′ ′  i j        c h ′ ′  i j   ⇌     u c h ′ ′  i j     Z ′ ′  i j      c a t ′ ′ (   R  k )  i j   ⇀     R  k ,     i , j , k = 1 , … , n .       ( 2 )


    R  i +   R  j            o n ′ ′  i j   ⇌     o f f ′ ′  i j       Y ′ ′  i j        c h ′ ′  i j   ⇌     u c h ′ ′  i j     Z ′ ′  i j      c a t ′ ′ (   R  k )  i j   ⇀     R  k ,     i , j , k = 1 , … , n .       ( 2 )


  on


  off


  n × n
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  n = 2


  o n ′ =  (      o n ′ 11    o n ′ 12     o n ′ 21    o n ′ 22 ) .
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  o n ′ =    [   o n ′  i j ]  i j     𝜖   ℝ  n x n


  i , j = 1 , … , n


  o f f ′ =    [   o f f ′  i j ]  i j   , o f   f  ′ ′ =    [   o f   f  ′ ′  i j ]  i j 𝜖   ℝ  n x n


  c h ′ =    [   c h ′  i j ]  i j   , c  h  ′ ′ =    [   c  h  ′ ′  i j ]  i j 𝜖   ℝ  n x n


  u c  h ′ =    [   u c  h ′  i j ]  i j ,   u c  h  ′ ′ =    [   u c  h  ′ ′  i j ]  i j 𝜖   ℝ  n x n


    c a t ′  (   R 1 ) =    [   c a t ′    (   R 1 )  i j ]  i j ∈  ℝ  n × n  
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    c a t ′  (   R  k ) =    [   c a t ′    (   R  k )  i j ]  i j ∈  ℝ  n × n ,   c a t  ′ ′  (   R  k ) =    [   c a t  ′ ′    (   R  k )  i j ]  i j ∈  ℝ  n × n ,


    R  k ,   k = 1 , … , n


    c a t ′  (   R  k )


    c a t  ′ ′  (   R  k )


  k , i , j = 1 , … , n


    d    Y  i j ′


    d    Z  i j ′


    d    Y  i j  ′ ′


    d    Z  i j  ′ ′

