
Robustness of Off-Axis Electron Vortices in
Nonuniform Magnetic Fields
Hui-Dong Huang 

Sun Yat-sen University
Qi Meng 

Sun Yat-sen University
Zhi-Bin Wang 

Sun Yat-sen University
Liang Lu 

Sun Yat-sen University
Jian Chen 

Sun Yat-sen University
Li-Ping Zou 

Sun Yat-sen University

Article

Keywords:

Posted Date: November 11th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11406949/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Additional Declarations: No competing interests reported.

https://doi.org/10.21203/rs.3.rs-11406949/v1
https://doi.org/10.21203/rs.3.rs-11406949/v1
https://doi.org/10.21203/rs.3.rs-11406949/v1
https://creativecommons.org/licenses/by/4.0/


Robustness of Off-Axis Electron Vortices in

Nonuniform Magnetic Fields

Hui-Dong Huang 1†, Qi Meng 1†, Zhi-Bin Wang 1, Liang Lu
1, Jian Chen 1*, Li-Ping Zou 1*

1*Sino-French Institute of Nuclear Engineering and Technology, Sun
Yat-Sen University, Zhuhai, 519082, Guangdong, China.

*Corresponding author(s). E-mail(s): chenjian5@mail.sysu.edu.cn;
zoulp5@mail.sysu.edu.cn;

Contributing authors: huanghd26@mail2.sysu.edu.cn;
mengq8@mail2.sysu.edu.cn; wangzhb8@sysu.edu.cn;

luliang3@mail.sysu.edu.cn;
†These authors contributed equally to this work.

Abstract

Rotational symmetry protects the topological charge of on-axis electron vortices
but not of off-axis vortices. We identify an additional SU(1,1) dynamical invariant
that guarantees conservation of their intrinsic orbital angular momentum within
the near-axis approximation. First-principles simulations of an off-axis electron
vortex traversing a Glaser lens confirm this prediction, establishing a robust
transport mechanism in axisymmetric nonuniform magnetic fields.

Introduction

Electron vortices carrying quantized orbital angular momentum (OAM) provide a
controllable internal degree of freedom for free electrons [1–4], with versatile appli-
cations ranging from electron microscopy [5], quantum information [6] and magnetic
diagnostics [7] to high-energy physics [8]. To date, their dynamics have been explored
predominantly under strictly on-axis propagation in axisymmetric magnetic fields,
where rotational symmetry guarantees conservation of the canonical OAM [9–15].

In practice, however, electron vortices inevitably propagate with some transverse
misalignment. In axisymmetric but nonuniform magnetic fields, such as those in Glaser
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lenses [16], the centroid then no longer coincides with the symmetry axis (Fig. 1).
Although axial symmetry still guarantees conservation of the total canonical OAM,
the intrinsic OAM, defined relative to the instantaneous centroid [17, 18], is not guar-
anteed by rotational symmetry alone. Whether it survives off-axis propagation in such
nonuniform fields remains an open question. Dynamical invariants have previously
been identified for on-axis vortex modes in nonuniform magnetic fields [12], but those
invariants constrain the transverse mode structure rather than the centroid motion;
the intrinsic OAM of off-axis states was not addressed. More broadly, the conservation
of extrinsic OAM lies outside the scope of Noether’s theorem. It emerges from an alge-
braic structure of the near-axis Hamiltonian rather than from a continuous symmetry,
which may explain why it has remained unnoticed.

In this article, we show that, within the paraxial approximation [3], the intrinsic
OAM of an off-axis vortex is exactly conserved during propagation through axisym-
metric nonuniform magnetic fields, despite the absence of centroid-frame symmetry
protection. This conservation arises from two exact constraints acting in concert: the
axial symmetry of the external field fixes the total canonical OAM, while a hidden
SU(1,1) dynamical invariant, identified with the extrinsic OAM, prevents any transfer
of angular momentum into the intrinsic part.

We confirm this prediction with first-principles numerical simulations of an
off-axis electron vortex traversing a Glaser lens. The simulations solve the full three-
dimensional Schrödinger equation without imposing the paraxial approximation, while
retaining only the near-axis vector potential, the latter being far less restrictive than
the paraxial condition. The results demonstrate that the wavepacket preserves both
its vortex structure and intrinsic OAM over a wide range of propagation distances
and transverse offsets, even under field gradients far steeper than typical experimental
conditions. These findings establish a robust mechanism for vortex transport in real-
istic electron-optical systems, where field inhomogeneity and beam misalignment are
unavoidable.

