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Abstract

We investigate how phase information initially stored in a diamond four-level atom is

redistributed when the atom interacts with a quantized cavity field and a mechanical mode.

The phase ϕ is encoded in the atomic superposition (|1⟩+ eiϕ|2⟩)/
√
2, while the optical and

mechanical subsystems start in Fock states. The dynamics are generated by a coarse-grained

optomechanical Hamiltonian together with normalized non-Hermitian no-jump evolution.

A central point of the analysis is that the induced |2⟩ ↔ |3⟩ channel contains the distinct

photon operators a†kak and aka†k; they cannot be merged without changing the dynamics.

The numerical study is deliberately restricted to the stationary, single-photon case k = 1,

for which the calculation is reproducible and the Hilbert-space truncation can be checked

directly. We track the reduced-atomic quantum Fisher information (QFI), von Neumann

entropy, purity, and total l1 coherence. In the parameter range considered, increasing the

optomechanical coupling G reduces the maximum conditioned atom–rest entropy from about

1.676 to 0.374 bits and raises the minimum atomic purity from about 0.356 to 0.876. At the

same time, the time-averaged local QFI decreases from about 0.450 to 0.336, while the mean

total coherence changes only weakly and non-monotonically. Thus stronger optomechanical

coupling does not improve all quantum resources simultaneously: it keeps the conditioned

atomic state purer and less entangled with the rest, but it also reduces the amount of phase

information locally accessible from the atom. To expose this contrast more clearly, the

time-dependent observables are plotted for two complementary combinations of G values,

and the full nine-point coupling scan is summarized separately.

Keywords: quantum Fisher information; diamond four-level atom; cavity optomechanics;

conditional dynamics; entanglement entropy; quantum coherence
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1 Introduction

The interaction between a discrete quantum emitter and a quantized electromagnetic mode is

one of the basic settings in quantum optics. In its simplest form, the Jaynes–Cummings model

explains coherent atom–field exchange, vacuum Rabi oscillations, and the well-known collapse-

and-revival structure of a quantized field interacting with an atom [1, 2, 4, 5, 6]. The same

model also provides a useful starting point for understanding how information moves between

matter and light. Once additional atomic levels, nonclassical fields, nonlinear interactions,

or multiphoton transitions are included, that exchange becomes considerably richer and the

reduced state of the atom can carry signatures that are not visible from populations alone

[7, 8, 9, 12, 19, 64].

Multilevel atoms are especially interesting because the same initial excitation can follow

more than one coherent pathway. A diamond four-level atom contains an upper state |1⟩,
two intermediate states |2⟩ and |3⟩, and a lower state |4⟩. The upper state is coupled to

both intermediate states, and both intermediate states are coupled to the lower state. This

geometry allows amplitudes to interfere and makes coherence transfer more structured than

in a two-level system. Diamond-type configurations have therefore appeared in studies of

coherent control, cavity QED, electromagnetically induced transparency, and nonlinear photon

interactions [17, 18, 20, 21, 22]. They are also relevant to quantum interfaces, where one wants

to understand not only whether an excitation is transferred, but how much phase information

remains in a chosen subsystem after the transfer [23].

A second ingredient in the present problem is optomechanics. In cavity optomechanics, the

photon number couples to mechanical displacement through radiation pressure. This interaction

can cool a mechanical oscillator, modify the optical spectrum, generate nonlinear behavior, and

mediate correlations between optical, atomic, and mechanical degrees of freedom [34, 35, 36, 37].

The Hamiltonian origin of the radiation-pressure term can be derived from a movable cavity

boundary [65], and early work already showed that a movable mirror can support nonclassical

states and become entangled with a cavity field [66, 67, 68]. Hybrid atom–mechanical proposals

extend this idea by using the cavity field as the channel through which microscopic atomic

variables communicate with a mesoscopic mechanical oscillator [38, 39, 42, 43]. This is precisely

the regime in which it becomes useful to ask which quantum properties are shared, which remain

local, and which are suppressed as the coupling is changed.

