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Abstract

This paper analyzes where productivity gains go when output is bounded but
humanity is still innovative. We build a modified Ramsey growth model with
endogenous fertility and an endogenous allocation of time between work, leisure
and child rearing, in which a renewable resource is essential in production but
limited in supply. When the resource constraint binds, the income share of the
resource rises and is increasingly captured by a scarcity rent. We denote this pat-
tern as Baumol’s Energy Cost Disease. This mechanism decreases the labor share
and productivity gains translate into work time reduction and the emergence of
a leisure economy. Calibrating our model to the global economy for 1960-2020,
we illustrate the quantitative effects for the coming centuries and show that pop-
ulation growth is reduced in anticipation of a resource-constrained economy. The
welfare criterion then governs how many people share the bounded output. In
two extensions we show that a total utilitarian planner chooses larger popula-
tions at lower per-capita consumption, and that the transition mechanisms carry
over when endogenizing the research process, provided the energy constraint is

reached before ideas run out.
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1 Introduction

What if we live in a zero growth world but humankind is still innovative? Artificial
intelligence makes this question less hypothetical than it seems, as it may soon generate
new ideas with little human input. Yet output still depends on inputs that ideas cannot
multiply. In the weak-links view of Aghion et al. (2017) and Jones (2026), output is
then limited by the essential input that cannot be expanded. We study an economy in
which this weak link is a renewable resource flow, and ask where productivity gains go
when output is bounded.

We follow the intuition of Dasgupta (2021) and model a world in which a renewable
resource is essential in production but in limited supply, so that labor productivity gains
cannot be turned into proportionately higher production. We embed this resource limit
in a Ramsey growth model with endogenous fertility and an endogenous allocation of
time between work, leisure and child rearing. Thus, productivity gains can go to three
places: higher consumption, more people, or more leisure. Without the limit, work time
stays almost constant since income and substitution effects of rising wages largely offset
each other in our model. A binding resource limit changes this by constraining ever
higher output. Productivity gains then decrease work time, while the welfare criterion
decides how many people share the bounded output. Three mechanisms emerge.

First, we find what we call Baumol’s Energy Cost Disease. The essential but limited
renewable resource (henceforth also just ’energy’) in our model is capped in quantity,
while productivity in harvesting it continues to grow. Once the limit binds, output
grows against a fixed energy flow, so the marginal product of energy and with it its
factor share rise. This effect is similar to Baumol’s Cost Disease (Baumol, 1967; Baumol
& Bowen, 1966; Baumol & De Ferranti, 2012). In Baumol’s setting, the share of the
stagnant sector grows because its relative price rises, and labor flows into that sector.
In our model the same pattern arises from scarcity rather than stagnation, but labor
leaves the energy sector as well. We show that for a growing effective workforce the
scarcity rent takes over the total factor income of the economy in the long run. This
value increase is the textbook definition of a scarcity rent, which in principle can be
taxed efficiently without any distortions, as it is the case for land rents (Tideman,
1982). Once the limit binds, redistribution might become less costly if this scarcity
rent can be taxed efficiently.

Second, we see the emergence of a leisure economy. As a growing share of income



goes to the scarce resource rather than to labor, the labor share and with it work time
fall. The freed time goes to leisure rather than to child rearing, since each additional
person must share the fixed resource. The idea of turning productivity gains into work-
time reduction goes at least back to Keynes (1930), who speculated about a 15-hour
work week within a hundred years. Since we did not see this, Spencer (2023) concludes
that Keynes underestimated consumerism and the satisfaction of wants rather than
needs. Our model offers a complementary reading. As long as output can grow,
productivity gains go to consumption. Once output is bounded, they go to leisure.

Third, resource constraints also influence the population dynamics of the economy.
Anticipating that output will eventually be bounded by the renewable resource, the
social planner reduces fertility already before the limit becomes binding. Additional
population growth would lower consumption per capita once production is constrained,
which reduces the value of having additional children. The welfare criterion decides
how many people share the bounded output. An average utilitarian planner prefers
fewer people with higher consumption per capita. A total utilitarian planner values
additional people and accepts lower consumption per person. In the long run, demog-
raphy also decides whether the limit keeps binding. If population declines faster than
energy productivity grows, the limit eventually stops binding.

We calibrate the model to the global economy for 1960-2020 and illustrate the
coming centuries. In our baseline, population stays between 9.5 and 11 billion through
2500. The energy limit binds from 2300 onward and by 2500 the scarcity rent already
absorbs 18 percent of output. In the long run, population declines slowly, but energy
productivity grows faster. The baseline therefore settles in a leisure economy on an
empty planet (Jones, 2022a), with a slowly declining population and a permanently
binding limit.

We consider two extensions. First, a total utilitarian planner would raise child-
rearing time substantially, and population would exceed 200 billion by 2500. Second,
we endogenize research, which introduces a second constraint that could end growth.
Either ideas run out first, or the energy limit binds first. Whenever the limit binds first,
the mechanisms of the baseline carry over. Our baseline can be read as a world in which
artificial intelligence generates new ideas without human time input. In such a world,
energy and not ideas is the binding constraint. This changes who earns the income of
the weak link. In Jones (2026), automation raises the income share of workers who

perform the remaining weak links. In our model, the weak link is a natural resource



and its income share accrues as a scarcity rent, which can in theory be taxed without
any distortion.

Our model is closest to Jones (2022a), but adds the consumption-leisure trade-off
and a renewable resource as an essential and limited input in production. In contrast
to most papers in the field (Bretschger, 2020; Gerlagh et al., 2023; Lanz et al., 2017),
we study an economy in which the limit actually binds and cannot be circumvented by
technological progress, efficiency gains, substitution or structural change. We are, thus,
interested in the dynamics of a zero-growth economy regarding factor income, leisure
and population. Proponents of degrowth and post-growth frequently call for reductions
in work-time (Kallis et al., 2013; Pullinger, 2014) but these are often policy proposals
or the call for preference shifts. We argue that work-time reductions naturally evolve
once we live in a world with a binding limited essential resource. Lange (2018, p.204)
also points out that “in order to achieve zero growth the reduction in average working
hours needs to exactly balance out the effect of technological change”. Hence, we
make the argument the other way around. Living in a renewable resource constrained
economy leads to zero-growth, which in turn redirects technological progress into the
reduction of working time. Finally, we investigate a renewable resource constrained
economy. In contrast to the cake eating problem of exhaustible resources (Dasgupta &
Heal, 1974; Meadows et al., 1972), renewable resources can guarantee a positive level
of consumption in the long run, even though decoupling is not possible. This cannot
be overstated since the model economy we envision provides a significant amount of
resources enabling humankind to live on a very high material living standard, although
aggregate output is constant in the long run. Furthermore, we are not concerned with
an open-access renewable resource, for which overuse results in diminishing resources,
as in Brander and Taylor (1998). This is a strong assumption since we presume that
the renewable resource is managed optimally. In our case, the resource can best be
thought of as energy coming from solar panels. Ultimately, when every square meter
of the world is covered with the most efficient solar panel, the limit becomes binding.

The rest of the paper is structured as follows. The following section reviews the
literature in the field. Section 3 presents the model, while Section 4 derives analyti-
cally Baumol’s Energy Cost Disease, the leisure economy and the long-run dynamics.
Section 5 describes the calibration of the model and Section 6 presents numerical re-
sults, including a total utilitarian and endogenous growth extension. Finally, Section 7

concludes.



2 Related Literature

Our paper contributes to three strands of literature: growth models with natural re-
sources, fertility and population economics, and the economics of work-time reductions
and leisure. Recent research has increasingly explored the intersection of these fields,
particularly the interplay between resource scarcity, climate change, and demographic
dynamics.

Within the literature on growth and natural resources, Lanz et al. (2017) intro-
duce a land-constrained growth model to examine the relationship between popula-
tion growth, land demand, and technological progress. Their framework incorporates
a potential Malthusian constraint, although it remains non-binding in their analy-
sis. Our study extends this perspective by explicitly considering scenarios in which
such constraints become binding and exploring their economic implications. Burda
and Zessner-Spitzenberg (2024) extend the Solow—Swan framework by introducing an
environmental constraint on greenhouse gas accumulation and show that, once this
limit binds, economic growth requires a permanently expanding mitigation sector. In
their model, differences in technological progress across sectors generate a Baumol-
type effect, with rising relative prices and reallocation of resources toward abatement
activities. Wang et al. (2025) develop a two-sector integrated assessment model with
sector-specific climate damages and imperfect substitutability between goods. Asym-
metric damages reduce productivity growth in climate-sensitive sectors, raising their
relative prices and inducing a climate Baumol disease that slows aggregate output
growth. Gerlagh and Van Der Zwaan (2002) provide an early analysis of long-term
substitutability between environmental and man-made goods. They show that if these
inputs are poor substitutes, long-run growth eventually becomes constrained by the
limited availability of environmental resources, leading to increasing natural resource
rents — a mechanism they also refer to as a Baumol disease. Our framework comple-
ments this insight by showing that, when resource limits constrain further substitution,
the adjustment margin shifts from production to leisure, yielding a transition toward
a leisure economy rather than continued material expansion.

Further connecting population dynamics with environmental concerns, Gerlagh
(2023) develops an endogenous growth model to assess the dual role of population
growth in climate change. On the one hand, a larger population exacerbates emis-

sions and climate damages (the congestion view). On the other hand, it accelerates



innovation and the discovery of climate solutions (the innovation view). Their find-
ings underscore the importance of balancing these opposing forces when evaluating the
impact of demographic trends on aggregate welfare. Bretschger (2020) incorporates
endogenous fertility into a multi-sector growth model with exhaustible resources, phys-
ical and knowledge capital, and climate change. His results indicate that, in steady
state, climate change remains independent of population growth, as the innovation
channel—driven by labor in the research sector dominates resource depletion effects.
Investigating endogenous population, Cérdoba and Liu (2022) study growth in the
presence of a fixed production factor, land. They establish that optimal steady-state
population is proportional to both fixed resources and technological progress, while
per capita consumption remains independent of these factors. Thus, in their model
stagnation in per-capita consumption arises as a socially optimal trade-off between
life quality and population size when natural resources are limited. Similarly, Peretto
and Valente (2015) investigate the interplay between resource prices and fertility in a
Schumpeterian growth model with endogenous fertility. Their results indicate that the
response of fertility to resource scarcity depends on the relative increase in resource
prices compared to wages and the degree of substitutability between labor and natural
resources in intermediate goods production.

Departing from this strand, we argue that the innovation channel is ultimately
bounded by natural limits. Thus, we think of an economy in which production relies
on an essential and renewable yet finite input, which cannot be improved endlessly.
This idea is similar to the model lined out in Bergmann and Kalkuhl (2025, Section
4.2.3).

Jones (2022a) examines the implications of negative population growth for economic
performance. He argues that declining fertility and shrinking populations can lead to
falling living standards, culminating in what he terms the “empty planet” scenario.
Extending this debate, Strulik (2024) argues that even with sub-replacement fertility,
sustained growth is feasible as long as human capital continues to accumulate. Strulik
and Weisdorf (2008) show that structural change from agriculture to industry can en-
dogenously trigger the demographic transition, while Strulik et al. (2013) demonstrate
that, once innovation becomes human-capital-driven, technological progress decouples
from population growth.