Fig. 1 An off-axis vortex wavepacket propagating through a magnetic lens. The centroid follows a
helical trajectory that winds around the curved magnetic field lines, while the intrinsic OAM, defined
relative to the centroid, is not protected by axial symmetry alone.

2



Results

Paraxial Theory

We consider an electron vortex in a magnetic field B rotationally symmetric about
the z-axis. Let −e (e > 0) be the electron charge. Near the axis, ∇ ·B = 0 implies an
axially varying longitudinal field B(z) accompanied by a weak radial component at
O(r⊥), while off-axis corrections to Bz enter at O(r2⊥) [12, 14, 19]. To leading order,
the vector potential in the symmetric gauge is

A = 1
2
B(z) r⊥eθ. (1)

The Hamiltonian is Ĥ = π̂
2/2m with π̂ = p̂+eA. The canonical OAM L̂ = (r̂×p̂)z

commutes with Ĥ, so ⟨L̂⟩ is exactly conserved by axial symmetry. The intrinsic OAM,
defined relative to the instantaneous centroid, decomposes as

Li = ⟨L̂⟩ − Lext, Lext = ⟨x̂⟩⟨p̂y⟩ − ⟨ŷ⟩⟨p̂x⟩. (2)

Hence Li evolves only through the extrinsic part Lext, which is determined by the
centroid’s transverse motion. We note that Lext involves the canonical momentum,
which is not gauge-invariant; as such it has no classical counterpart and its conservation
cannot be inferred from classical theorems.

Under the paraxial approximation ψ = eikzχ with |∂2zχ| ≪ k|∂zχ| [3], the trans-
verse dynamics obeys iℏv ∂zχ = Ĥeffχ (v = ℏk/m). With ωL(z) = eB(z)/2m, the
effective Hamiltonian is

Ĥeff =
p̂2
⊥

2m
+ ωL(z)L̂+ 1

2
mω2

L(z)r̂
2
⊥. (3)

We take the plane z0 as the starting point of propagation, define Ĥ0 ≡ Ĥeff(z0),
and work in the basis that diagonalizes Ĥ0. At this plane, the vector potential (1)
yields a radial field Br = − 1

2
r⊥B

′(z0) while its linear r⊥-dependence ensures that Ĥ0

retains the algebraic form of a uniform-field Landau Hamiltonian. It is diagonalized by
ladder operators â ≡ â(z0), b̂ ≡ b̂(z0), with [â, â†] = [b̂, b̂†] = 1 and [â, b̂] = [â, b̂†] = 0.
These are Schrödinger-picture operators, with all z-dependence carried by the state.
Expectation values ⟨·⟩ are understood to be taken with respect to |χ(z)⟩.

In terms of â and b̂,

Ĥ0 = ℏωL(z0)(2â
†â+ 1), L̂ = ℏ(â†â− b̂†b̂). (4)

The extrinsic OAM, defined in the Schrödinger picture, reads

Lext = ℏ

(

|⟨â⟩|2 − |⟨b̂†⟩|2
)

. (5)
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The z-dependent part V̂ (z) ≡ Ĥeff(z)− Ĥ0 can be decomposed as

V̂ (z) = Ω(z)L̂+ Λ(z)
(

2K̂0 + K̂− + K̂+

)

, (6)

with Ω = ωL(z)− ωL(z0) and Λ = ℏ[ω2
L(z)− ω2

L(z0)]/2ωL(z0). Here

K̂0 = 1
2
(â†â+ b̂†b̂+ 1), K̂+ = â†b̂†, K̂− = âb̂ (7)

are the SU(1,1) generators, satisfying [K̂0, K̂±] = ±K̂± and [K̂−, K̂+] = 2K̂0 [20].
We now consider an off-axis vortex state at z0 with Li(z0) = ℓℏ, i.e. a state whose

transverse centroid satisfies ⟨r⊥⟩ ̸= 0. According to the decomposition in Eq. (2),
the extrinsic angular momentum Lext is determined by the centroid motion. For an
on-axis state (⟨r⊥⟩ = 0), Lext vanishes identically; in uniform fields it may remain
trivially constant [18], and its dynamical role has often been overlooked. In the off-axis,
nonuniform regime, however, the non-zero centroid (⟨r⊥⟩ ̸= 0) makes Lext a genuine
dynamical variable whose conservation must be examined directly.