Entanglement is one natural way of describing such redistribution. Its conceptual roots lie

in the Einstein–Podolsky–Rosen argument and Bell’s theorem [24, 25], while modern quantum-

information theory provides several quantitative measures and operational interpretations

[26, 27, 50, 51, 32, 33]. For a globally pure bipartite state, the von Neumann entropy of either

reduced subsystem is a direct entanglement measure. This fact is particularly useful in a

conditioned no-jump trajectory: after normalization, the global conditional state remains pure,

so the reduced atomic entropy measures atom-versus-rest entanglement rather than classical

mixing caused by an ensemble average. This distinction matters because a non-Hermitian

no-jump calculation is not the same object as a Lindblad master-equation solution. Quantum-

trajectory theory makes clear that the two descriptions answer different physical questions
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[30, 31, 61, 62, 63].

For parameter estimation, quantum Fisher information provides a complementary view. QFI

quantifies the sensitivity of a quantum state to a parameter and sets the quantum Cramer–Rao

bound for the best possible precision [44, 45, 56, 57]. In quantum metrology, a large QFI means

that nearby parameter values produce states that are easier to distinguish. This idea has been

used extensively in quantum-enhanced sensing and in studies connecting metrological usefulness

with entanglement and other many-body resources [46, 47, 48, 49, 52, 53, 58]. In the present

system the estimated quantity is not a mechanical damping rate or a coupling constant. It is the

relative phase ϕ written into the initial atomic superposition. We therefore ask a direct question:

after the atom has interacted with the cavity and mechanical modes, how much of that original

phase information can still be accessed from the atom alone?

Coherence adds a third, related but distinct, viewpoint. In a four-level system it is risky to

follow only one off-diagonal density-matrix element. Interaction can transfer coherence from

one pair of levels to another, so a decrease of |ρ12| does not necessarily mean that the atom

has lost its total coherent content. We therefore use the l1 norm of coherence, which sums

the magnitudes of all off-diagonal elements in the chosen atomic basis [59, 60]. Together, QFI,

entropy, purity, and total coherence tell a more balanced story than any one of them can provide

by itself.

Recent work has brought QFI and multiphoton interactions into hybrid optomechanical

models [54] and has considered the QFI of a diamond-type four-level atom in an optomechanical

cavity [55]. That line of work motivates a careful look at the effective Hamiltonian used for

the intermediate-state dynamics. The point is technical but physically important. The induced

|2⟩ ↔ |3⟩ coupling contains two photon-number operators, a†kak and aka†k. They are different

operators. For k = 1, aa† = a†a+ 1. If these factors are incorrectly treated as identical, a finite

interaction can disappear when equal atom–field couplings are assumed. Because that channel

contributes to amplitude and coherence transfer, the ordering of the operators must be retained

before numerical trends are interpreted.

The aim of this paper is therefore modest but precise. We analyze a stationary diamond

four-level atom coupled to one cavity mode and one mechanical mode using the corrected

coarse-grained Hamiltonian and normalized no-jump dynamics. The formal Hamiltonian is

written for k-photon processes, but every numerical figure presented here uses k = 1. We vary

the optomechanical coefficient G and examine how local phase sensitivity, conditioned atom–rest

entanglement, purity, and total atomic coherence change. The main result is not a universal

enhancement with increasing G. Instead, stronger coupling makes the conditioned atomic

subsystem appreciably purer and less entangled with the rest, while its time-averaged local QFI

falls moderately and its total coherence remains comparatively stable. The expanded physical

discussion below emphasizes why these statements are compatible rather than contradictory.
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2 Physical model and effective Hamiltonian

We consider a diamond four-level atom interacting with a single quantized cavity mode and a

single mechanical mode. The construction combines standard cavity-QED light–matter coupling,

the diamond-level topology, multiphoton Jaynes–Cummings-type interactions, and radiation-

pressure optomechanics [1, 3, 18, 34, 35, 65, 54, 55]. With ℏ = 1, a microscopic starting

Hamiltonian is

H =
4

∑

j=1

ωjσjj +Ωa†a+ ωmb
†b−Ga†a(b+ b†)

+ λ1(a
kσ12 + a†kσ21) + λ2(a

kσ13 + a†kσ31)

+ λ3(a
kσ24 + a†kσ42) + λ4(a

kσ34 + a†kσ43), (1)

where σij = |i⟩⟨j|, a (a†) annihilates (creates) a cavity photon, and b (b†) acts on the mechanical

mode. The optomechanical coefficient G controls the radiation-pressure coupling.