In the broader field of fertility and population economics, Doepke et al. (2022)

provide a comprehensive review, identifying key drivers of fertility transitions over



the past century. They highlight two dominant mechanisms: the quantity-quality
trade-off and the opportunity cost of mothers’ time. However, they argue that in
recent decades, particularly in high-income countries, these traditional explanations
have weakened, with factors such as family policies, social norms, and labor market
flexibility emerging as new determinants of fertility choices.

Building on the welfare implications of population size, Adhami et al. (2023) adopt
a total utilitarian approach to assess the consumption-equivalent benefits of larger
populations. They find that, when accounting for population size in social welfare cal-
culations, countries like Mexico and South Africa perform better than their per capita
consumption statistics suggest, whereas aging societies like Germany and Japan rank
lower due to declining population growth highlighting the crucial role of population
levels in welfare assessments.

Dietz and Lanz (2025) develop an integrated structural model that links long-run
economic growth with climate change adaptation, explicitly incorporating mechanisms
such as structural reallocation between agriculture and non-agriculture, directed techni-
cal change, and endogenous fertility. Their research focus lies on the role of adaptation
to climate change in the long run and shows that while adaptation, primarily via in-
creased agricultural innovation and reallocation of capital and labor into agriculture,
has significantly mitigated the direct negative effects of climate change on crop yields,
it has concurrently slowed the broader structural shift away from agriculture. The
counterfactual simulations reveal that, in the absence of adaptation, climate damages
would have been substantially larger in both agriculture and other sectors, although
the cost of adaptation remain non-trivial, especially in the non-agricultural economy.

Turning to the literature on work-time reductions and leisure, Bilancini and D’Alessandro
(2012) explore the effects of production, consumption, and leisure externalities in an
endogenous growth model. Their analysis reveals that a fully informed social planner
would prioritize higher leisure and lower consumption to maximize well-being. Simi-
larly, Saint-Paul (2021) examines the potential for long-run satiation in an endogenous
growth framework, showing that decentralized economies may converge to either a
“Leisure Society” or a “Consumer Society” equilibrium, even though a social planner
would never choose long-run satiation. Complementing this, Fagnart et al. (2023) an-
alyze the effect of work-time reductions in a one-sector Ramsey growth model with
unemployment and natural capital. They demonstrate that reducing work hours can

boost employment when natural capital is sufficiently scarce, offering a potential policy



avenue for mitigating unemployment in resource-constrained economies.
With this paper, we connect all three strands of the literature by integrating the
consumption-leisure trade-off into a resource-constrained economy with endogenous

population growth.

3 Model

We build on the concept proposed by Dasgupta (2021), which posits that output is
ultimately constrained by the biosphere’s regenerative capacity. To simplify this idea,
we assume the presence of an essential but finite renewable resource. While this ap-
proach abstracts from transitional improvements in resource productivity and assumes
optimal resource management, it effectively captures the core notion of an upper bound
on regeneration. Our framework serves as a simplified representation of his concept
but can be extended to incorporate more complex dynamics, such as non-linear renew-
able resources or environmental sinks. Ultimately, our focus is on understanding the

economic dynamics at this natural limit.

3.1 Model Setup

The essential but limited resource can be used at rate F(t) in each period but is
ultimately bounded by E. Thus, it always holds that

E(t) < E. (1)

The renewable resource, henceforth energy, is produced using the capital stock in the

energy sector, K, and labor time, Lg, such that
E(t) = (Ap(t)Le(t)P(t)" Kp(t)'™", (2)

with v being the labor share in the energy sector, Ag(t) labor-augmenting total factor
productivity, and P(t) the population level.
Final output, Y(¢), is produced using a nested constant elasticity of substitution

production function of the form

Y(t) = F(Z(t), E(t) = (aZ(t)" + bE(t)")7, (3)



with a the share of the labor-capital composite in production, b the share of the renew-
able resource in production, ¢ the substitution parameter derived from the elasticity
of substitution, s = ﬁ, between the labor-capital composite Z(t) and the renewable

resource E(t). The labor-capital composite, Z(t), is given by
2(6) = (Az() L) PO Kat) )

Lz(t) and Kz(t) are the labor input and capital stock in intermediate good produc-
tion, Az(t) labor-augmenting total factor productivity and « is the share of labor in
intermediate production.

Since the renewable resource, is an imperfect substitute in production and cannot
be replaced, we assume that the elasticity of substitution is less than one (s < 1).!
The capital stocks, K;(t) with i € {Z, E'}, evolve according to

Ki(t) = Li(t) — 6 Ki(1), (5)

with I;(t) > 0 denoting investment in sector ¢, and J the depreciation rate. Labor
productivity in sector i is exogenously growing, also when the limit becomes binding

and evolves according to
Ai(t) = ga,As(t), (6)

with g4, the exogenous growth rate of labor productivity in sector . We relax this
assumption in Section 6.3, where we discuss the case of endogenous growth. However,
this formalization of growth can also be thought of as artificial intelligence being able
to develop new ideas on its own without any human input (Aghion et al., 2017).
Specifically, new ideas do not require human time commitment and the growth process

happens truly exogenously.

L An elasticity of substitution between energy and non-energy inputs greater than one implies that,
in the long run, production could occur without any energy input. This is clearly at odds with
thermodynamic laws (Dasgupta & Heal, 1979, p.211). We also exclude the knife-edge case of s = 1.
Under a continuous probability distribution over substitution elasticities, the probability of it being
exactly one is zero. Empirical studies estimating the short to medium run elasticity also find values
lower than one (Bayer et al., 2023; Bretschger & Jo, 2024; Fried, 2018; Fried et al., 2022; Hinkelmann,
2024; Van Der Werf, 2008).



The utility function of the representative agent is given by

c(t) — &)t YA=1) p($)€A—m)
U(c(t),1(t),n(t) = (elt) =) 11(?77 (0 + @, (7)

where ¢(t) is consumption per person in period ¢ and ¢ is the level of subsistence con-
sumption. [(t) is the share of total time endowment spent on leisure and n(t) is the
number of children per period per person. The parameters 7, v and € measure intertem-
poral inequality aversion, the preference for leisure and the preference for children. This
specification of the utility function is similar to King-Plosser-Rebelo preferences (King
et al., 2002). It implies that income and substitution effects offset such that work
and leisure shares are constant along a balanced growth path. We maintain n > 1
throughout, so utility is defined for ¢ > ¢ and marginal utility diverges as consumption
approaches subsistence.

Furthermore, we follow Adhami et al. (2023) and introduce the term @ to match
the value of a year of life, measured in dollars, as a ratio to consumption per person.
We do this to ensure that the social planner values population in the social welfare
function even if utility expresses a negative sign. The calculation of @ is described in
Section C.1.

Time is normalized to one and divided between working in the intermediate or

energy sector, care time for rearing children, and leisure time so that
1=Ly(t)+ Le(t)+ La(t) + 1(t). (8)

Having kids is costly. The household has to invest time, L,(t), for rearing children.
The number of births per person and period ¢, n(t), is endogenously determined by the

amount of time spent rearing children, L, (t), and given by
n(t) = K(t)La(t)", (9)

with k(t) being a time dependent but exogenous cost parameter and ¢ € (0, 1] captur-
ing diminishing returns in child production.

Population, P(t), evolves endogenously according to

P(t) = (n(t) — d(t))P(t), (10)



where n(t) is given by eq. (9) and d(t) is the time dependent but exogenous mortality
rate indicating how many people die each period.

All goods either have to be consumed or invested so it holds that
Y(t) = P(t)c(t) + 1z(t) + Ip(t). (11)

The social planner is either total or average utilitarian. This is captured by the parame-
ter 6 € [0, 1], with = 0 indicating average utilitarianism and 6 = 1 total utilitarianism.

Thus, social welfare is given by

W = /OOO P)?-U(c(t),1(t),n(t)) - e Pldt, (12)

where p is the pure rate of time preference of the social planner. This specification
allows us to analyze different normative assumptions on population ethics. The case
of # = 0 also mimics a decentralized economy in which households enjoy their children
via n(t) in the utility function but not the size of their dynasty. We focus in the
main analysis on the average utilitarian case (Section 6.1), but discuss, as a thought
experiment, how the optimal path changes if the planner adopts total utilitarianism

from today onward (Section 6.2). The model environment is summarized in Table 2.

3.2 Social Planner Solution

The social planner maximizes social welfare by choosing consumption, capital, popu-

lation and the amount of work and care time

OO 0 —pt
max - /0 P(6)°U(c(t), (1), n(t))e*'dt.  (13)

{C(t)7KZ(t)7KE(t)VIZ(t)7IE(t)7P(t)7LZ(t)7LE

st (1) = (11)

10



Table 1: Economic Environment

Final output Y = (aZ? + bE")%
Intermediate goods 7 = (AzPLy)*K, ", E=(ApPLp)"Ky"
Population P=(n—d)P

Fertility n = kLY

Utility Ule,l,n) = (e 5)1—211(177—77)”6(1—77) +u
Time constraint l1=Lz;+Lg+L,+1
Consumption cP=Y —1;,—1Ig

Welfare W= [°P?-Ulc,l,n)-e?dt

From this we can set-up the current value Hamiltonian

H = PUU(e(t) 1 — Ly(t) — Lu(t) — Lo, n(t)  (14)
Resource:  — A(t) (E (1) E)
Output:  + puy (t) (Y () P(t) — I(t) — [E(t)>
Intermediate Capital:  + ji7(t) (1 () — 6Kz ))
Energy Capital: -+ ug(t) (IE £) — 6K ))
Population:  + () ((n(t) — d)P(1)).

where A(t) denotes the shadow price of relaxing the upper bound on energy use,
wy (t) is the multiplier on the aggregate resource constraint, and pz(t), ug(t), and
wp(t) represent the current-value shadow prices of capital in the intermediate sector,
capital in the energy sector and population, respectively. In the optimum the three
goods multipliers coincide, py = puz = pg, since investment can be reallocated freely.
The detailed derivations can be found in Section A.

Optimization results in five optimality conditions. The optimality conditions for the

11



intermediate goods sector are well-known results of a simple Ramsey model. Namely

the Euler-equation and the consumption-leisure trade off given by

I U
P, =-tkep_ UZP (16)

z U. U.

The optimality conditions in the energy sector have the same structure but have an

additional term capturing the evolution of the scarcity rent once the limit becomes

binding
P U Ex,
s —0— p—(l—Q)P i +)\P‘9—1Uc7 (17)
U E
Fi, = FIP + A i (18)

with A(¢)(E(t) — E) = 0 and A(t) > 0. The two conditions preserve the standard
structure of optimal input allocation but include an additional term that captures the
scarcity rent once the energy constraint becomes binding. In the absence of the cap
(A = 0), capital and labor in the energy sector are chosen such that their marginal
products equal the relevant marginal rates of substitution. When the limit binds (A >
0), however, energy is fixed in quantity but not freely available: it must be captured
using capital and labor inputs. Productivity gains via increasing Az and Ag cannot
raise total energy supply beyond E, but now reduce the amount of inputs required
Po- 1% and )‘Pﬂ 1EU

the marginal product that inputs in the energy sector must earn. With diminishing

to harvest the fixed resource stock. The additional terms A raise

returns, the inputs used for providing the fixed energy endowment are decreased.

