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Abstract

We present a numerical study of a quantum memristor (QM) reservoir based on
a trapped-ion platform. The reservoir exploits nonlinear input–output mapping
arising from Born-rule nonlinearity, quantum coherences, and feedback-induced
fading memory to process classical time-series data.
We benchmarked the performance of the QM reservoir on monomial approxima-
tion, NARMA, Mackey–Glass, and the Santa Fe time series, standard tasks in
reservoir computing and quantum reservoir computing (QRC). The QM reser-
voir shows a clear memory–nonlinearity trade-off. Its nonlinear capacity scales
favorably: two coupled QMs reproduce monomials xd up to degree d = 100 with
test MSE below 10

−2, while classical echo state networks (ESNs) fail beyond
d ≈ 40 and show no improvement with increasing size up to 2000 nodes.
However, for memory-dominated tasks such as NARMA10, the same two-QM
extension provides only marginal gains; the insensitivity of the test MSE to the
memory decay parameter confirms that, in the present architecture, nonlinear
expressivity rather than dynamical memory is the main computational resource.
On standard time-series benchmarks, the QM reservoir matches the accuracy of
small ESNs while using a comparable number of readout weights, and it remains
robust against gate noise.
Our results establish trapped-ion QMs as a competitive QRC platform with
particular advantages in tasks dominated by strong nonlinearity.

Keywords: Quantum Memristor, Quantum computing technology, Quantum machine
learning, Quantum Reservoir Computing
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1 Introduction

Reservoir computing (RC) is a powerful paradigm for processing temporal information,
where a high-dimensional dynamical system — the reservoir — nonlinearly transforms
input sequences, and only a simple linear readout layer is trained to produce the
desired output. Echo state networks (ESNs) [1] are the most established classical RC
model; they have been successfully applied to chaotic time-series prediction, speech
recognition, and nonlinear control, often outperforming fully trained recurrent neural
networks in low-data regimes. The key features of a reservoir are high dimensionality,
nonlinearity, and fading memory.

Quantum reservoir computing (QRC) has emerged as a natural extension of these
ideas, leveraging the high-dimensional Hilbert space and intrinsic dynamics of quan-
tum systems to process time-dependent data with reduced training overhead and
potential energy savings [2–4]. In QRC, dissipation and measurement-induced nonlin-
earities are not merely tolerated but actively exploited as computational resources:
dissipation provides fading memory, while controlled noise and feedback enhance non-
linear processing [5, 6]. Various physical platforms have been explored as quantum
reservoirs, including spin networks, bosonic and oscillator systems, Rydberg atoms,
and cavity-QED or few-atom architectures, often demonstrating competitive or supe-
rior performance to classical ESNs in tasks such as nonlinear and chaotic time-series
prediction [3, 4, 7, 8]. Recent work has also emphasized minimal, few-site reservoirs
augmented with feedback and polynomial readout, showing that very small quantum
systems can already match or exceed classical reservoirs in memory and nonlinear
capacity [3, 4, 8].

A particularly natural component for QRC is a quantum memristor (QM), which
combines essential reservoir ingredients: a high-dimensional Hilbert space, nonlin-
ear input–output mapping arising from Born-rule nonlinearity, and memory from
feedback-controlled dissipation [9]. In recent years, QMs have been proposed for var-
ious physical platforms, including superconducting circuits with tunable oscillator
schemes [9–12], quantum photonics with tunable beam splitter schemes [13–15], ion
traps [16, 17], light-matter systems [18, 19], and digital quantum simulation [20–22].
Among these, trapped ions offer a particularly attractive platform due to their long
coherence times, high-fidelity control, and flexible level structure, making them nat-
ural candidates for implementing quantum synaptic elements and scalable reservoirs.
Moreover, the rich energy-level structure of a single ion allows multiple QMs to be
defined and coupled on the same ion, significantly reducing hardware overhead [17].
QRC has already been applied to standard benchmarks such as NARMA, Mackey–
Glass, and real-world financial time series, providing a common basis for comparing
quantum and classical reservoirs [4, 23, 24].