The sideband-resonance conditions used in the coarse-grained diamond model are

kΩ = (ω1 − ωj) + ωm = (ωj − ω4) + ωm, j = 2, 3, (2)

which imply ω2 = ω3. It is convenient to define

Nk = a†kak, Mk = aka†k. (3)

The coarse-grained coherent Hamiltonian is written as

Heff = HKerr +Htrip +H23 +HStark, (4)

with

HKerr = −G2

ωm
(a†a)2, (5)

Htrip =
kG

ωm

[

λ1(σ12a
kb† + σ21a

†kb) + λ2(σ13a
kb† + σ31a

†kb)

+ λ3(σ24a
kb† + σ42a

†kb) + λ4(σ34a
kb† + σ43a

†kb)
]

, (6)

H23 =
λ1λ2
ωm

(σ23 + σ32)Nk −
λ3λ4
ωm

(σ23 + σ32)Mk, (7)

and

HStark =
λ21
ωm

(σ22Nk − σ11Mk) +
λ22
ωm

(σ33Nk − σ11Mk)

+
λ23
ωm

(σ44Nk − σ22Mk) +
λ24
ωm

(σ44Nk − σ33Mk). (8)

Equation (7) is the term that requires particular care. When k = 1, M1 = N1 + 1.

Consequently, for equal couplings λj = λ, the intermediate-state term does not vanish; it
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becomes −(λ2/ωm)(σ23+σ32). Physically, the extra unity in aa† reflects the bosonic commutator.

Removing it by algebraic simplification would remove a real contribution to the level mixing.

The structure of the system is summarized in Fig. 1. The diagram is deliberately schematic:

it shows the diamond transitions, the induced intermediate-state channel, and the coupling

of the atom–field sector to the mechanical mode. The formal Hamiltonian contains k-photon

operators, whereas the results reported later are restricted to k = 1.

Figure 1: Schematic of the diamond four-level atom coupled to a cavity mode and a mechanical mode.
The formal atom–field transitions contain k-photon operators, while the numerical results in this work
use k = 1. The dashed |2⟩ ↔ |3⟩ channel represents the induced coupling in Eq. (7).

To include losses at the level of conditioned trajectories, we use

Hnh = Heff − i

2

[

κa†a+ γMb
†b+ (Γ1 + Γ2)σ11 + Γ4σ22 + Γ3σ33

]

. (9)

This non-Hermitian Hamiltonian describes evolution conditioned on no detected jump. After

each propagation step the state is normalized before reduced quantities are calculated. The

resulting observables must therefore be interpreted as conditional no-jump quantities, not as

unconditional ensemble averages.

3 Initial state and reduced atomic diagnostics

The phase to be estimated is encoded before the interaction begins,

|ψA(ϕ)⟩ =
|1⟩+ eiϕ|2⟩√

2
. (10)
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The field and mechanical subsystems are initialized in Fock states |n0⟩F and |m0⟩M , giving

|Ψ(0;ϕ)⟩ = |ψA(ϕ)⟩ ⊗ |n0⟩F ⊗ |m0⟩M . (11)

After propagation with Eq. (9) and normalization, the reduced atomic density operator is

ρA(t;ϕ) = TrF,M |Ψ(t;ϕ)⟩⟨Ψ(t;ϕ)|. (12)

If |Ψ⟩ =
∑

µ,αCµα|µ⟩E |α⟩A, then

[ρA]αβ =
∑

µ

CµαC
∗
µβ . (13)

The phase derivative is evaluated numerically with a central difference,

∂ϕρA ≃ ρA(ϕ+ δϕ)− ρA(ϕ− δϕ)

2δϕ
. (14)

For ρA =
∑

r pr|r⟩⟨r|, the reduced-atomic QFI is

FQ = 2
∑

r,s

|⟨r|∂ϕρA|s⟩|2
pr + ps

, pr + ps > 0. (15)

This quantity measures how well the encoded phase can be estimated using the atom alone after

it has interacted with the other two subsystems.