The last optimality condition describes the path for optimal population growth

given by

P U L. i U U Ep

0 n(1 =) = L' (0—4+Fp—c—A=—"]). (1
P -0 E e UL“(UC+ p—c P(,_IUC) (19)

The left-hand side of Equation (19) determines the dynamic evolution of the shadow
value of child-rearing. It combines four elements: (i) the effect of population growth
on welfare weights, governed by #; (ii) changes in the marginal utility cost of rearing

children; (iii) the adjustment term (1 — %)L, /L,, which captures diminishing returns

12



in fertility production; and (iv) the term —£&/k, which arises because the fertility
technology r(t) is itself changing. While the time cost of children is still rising (k£ < 0),
postponed fertility increases the cost of children, which adds to the return required
from fertility today. When ¢ < 1, additional time devoted to children reduces the
marginal productivity of further child-rearing, thereby affecting the dynamic trade-off.

The right-hand side represents the required return to fertility. Analogous to the Eu-

ler equation this return equals the pure rate of time preference, p, plus four components

Uc

that are normalized into utility terms via kLY~ i

1. Q%;): Value of statistical life year.
2. Fp: Marginal product of one additional member of society.

3. ¢: The consumption an additional member of society absorbs.

4 AEp .

. oty Term capturing the scarcity rent.

First, for # > 0 the value of a statistical life year raises the shadow value of an additional
person: a total utilitarian planner counts every new member of society. For 6 = 0 the
criterion does not count added lives and the term drops out.

Second, the marginal product of one additional member of society raises the shadow
value as well, since more people produce more goods and services.

Third, per-capita consumption lowers the shadow value, since an additional person
absorbs resources that others could have consumed. This effect is also described in
Lanz et al. (2017, p.979).

Lastly, the scarcity rent term lowers the shadow value: the constrained resource has
to be shared among more people. Resource constraints therefore influence population
dynamics negatively. Since eq. (19) is dynamic, resource constraints already influence
the fertility decision today even though the binding date is still far in the future. We

illustrate this effect in the numerical simulation in Section 6.1.

3.3 Characterization of the Optimum

The optimal allocation is described by the aforementioned optimality conditions Equa-

tions (15) to (19) together with the three differential equations for population and

13



capital

P(t) = (n(t) — d(t)) P(t), (20)
Ky (t) = I,(t) — 6K (1), (21)
Kp(t) = Ig(t) — 6K g(t), (22)

the aggregate resource constraint
Y(t) = c(t)P(t) + I(t) + Ip(t), (23)

the scarcity constraint, and the equations for exogenous technological progress

A(t)(E(t) — E) =0, At) >0, E(t)<E, (24)
Az(t) = AZ,O . egAZt, (25)
Ap(t) = Apg - e%48" (26)

Thus, the optimum is given by a combination of the twelve variables c(t), Kz(t),
Kg(t), I7(t), Ig(t) P(t), Lz(t), Lg(t), L,(t), A(t), Az(t) and Ag(t) solving the twelve
Equations (15) to (26), together with the initial conditions Kz(0), Kg(0), P(0) and

the transversality conditions in Section A.

4 Analytical Results

We now characterize the main mechanism of the economy under a binding energy
constraint. Two results follow. First, the economy develops Baumol’s Energy Cost
Disease: the share of income paid to energy rises, and within this share an ever larger
part accrues as a pure scarcity rent rather than as wages or capital income. Second,
the scarcity rent rises at the expense of factor income. Thus, a smaller share of output
is paid for work, and the ratio of work to leisure falls: this is the emergence of the
leisure economy. The driving force behind both results is that a binding cap does not
stop technological progress: the energy flow is fixed, but productivity keeps growing
in both sectors. As long as productivity in the intermediate sector grows faster than
the population shrinks, output keeps growing against the fixed flow and the below-
unity substitution elasticity of energy makes its share of income rise. If productivity

in the energy sector also outruns population decline, ever less capital and labor are
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needed to provide the fixed energy flow. Since population is determined endogenously,
both conditions depend on the planner’s fertility choice. Finally, we characterize the

population dynamics in the long run.

4.1 Baumol’s Energy Cost Disease

The factor income shares of the intermediate good and energy are given by

Fz(1)Z(t) Z(t)\"

s2(t) = —-a<§765> , (27)
Fp(t)E() E(t)\°

o) = =55 _b<Y(t)) ’ (28)

which sum to one by constant returns. At the cap, E(t) = E is fixed, so the energy
share sp = b(E/Y)° rises whenever output grows, and the intermediate share falls
one for one. As Z accumulates against the fixed flow, each additional unit of the
intermediate is worth less at the margin, while each unit of energy is worth more.
The share of income paid to the factor that cannot expand rises with output. This is
Baumol’s Energy Cost Disease.

To see who is paid this rising share, we define the wage, the rental rate of capital

and the scarcity rent as shadow prices of the planner’s problem:

wlt) = F1,(0) = LA PO, (29)
r(t) = Fie () = p+ 06+ (1 — 9)% _ gg (30)
o) = 5 (31)

P()—1U.(t)

Comparing eqs. (16) and (18) and eqgs. (15) and (17), labor and capital have the same
opportunity cost in both sectors. Without the cap (A = 0), their marginal products
are therefore equal. With the cap, inputs in the energy sector must also cover the
scarcity term. The rent ¢ is the multiplier on the energy constraint expressed in units

of output, and it is positive only when the cap binds. The marginal products of labor
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and capital in the energy sector can then be rewritten as

Frp(t) = w(t) + q(t) ELg (1), (32)
Fiep () = r(t) + q(t) Exc (1) (33)

Inserting eqs. (32) and (33) into the energy share identity sgp = Fr, Lg/Y + Fx,Kg/Y
yields

w(t)Lp(t)  r(t)Kg(t) q(t)E(t)

t) = 34
= "ve fTye T Yo oy
~~ - ~ ~~ - A/_/
labor: sy, capital: sk, scarcity rent: sp

The energy share splits into factor shares for labor, capital and the scarcity rent. We
now show when the scarcity rent share rises at the expense of factor income. By log-
differentiating the energy technology E = (ApLpP)" K3 ¥ we obtain a restriction on

the growth rates of the two inputs
vorL, + (1 —v) gk, = —vG, G =ga, + gpr, (35)

where g, denotes the growth rate of a variable x throughout. The term G is the growth
rate of the effective energy workforce AgP. Whenever G > 0, a weighted average of
the two input growth rates is negative, so at least one input must decline. Ever less
of the effective input bundle is needed to provide the fixed energy flow. Which input
declines depends on the factor prices. We can rearrange the optimality conditions in
the energy sector (32) and (33) to obtain

wlLg = vE(Fg — q), (36)

rKg=(1—v)E(Fr —q). (37)

Taking growth rates of the ratio shows that the two payments grow at the same rate,

so the input growth rates differ only through factor prices
9Kz — 9L = Gw — Gr = D. (38)

Using this in Equation (35) gives us two equations showing how labor and capital in
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the energy sector evolve

gLy, = —VvG — (1 —v)D, (39)
i, = —V(G — D). (40)

When wages grow faster than capital costs, D > 0, the planner substitutes toward
capital. Thus, for G > 0, energy labor falls while energy capital can still grow if
D > G. However, if the growth of the effective energy workforce exceeds the price
differential, G > D, energy capital shrinks; for —*~G < D < G, capital and labor
shrink together.

The scarcity rent share within the energy share increases when the energy share

grows faster than the combined labor and capital shares

g(SLE+5KE) < Gsg- (41)

The growth rate of the energy share is obtained by log-differentiating s = F%E and

using that the marginal product of energy is given by Fp = bE°~ Y177 5o that

Gsp = JFy — gy = —O0gy. (42)

The growth rate of the capital and labor share in the energy sector is obtained by

log-differentiation of sy, + sk, = “2EEEE and using egs. (36) and (37) to obtain

Y(spp+sxy) = Yo T 9L — gy (43)
Inserting (42) and (43) in (41) gives
9rp + gu < (1 —0) gy (44)

By imposing an equal labor share in the energy and intermediate goods production,
a = v, and using (38) and (39), together with g, = gs, +9v — 9L, 9r = Gs, + 9y — GKc,,

9s, = 0(9z — 9v), 9z = v(9a, + g1, + gp) + (1 = V)gk,, and 1 — o = 1/s, we can
rearrange this expression to obtain

9z > sv(ga, — 9ap) - (45)
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The scarcity rent share within the energy share increases exactly when the growth
of the intermediate good is greater than the productivity growth differential between
the sectors times the elasticity of substitution, s, and the labor share, v. Since sv <
1, the scarcity rent share grows whenever the intermediate good grows at least as
fast as intermediate productivity Az alone. If energy productivity keeps pace with
intermediate productivity, g4, > ga,, the scarcity rent share increases whenever the

intermediate good grows at all.

4.2 The Emergence of the Leisure Economy

The allocation of time is governed by the ratio of work to leisure,

L;+ Lg

k
l

(46)
We show that this ratio is decreasing in the scarcity rent share. Work time can be
rewritten by using the factor-payment identities?

wLZ wLE
= as —_—
Y oy

=v(sg — Sr), (47)

where sp = ¢F/Y is the scarcity rent share from Equation (34). With a = v, and
using sz + sg = 1, summing the two labor incomes gives

1 —
Lyt Ly= 0 =sn)

Y. (48)
The rent reduces the labor income share, and with it work time. Using the derivatives
of the utility function in the wage definition (29) gives w = yP(c — ¢)/l. This term is
strictly positive because marginal utility diverges at subsistence and at zero leisure, so
the planner keeps ¢ > ¢ and [ > 0 at every date. Using this and (48) in (46) we obtain
the work-leisure ratio

v(l—sg) _(c—0)P

=0 =

o s (19)

2From the Cobb-Douglas composite, w = Fr, = FzaZ/Ly, so wLy = aFzZ = aszY; the
energy-sector identity follows from (36) with the definitions of sg and sg.
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with s¢ the share of output consumed above subsistence. Together with the time

constraint (8), k pins down leisure and total work time, given child-rearing time:

l:
1+k° 1+k

(50)

The higher the scarcity rent share, the lower the work-leisure ratio, k. Work and
leisure both scale with 1 — L,,, so for a given child-rearing time every hour cut from
work becomes an hour of leisure. This is the emergence of the leisure economy. This
conclusion, however, requires consumption above subsistence. If (¢ — ¢)P falls toward
zero, the wage collapses together with the consumption share, and work time need not

decline.

4.3 Population Dynamics in the Long Run

We have seen that Baumol’s Energy Cost Disease and the leisure economy are driven
by growth. Specifically, growth in the effective workforce, consisting of population and
technological progress, increases the rent share and reduces work time. Historically,
population levels have been rising, which would have strengthened the described ef-
fects. Population growth rates, however, are shrinking, and population is projected to
decrease in the future. A smaller population takes pressure off the binding cap, and
if population declines faster than technological progress advances, the effects driving
Baumol’s Energy Cost Disease and the leisure economy might reverse. We therefore
now look at the long-run population dynamics and test what condition must be met
so that a stationary population is consistent with the planner’s optimality conditions.

Three settled futures are possible: (i) a leisure economy with a stationary pop-
ulation, in which the welfare criterion decides how many people share the bounded
output; (ii) a leisure economy with an ever-declining population, in which consump-
tion per capita increases with the rate of population decline, the empty planet result
of Jones (2022a); (iii) an even stronger population decline, outrunning productivity
increases in the energy sector, such that energy inputs must increase again to provide
the fixed flow and the cap eventually stops binding.?