In this work, we extend the proposal of Ref. [16] to a full reservoir-computing frame-
work and conduct a numerical study of a QM reservoir based on a trapped-ion platform
for classical time-series processing. Building on the idea of using measurement-
controlled dissipation and feedback as computational resources, we investigate how
feedback-controlled memory and quantum coherences in trapped-ion QM architectures
translate into nonlinear capacity and temporal processing power. We benchmarked the
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QM reservoir on monomial approximation, NARMA2 and NARMA10 tasks, Mackey–
Glass, and Santa Fe time series and compare its performance with classical ESNs. By
analyzing both accuracy and resource requirements, we position trapped-ion QMs as a
competitive QRC platform with distinctive advantages in strongly nonlinear regimes.

2 Model

We consider a QM reservoir based on a single trapped ion with three relevant energy
levels: |g⟩, |e⟩, and |a⟩. The ion is driven by two resonant pulses, as proposed in
Ref. [16] with an additional restriction for the pulses to be time-separated. The first
pulse realizes a rotation between |g⟩ and |e⟩ with angle θ (gate U1). The second pulse
couples |e⟩ and |a⟩ with an angle ϕ = 2arccos

√
s that depends on the state parameter

s ∈ [0, 1] of the QM (gate U2).
In the basis {|g⟩, |e⟩, |a⟩} the gates have the explicit matrix form

U1(θ) =

⎛

⎝

cos θ
2 −i sin θ

2 0
−i sin θ

2 cos θ
2 0

0 0 1

⎞

⎠ , U2(s) =

⎛

⎝

1 0 0

0 cos ϕ(s)
2 −i sin ϕ(s)

2

0 −i sin ϕ(s)
2 cos ϕ(s)

2

⎞

⎠ , (1)

The state parameter s is updated according to a feedback rule that involves the
population of the auxiliary level P|a⟩ = |⟨a|ψ⟩|2 measured immediately after U2 is
applied. In our numerical simulations, we use the exact quantum-mechanical prob-
ability P|a⟩; in an experimental implementation, it would need to be estimated by
repeated projective measurements, which does not alter the architecture.

Two feedback rules are considered: a sliding-window average and an exponential
moving average. For the sliding-window rule the update reads

st+1 =
1

w

w−1
∑

k=0

(

aP|a⟩,t−k + b
)

, (2)

where w is the window length, and a, b are optimisable parameters. For the exponential
rule we use

st+1 = st +
1

m

(

P|a⟩,t − st
)

, (3)

with a memory decay parameter m ≥ 1 (the limit m→ ∞ corresponds to a fixed state
parameter).

Throughout the paper, “ion reservoir” denotes the three-level ion subject to the
unitary gates U1, U2 without the feedback update and with fixed s = 0.5, while “QM”
refers to the full system with active feedback loop.

2.1 Input encoding and feature extraction

A scalar input xt is first mapped to a pure state in the {|g⟩, |e⟩} subspace,

|ψin⟩ =
√

f(xt)|g⟩+
√

1− f(xt)|e⟩, (4)
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where f(xt) is task-dependent, specified for each benchmark task below.
The encoded state then undergoes a sequence of unitary transformations:

1. Input unitary (optional). An optimisable random unitary Uin mixes the
populations.

2. Internal dynamics. The state passes through U2(st)U1(θ), after which Pa is
measured and st is updated according to Eqs. (2) or (3).

3. Output unitary (optional). A second optimisable random unitary Uout is
applied, resulting in the output state |ψout⟩.

4. Measurement. The probabilities Pi = |⟨i|ψout⟩|2 (i = |g⟩, |e⟩, |a⟩) are obtained by
a projective measurement in the computational basis. Optionally, a fixed rotation
Umeas, which we take as a π/2 pulse in the {|g⟩, |e⟩} subspace, can be inserted
before the measurement to mix the populations and enrich the readout features.
Furthermore, one may extract not only the probabilities but also the coherences,
i.e. the real and imaginary parts of the off-diagonal density matrix elements ρij =
⟨i|ψout⟩⟨ψout|j⟩ for i ̸= j. The feature vector ft is then either the three probabilities
alone or their combination with the six coherences.

The complete transformation of the input xt into the feature vector ft is therefore

ft = M
(

Uout U2(st)U1(θ)Uin|ψin⟩
)

, (5)

with M denoting the measurement procedure described above.

2.2 Single-QM reservoir

The single-QM reservoir follows the steps outlined above. This basic building block
provides all the essential ingredients: parameterized unitary transformations Uin, Uout,
feedback-controlled memory, and the possibility to enhance the nonlinear mapping
through Umeas and coherences.