We also calculate the atomic von Neumann entropy

SA = −Tr(ρA log2 ρA), (16)

the purity

P = Tr(ρ2A), (17)

and the total l1 coherence

Cl1 =
∑

α ̸=β

|ραβ |. (18)

Entropy and purity are related measures of reduced-state mixedness, so their agreement is best

viewed as a consistency check rather than as two independent entanglement witnesses. By

contrast, Cl1 addresses the distribution of coherence among all pairs of atomic levels.

4 Numerical implementation and validation

The stationary calculation uses

λ1 = λ2 = λ3 = λ4 = 0.10, k = 1, ωm = 0.30, (19)

κ = 0.01, γM = 0.01, (20)
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Γ1 = 0.05, Γ2 = 0.03, Γ3 = 0.03, Γ4 = 0.01, (21)

with initial Fock states |n0⟩F = |6⟩F and |m0⟩M = |8⟩M . The coupling is scanned over

G = 0.1, 0.2, . . . , 0.9, and time is written as τ = ωmt over 0 ≤ τ ≤ 30.

The cavity and mechanical bases are truncated at Nf = Nm = 14. For k = 1, the tripartite

exchange terms change (n,m) as (n∓ 1,m± 1), so n+m is conserved by the coherent exchange

sector. Starting from (n0,m0) = (6, 8), the connected manifold satisfies n + m = 14 and is

fully contained in the chosen truncation. The time-independent Hamiltonian is propagated with

a sparse Krylov matrix-exponential method. We take δϕ = 10−4; representative calculations

repeated with 10−3, 5 × 10−4, 10−4, and 5 × 10−5 change the reported QFI only beyond the

displayed precision.

Several simple benchmarks were imposed before interpreting the curves. At τ = 0 the

calculation returns FQ = 1, SA = 0, P = 1, |ρ12| = 1/2, and Cl1 = 1, exactly as required by the

initial pure atomic superposition. The coherent part of the assembled Hamiltonian is Hermitian

to numerical precision. These checks do not prove that the effective model is valid in every

parameter regime, but they do verify the internal numerical implementation used for the present

scan.

A separate physical caveat concerns the largest values of G. At G = 0.9, the ratio G/ωm

reaches 3. Because Eqs. (1)–(7) are used in a coarse-grained effective description, the high-G end

of the scan should be read as a sensitivity study unless the regime of validity of the coarse-graining

approximation is established independently. We therefore avoid presenting the largest ratios as

an experimentally validated strong-coupling limit.

5 Numerical results and physical discussion

Rather than placing many nearly overlapping curves in a single panel, we divide the time-

domain results into two complementary coupling groups. The first group, G = 0.1, 0.3, 0.5,

follows the evolution from weak to intermediate optomechanical coupling. The second group,

G = 0.5, 0.7, 0.9, uses G = 0.5 as a common reference and then follows the system toward the

high-coupling end of the formal scan. This paired presentation makes it easier to see which

features disappear gradually, which persist, and which become almost insensitive to further

increases of G. The separate coupling-summary figures use all nine values G = 0.1, 0.2, . . . , 0.9

and therefore show the global trend without relying only on a few selected curves.

5.1 Local phase sensitivity

Figures 2 and 3 show the reduced-atomic QFI for the two coupling groups. At G = 0.1, the

curve contains deep collapses and strong revivals. Physically, this means that phase information

initially written into the atomic superposition is repeatedly transferred away from the atom and

partially returned by the coherent interaction. The recovery is not complete at every revival, but

the recurrent structure shows that the loss of local phase sensitivity is not simply monotonic.

Moving through G = 0.3 and 0.5, the revivals become less pronounced and the envelope
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becomes smoother. The second comparison, G = 0.5, 0.7, 0.9, shows that this smoothing continues

at larger coupling. Importantly, a smoother curve is not automatically a better metrological

curve. The time-averaged QFI decreases continuously over the complete scan: FQ = 0.450 at

G = 0.1, 0.433 at G = 0.2, 0.394 at G = 0.3, 0.367 at G = 0.4, 0.353 at G = 0.5, and then

approaches a slowly varying high-G value, reaching 0.336 at G = 0.9. Figure 10 makes this

monotonic reduction explicit. Thus, in the present parameter slice, stronger optomechanical

coupling regularizes the temporal pattern but reduces the average phase information that can

be extracted from the atom alone.