To make statements about the long run, we define a capped balanced growth path

(capped BGP): a path on which the cap binds from some date onward and every growth

3A permanently growing population is not feasible once the cap binds. Bounded output Y and the
subsistence level ¢ limit population to Y /¢. Population can grow during the transition, but it can at
most converge to a stationary level in the long run.
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rate and factor price converges to a constant as ¢ — oo, so the path is asymptotically
balanced, with strictly positive limits for the wage and the rental rate. We can then

establish the following lemma:

Lemma 1. Consider a capped BGP with ga, > ga,, and let G = ga, + gp from (35)

denote the growth rate of the effective energy workforce.

(i) Iflimy_s G > 0, the full leisure economy emerges: sz — 0 andY — Y = b7 E,
all four inputs and work time vanish with | — 1 — limy_,o, L,,, the rent absorbs

the energy share with sg — 1 and ¢ — b"/?, and C — Y.

(i1) Iflimy .. G < 0, no capped BGP exists: the effective energy workforce falls below
the floor required to provide the fixed flow, and the cap ceases to bind in finite

time.
Proof. See Section B. m

If the effective energy workforce, consisting of technological progress and popula-
tion, grows forever, the full leisure economy emerges: output converges to its bound Y,
the scarcity rent captures the entire income, work time has vanished, and the remain-
ing time is split between leisure and child rearing. If instead population declines faster
than energy productivity advances, the cap eventually stops binding, future (iii) of the
list above. Thus, the long run depends on the endogenous rate of population growth.

Population dynamics are determined by the optimality condition for population
stated in (19). We now evaluate this equation on a capped BGP. Two demographic
limits complete the setting. Mortality cannot fall forever, and since the time a child
requires is bounded, the fertility cost cannot rise forever. We therefore assume that
both approach constants eventually,

limd(t) =d>0,  limx(t) =& > 0. (51)

We now test stationary population: suppose the planner holds population station-
ary from some date onward. Replacement then requires n = d, and two long-run values

follow,

d 1/
L = (;) , '=1-1L;. (52)
R
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To achieve a stationary population in the long run the social planner has to set child-
rearing time according to (52). On a capped BGP this then also results in leisure
absorbing the remainder of the time endowment, since work time vanishes by case (i)
of Lemma 1. By inserting the marginal utilities and factor payments into (19) and
using egs. (51) and (52) on a capped BGP we can rearrange the optimality condition
for population to obtain

U

C_QE:R(C_E)’ R=

The left side of (53) is the net cost of an additional person: the amount of goods
and services a person consumes minus the value of the person’s existence. The right
side is the utility return on child-rearing time that a stationary population requires.
The replacement value R measures what the planner is willing to pay for a stationary
population. The bracket describes the utility gain from additional children minus the
opportunity cost of foregone leisure time. The prefactor p/(1d) accounts for how much
time it takes to keep one person in the population: when mortality is high, more births
are needed, and when 1 is small, extra child rearing time yields few extra births. The
discount rate p compares the one-time joy of child-rearing in the utility function with
the permanent consumption cost of a person. We can now establish the following

proposition:

Proposition 1. Consider a capped BGP with n > 1, u > 0, ga, > ga, > 0, and
demographic limits (51) with d < R.

1. Stationary population. Every stationary capped BGP is the full leisure economy
of Lemma 1 with P* =Y /c*.

(a) For 8 = 0: consistent with the optimality conditions if and only if R > 1.

The long-run consumption level is ¢* = ¢ R/(R — 1).

(b) For @ > 0: consistent for every R, at a unique ¢* > ¢; no capped BGP with

declining population exists.

2. Declining population. If @ =0 and R < 1, on any capped BGP fertility settles at
the unique root L, < Ly of
L, VELY

€¢_71—Ln:p+<n_1)(ci—m%) (54
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and population declines at gp = /%[A/f —d<0.

(a) Iflimy oo G = ga,+gp > 0: the full leisure economy emerges and per-capita

consumption grows at the rate of population decline —gp.

(b) Iflimy_oo G = ga, + gp < 0: case (ii) of Lemma 1: no capped BGP ezists,

and the cap eventually unbinds.
Proof. See Section B. O

The average utilitarian social planner sustains a stationary population if R exceeds
one: the joy of raising children must cover the goods and services an additional person
consumes. If R falls below one, the planner instead prefers slightly fewer people at
slightly higher consumption at every date. Fertility settles below replacement, popula-
tion declines without limit, and consumption per capita grows at the rate of population
decline: this is the empty planet result of Jones (2022a). As long as the effective energy
workforce keeps growing, the empty planet remains a leisure economy. If population
declines faster than energy productivity increases, the cap eventually unbinds and no
capped BGP exists.

A total utilitarian social planner never chooses the empty planet scenario. The value
of a statistical life year eventually grows faster than the consumption an additional
person absorbs. Thus, for any R the total utilitarian social planner holds population
stationary. The resulting consumption per capita is above the subsistence level ¢, since
consumption falling towards subsistence also reduces utility per person: at some point
adding another person reduces welfare. However, the higher the existence value u, the
higher the value of an additional person and the larger the stationary population at

lower consumption per capita.

5 Calibration

This section presents a calibrated version of the model to illustrate the mechanisms
described in the previous section. We distinguish between external calibration, where
parameters are fixed based on empirical evidence or literature values, and internal cali-
bration, where parameters are chosen to reproduce key empirical moments of GDP per
capita, population, fertility, and energy intensity. Table 3 summarizes our parameter

choices.
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Table 3: Model Parameters

Description Symbol Value Comment

Eaternal Calibration

Pure rate of time preference P 0.01 Drupp et al. (2018)

Inequality aversion n 1.35 Drupp et al. (2018)

Utility of existence U 12.8 Section C.1

Fertility preference parameter € 1 Normalization

Subsistence consumption c 0.365 One USD per day
Depreciation rate ) 0.1 Standard macro value

Labor share in intermediate sector a 0.6 Corresponds to observed labor share
Labor share in energy sector v 0.6 Symmetry with intermediate sector
Share of intermediate composite a 0.9 Implied by energy share

Share of energy in production b 0.1 Observed energy share

Initial child-rearing cost (1960) Ko 0.055 Own calibration, Section C.2
Long-run child-rearing cost R 0.015 Own calibration, Section C.2
Growth rate of child-rearing cost Jx 0.018 Own calibration, Section C.2
Initial death rate (1960) do 0.016 Own calibration, Section C.2
Decline rate mortality gd 0.024 Own calibration, Section C.2
Steepness first mortality transition m 0.04 Own calibration, Section C.2
Midpoint first mortality transition t 79 Own calibration, Section C.2
Death rate at UN projection horizon dyny  0.0125 Own calibration, Section C.2
Long-run death rate (scenario) d 0.008 Scenario value
Steepness second mortality transition — ms 0.05 Smooth transition, Section C.2
Midpoint second mortality transition to 200 Smooth transition, Section C.2
Initial population (billions) Py 3 United Nations (2022)
Energy scaling parameter o 13.4 Matches 1960 energy intensity
Upper bound on energy inflow E 10,000 Technical potential (EJ)
Internal Calibration
Leisure preference parameter y 0.818 Calibrated to 2006 US leisure share
Initial Z-capital stock Kz 22.5 Matches 1960 output
Initial energy capital stock K 2.5 Matches 1960 output
Initial productivity (intermediate) Az 5 Matches 1960 output
Initial productivity (energy) AEgo 180 Matches 1960 energy
Productivity growth (intermediate) ga, 0.021 Grid search
Productivity growth (energy) GAg 0.001 Grid search, bounded below
Decreasing returns in fertility Y 0.30 Grid search
Elasticity of substitution s 0.90 Grid search, bounded above
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5.1 External Calibration

We set the pure rate of time preference p equal to 0.01, in line with the expert survey
of Drupp et al. (2018), in which the mean recommendation for the rate of pure time
preference is 1.1 percent (median 0.5 percent). As a check on this choice, the benchmark
calibration then implies a savings rate of about one third, comparable to the world
average gross saving rate.

We take the parameter value for the intergenerational inequality aversion 7 from
the same survey and set it equal to the mean recommendation of 1.35.

Following Adhami et al. (2023), we require the utility function to reproduce their
estimate of the value of a year of life in the United States in 2006 of 4.87 years’ worth
of per-capita consumption. Solving this condition at 2006 US data for consumption,
leisure, and fertility yields @ as a closed-form function of the preference parameters;
see Section C.1 for the derivation. At the benchmark calibration the condition implies
u = 12.8. Note that u leaves the average utilitarian model entirely unaffected: for 6 =0
it is an additive constant in the objective and drops out of every optimality condition.
It matters only for the total utilitarian planner, for whom it measures the per-person
value of existence and ensures that the planner values population correctly even when
the remaining utility term is negative (Bressler, 2021, Supplementary Material pp.17-
19).

We allow for a depreciation rate o of the capital stock equal to 0.1. The labor
share in the intermediate sector, o, and the energy share, b, are standard values in the
literature and represent roughly the empirical labor and energy share. The labor share
in the energy sector is set to the same value, v = a = 0.6, as a symmetry assumption

between the two sectors.

Mortality We calibrate the demographic dynamics externally using historical data
from the World Population Prospects (United Nations, 2022). Mortality is modeled to
closely match historical data and official United Nations projections until 2100, while
allowing for alternative long-run demographic scenarios thereafter.

Using historical and projected death rates from the World Population Prospects,

we estimate the following non-linear specification for the baseline mortality path:

_ dun
pase () = dpe ™94 + ) 5%
base(t) 0 1—|—exp[—m1(t—t1)} (5)
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The first term captures the exponential decline in mortality since 1960 at rate gq,
reflecting improvements in health, nutrition, and medical technology. The second term
introduces a logistic demographic transition component. Here, dyyn determines the level
implied by UN projections around 2100, m; governs the steepness of the transition,
and t; its midpoint.

This specification reproduces the observed historical mortality decline, but also the
UN projected increase in mortality due to population aging resulting in a compositional
shift in the population: A relatively bigger share of the population falls into a higher
age bin with higher mortality rates. This effect increases overall mortality and works
against the decreasing mortality effect of medical advancements. To acknowledge the
increasingly scarce and uncertain official projections beyond 2100 (Raftery & Seveikova,
2023), we construct alternative long-run demographic scenarios using a smooth double-
logistic transition that gradually redirects the mortality path toward a scenario-specific

lower bound d:

AE) = dra(t) = L+exp[—my(t—tg)]

(56)

This specification smoothly transitions toward the long-run scenario rate d via a
second logistic correction centered at to = 200 with steepness mo = 0.05.

The parameter d determines the long-run mortality floor. We treat d as an explicit
scenario choice and label each scenario by the population future it induces. The baseline
calibration sets d = 0.008, under which population remains near its peak of around
ten and a half billion for the following three centuries. The sensitivity analysis in
Section D.3 considers d = 0.007, under which population keeps rising over the simulated
horizon, and d = dyy = 0.0125, under which mortality simply stays at its projected
2100 level and population declines visibly. The three scenarios induce qualitatively
different long runs, and we report which case of the analytical results of Section 4 each

of them selects. See Section C.2 for further details.