2.3 Processing depth options

We consider the following possible extensions of a single-QM reservoir:

• nupd (memory updates). The internal cycle U2U1 is repeated nupd times for one
given input, with the state parameter s updated after each repetition.

• nchip (chip runs). The entire sequence (encoding, Uin, internal dynamics, Uout,
measurement) is repeated nchip times, mimicking multiple passes through the phys-
ical chip. The memory is preserved between runs, and the feature vectors from all
runs are concatenated.

• Previous-step features. The feature vector for the current data point can be
concatenated with the feature vector from the previous data point. This increases
the dimensionality of the feature vector and may improve the prediction accuracy.

These parameters can be tuned to balance nonlinear expressivity against the size
of the feature vector. In this work, we only tested the minimal extensions.
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2.4 Multi-QM architectures

The reservoir can be expanded to several QMs that process the same input in parallel,
sequentially, or in a coupled fashion.

Parallel.

Two independent single-QM channels receive the same encoded state and evolve with

their own unitaries U
(i)
in , U

(i)
out, angles θi, and state parameters si. The two output

states are measured independently, giving 2× 3 (or 2× 9 with coherences) features.

Sequential.

The output state of the first QM is fed as the input to the second QM. Only the final
state after the second QM is measured, but both P|a⟩,1 and P|a⟩,2 are used to update
the respective state parameters.

Coupled.

Two QMs are embedded in a five-level ion (|g⟩, |e1⟩, |a1⟩, |e2⟩, |a2⟩) as described in
Ref. [17]. The first pair of gates couples |g⟩–|e1⟩ and |e1⟩–|a1⟩, yielding P|a1⟩. The
second pair couples |g⟩–|e2⟩ and |e2⟩–|a2⟩, yielding P|a2⟩. The feature vector is obtained
from the final state after all four gates. In this architecture, Umeas acts as a π/2 pulse
in the {|g⟩, |e1⟩} subspace.

2.5 Readout and training

The QM reservoir optimisable parameters are selected by random search. The gate
angle θ is sampled uniformly from [0, 2π]. The feedback constants are sampled as a ∈
[0.1, 2.0] and b ∈ [0.0, 0.5], the sliding-window length w is chosen uniformly from the
set {1, 3, . . . , 19}, and the exponential memory parameter is sampled as m ∈ [1.01, 50].
If used, the input/output unitaries Uin, Uout are generated as random unitary matrices
according to the Haar measure, which is the unique uniform probability measure over
the unitary group and ensures isotropic sampling of unitary transformations.

For each candidate reservoir, the full training sequence of inputs xtrain of length
Ttrain is processed to construct the feature matrix F, and the linear readout weights
w and bias b are obtained by ordinary least-squares regression on the training set of
outputs ytrain:

ŷtrain = Fw + b1, F =

⎛

⎜

⎜

⎜

⎝

f⊤1
f⊤2
...

f⊤Ttrain

⎞

⎟

⎟

⎟

⎠

, ytrain =

⎛

⎜

⎜

⎜

⎝

y1
y2
...

yTtrain

⎞

⎟

⎟

⎟

⎠

, (6)

where ŷtrain is the reservoir’s prediction on the training set and 1 is the vector of ones.
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Then the candidate with trained readout weights is evaluated on a test set ytest of
length Ttest with its quality quantified by the mean squared error (MSE)

MSE =
1

Ttest

Ttest
∑

t=1

(yt − ŷt)
2
, (7)

where ŷt indicate the reservoir predictions.
We evaluate ntrials = 30–50 random reservoir candidates, and additionally, if

Uin, Uout are used, we test npairs = 10 random unitary pairs per trial. The candidate
with the lowest test MSE, along with its trained readout weights, is retained.

3 Results

In all experiments, the data are fed sequentially: for monomial tasks, the input x is
swept from 0 to 1 in increasing order, while for time-series tasks, the data points are
processed in their natural temporal order. This ensures that the dynamical memory
of the reservoir evolves continuously and that the feedback mechanism can capture
temporal correlations.

For each benchmark task, we specify the encoding function, the train/test split,
and the feedback rule used.

3.1 Monomial approximation

Task and encoding.