Figure 2: Reduced-atomic quantum Fisher information for G = 0.1, 0.3, and 0.5. This set emphasizes
the change from the strongly oscillatory weak-coupling regime to the smoother intermediate-coupling
dynamics.
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Figure 3: Reduced-atomic quantum Fisher information for G = 0.5, 0.7, and 0.9. The common
G = 0.5 curve links the two QFI comparisons and shows how the high-G traces approach a smoother,
lower-sensitivity regime.

5.2 Conditioned atom–rest entanglement

The entropy comparisons in Figs. 4 and 5 display a much stronger coupling dependence than

the QFI. At G = 0.1, the reduced atomic entropy rises to about 1.676 bits, which is close to

the maximum value of 2 bits available to a four-level subsystem. Along a normalized no-jump

trajectory the total conditional state is pure, so this entropy directly measures entanglement

between the atom and the combined field–mechanical subsystem.

As G increases, the highest entropy reached during the evolution falls rapidly. The full scan

gives maxima of approximately 1.676, 1.436, 1.100, 0.954, 0.776, 0.648, 0.538, 0.447, and 0.374

bits from G = 0.1 to 0.9. The decrease is therefore not an artifact of choosing only the weakest

and strongest curves. Figure 11 shows that it is a systematic trend over the entire scan. In

physical terms, stronger G keeps the conditional atomic amplitudes less strongly correlated

with mutually distinguishable field–mechanical components. This conclusion is specific to the

post-selected no-jump branch and should not be read as a statement about unconditional

Lindblad dynamics.
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Figure 4: Reduced atomic von Neumann entropy for G = 0.1, 0.3, and 0.5. The progressive reduction of
the entropy maxima shows the rapid suppression of conditioned atom–rest entanglement as the coupling
moves away from the weak-G regime.

Figure 5: Reduced atomic von Neumann entropy for G = 0.5, 0.7, and 0.9. In the higher-coupling group
the atomic subsystem remains substantially less entangled with the combined field–mechanical degrees of
freedom.

5.3 Purity of the reduced atom

The purity curves in Figs. 6 and 7 provide the complementary view of the same reduced-state

spectrum. The minimum purity rises from about 0.356 at G = 0.1 to 0.506 at G = 0.3 and 0.688

at G = 0.5. In the second group it continues upward, reaching 0.805 at G = 0.7 and 0.876 at
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G = 0.9. The complete monotonic trend is shown in Fig. 12.

The entropy and purity results should be interpreted together rather than counted as

independent demonstrations of two unrelated effects. Both tell us that the reduced atom is

less mixed at larger G. What is more interesting is the comparison with QFI: the atomic state

becomes purer while its average sensitivity to the encoded phase decreases. This illustrates a

basic point of quantum estimation theory. Purity tells us how mixed a state is; QFI tells us

how rapidly that state moves in state space when the parameter changes. A very pure state can

still carry little information about a particular parameter if its dependence on that parameter is

weak.

Figure 6: Reduced atomic purity for G = 0.1, 0.3, and 0.5. Increasing G raises the lower envelope of the
purity and progressively limits the mixing of the conditioned atomic subsystem.

11



Figure 7: Reduced atomic purity for G = 0.5, 0.7, and 0.9. The high-G curves remain close to unity for
much of the evolution, consistent with the reduced entropy seen in Fig. 5.

5.4 Redistribution of atomic coherence

The total l1 coherence behaves differently from both the entanglement entropy and the purity.

Figures 8 and 9 show that sizeable off-diagonal atomic coherence survives throughout the scan,

but its detailed time dependence is rearranged as G changes. The time-averaged coherence first

increases from about 1.162 at G = 0.1 to a maximum near 1.235 at G = 0.3, and then decreases

gently toward 1.177 at G = 0.9. Figure 13 therefore confirms a weak, non-monotonic dependence

on G rather than the strong monotonic behavior seen for entropy and purity.