Fertility and Child-Rearing Costs. Fertility is determined by
n<t) = H(t>Ln(t)wa (57>

where ¢ € (0, 1] captures decreasing returns in child-rearing time and x(t) governs the

time cost of raising children.
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Using UN data on global fertility and time allocation until 2100, we estimate the

time path of child-rearing costs from

%;{) = k(t) = Koe 9" + E. (58)
Thus, fertility declines over time due to the gradual increase in the effective time cost
of raising children, converging toward a long-run level k. The parameter xo captures
the initial child-rearing cost in 1960, while g, governs the speed of adjustment. We
evaluated data from the American time use survey from the US Bureau of Labor
Statistics processed by Our World in Data and calculate that an average American
spends roughly 12.46% of her life time with children (OurWorldinData, 2023). So
that roughly L,, = 0.125, which is also in line with the equilibrium time spent rearing
children in Jones (2022a). The estimation holds L, fixed at this value, so the fitted
path x(t) reproduces observed fertility for allocations near this level of child-rearing
time.

Importantly, the calibration of (ko, &, gx) is conditional on the degree of decreasing
returns . For each value of v, we estimate a non-linear regression in R and obtain
a corresponding parameter triplet. This procedure ensures that the model reproduces
the observed fertility transition for a wide range of 1) values. The resulting estimates
are reported in Section C.2.

The initial population level is set to Fy = 3 corresponding to the world population
(in billions) in 1960 (United Nations, 2022).

Energy The analytical production function uses energy in model units, where one
model unit corresponds to ¢ exajoules (EJ) of physical energy. The scaling parameter
¢ converts between the two and is calibrated to match the observed energy intensity
in 1960,

N E196O . 145.75 EJ

Or = ¥ = 1088 trln USD

13.4. (59)

Finally, the upper bound on renewable energy inflow is set to £ = 10,000 EJ. This
value is motivated by estimates of the global technical potential of solar energy. Tech-
nical potential refers to the amount of energy that could be generated with current
(or near-commercial) technologies after accounting for geographical availability, land-

use restrictions, spacing requirements, conversion efficiencies, and other engineering
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constraints, while abstracting from economic, institutional, or social feasibility consid-
erations. The comprehensive review by Angliviel De La Beaumelle et al. (2023) reports
that global solar technical potential (utility-scale PV, rooftop PV, and CSP combined)
spans a wide range, from roughly 400 EJ/year at the lower bound to about 86,000
EJ/year at the upper bound. Central estimates are substantially smaller: the median
across studies is approximately 7,500 EJ/year and the mean around 15,000 EJ/year.
Setting £ = 10,000 EJ therefore anchors the calibration within the central range of
estimates reported in the literature. In comparison, current global energy consumption
is in the range of 600 EJ. In the sensitivity analysis presented in Section D.1, we vary
this parameter and show that changes in £ affect primarily the timing at which the
constraint becomes binding. The underlying mechanisms and qualitative results of the

model, however, remain unaffected.

5.2 Internal Calibration

Boppart and Ngai (2021) construct a time series on the leisure share based on US time
survey data for 1965-2013. They find that the leisure share slowly increases from 0.35
in 1965 to 0.42 in 2013, but that there is huge heterogeneity between different education
groups. We calibrate the leisure parameter v so that the model’s leisure share in 2006
equals the value of 0.396 in the US time use data. This yields v = 0.818.

Initial values for the capital stock and productivity (Kzo, Kgo, Azo, Ago) are cho-
sen to match the output and energy consumption level in 1960, together with a capital-

output ratio of 2.3 and an energy share of the capital stock of ten percent.

Grid Search We calibrate the remaining parameters (¢, ga,, ga,, s) by matching the
social planner’s solution to observed aggregate trends. We perform a sequential grid
search to identify the parameter combination that minimizes the discrepancy between
the simulated trajectories of the model and the empirical data on population, fertility,
energy intensity, and output per capita between 1960 and 2020. The preference for
children is identified through the composite €1/, which governs the share of time devoted
to child-rearing in the planner’s time-allocation condition. Thus, we normalize ¢ = 1
and only calibrate 1 in the grid search process.

The search proceeds in the order v (fertility curvature), g4, (GDP per capita
growth), and g, X s (energy intensity level and trend), each stage conditioning on the

current values of the others. Because such a sequential search can depend on where it
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starts, we run it from twelve starting points that span the admissible parameter ranges,
and iterate each run twice. All twelve runs converge to the same parameter region.
To guard against spurious local solver optima, neighboring grid points are solved with
warm starts along the grid, and every candidate combination is ranked at its best
available solution. Section C.3 reports the grid ranges and the procedure in detail.

For each parameter tuple, the model is solved in Julia using the Ipopt algorithm.
The resulting time series are merged with the empirical data and the fit is evaluated
by the sum of squared log deviations between model outcome and empirical data for
four key variables: Population (P), Fertility (n), GDP per Capita (Y/P), and Energy
Intensity (£/Y). The parameter combination yielding the smallest total deviation is
selected as the internally calibrated benchmark.

Figure 1 shows our baseline calibration versus the empirical time series for our four
matched variables and two unmatched variables: GDP (Y) and Energy (E).

The best-fitting parameter combination among the tuples evaluated yields a total
loss of L = 0.0672. Since the loss function is defined as the sum of squared log
deviations between model outcome and empirical data across all variables and time
periods, dividing by the total number of observations provides the mean squared log
deviation. With 28 matched data points (four variables over seven decades), the mean
squared log deviation equals 0.0672/28 = 0.0024, implying a root-mean-square log
deviation of 1/0.0024 ~ 0.049. Hence, the calibrated model reproduces the historical
dynamics of population, fertility, energy intensity, and output per capita with a root-
mean-square deviation of about 5 percent.

Two parameter values stand out: s = 0.9 and g4, = 0.001. First, the elasticity of
substitution is high because the model has no channel for improving energy efficiency
in final use. Historically, much of the decline in energy intensity came from converting
primary energy into useful services more efficiently, with global average conversion effi-
ciency reaching roughly eleven percent by 2005 (Cullen & Allwood, 2010). Our model
captures this trend by substituting away from energy, which biases s upward. Since ef-
ficiency gains are bounded by the thermodynamic minimum of each energy service, the
estimated s is best read as an upper bound on long-run future substitutability. Second,
the unconstrained grid search drives energy-sector productivity growth to zero. Over
the calibration period energy is almost entirely fossil, and extracting it did not become
cheaper in terms of labor and capital: technological progress in extraction was offset

by depletion. To capture the ongoing transition to renewables and the productivity
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gains it brings, we set g4, to the smallest positive value on the grid, 0.001.
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Figure 1: Data vs. Model. Population Data from United Nations (2022); Energy data
from bp (2022) and Smil (2017); GDP data from Bolt and van Zanden (2020).

6 Numerical Results

The model is implemented as a JuMP model in Julia and solved utilizing the Ipopt
solver algorithm. All runs are solved on ten-year steps through the year 2750, while fig-
ures display the paths up to 2500, leaving a buffer against terminal-horizon effects. We
present numerical results for the average utilitarian case (f = 0) mimicking a decentral-
ized economy in which a dynastic household receives utility from having children but
does not receive utility from the size of the dynasty. We then discuss two extensions of
the model as a thought experiment. First, the case of a total utilitarian social planner
(0 > 0) and, second, the case of endogenous growth. We examine the sensitivity of our
results with respect to the energy limit, £ (Section D.1), the elasticity of substitution,
s (Section D.2) and the long-run mortality rate, d (Section D.3).
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6.1 Average Utilitarian Planner

Emergence of the Leisure Economy Figure 2 reports the baseline simulation for
the average utilitarian benchmark (# = 0) from 1960 to 2500 under two scenarios: a
baseline run without an energy cap (solid line) and a run with a binding energy limit
(dashed line). The figure plots aggregate output Y (t), energy use E(t), total and per-
capita consumption C(t) and c¢(t), the capital stock K(t), TFP in the energy sector
Agp(t), the allocation of time between work Ly(t) + Lg(t) and leisure I(t), and the
scarcity rent q(t).

The dynamics are characterized by two distinct phases. In the first phase, the
economy behaves like a standard neoclassical growth model. The resource constraint is
not binding and productivity growth translates into rising aggregate quantities: output,
consumption, and the capital stock grow at the rate implied by technological progress.
The time allocation is nearly stationary: the planner keeps work and leisure shares
approximately constant. The King—Plosser—-Rebelo preference structure cancels out
income and substitution effects along a balanced-growth path. There is almost no
difference between an economy with and without energy limit.

The second phase begins when energy use hits the upper bound and the constraint
becomes binding, E(t) = E, indicated by the dotted vertical line. From that point
onward, additional labor-augmenting productivity can no longer be converted into
proportionate increases in material output because energy, as an essential input with
limited substitutability (s < 1), constrains output and consumption growth. Aggregate
output and total consumption grow less and ultimately converge to a constant level
determined by E.* Continued productivity growth instead relaxes the input require-
ment for producing final output. The social planner adjusts production by lowering
labor input. Consequently, work time declines whereas leisure increases.

A final implication of the binding constraint is the emergence and growth of a
scarcity rent. When E(t) = E, energy is no longer a freely expandable intermediate
input, and its shadow value increases.

The post-cap phase is a transition from growth in quantities to growth in leisure
time. Innovation continues, but its welfare payoff is realized through reduced labor

and capital requirements rather than higher material consumption.

4Since in our baseline calibration the elasticity of substitution is relatively high (s = 0.90) the
upper bound on GDP is large and not reached within the displayed time horizon of the next 500
years. See the long-run paragraph at the end of this subsection.
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Figure 2: Evolution of different variables. Average Utilitarian (6 = 0).

31

Energy constraint (E = 10000 EJ) === No energy constraint



Baumol’s Energy Cost Disease Figure 3 plots the income shares accruing to labor,
capital, and the scarcity rent. The scarcity rent is equal to zero in the no-limit economy
as well as the corresponding income share. Moreover, along the simulated balanced-
growth path the labor and capital shares are constant at 60% and 40%, reflecting stable
input cost shares in the two Cobb-Douglas sub-technologies.

Once the limit becomes binding, the decomposition of the energy share in Equa-
tion (34) implies a sharp qualitative change. Because energy is essential and imperfectly
substitutable (s < 1), the expenditure share of energy in final output rises over time.
At the same time, continued productivity growth reduces the amounts of capital and
labor required to harvest the fixed energy flow, so that the wage and capital-income

components of the energy share shrink.
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Figure 3: Factor Shares. Average Utilitarian (6 = 0).

This pattern mirrors Baumol’s original cost disease (Baumol, 1967), but with an es-
sential renewable resource sector replacing Baumol’s stagnant service sector. However,
scarcity rather than low productivity growth drives the increasing share associated with
the constrained input. In our setting, the wedge is a textbook scarcity rent and thus
conceptually distinct from returns to reproducible capital or labor effort. In principle,
such rents can be taxed with low efficiency costs, which suggests scope for redistribution

in the phase where the economy transitions toward higher leisure.
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Since we think in our framework about solar energy and thus, solar panels covering
land surface, this redistribution argument closely parallels Henry George’s classic case
for a land value tax. George (1879/1935) emphasizes that the rental value of land
reflects scarcity and location advantages rather than productive effort. As a result,
taxing land rent can finance public purposes without discouraging labor supply or
capital formation. The scarcity rent in our model plays the same conceptual role.
Once the energy flow is capped at E, the term ¢(t)E is a payment for access to a fixed
natural input. Unlike taxes on wages or on the return to reproducible capital, a levy
on this rent does not distort the margin of producing additional energy nor does it
directly penalize effort or accumulation elsewhere in the economy. In this sense, the
transition to an energy-constrained steady state generates an increasingly large tax
base that could, in principle, support redistribution with comparatively low efficiency

costs.