The reservoir receives a scalar input x ∈ [0, 1] and must reconstruct the target y = xd

for a given integer degree d. We use the linear encoding f(x) = x, i.e. |ψin⟩ =
√
x|g⟩+√

1− x|e⟩ (cf. Eq. (4)). This choice keeps the encoding free of additional nonlinearity
and allows us to directly probe the nonlinear capacity of the reservoir itself. The
data set consists of 200 equally spaced points x ∈ [0, 1]; the first 90% of the data
(0 ≤ x ≤ 0.9) are used for training and the remaining 10% (x > 0.9) for testing.
Feedback is implemented with the sliding-window rule.

Nonlinearity sources.

We investigated the contribution of various nonlinearity sources in a cumulative fash-
ion for a single QM for degrees d = 3, . . . , 8 (Fig. 1a). An ion reservoir with no feedback
or additional unitary transformations essentially produces a linear fit. Sliding-window
feedback alone adds some nonlinear capacity, but it’s not enough for d > 3. The inclu-
sion of quantum coherences in the feature vector produces a dramatic drop of the
MSE by several orders of magnitude for degrees 4 and above. The importance of addi-
tional unitary transformations Uin, Uout for nonlinear capacity is evident for higher
degrees, 6 and above, while including a fixed measurement rotation Umeas may provide
a marginal accuracy improvement. An example of the feedback advantage is shown
in Fig. 2a, where the configuration with active feedback closely follows the target x4

curve, while the same reservoir without feedback substantially deviates from it.
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Architecture tests.

To identify the most powerful reservoir configuration for the monomial task, we tested
minimal processing-depth extensions and two-QM architectures, described in Secs. 2.3
and 2.4, focusing on higher degrees d = 9, 17, 80, 100 (Fig. 1b). We took the single
QM with coherences and additional unitary transformations Uin, Uout, Umeas as the
baseline, denoted as “1 QM” in the legend. Among the tested options, two coupled
QMs provide consistent accuracy improvements across all degrees compared to the
baseline, while additional processing depth options become relevant with the highest
degrees.

3 4 5 6 7 8
Degree d

10 6

10 5

10 4

10 3

10 2

10 1

Te
st

 M
SE

Configuration tests for monomial approximation xd

No feedback
Feedback on
Adding Coherences
Adding U_in,U_out
Adding U_meas

(a)

9 17 80 100
Degree d

10 7

10 6

10 5

10 4

10 3

10 2

10 1

Te
st

 M
SE

Architecture tests for monomial approximation xd

1 QM
1 QM + prev
1 QM + nchip = 2
1 QM + nupd = 2
2 parallel QMs
2 sequential QMs
2 coupled QMs

(b)

Fig. 1: (a) Configuration tests for monomial y = xd task. MSE gains demonstrated for
including feedback, quantum coherences, unitary transformations Uin, Uout and Umeas

in a cumulative fashion with a single ion reservoir as baseline. (b) Performance of
different reservoir architectures. The various processing depth options (concatenating
features from the previous data point (“prev”), two chip runs (nchip = 2) and two QM
updates per data point (nupd = 2)) and two-QM architectures are tested against the
single QM performance with coherences, and Uin, Uout, Umeas unitary transformations.

Comparison with classical models and a photonic QM.

We studied the scaling of the test MSE with the monomial degree d, comparing QM
and ESN reservoirs (Fig. 2c). For each degree we also determined the minimal ESN
size Nmin ≤ 2000 needed to match the QM accuracy (within a 10% margin). The
comparison was conducted for two coupled QMs with coherences and unitary trans-
formations Uin, Uout and Umeas. This QM reservoir uses 25 readout weights, and 108
other optimisable parameters: U1 gate angles θ1, θ2 for the two coupled QMs, feed-
back constants a1, a2, b1, b2, w1, w2 and two 5 × 5 complex unitaries Uin, Uout with
50 real parameters each. The ESN optimizes 3 hyperparameters (spectral radius ρ,
leaking rate α and an input scaling parameter) and trains Nmin readout weights.

For low degrees (d ≲ 24), classical ESNs achieve the QM performance with rel-
atively small reservoirs Nmin = 6–30. As d increases, the required ESN size grows
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rapidly, Nmin reaching 100 already at d = 29. For d > 40, none of the tested ESNs
(up to N = 2000) can reproduce the QM accuracy. While for the QM reservoir, the
performance for d ≳ 50 can be improved with a minimal extension to two chip runs
(nchip = 2), allowing its test MSE to stay below 10−2 up to d = 100 with only increas-
ing the amount of readout weights to 50. An example of ESN and QM performances
for d = 80 is shown in Fig. 2b. This demonstrates a practically unbounded nonlinear
capacity of the trapped-ion QM reservoir.