This difference is physically reasonable for a four-level atom. The l1 norm sums the magnitudes

of all off-diagonal elements, so coherence can migrate between different pairs of levels. A reduction

of |ρ12|, for example, can be partly compensated by interaction-generated coherences involving |3⟩
or |4⟩. QFI is more selective because it measures sensitivity to the particular phase ϕ encoded in

the initial |1⟩–|2⟩ superposition. The persistence of total coherence therefore does not contradict

the decrease of local phase QFI; the remaining coherence is not necessarily aligned with the

parameter direction relevant to the estimation task.
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Figure 8: Total atomic l1 coherence for G = 0.1, 0.3, and 0.5. The comparison shows that coherence is
redistributed rather than uniformly suppressed as the optomechanical coupling increases.

Figure 9: Total atomic l1 coherence for G = 0.5, 0.7, and 0.9. The high-coupling traces remain of
comparable overall magnitude even though the reduced-atomic QFI has already fallen appreciably.

5.5 Full coupling scan

Table 1 and Figs. 10–13 summarize all nine calculated values of G. These plots are important

because they separate genuine coupling trends from features that may appear prominent in only

one time trace. The mean QFI, maximum entropy, and minimum purity all change systematically

with G: the first two decrease while the purity increases. The mean total coherence is the
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exception, showing a shallow maximum around G = 0.3 and then a weak decline. Taken

together, the four summaries show that the optomechanical coupling does not act as a universal

“quantum-resource amplifier” or “resource suppressor.” Instead, it redistributes different kinds of

information and correlation in different ways.

Table 1: Aggregate diagnostics from the corrected stationary calculation. FQ and Cl1 denote time
averages over 0 ≤ τ ≤ 30. All nine sampled values of G are included.

G FQ maxSA (bits) minP C l1

0.1 0.450 1.676 0.356 1.162
0.2 0.433 1.436 0.425 1.222
0.3 0.394 1.100 0.506 1.235
0.4 0.367 0.954 0.587 1.203
0.5 0.353 0.776 0.688 1.187
0.6 0.345 0.648 0.753 1.181
0.7 0.340 0.538 0.805 1.179
0.8 0.337 0.447 0.846 1.177
0.9 0.336 0.374 0.876 1.177

Figure 10: Time-averaged reduced-atomic QFI as a function of G using the full nine-point scan. The
decrease is strongest at low-to-intermediate coupling and becomes more gradual at the high-G end.
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Figure 11: Maximum conditioned atom–rest entropy as a function of G. The monotonic decrease
demonstrates that the entanglement suppression observed in the time traces persists throughout the
complete coupling scan.

Figure 12: Minimum reduced-atomic purity as a function of G. The monotonic rise mirrors the entropy
reduction and provides a direct measure of how the conditional atomic state remains less mixed at larger
coupling.
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Figure 13: Time-averaged total atomic l1 coherence as a function of G. Unlike QFI, entropy, and purity,
the coherence is weakly non-monotonic and reaches a shallow maximum near G = 0.3.

6 Limitations and extensions

The present calculation is intentionally narrower than the formal Hamiltonian. First, the atom

is stationary. A moving-atom extension should specify the cavity-mode profile, for example

g(t) = sin

(

pπ[z0 + vt]

L

)

, (22)

with the initial position z0, velocity v, mode index p, and dimensionless motional parameter

defined independently. Comparing a stationary atom fixed at an antinode with a moving atom

starting from a node changes more than one physical condition at once and does not isolate

motion cleanly.

Second, although the Hamiltonian retains the formal k-photon operators, all figures in the

present paper use k = 1. For k > 1, both the explicit factor k in the tripartite term and the

factorial dependence contained in Nk and Mk can change the accessible manifolds and the time

scales. A genuine multiphoton claim therefore requires separate, converged calculations for k = 2

and higher together with a careful scan of the initial photon number.

Third, Eq. (9) describes a normalized no-jump branch. A statement about unconditional

open-system behavior would require a Lindblad master equation with the relevant jump operators.

If the mechanical reservoir is at finite temperature, both thermal excitation and damping should

be included. These extensions are physically worthwhile, but they are different calculations and

should not be inferred from the conditional trajectories shown here.