Population Dynamics Figure 4 reports time rearing children L, (t), fertility n(t),
and population P(t). In the no-limit economy, the planner gradually increases time
spent on child rearing and eventually stabilizes L, (t) at a high level. Because child
production exhibits diminishing returns and the calibrated cost shifter x(t) declines
over time, fertility falls even as L, () rises.

With a binding energy constraint in the future, fertility choices adjust already in
the unconstrained phase. In particular, L,(t) is below the no-limit benchmark even
before the limit is binding. The average utilitarian social planner anticipates that
once E(t) = E binds, aggregate output grows less and in the limit stagnates. Thus,
population growth ultimately reduces per-capita consumption: a trade-off the planner
foresees. Anticipation operates through the shadow values of the economy’s stocks.
Solving eq. (19) forward expresses the current shadow value of an additional person
as a discounted integral over the entire future path (see eq. (77)). Once this future
contains an energy limit, the return to fertility is already lowered today. Discounting
implies that this gap widens over time as the binding date approaches. The same

forward-looking logic also applies to the co-state of the energy capital stock.

The Long Run Every path in Figures 2 to 4 shows transitional dynamics: the
limit statements of Section 4.3 lie beyond the displayed horizon. Once the cap binds
permanently, Lemma 1 pins down where the economy is heading to in the long-run:

output and consumption converge to the bound Y = b/ E, work time vanishes, and the
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Figure 4: Population Dynamics. Average Utilitarian (6 = 0).

scarcity rent absorbs the entire energy share, the price of energy approaching § = b'/°.
How distant these limits are is governed by the substitution elasticity. Table 5 reports
the output bound across s and E: at s = 0.5 and the baseline cap of 10,000 EJ, world
GDP could still expand roughly 75-fold from today’s level. At the calibrated s = 0.90
the bound is astronomical, which is why output keeps growing in Figure 2 centuries
after the cap binds. Evaluating the replacement value in eq. (53) for our baseline
calibration gives R = 0.81 < 1: the planner does not sustain a stationary population.
Fertility settles at the fixed point of eq. (54), implying a settled population decline of
0.06 percent per year, and since g4, + gp > 0, the effective energy workforce keeps
growing: the cap remains binding forever and the full leisure economy emerges: future
(i), the leisure economy on an empty planet. None of this is visible in the figures. The
mortality path settles only around 2300 and convergence to the settled decline has a
half-life of roughly a millennium, which is why displayed population still drifts upward
while it will fall in the long run. The mortality scenarios in Section D.3 select the other
two futures; the following two subsections instead vary the welfare criterion and the

growth engine.
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Table 5: Long-run output Y (trillion USD) with b = 0.1.

Elasticity of substitution s

E(EJ) 03 05 0.7 0.9

5,000 1,001 3,731 80,376 3.7-10'
10,000 2,002 7,463 160,752 7.5-10!"
20,000 4,004 14,925 321,505 1.5-10'?

6.2 Total Utilitarian Planner

The results so far rest on average utilitarian welfare. As a thought experiment, we
now ask how the optimal path changes if society adopted total utilitarian preferences
from today onward. History up to 2020 is given by the baseline model, which fits the
data. From 2020 on, the planner maximizes welfare with § = 1, starting from the
baseline model’s 2020 state, with all parameters at their baseline calibrated values.
Trajectories therefore coincide until 2020 and differ afterwards depending only on the
welfare criterion. Each scenario (with and without energy constraint) starts from the
2020 state of the corresponding baseline scenario. Figure 5 reports the results.

The switch is drastic. The total utilitarian planner raises time devoted to child
rearing from about 13% to roughly 70% of the time endowment, and this share ap-
proaches 90% by 2500, while leisure and market work collapse. As a result population
explodes with and without the energy cap, exceeding 200 billion by 2500. Under total
utilitarianism the planner prioritizes population over per-capita consumption, which
ends up an order of magnitude below its average-utilitarian level. The qualitative find-
ing of Baumol’s Energy Cost Disease survives: once the cap binds — which happens
two decades earlier than in the baseline, since a larger population is pressing against
it — the scarcity rent emerges and follows the same path as in the average utilitarian
economy.

The two welfare criteria adjust to the energy cap on different margins. The av-
erage utilitarian pre-adjusts population and leaves hours essentially untouched before
the cap binds. The total utilitarian decreases market work rapidly in favor of child
rearing time, but only slightly in response to the limit leading to only small increases
in leisure time. Child-rearing time is almost untouched. The reason lies in the com-
position of the forward-looking return to fertility in eq. (19): for # = 1 the value of a

person is dominated by the value-of-life term QU /U,, which the cap cannot devalue. A

35



capped economy still delivers u per person-year. The population margin is thus nearly
insensitive to the constraint.

As in the average utilitarian case, the figures show only the transition — the long
run, however, now differs sharply. By part 1(b) of Proposition 1, a total utilitarian
planner sustains a stationary population for every R: the total utilitarian never chooses
the empty planet. Instead of future (ii), the economy heads for future (i): the full
leisure economy with a stationary population. In the limit the two criteria diverge
completely: average utilitarianism yields a slowly emptying planet of ever-richer people,

total utilitarianism a vast population at low consumption per capita.

6.3 Endogenous Growth

The results so far treat productivity growth as exogenous. Both Baumol’s energy
cost disease and the leisure economy hinge on the growth rate of the effective energy
workforce, G = ga, + gp. Population growth has been endogenous throughout. As a
second thought experiment, we now also endogenize the other component, productivity
growth. As with total utilitarianism, the planner solution is not a positive description
of history. Here the reason is that ideas are nonrival: the planner internalizes the full
social return to research and devotes far more time to R&D than observed in the data.
We therefore proceed as in Section 6.2 and treat history up to 2020 as the exogenous
baseline, which fits the data. From 2020 on the planner additionally chooses research
time in both sectors, starting from the baseline model’s 2020 state. The full model and
calibration are presented in Section E.

We assume a semi-endogenous growth process in which productivity in sector ¢ €

{Z, E} evolves according to
Ay(t) = G(Lra(6)P(1)) " Ai(t) . (60)

Research time Lg;(t) now also enters the time constraint eq. (8) alongside work, child
rearing, and leisure. The parameter [3; > 0 captures the rate at which ideas become
harder to find, w captures duplication among researchers, and (; scales research produc-
tivity (Bloom et al., 2020; Jones, 1995). With 8; > 0, sustaining exponential growth
requires ever-growing research effort. Research time, however, is bounded between zero
and one and population cannot rise indefinitely, while the return to research erodes as

knowledge accumulates through A;(t)'~%: productivity growth must eventually fade
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Figure 5: Results for the Total Utilitarian Planner from 2020 onward (6 = 1). Black
lines denote historical values; blue lines the model outcomes.
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(Jones, 2022a). We present two possible futures differing only in the idea depletion
parameter 3. Either energy, and with it output, runs into the physical cap E (energy-
bound future), or growth fades before the cap is reached because ideas become too hard
to find (idea-bound future). We set the duplication value, common to both sectors,
equal to w = 0.5, which is roughly the level Fort et al. (2026) find on the firm level in
more recent years. Idea-depletion in the intermediate sector is set equal to Sz = 1.5,
which is in line with the estimates in Bloom et al. (2020) and Jones (2022b) for w = 0.5.
(; is a scale parameter, normalized so that the technology delivers the observed 2020

growth rates at the observed 2020 research inputs (see Section E).

The energy-bound future (5 = 0.2). When energy ideas run out slowly, energy-
augmenting productivity rises strongly, increasing output and energy use. The green
lines in Figure 6 contrast the constrained and unconstrained paths of this energy-bound
future. In the model run with the energy limit (dashed green), the cap is reached in
2330 and we see the same effects as in the baseline model: consumption, output and the
capital stock diverge, a scarcity rent emerges, and work-time and child-rearing time are
reduced in favor of increasing leisure time. Additionally, research time in the energy
sector is now also reduced, which happens even before the cap becomes binding. This
is the same anticipation mechanism as discussed in Section 6.1 for population. Once
energy is fixed at the cap, better energy technology no longer expands output but only
lowers the labor and capital needed to harvest the fixed flow, so the planner’s incentive
to fund energy research falls.” Moreover, higher levels of TFP are only desirable from
the planner’s perspective as long as the marginal benefit from one more unit of research
exceeds the marginal benefit of one more unit of leisure. With decreasing returns to
research, one hour of research will eventually free up only one hour of work time — an

hour that could have been worked directly in the first place.

The idea-bound future (6 = 1.5). When energy ideas run out as fast as ideas for
the intermediate good, the energy limit is not reached within the simulated horizon.
The orange line in Figure 6 shows that energy-augmenting productivity grows more

slowly and energy demand stays below the cap. Here the constrained and unconstrained

5This is contrary to the idea of price-driven resource scarcity stimulating energy-saving innovation
and resource expansion (Hassler et al., 2021). However, since in our model setup the resource cannot
be expanded and already operates at the thermodynamically optimal level, further research cannot
circumvent the limit.
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paths are indistinguishable throughout. No scarcity rent appears, and growth fades

out through idea depletion rather than hitting the energy cap.

7 Conclusion

This paper studies an economy in which material output eventually becomes bounded
by an essential but finite renewable input, while labor-augmenting innovation contin-
ues. We develop a modified Ramsey framework with endogenous time allocation and
endogenous population to ask where productivity gains go when output is bounded.

We find that, once the limit becomes binding, a growing scarcity rent erodes the
labor share, and productivity gains go to leisure. Without the limit, work time would
stay almost constant. The numerical simulations calibrated to the global economy
illustrate this transition over the coming centuries. For a binding cap and continued
productivity growth, the constrained economy departs from its unconstrained counter-
part: output, consumption, and the capital stock grow more slowly, work time falls,
and leisure increases steadily. In the spirit of Keynes (1930), technological progress
leads to work-time reduction and ultimately to a materially bounded leisure economy.
At the calibrated parameters the economy approaches an empty-planet leisure econ-
omy in the long run. Population eventually declines while the cap remains binding and
leisure absorbs the freed time.

Since energy is essential, only imperfectly substitutable and in limited supply, its
share in total spending rises once the cap binds. We refer to this phenomenon as
Baumol’s Energy Cost Disease. In contrast to the original Baumol’s Cost Disease
(Baumol & Bowen, 1966), the resulting scarcity rent in our model might be taxed
efficiently without any distortions and redistributed at will. This contrasts with other
visions of zero-growth or post-growth economies in which the distributional question is
at the core and it is often argued that redistribution in a zero-growth world becomes
more complicated. We want to emphasize that this vision relies on strong democratic
institutions that prioritize the well-being of their citizens. The same model framework
could also describe a scenario where an energy monopolist captures scarcity rents,
leading to widespread unemployment and limited access to leisure for the majority of
the population. The key distinction lies in the resource distribution at the individual
level. Therefore, the presence of a robust democratic state capable of efficiently taxing

and redistributing scarcity rents is crucial to ensure equitable outcomes.
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A binding limit also influences the population dynamic. The prospect of a future
binding energy constraint lowers the shadow value of fertility already in the uncon-
strained phase. The social planner reduces the time spent rearing children relative to
a no-cap counterfactual because additional population growth implies stronger reduc-
tions in per-capita consumption once output is bounded. This anticipation channel
generates lower fertility and a smaller population path well before the cap binds.