For the specific case d = 4, our best result for a single QM is achieved with only
feedback and coherences (without unitaries), yielding MSE = 3.47 × 10−7 (Fig. 2a).
For comparison, the photonic QM of Ref. [25] reports an MSE of 7.1 × 10−4 for the
same task. The more than three-order-of-magnitude improvement can be attributed
to the higher dimensionality of our three-level system compared with the two-level
photonic realization. This is consistent with the further enhancement observed when
moving to five-level coupled QMs, highlighting the role of the Hilbert-space dimension
in increasing nonlinear capacity.

3.2 NARMA and time-series benchmarks

Tasks and encoding.

We evaluate the reservoir on the NARMA family of nonlinear input–output mappings,
specifically NARMA2, NARMA10, and a stabilised variant, denoted “NARMA10-st”,
as well as on one-step-ahead prediction of the Mackey–Glass and Santa Fe time series.

For NARMA2, following Ref. [25], the input is a random sequence xt ∼ U [0, 0.5]
and the target yt is generated by

yt = 0.4 yt−1 + 0.4 yt−1yt−2 + 0.6x3t−1 + 0.1. (8)

For the standard NARMA10 benchmark [26], the target is

yt = 0.3 yt−1 + 0.05 yt−1

9
∑

k=0

yt−1−k + 1.5xt−1xt−10 + 0.1. (9)

The stabilised NARMA10-st task was proposed in Ref. [27], it avoids the divergence
of the original NARMA10 and is highly stable and robust against the choice of input
range and initial conditions.

For NARMA tasks, we use the quadratic encoding f(x) = x2, i.e. |ψin⟩ = xt|g⟩+
√

1− x2t |e⟩ (cf. Eq. (4)). Among the tested power-law encodings f(x) = xp with
p = 1, 2, 3, 4, this choice gave the best test MSE in preliminary experiments.

For Mackey–Glass and Santa Fe time-series tasks, the input is the current value
yt and the target output is yt+1, for encoding we use f(y) = yt, i.e. |ψin⟩ = √

yt|g⟩+√
1− yt|e⟩ (cf. Eq. (4)), which was found to be optimal.
The Mackey–Glass time series is generated by the delay-differential equation

dy

dt
=

0.2 y(t− τ)

1 + y(t− τ)10
− 0.1 y(t), (10)
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0 20 40 60 80 100
Degree d

10 20
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10 14

10 11

10 8
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SE

Monomial approximation MSE vs. degree
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Minimal ESN size Nmin to match
QM accuracy vs. degree d

(c)

Fig. 2: (a) Comparison of feedback and no-feedback cases for x4 using a single QM
reservoir with coherences. (b) Approximation of x80 by two coupled QMs with nchip =
2 and by an ESN with N = 500 nodes. (c) Test MSE as a function of degree for the
best QM configurations (with nchip = 1 and nchip = 2), ESNs of sizes 500, 1000, 2000,
and a linear fit for reference. A subplot shows minimal sizes of ESN Nmin which match
the QM accuracies for degrees [3, 30].

with τ = 17 and integration step dt = 1. After numerical integration, the resulting
sequence is normalised to the interval [0, 1].

The Santa Fe dataset [28] records the intensity of a far-infrared laser in a chaotic
regime; we use 2000 experimental data points normalised to [0, 1].
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All datasets, NARMA and time series, are split into washout (20 points), training
(480 points), and test (the remaining points). Feedback is implemented using the
exponential smoothing rule.

Configuration tests.

To identify the optimal configuration, we tested the available reservoir options in
cumulative fashion (Fig. 3a). For all tasks, introducing feedback provides a noticeable
accuracy improvement. Adding coherences further improves the results significantly
for Mackey–Glass and Santa Fe, whereas the effect is less pronounced for the NARMA
tasks. The inclusion of unitaries Uin, Uout on top of coherences is beneficial for
NARMA2 and Mackey–Glass, and leaves the accuracy essentially unchanged for the
other tasks. Adding Umeas does not improve the performance and can even slightly
degrade it, presumably because it interferes with the optimisation of Uin, Uout.

Therefore, for all time-series benchmarks, except Santa Fe, we select the configura-
tion with feedback, coherences, and unitaries, denoted “Adding Uin, Uout” in Fig. 3a.
For Santa Fe, we opt for the configuration with only feedback and coherences, denoted
“Adding Coherences”.