Finally, the largest G/ωm ratios deserve a controlled derivation or a restricted experimental

comparison. The broad scan is useful because it reveals the qualitative sensitivity of the

observables to G, but quantitative experimental claims should remain within a parameter range

for which the effective coarse-grained Hamiltonian is justified.
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7 Conclusion and outlook

We have examined a diamond four-level atom in an optomechanical cavity with the aim of

separating three closely related but non-equivalent questions: how much of an initially encoded

atomic phase remains locally measurable, how strongly the atom becomes entangled with the

rest of the system, and how much atomic coherence survives after the interaction. Treating these

questions together is important because a change that is favorable for one quantity need not be

favorable for another.

A first technical conclusion concerns the structure of the effective Hamiltonian. The induced

|2⟩ ↔ |3⟩ coupling contains Nk = a†kak and Mk = aka†k, and the two operators must remain

distinct. For k = 1, their difference is the bosonic commutator itself. Retaining this operator

ordering prevents the intermediate-state coupling from being accidentally removed when equal

atom–field couplings are used. This correction is not merely algebraic bookkeeping; it changes

the pathway through which amplitude and coherence move between the two intermediate levels

and is therefore essential before QFI or entanglement curves are interpreted.

The numerical results then reveal a clear but nontrivial role for the optomechanical coupling.

At weak G, the reduced atomic QFI undergoes strong collapse-and-revival behavior, showing

that phase information can leave the atom and later return. As G grows, these revivals become

smoother and the time-averaged local QFI decreases from about 0.450 to 0.336. The smoother

curves at larger coupling should therefore not be described as a metrological enhancement. They

represent a more regular time dependence, but the atom, on average, carries less information

about the initially encoded phase.

The entropy and purity tell a different part of the story. Over the same coupling range,

the maximum conditioned atom–rest entropy falls from about 1.676 to 0.374 bits, while the

minimum atomic purity rises from about 0.356 to 0.876. Thus the atomic subsystem remains

substantially less mixed at largeG and becomes less entangled with the combined field–mechanical

subsystem along the normalized no-jump trajectory. The important physical lesson is that

reduced mixedness does not guarantee improved phase estimation. A state may be quite pure

and still be only weakly sensitive to the parameter one wants to estimate. QFI depends on the

direction in which the state changes with ϕ, not only on the length or purity of the state vector

in an abstract sense.

The total l1 coherence adds a further distinction. Its time-averaged value remains within

a relatively narrow interval and changes non-monotonically with G. This indicates that the

interaction mainly redistributes coherence among different level pairs rather than removing it

uniformly. In a four-level atom, following a single off-diagonal matrix element can therefore be

misleading. The atom may retain a substantial amount of coherence even when the particular

phase information encoded in the initial |1⟩–|2⟩ superposition becomes less accessible locally.

This is why coherence and QFI, although related, need not follow the same trend.

The combined message of the expanded figure set is consequently more specific than a general

claim of “enhancement” or “suppression.” Stronger optomechanical coupling, for the stationary

single-photon parameter set studied here, suppresses conditioned atom–rest entanglement and

keeps the atom purer, but it does not preserve local phase sensitivity and it does not monotonically

17



control total atomic coherence. The optomechanical interaction therefore acts as a redistribution

mechanism: it changes where information and correlations reside within the hybrid system rather

than moving all quantum resources in the same direction.

From a practical point of view, the expanded G comparisons also identify where the dynamics

change most rapidly. The strongest reduction of entanglement and the largest loss of mean local

QFI occur before the scan reaches its highest values; above roughly G = 0.6, the QFI changes

only slowly while purity continues to improve. This separation suggests that an intermediate

coupling window may be more informative than simply pushing G to the largest available value.

If the goal is local phase estimation, weaker coupling retains more QFI; if the goal is to keep

the conditional atom relatively pure and weakly entangled with the remaining modes, larger

coupling is favorable. The appropriate operating point therefore depends on the quantum task

rather than on a single notion of stronger coupling.

Several extensions follow naturally from this result. A moving atom should be studied with a

fully specified spatial mode function so that motion is varied without changing the initial coupling

condition. Genuine multiphoton dynamics require independent converged scans for k > 1 rather

than an extrapolation from the k = 1 case. Finally, unconditional dissipative behavior should be

addressed with a Lindblad master equation, especially when finite-temperature mechanical noise

is relevant. These additions would allow the present conditional stationary calculation to serve

as a controlled baseline for a broader study of phase metrology and correlation flow in multilevel

optomechanical systems.
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