Switching the objective to a total utilitarian planner from 2020 onwards redirects
time massively toward child rearing and puts population on a path an order of mag-
nitude above the baseline, with or without the energy constraint. The constraint no
longer disciplines population at all: the value of an additional life is dominated by the
utility constant and nearly unaffected by the cap.

Endogenizing the growth process makes hitting the energy constraint itself endoge-
nous. If energy ideas deplete slowly, energy use grows into the cap and the main
mechanisms stay untouched. Research is pursued up until the marginal benefit of tech-
nological progress is equal to the marginal benefit of additional leisure. If energy ideas
run out first, energy demand remains below the cap and the constraint does not bind
within the simulated horizon. Growth fades out by idea depletion, with no rent and
no cost disease. This shows that productivity gains are the precondition of the leisure
economy, since without new ideas neither output nor leisure can grow.

Future research could investigate the distributional implications of a binding re-
source constraint, in particular optimal redistribution of the scarcity rent. Further-
more, the demographic side of the model is stylized. Fertility and mortality are cohort-
specific, and while both declined over past decades, the crude death rate will rise as
the global population ages. Since environmental pressure, resource scarcity, and inno-
vation all scale with population, gaining a better understanding of how demographic
variables respond to and shape economic outcomes is crucial for studying the long-run
perspective of humanity.

Finally, our baseline model describes a world in which artificial intelligence generates
new ideas without human time input. If this becomes reality, ideas will not be a
constraining factor, energy and environmental limits will and the income of this weak
link then accrues as a scarcity rent rather than as labor or capital income. The economy
we describe — a rising scarcity rent, shrinking work time, and fertility that adjusts in

anticipation of the limit — is a picture of what such a future might look like.
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A Derivation of the Social Planner Solution

The current-value Hamiltonian is

Consumption. Taking the derivative with respect to c(t) yields

8‘96—7(; — PO, — iy (H)P(t) = 0.

Rearranging gives
py (t) = P(t)’7'U,. (61)

Growth rate of py(t) is then given by

) o PO Ue
=Vt (62)

Capital in the intermediate sector. Taking the derivative with respect to Kz(t)

yields
OH ! .
IK ) py (0 Fic, (8) — pz(t)6 = ppz(t) — fuz(t).
Rearranging gives
1z7(t t) — t

piz(t) pz(t)
Taking the derivative with respect to Iz(t) yields

a% =~y (t) +pz() =0 = pz(t) = pr (1)
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Substituting this into the capital equation gives

Fiey(t) — 6 —p= —tr®) (63)

Fie,(t) =6 = p= (1= )] — 1. (64)

Capital in the energy sector. Taking the derivative with respect to Kg(t) yields

OH

K (1) =y (t)Fr,(t) — pr(t)d — A(t)Ex,(t) L pue(t) — fet).

Taking the derivative with respect to Ig(t) yields

oM
oIt

F= st =0 = pus(t) = v (1)

Inserting this into the capital condition gives

) iy (t)
Fr (t)—0—p— Ex, (t) =— . 65
KE( ) P ,uy(t) KE( ) ,U/Y(t) ( )
Inserting eqs. (61) and (62) gives the Euler-equation from the main text (eq. (17)):

A1) P(t)

Fio 1) =6 = p = gy Brslt) = (1= 0) 5 = 5 (66)

Labour in the intermediate sector. Taking the derivative with respect to Ly(t)

yields

= P(t)eULZ + ,Uy(t)FLZ =0.

OLz(t)
Substituting py (t) = P(t)°~1U, gives

P(t). (67)
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Labour in the energy sector. Taking the derivative with respect to Lg(t) yields

oM
OLy(t)

= P(t)GULE + ,Lby(t)FLE — )\(t)ELE =0.

Substituting py (t) = P(t)?71U, and rearranging gives

U
Fp, =— JE P(t) + A(t)

EL,
P(t)y—1T,

(68)

Time rearing children. Using n(t) = k(t)L,(t)¥, taking the derivative with respect
to L,(t) yields

St = PO+ unlt) PO 0 L,
where 70 = k(£)¢ L, (1)*~!. Rearranging gives
B o-1UL, w1
pp(t) = —P(t) %?ﬂ/n(t) : (69)
Growth rate of pp(t) is then given by
S -0F - G- (70)

Population. Taking the derivative with respect to P(t) yields

oH

8P—(t) = 6’P9—1U(-) + puy (t)(Fp—c) — ANt)Ep + pp(t)(n — d) L pp(t) — fup(t).

Inserting eqs. (69) and (70) and rearranging leaves us with (eq. (19)) from the main
text
P U
9_ n
PO,

— (W =1+

[
?Tl??'

3

U. (,U(- \E
= p+ KYLY™ lUL (Q#—I—FP—C—PQ_;;]). (71)

n

The transversality conditions are

lim e " uy K, = 0, lim e "y Ky = 0, lim e " upP = 0. (72)
t—o0 t—o00 t—o00
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The Kuhn-Tucker Condition is given by
ANt)>0, E{t)<E, \t)(E(lt)—E)=0. (73)

Equation (71) states the optimality condition in growth rates. For the anticipation
argument in Section 6 it is useful to write the same condition in levels. The co-
state equation for population is linear in pp(t) and can therefore be solved forward.

Collecting the terms in pp(t) in the condition above gives

fup(t) = [p = (n(t) — d(t)] up(t) = — ¥(1), (74)

where, using the consumption first-order condition puy = P?~1U,,

U E
U(t) = py |0—+ Fp—c— A——2 (75)

U, P10,
collects the instantaneous contributions of one additional person. The bracket in
eq. (75) contains exactly the four components of the return to fertility listed after
eq. (19).

Multiplying eq. (74) by the integrating factor e~ Jol—(n=d)]ds

and integrating from ¢

to T gives
T T T
ir(®) = [ ey B Lm0t s gy i ool (76)
t

The terminal term is the transversality condition of eq. (72) in a different normalisation

and vanishes as 7" — oo. Inserting eq. (69) on the left-hand side yields

P(t)971ULn > U Ep —J7 |p—(n—d)|ds
— —HwLn(t)¢_l = [ MY(T) QZ + Fp—c— )\—Pe_lUC e [ :| dr. (77)

The marginal utility cost of time spent rearing children today equals the discounted
stream of the net contributions of the resulting additional person. This includes the
scarcity rent term, which enters the integrand at every future date at which the energy
constraint binds. The shadow value of an additional person is therefore lower than in
the unconstrained economy already today, and the shortfall grows as ¢t approaches the

binding date because the constrained phase is discounted less heavily.
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B Proofs

B.1 Proof of Lemma 1

Proof. On a settled path, G converges to lim; ,o. G = ga, + lim;_, gp. Three objects
first. Since aZ? > 0 and raising to the negative power 1/0 reverses the inequality,

output is bounded,

alm

1
o

Y = (aZ° +bE°)" < (bE°)" =b- E

v, (78)

and by (28) the energy share reaches one exactly at the bound. Substituting the factor
payments wLy = aszY and rK; = (1 — a)szY into the definition of Z gives the

intermediate share in closed form,
Sz = a(a®)Ts, O = (AzP)*a%(1 — )t @ w @ p (179, (79)

strictly decreasing in ©; with converging prices, s; — 0 exactly when AzP — oo.
Finally, since investment never exceeds output, Ky(t) < K = max{Ky(0),Y /d}, and
E = (AELEP)”K;” with Lg < 1 requires

1/v

Ap(t)P(t) > (E/K'™")"" >0 (80)
while the cap binds.

If limy oo G > 0: ga, > ga, gives ga, + lim; oo gp > 0, 50 AzP — 00, © — o0,
sz — 0,and Y — Y. The intermediate payments aszY and (1 — a)szY then vanish,
and the positive price limits force Ly — 0 and Kz — 0. Settled growth rates with
positive finite price limits give g, = g» = 0, so D — 0, and by (39) and (40) both
energy inputs decline at the rate v 1lim; o, G > 0 and vanish. In (34) the factor terms
vanish while Y — Y, so sp — 1 and ¢ = SRY/E — b'/7; work time vanishes, so
I = 1—lim; o Ly,. Investment I; = K;(gk, + J) vanishes with the capital stocks, and
the aggregate resource constraint gives C' — Y. If lim;_,oo G < 0: AgP — 0, so (80)
fails in finite time and no capped BGP exists. m
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B.2 Proof of Proposition 1

Proof. The fertility choice of the social planner is governed by the optimality condition
for population (19), shown here again with the rent ¢ from (29) replacing the multiplier,

~-

U, U
:p—i—mﬁLﬁflﬂ (97+Fp—c—qu>. (81)

P UL n
- n 1 —
9P+ULn+( ) -

=
x| &

Inserting the marginal utilities implied by (7), using n = kL% and the time constraint
(8), together with the marginal products of population at the binding cap, Fp =
(asy +vsp)Y/P and Ep = vE/P, the rent share sp = ¢E/Y from (34), and the
factor payments wLy = aszY and wLg = v (sp — sg) Y from (29) and (36) gives

YLn g — e lgrL
0 11— x n - 1-— — Ok
gp + (1 =n) (9o + 79 + €9) + ol L, + (1 =4)gr, — g

B vnl T w(Lz + Lg)
~ P el =Ly (9{1—77+an}+ P _C)’

where z = ¢ — ¢ and B = @ """ Dpt=D > .

By Lemma 1 a capped BGP requires lim;_,.o G > 0, and lim;_,.. G = 0 is a knife
edge we do not characterize, so work vanishes and the economy settles: ¢, = g, =
g1, = g = 0, leisure absorbs the freed time, [ = 1 — L,,, and the labor income term
drops out, since inserting the wage w = y(c — ¢) P/l from (29) makes its contribution

proportional to Ly + Lg — 0. The condition reduces to

vnl x
Ogp+ (1= m)ge = p+ — (0|24 Bar| —c),
gp+ (1 —=n)g ey P By T, PBY e
where the time allocation, n, and kK = kK stand at their long-run values while consump-
tion and population may still move. Since C' <Y <Y by (78) and ¢ > &, population
is bounded, P < Y /& no capped BGP has n > d, so population is either stationary,

n = d, or declining, n < d, the two parts of the proposition.

1. Stationary population: here gp = 0, and lim; oo G = ga, > 0, so case (i) of
Lemma 1 delivers the full leisure economy; C' — Y with constant population
makes consumption converge, g, = 0 and P* = Y /c¢*. Replacement pins n = d,
L, =L} andl* =1— L} from (52). Both sides of the reduced condition are then
constants; multiplying by z (e I* —yL%) /(¢ d1*) and using (e I* — yL*)/1* =
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etp —yL: /(1 — L) rearranges it to (53). A stationary level is therefore a positive

root of

b(x)=(x+c)—0 (ﬁ—n - Bx") — Rz,
with B evaluated at (I*,d), and ®(0) = & > 0 because both terms of OU/U, =
O(xz/(1 —n)+ Ba™) vanish at x = 0.

(a) 0 = 0: ® is affine with slope 1 — R: a positive root exists if and only if
R>1,at 2* =¢/(R—1), that is ¢* =¢R/(R — 1).