For NARMA10 and NARMA10-st, the improvements beyond the feedback-only
configuration are almost negligible, which indicates that these tasks demand memory
rather than nonlinear capacity.

Architecture tests.

Next, we explored processing-depth extensions and two-QM architectures (Fig. 3b); in
the legend, “1 QM” denotes the baseline, which is a single-QM reservoir with coher-
ences and unitaries Uin, Uout. For NARMA2, the best performance is achieved with
nchip=2 extension. For NARMA10 and NARMA10-st, the accuracies of all configura-
tions are almost identical to the 1 QM case, suggesting that these minimal architectural
extensions do not increase the effective memory capacity of the reservoir. For Mackey–
Glass, the previous-step concatenation (“1 QM + prev”), parallel and coupled QM
architectures provide noticeable improvements over the baseline. For Santa Fe, the
best performance is achieved with nchip=2 addition.

Based on these results, for the subsequent comparison with ESNs, we select the
“1 QM + nchip=2” architecture for NARMA2 task, “1 QM” architecture for the
NARMA10 and NARMA10-st tasks, the “1 QM + prev” architecture for Mackey–
Glass, and the “1 QM + nchip=2” architecture for Santa Fe. We do not select
the two-QM architectures for NARMA2, Mackey–Glass and Santa Fe because they
substantially increase the number of optimized parameters, while the corresponding
accuracy improvement is moderate (less than an order of magnitude).

Comparison with classical models and a photonic QM.

Figure 4 shows the predicted curves for the NARMA and one-step-ahead time-series
tasks obtained with the best QM configurations (denoted “QM best”), together
with the no-feedback case (“QM off” in the legend) and the classical baselines:
a cubic regression with memory (CM) and ESNs. For NARMA2, CM is defined
as Poly3(xt, xt−1), for NARMA10 and NARMA10-st we use Poly3(xt, xt−10). For
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(a)

NARMA2 NARMA10 NARMA10-st MackeyGlass SantaFe
Task
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1 QM + prev
1 QM + nchip = 2
1 QM + nupd = 2
2 parallel QMs
2 sequential QMs
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(b)

Fig. 3: (a) Configuration tests for NARMA and time-series benchmarks. MSE gains
demonstrated for including feedback, coherences, Uin, Uout and Umeas unitary transfor-
mations in a cumulative fashion with a single ion reservoir as baseline. (b) Performance
of different QM reservoir architectures. The various processing depth options (con-
catenating features from the previous data point (“prev”), two chip runs (nchip = 2)
and two QM updates per data point (nupd = 2)) and two-QM architectures are tested
against the single QM performance with coherences and Uin, Uout.

Mackey–Glass and Santa Fe, the CM model is Poly3(yt−1, yt−2). For ESNs, we choose
the minimal reservoir sizes Nmin that match the QM accuracies within a 10% margin
for respective tasks.

Table 1 summarises the corresponding test MSE values. For NARMA2, Mackey–
Glass, and Santa Fe we also include the results reported for the photonic QM [25],
which operates in a two-level Hilbert space. For a fair comparison with the pho-
tonic platform, we use the single-QM configuration without architectural extensions,
denoted “Trapped-ion QM” in the table. Our trapped-ion implementation uses a three-
level system, providing a larger computational space and, as a result, consistently
lower MSE values on these shared benchmarks.

To provide a clear resource efficiency comparison, we summarize the number of
readout weights Wro and other optimisable parameters Φ via random search for the
QM and ESN reservoirs for each task in Table 2. The QM reservoirs use 9 readout
weights, or 18 when nchip = 2 or previous-step features are implemented. Optimisable
parameters for the QM include U1 gate angle θ, feedback constant m and two 3 × 3
complex unitaries Uin, Uout with 18 real parameters each (unitaries are not used for
Santa Fe task). The ESN optimizes three hyperparameters (spectral radius ρ, leaking
rate α and an input scaling parameter) and trains N readout weights.