The term Ĥ0 +Ω(z)L̂ can be removed by the unitary transformation

Û(z) = exp

[

−
i

ℏv

∫ z

z0

dz′
(

Ĥ0 +Ω(z′)L̂
)

]

. (8)

In the resulting interaction picture, |χI(z)⟩ = Û†(z)|χ(z)⟩, the evolution is governed
by the pure SU(1,1) Hamiltonian

ĤI(z) = Λ(z)
(

2K̂0 + e−iΦK̂− + eiΦK̂+

)

, (9)

with

Φ(z) =
2ωL(z0)(z − z0)

v
. (10)

To find a conserved quantity, we switch to the Heisenberg picture within the inter-
action frame. Defining âI(z) = Û†

I (z)â ÛI(z) and b̂
†
I(z) = Û†

I (z)b̂
† ÛI(z), where ÛI(z)

is the formal evolution operator generated by ĤI(z), i.e. iℏv ∂zÛI = ĤI ÛI with
ÛI(z0) = I. A symmetric rotation

âR = e−iΦ/2âI , b̂†R = eiΦ/2b̂†I (11)

then yields

iℏv ∂z

(

âR
b̂†R

)

= H(z)

(

âR
b̂†R

)

, (12)

with

H(z) =

(

∆(z) Λ(z)
−Λ(z) −∆(z)

)

, ∆(z) = ℏωL(z0) + Λ(z). (13)

The expectation values ⟨âR⟩0 and ⟨b̂†R⟩0, taken with respect to the initial interaction-

picture state |χI(z0)⟩, obey the same equation (12). Defining w = (⟨âR⟩0, ⟨b̂
†
R⟩0)

T , one
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has iℏv ∂zw = Hw. Taking the conjugate transpose gives −iℏv ∂zw
† = w†H†, from

which
iℏv ∂z(w

†σzw) = w†(σzH−H†σz)w. (14)

Since H†σz = σzH, the right-hand side vanishes, so the SU(1,1) norm w†σzw =

|⟨âR⟩0|
2 − |⟨b̂†R⟩0|

2 is conserved.
To relate this conserved quantity to a physical observable, we return to the

Schrödinger picture, where Lext was expressed in terms of â and b̂† in Eq. (5). Tracing
the sequence of transformations back to the original Schrödinger state, one finds that
⟨âR⟩0 and ⟨b̂†R⟩0 differ from ⟨â⟩ and ⟨b̂†⟩ by phases that drop out in the norm. Hence

w†σzw = |⟨â⟩|2 − |⟨b̂†⟩|2 = Lext/ℏ, (15)

which is therefore constant.
Like the classical adiabatic invariant µ = mv2⊥/(2B) (the magnetic moment asso-

ciated with the particle’s gyromotion, approximately conserved when the field varies
slowly compared with the cyclotron period [21]), Lext is exactly conserved within the
paraxial approximation, beyond which the conservation is only approximate (as seen
in the numerical simulations below), and likewise constrains the transverse motion
while leaving the detailed dynamics undetermined. Unlike µ, however, it is canonical
and gauge-dependent, so it represents a purely quantum version of such an invari-
ant. Although the near-axis Hamiltonian locally preserves the Landau eigenstructure
at each z, an off-axis state feels transverse field components as it propagates, so its
wavefunction can evolve in a complex way. The existence of this invariant protects the
topological charge despite such complexity.

Numerical Simulation

To verify the robustness of the vortex structure and intrinsic OAM during off-axis
propagation through a Glaser magnetic lens with on-axis profile B(z) = B0(1 +
z2/a2)−1 [16, 22], we solve the full Schrödinger equation. We employ an operator-
splitting Fourier pseudo-spectral method combined with a semi-Lagrangian integration
scheme [23–25]. In our simulations, a vortex-electron wavepacket traverses a Glaser
lens, as sketched in Fig. 1. The initial state is a Laguerre-Gaussian vortex wavepacket
with a Gaussian longitudinal envelope [26], whose toroidal probability density |ψ|2 is
shown in Figs. 2(c) and 3(c).

We first examine the influence of magnetic non-uniformity, characterized by the
length scale a, on the dynamics of an off-axis vortex electron, as shown in Fig. 2. The
parameter is scanned over a ∈ [40, 160]wm while keeping the initial transverse offset
fixed at y0 = 2wm. The resulting wavepacket snapshots at t = 2.0 |z0|/v0 reveal a
clear dependence on the magnetic-field variation scale. For a sufficiently smooth field
profile [large a, Fig. 2(d)], the probability density exhibits transverse breathing while
maintaining an almost ideal annular structure. As a decreases, the sharper longitudinal
field gradient gives rise to increasingly pronounced non-paraxial effects, manifested by
a noticeable spatial tilt of the wavepacket in the z–y plane [Fig. 2(e–f)]. Throughout
the parameter scan, however, the vortex structure remains intact (see Supplemental
Material for the full time evolution). The evolution of the intrinsic canonical orbital
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Fig. 2 Dynamics of an off-axis vortex-electron wavepacket in Glaser lenses with different character-
istic lengths a. Panel (a) shows the longitudinal magnetic-field profiles Bz(z) for a = 160, 80, 40wm,
and panel (b) the evolution of the intrinsic canonical OAM Li. Panels (c–f) show the correspond-
ing probability density |ψ|2 at the initial time and at t = 2.0|z0|/v0. The initial wavepacket has
topological charge ℓ = +3, characteristic scales w⊥ = 2wm and wz = 4wm, centroid position
r0 = (0,+2,−80)wm, and axial speed v0 = (160wm)/(6Tc). Here B0 = 0.02T, corresponding to