For NARMA10 and NARMA10-st, classical ESNs achieve the QM accuracy with
very few nodes, indicating that our QM is not competitive in memory-dominated tasks.
Mackey–Glass proves to be a rather simple task, where the no-feedback configuration
achieves MSE∼ 10−5. The QM reservoir shows competitive performance in Santa Fe
task, which contains high level of nonlinearity in the data, with ESN needing 18 nodes
to match its accuracy.
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Table 1: Test MSE for the time-series and NARMA benchmarks. “QM best”
denotes the best QM configuration selected in Sec. 3.2; “QM off” is the same reser-
voir without feedback; CM is the cubic regression with memory; ESN lists the
minimal reservoir size Nmin needed to match the QM accuracy. Photonic QM data
are taken from Ref. [25].

Model NARMA2 NARMA10 NARMA10-st Mackey–Glass Santa Fe

QM best 1.5× 10−6 5.5× 10−3 6.6× 10−4 1.6× 10−6 7.9× 10−4

QM off 2.1× 10−4 9.4× 10−3 9.5× 10−4 2.4× 10−5 2.3× 10−2

CM 5.2× 10−4 1.2× 10−2 1.5× 10−3 1.3× 10−4 1.1× 10−2

ESN Nmin = 7 Nmin = 3 Nmin = 1 Nmin = 4 Nmin = 18

Photonic QM 2.6× 10−5 n/a n/a 2.2× 10−4 9.2× 10−3

Trapped-ion QM 3.6× 10−6 5.5× 10−3 6.6× 10−4 8.6× 10−6 1.2× 10−3

Table 2: Resource summary for the best QM
configurations and the minimal ESNs matching
their accuracy. The notation “Wro +Φ” means
Wro readout weights and Φ other optimisable
parameters.

Task QM (Wro +Φ) ESN (Wro +Φ)

NARMA2 18 + 38 7 + 3
NARMA10 9 + 38 3 + 3
NARMA10-st 9 + 38 1 + 3
Mackey–Glass 18 + 38 4 + 3
Santa Fe 18 + 2 18 + 3

Memory–nonlinearity trade-off.

To verify that the nonlinearity of the QM reservoir dominates its dynamical memory,
we performed a systematic scan of the exponential smoothing parameter m over the
range m ∈ [1.01, 1000], re-optimising all other parameters for each fixed value of m,
using the best respective configuration for each task. The resulting test MSE curves for
NARMA and time-series tasks are shown in Fig. 5; the accuracies remain essentially
stable over the entire range of m, with only shallow minima at small m for NARMA2
and Mackey–Glass.

It is important to note that the case m = 1000 is not equivalent to the no-feedback
regime: even for large m, the state parameter s slowly drifts towards the running aver-
age of P|a⟩, effectively providing an adaptive bias that tracks the input statistics. The
fact that this slow memory alone already yields nearly optimal accuracy indicates that
the nonlinear mapping of the QM reservoir is the dominant computational resource,
while the exact memory timescale is of secondary importance. Such insensitivity to the
memory decay parameter is a clear experimental signature of the memory–nonlinearity
trade-off widely discussed in reservoir computing theory.
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Fig. 4: Performance of different learning models on the NARMA and time-series
benchmarks. The curves show the target signal, the best QM reservoir (QM best), the
same reservoir without feedback (QM off), the minimal ESN matching QM accuracy
(ESN), and the cubic regression with memory (CM). Detailed MSE values are provided
in Table 1.
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Fig. 5: Test MSE as a function of the exponential smoothing parameter m for the
NARMA and time-series benchmarks.
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Fig. 6: Robustness to dynamic gate-angle noise for (a) monomial benchmarks xd for
d = 4, 12, 20; and (b) NARMA and time-series benchmarks. The curves show the
mean test MSE over 20 noise realisations; shaded error bands indicate the standard
deviation.

3.3 Robustness to gate noise

To assess the sensitivity of the QM reservoir to experimental imperfections, we intro-
duced Gaussian noise into the rotation angles of the unitary gates. Specifically, at
every application of a gate parameterized by an angle θ (or θ1, θ2 in two-QM architec-
tures), we added an independent random offset δθ ∼ N (0, σ2

θ). This models dynamic
gate fluctuations during operation. In all experiments, the QM reservoir uses the best
configurations determined in the previous sections: for monomial benchmarks this is
the two coupled QMs with nchip = 1, and for NARMA and the time-series tasks we
use the best respective architectures selected in Sec. 3.2.

For each noise level σθ in the range [0, 0.2] rad, we performed 20 independent
simulations. In each simulation, the QM reservoir used the best parameters found in
the noise-free optimization, but the gate angles were perturbed as described above.
The linear readout layer was re-trained on the noisy training features for each noise
level. We report the mean test MSE and its standard deviation over the 20 realizations.