wm =
√

2ℏ/|eB0| = 0.256 µm and Tc = 2πm/|eB0| = 1.786 ns.

angular momentum, Li, is summarized in Fig. 2(b). Although stronger field gradients
lead to larger dynamical modulations during propagation, the deviation from its initial
value, ∆Li = Li− ℓℏ with ℓ = +3, remains below 0.04 ℏ over the full parameter range.
Even in the most nonuniform case [(f): a = 40wm], the maximum relative deviation,
ε = max |∆Li/ℓℏ|, is only ∼ 1%.

We next investigate the influence of the initial transverse displacement y0, as shown
in Fig. 3. Here the lens profile is fixed at a = 160wm, while the initial offset is
varied over y0 ∈ [+2,+6]wm. The centroid trajectories r̄ in the z–y plane are shown
in Fig. 3(a), exhibiting the characteristic undulating cyclotron motion superimposed
on the overall guiding motion along the curved magnetic field lines (gray curves).
Although larger offsets expose the electron to stronger transverse field components, the
transverse probability density consistently preserves its circular symmetry and annular
vortex profile for all cases considered [Figs. 3(d–f); see also Supplemental Material].
Likewise, the intrinsic OAM remains remarkably stable [Fig. 3(b)], with the maximum
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Fig. 3 Dynamics of an off-axis vortex-electron wavepacket for different initial transverse offsets y0.
Panel (a) displays the centroid trajectories r̄ in the z–y plane for y0 = +2,+4,+6wm, while panel
(b) shows the evolution of the intrinsic canonical OAM Li. Panels (c–f) show the corresponding
probability density |ψ|2 at the initial time and at t = a/v0. The initial wavepacket has topological
charge ℓ = +3, characteristic scales w⊥ = 1wm and wz = 4wm, centroid position r0 = (0, y0,−0.5 a),
and axial speed v0 = a/(6Tc). The Glaser field is specified by a = 160wm and B0 = 0.02T, yielding
the characteristic scales wm = 0.256 µm and Tc = 1.786 ns.

relative deviation reaching only ε ≃ 0.3% for the largest offset [(f): y0 = +6wm],
corresponding to |∆Li| < 0.01 ℏ throughout the evolution.

To verify that these small residual variations are not numerical artifacts, we
performed grid-refinement tests for the results shown in Figs. 2(b) and 3(b). The
percent-level residuals remain essentially unchanged under both coarser and finer spa-
tial meshes (see Supplemental Material), indicating that the observed fluctuations in Li

originate from the underlying quantum dynamics rather than numerical discretization
errors.

We further examine the dependence on the initial intrinsic OAM by fixing the
lens profile at a = 160wm and the initial offset at y0 = +2wm, while changing the
topological charge over ℓ ∈ [−5,+5]. The maximum relative deviation remains below
ε ≲ 0.1% for all values of ℓ, with no clear scaling relationship with respect to ℓ (see
Supplemental Material).
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Taken together, these simulations confirm that neither magnetic-field non-
uniformity nor off-axis beam injection significantly affects the intrinsic OAM. Both the
vortex structure and the intrinsic canonical OAM remain remarkably robust during
electron transport through the magnetic lens.

Discussion

From a topological perspective, the vortex is characterized by the phase winding
number around a closed contour C enclosing the phase singularity at the beam cen-
troid [27], 1

2π

∮

C
∇⊥ arg ϕ · dl = ℓ. For the quadratic axisymmetric Hamiltonian (3),

the wave function remains in the same azimuthal sector during propagation due to
the hidden SU(1,1) dynamics, so the contour can be continuously transported with-
out crossing a zero of the wave function. Consequently, the winding number cannot
change, and the integer ℓ is a genuine conserved quantum number. In this model,
the topological charge and the centroid-relative intrinsic OAM are represented by the
same integer ℓ, so intrinsic-OAM conservation is accompanied by exact preservation
of the vortex topology.