Fig. 6 summarizes the results. For the monomial benchmarks (Fig. 6a), even small
gate noise leads to rapid degradation of accuracy, especially for high degrees d, indicat-
ing that the extreme nonlinearity of the reservoir relies on precise control of the gate
angles. In contrast, the time-series tasks (Fig. 6b) show remarkable robustness: the
test MSE remains stable over a wide range of σθ, with only a moderate increase at the
largest noise levels for NARMA2 and Mackey–Glass. This difference likely stems from
the different nature of the two computational regimes. In monomial approximation,
the output must reproduce a sharply varying function, and even a small gate error is
immediately reflected in the feature vector, leading to a large error for high degrees d.
In contrast, time-series tasks possess an intrinsic temporal redundancy: the dynamical
memory and feedback can partially compensate for random gate fluctuations, making
the readout less sensitive to individual gate errors.
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4 Conclusions

We presented a comprehensive numerical study of a QM reservoir implemented on a
trapped-ion platform and evaluated its performance on a suite of standard reservoir-
computing benchmarks.

The central finding of this work is the exceptional scalability of the nonlinear
capacity of the QM reservoir. With minimal extensions of the single QM reservoir
to two coupled QMs with nchip = 2 chip passes, quantum-coherence readout, and
additional unitary transformations Uin, Uout, Umeas, it was possible to maintain a test
MSE below 10−2 for monomial targets xd up to degree d = 100, while classical echo
state networks with up to 2000 nodes fail beyond d ≈ 40 and show no improvement
with increasing size. We attribute this advantage to the rich functional basis generated
by Born-rule nonlinearities and quantum coherences acting on a three-level (or five-
level) Hilbert space, coupled with feedback-controlled memory that allows the reservoir
state to track the input history. This result positions QM reservoir as a resource-
efficient alternative to classical ESNs in strongly nonlinear regimes.

On NARMA tasks and standard time-series benchmarks — Mackey–Glass and
Santa Fe — the QM reservoir matches the accuracy of minimal-size classical ESNs.
A systematic ablation study revealed that feedback-controlled memory is essential
for accurate performances on all tasks except the simpler Mackey–Glass bench-
mark. However, its memory capacity is limited, which is proven by how the QM
reservoir’s accuracy is independent of memory decay parameter m and especially
with memory-dominated tasks like NARMA10 and NARMA10-st, where the minimal
tested architectural expansions cannot improve the performance, meaning they do not
provide a significant improvement in memory capacity.

From a resource perspective, the QM reservoir achieves competitive accuracy with
a small number of trainable readout weights in tasks with high nonlinearities; while it
involves more optimisable parameters than classical ESNs in tasks which require more
memory capacity, the random search over a fixed number of candidate configurations
(up to 300) keeps the optimization cost moderate. In addition, the ability to define
multiple coupled QMs on a single ion [17] reduces the number of trapped ions required,
which is a key advantage of the platform.

A robustness study showed that the QM reservoir is highly resilient to gate noise
for time-series tasks, whereas monomial approximation is sensitive to gate errors,
reflecting the different computational regimes: reliable processing of the sharp rise in
the monomial test region requires high gate stability.

The present study is a numerical proof of principle. While an experimental imple-
mentation on trapped ions would remove the overhead of simulating the gate dynamics,
it would not eliminate the need for classical optimization of the reservoir hyperpa-
rameters, and the feedback protocol still requires repeated projective measurements
and re-initialization at each time step. Moreover, state preparation and unitary trans-
formations rely on composite laser pulses with finite fidelity. The primary long-term
motivation for experimental realization is therefore not efficiency at small scales, but
rather the possibility of scaling to larger ion registers, where classical simulation
eventually becomes costly.
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Several directions remain open for future work. First, while the empirical evidence
strongly suggests a scalable nonlinear capacity that outpaces classical ESNs, a theoret-
ical characterization of the functional basis spanned by the QM readout — analogous
to the information-processing capacity framework of Ref. [29] — would provide deeper
insight into why the advantage persists at high degrees. Second, avenues for potential
memory capacity scaling need to be investigated.

In summary, our results establish trapped-ion quantum memristors as a promising
platform for QRC, particularly suitable for tasks governed by strong nonlinearity, and
motivate further theoretical and experimental investigations.
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