The small residual evolution of Li observed in our simulations follows from the
full three-dimensional quantum dynamics. From the Heisenberg equations for r̂ and
p̂, one obtains

dLext

dt
= m

[

⟨ŷ⟩Cov(ω̂2
L, x̂)− ⟨x̂⟩Cov(ω̂2

L, ŷ)
]

+
[

⟨x̂⟩Cov(ω̂L, p̂x)− ⟨p̂x⟩Cov(ω̂L, x̂)
]

+
[

⟨ŷ⟩Cov(ω̂L, p̂y)− ⟨p̂y⟩Cov(ω̂L, ŷ)
]

,

(16)

where ω̂L = ωL(ẑ) and Cov(ô1, ô2) ≡ ⟨ô1ô2⟩ − ⟨ô1⟩⟨ô2⟩. As ⟨L̂⟩ is conserved by axial
symmetry, the residual evolution of Li seen in our simulations must originate from the
right-hand side of Eq. (16).

To see when these covariance terms become appreciable, expand ωL(ẑ) ≃ ωL(zc)+
ω′
L(zc)(ẑ − zc) around the centroid zc ≡ ⟨ẑ⟩. To leading order, Cov(ω̂L, ô) ≃
ω′
L Cov(ẑ, ô), Cov(ω̂2

L, ô) ≃ 2ωLω
′
L Cov(ẑ, ô) for ô = x̂, ŷ, p̂x, p̂y. For a wavepacket

of longitudinal extent wz and transverse extent w⊥, Cov(ẑ, r̂⊥) ∼ wzw⊥ and
Cov(ẑ, p̂⊥) ∼ wz ℏ/w⊥, as these covariances measure the characteristic longitudinal–
transverse correlations within the wavepacket.

Inserting these estimates into Eq. (16), each of the six terms scales as |ω′
L|wzℏ (the

ω2
L terms carry an extra factor mωLw

2
⊥/ℏ ∼ (w⊥/wm)2, which is O(1) since w⊥ ∼ wm

in our simulations). With Lext ∼ ℏ and dividing by the natural frequency scale ωL

yields the dimensionless control parameter

|dLext/dt|/Lext

ωL
∼

|ω′
L|wz

ωL
∼
B′wz

B
, (17)

which measures the fractional field variation across the wavepacket. When B′wz/B ≪
1, the field is nearly uniform and the covariance terms are frozen out; when it
approaches unity, the wavepacket resolves the inhomogeneity and Lext can evolve

8



appreciably. For the Glaser field B(z) = B0(1 + z2/a2)−1, B′/B ∼ 1/a, so the ratio
reduces to wz/a.

In our simulations this ratio reaches wz/a ≲ 10−1 (the field changes by ∼ 10% over
the wavepacket), a regime far more extreme than typical electron-optical conditions,
chosen deliberately to expose any beyond-paraxial corrections. Even under this strict
test, Li deviates by only a few percent. In practical settings, where wz ≪ B/B′, the
field is effectively uniform across the wavepacket, the covariances are negligible, and
Li is conserved. Importantly, the theoretical results rely only on the near-axis vector
potential of Eq. (1), not on the specific Glaser profile used in the numerical simulation.
The mechanism thus applies generally to axisymmetric magnetic systems described
by the same near-axis model, including magnetic mirrors and solenoids [14, 19, 26].

Beyond electron optics, the demonstrated robustness also supports emerging pro-
posals for off-axis vortex-particle scattering employing transverse beam-center offsets
as tunable impact parameters [28], by preserving the intrinsic OAM during transport
through axisymmetric nonuniform magnetic fields.

Conclusion

We have shown that off-axis vortex electrons possess a previously unrecognized robust-
ness in nonuniform axisymmetric magnetic fields. Although rotational symmetry alone
does not protect the intrinsic OAM defined with respect to the instantaneous cen-
troid, its conservation follows from the combined action of this geometric symmetry
and a hidden dynamical invariant associated with the SU(1,1) algebra within the near-
axis approximation. Numerical simulations of vortex-electron propagation through
Glaser magnetic lenses verify this prediction and demonstrate stable transport of the
vortex structure under magnetic-field inhomogeneity and beam misalignment. The
mechanism is expected to extend to a broad class of axisymmetric electron-optical
systems.

Supplementary information. See Supplemental Material at [URL to be inserted
by publisher] for derivations of the Landau-level algebra, the SU(1,1) structure, and
the time evolution of the extrinsic canonical OAM, along with the numerical method,
additional simulations, and movies of the wavepacket evolution.
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