(b) 6 > 0: ®" = —0Bn(n — 1)z 2 < 0, and since > 1 the existence-value
term —@Bx" outgrows every linear term, so ® — —oo: a strictly concave
function that starts at ¢ > 0 and eventually falls below zero crosses zero
exactly once, for any R. For the second claim, consider a capped BGP with
declining population and 6 > 0. Marginal utility diverges in each argument
of (7), so the path is interior; the wage limit makes (c—¢)P = wl/~ converge
to a positive constant, so the surplus grows at g, = —gp > 0, x — 00, and
¢/x — 1. In the reduced condition the left side is a constant, and so is the
limit of every right-side term except the existence value, whose contribution
YnlOBx" '/ (el —vL,) diverges since n > 1: no such path satisfies the

condition.

2. Declining population for § = 0: let R < 1; no stationary population exists by
part la, and growing population is infeasible, so any capped BGP has n < d. As
in part 1b, the wage limit gives g, = g. = —gp > 0 and ¢/x — 1. Taking the
limit of the reduced condition with 6 =0, n = R[A/;f, and [ =1 — L, gives

substituting g, = d — /%f}ﬁ and rearranging gives (54). On the range where both
sides are positive, the left side falls strictly and the right side rises strictly; at
L, — 0 they equal €p > 0 and zero, and at the range’s upper end the left side
reaches zero or the right side diverges, so they cross exactly once. At L the right
side’s denominator equals p and the ratio of the sides equals R; R < 1 places the

root below L¥, so gp < 0; roots above L* would imply n > d and are infeasible.
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Parts 2a and 2b: if ga, + gp > 0, case (i) of Lemma 1 delivers the full leisure
economy, with per-capita consumption growing at —gp as shown. If g4, +gp <0,

case (ii) applies: no capped BGP exists, and the cap ceases to bind in finite time.

O

C Calibration

C.1 Derivation of u

Adhami et al. (2023) calculate v(c) as the value of a year of life, measured in dollars,
as a ratio to consumption per person. Their benchmark result states that a year of life
in 2006 in the United States is valued at approximately 5 years worth of consumption

per person (Adhami et al., 2023, p.8), so that

U(c)
U.c

; U(Cu&gooﬁ) = 487 (82)

For our model setup we follow their approach analogously with our utility function
given by Equation (7) and find that
Ule,l,n)  (c—¢) u

v(c,l,n) = e = 1= 7)e + (c = oG (83)

By equating Equation (82) with Equation (83) we can rearrange to obtain

_ (c—¢) N —ny(1— 1—
U= <4.87 — —) c— &) a=mpeli=n),, 84
e (54)
Using our benchmark calibration and 2006 US values for fertility, nogos,vs = 0.0142
(Hamilton et al., 2007), leisure, lagosrs = 0.396° (Bureau of Labor Statistics, 2007),
and consumption, caoss = 36.76 thousand$ (FRED, 2024), we obtain

(36.76 — 0.365)
(1 — 1.35)36.76

7= (4.87 . )(36.76 —0.365)"1:330.3960818: (1-1:39) 01491 (1-139)36 76 — 12.8,

6Leisure is defined as: Leisure and Sports + Educational Activities + Organizational, civic, and
religious activities + Other activities, not elsewhere classified, which equals 6.09 hours per day for the
average American in 2006. We divide this number by the hours per day minus sleeping time of 8.63,
so that we receive ly006,vs = 6.09/(24 — 8.63) = 0.396.
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which is higher than the value of Adhami et al. (2023). For 6 = 0, the parameter 4 is
an additive constant in the planner’s objective and does not affect any allocation; it

matters only for the total utilitarian planner.

C.2 Fertility and Mortality

Fertility Fertility costs are estimated by running a non-linear regression in R for the
cost parameter (t) given by
n(t) _ ~

:‘i(t) = _Z_% = Rp€t grt + K. (85)
Since 1 is jointly calibrated in the grid search (see Section C.3), the estimation of
(Ko, k) is repeated for each candidate value of ¢ € [0.10,1.00], with g, estimated in a
first stage and held fixed across ¢ (rescaling by L% multiplies x(t) by a constant and
leaves g, unchanged). Table 6 reports the results for ¢» = 0.30 (the best-fit value) and
the resulting fitted path is plotted in Figure 7.

Table 6: Estimation results for the cost parameter lfp) with ¢ = 0.30.

Ly,
Parameter Estimate Std. Error t value p-value
Ko 0.0553295 0.0004732 116.93 <2 x 10716
Ik 0.0183405 0.0005445  33.68 <2x 10716
K 0.0152850  0.0002094  73.00 <2 x 10716

Mortality The baseline mortality path dpa.s(t) is estimated by running a non-linear
regression in R for the specification in Equation (55). The results are displayed in
Table 7 and plotted in Figure 8. The full mortality function used in the model is then
given by

dUN i dUN - g
1 + efml(tftl) 1 + e—m2 (tftg) :

d(t) = doe 9" + (86)

The correction term activates smoothly around ¢ with steepness ms, shifting the
mortality path from the UN-fitted baseline toward d in the long run. For ¢ < to,
the correction is negligible and d(t) ~ dpase(t), preserving the empirical fit over the

historical and near-future period. For t > t,, the correction converges to dyx — d, so
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Figure 7: Estimation results for the cost parameter x(t) versus data on fertility.

that d(t) — doe 94 4+ d. We set ty = 200 (year 2160) and my = 0.05, which ensures a
gradual transition that leaves the pre-2100 fit virtually undisturbed. Because the crude
death rate embeds the age composition of the UN baseline, and we hold the same path
fixed across counterfactuals whose fertility differs, the resulting population paths are
reduced-form scenarios rather than age-consistent demographic projections.

Figure 8 displays historical mortality data, UN projections up until 2100 and our
calibrated model mortality rate with different future projections (eq. (86)). The non-
monotonic shape of the mortality path reflects two opposing forces on the crude death
rate. The advancement effect captures medical and economic progress: age-specific
mortality falls over time, which pushes the death rate down and dominates the historical
period. The composition effect works in the opposite direction: as fertility declines and
longevity rises, the population shifts toward older age groups with higher mortality,
so the crude death rate rises even though mortality for every age group declines. The
composition effect dominates from around 2020 onward, which is why the mortality

rate falls until 2020 and then rises, before settling at the long-run scenario rate.
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Figure 8: Historical and Projected Mortality Rate

Table 7: Estimation results for the baseline mortality path dpase(t).

Parameter

Estimate Std. Error t value p-value
dy 0.01581403  0.00009679 163.39 <2 x 10716
Jd 0.02368185  0.00080706 29.34 <2 x 10716
dyn 0.01245200  0.00022865 54.46 <2 x 10716
my 0.03996038  0.00186621 21.41 <2 x 10716
t 78.98450148 0.98321224 80.33 <2 x 10716
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C.3 Grid Search

The internal calibration searches over (¢, ga,,ga,,s) on the grid reported in Table 8,
with a locally refined step for s above 0.80, ¢ = 1 as a normalization, and + chosen to
match the 2006 leisure share. For each value of v, the fertility cost parameters (kg, &)

are re-estimated as described in the fertility calibration above.

Table 8: Grid ranges for the internal calibration

Parameter Description Range

(0 Decreasing returns in fertility 0.10,...,1.00 (step 0.05)
Ja, Productivity growth (final good)  0.010,...,0.030 (step 0.001)
JAp Productivity growth (energy) 0.000,...,0.02 (step 0.001)
s Substitution (energy—non-energy) 0.10,...,0.90 (step 0.05)

Search procedure The loss surface is searched by a sequential coordinate procedure:
first 1), then g4, , then g4, X s, each stage holding the other parameters at their current
values. Because such a procedure can depend on its starting point, it is run from twelve
starting points that span the admissible ranges by construction, g4, € {0.015,0.025},
gay € {0,0.01}, and s € {0.3,0.6,0.9}, and each run is iterated twice. Ten of the
twelve runs terminate at the identical parameter vector and the remaining two at a
neighboring grid point with an indistinguishable loss, so the reported optimum does
not depend on where the search starts. The leisure weight 7 is then chosen so that the
model’s 2006 leisure share equals the time-use value of 0.396 (bisection), followed by a

local refinement of (1, ga,, s).

Identification of the fertility preference The data identify the preference for
children only through the composite e, which governs the share of time devoted to
child-rearing in the planner’s time-allocation condition, in the same way that v governs
the leisure share. The fit is flat along combinations of € and v that hold this composite
near 0.30, so € is not separately identified, and we normalize ¢ = 1. The calibrated
model implies a child-rearing time share of 0.130 in 2006, close to the value of 0.125 in

the US time use data — a moment the calibration does not target.

Solver protocol Each grid point is a non-convex dynamic optimization problem,

and inferior local optima can produce time paths that spuriously resemble the data.
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Two safeguards address this: neighboring grid points are solved in sequence with warm
starts, which keeps solutions on a continuous branch, and the top twenty candidates are
re-solved from an alternative starting point and ranked at their highest-welfare solution
before the fit is compared. Calibration solves use a 300-year horizon; extending it to 500
years changes the loss by less than 107, and varying the post-2100 mortality scenario
changes it by less than 1073 relative. The full procedure requires roughly 10,600 model

solutions.

D Sensitivity Analysis

D.1 Different Limits on Energy

We vary the upper bound on energy supply £ across five values: 5,000, 7,500, 10,000,
15,000, and 20,000 EJ. Figure 9 shows that the qualitative mechanisms described in
Section 6 are robust: variations in F primarily shift the timing at which the constraint
becomes binding and, consequently, the speed of the transition toward the leisure

economy.
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Figure 9: Sensitivity to the energy limit E. Average utilitarian (6 = 0).



D.2 Substitution Elasticity between Intermediates and Energy

We vary the elasticity of substitution s between intermediates and energy across three
values: s = 0.20, s = 0.50, and s = 0.90 (the calibrated baseline). Lower values of
s correspond to stronger complementarity between intermediates and energy in pro-
duction: when s is small, energy cannot easily be substituted by other inputs and a
fall in available energy translates more directly into a fall in output. As s approaches
unity, the production technology approaches Cobb—Douglas, allowing intermediates to
compensate more flexibly for scarce energy.

Figure 10 shows the unconstrained case. Stronger complementarity ties output
more closely to energy, so the low-s economies produce substantially less output and
consume more energy per unit of output. Per-capita consumption grows more slowly
and the time allocation adjusts slightly.

Figure 11 repeats the exercise with a binding energy constraint at £ = 10,000
EJ. Stronger complementarity increases energy consumption, so the constraint binds
earlier. However, the s = 0.20 and s = 0.50 paths cross around 2430, both in the time
allocation and in the income shares.

The crossing arises because s affects the two components of the transition in oppo-
site directions. The rent share equals the energy share minus the payments to labor
and capital used to provide the fixed energy flow. The transition to the leisure econ-
omy proceeds as the energy share rises and the input payments fall. On the one hand,
a lower s raises the energy share faster: after the cap binds it grows with elasticity
(1—s)/s, which is four at s = 0.20, one at s = 0.50, and one ninth at the baseline. On
the other hand, a lower s increases the input payments. With high substitutability, the
output bound Y = bY/?E lies far above current output, so output continues to grow
at almost its previous rate after the cap binds. This output finances investment in
energy capital, and the rising wage w = «y(c — ¢)/l makes substituting capital for labor
profitable. With low substitutability, the bound is close and output reaches it within
about a century of the binding date. Investment in energy capital is small, wages
remain low, and a large workforce continues to provide the fixed flow, with payments
declining only at the rate of energy productivity growth.

The s = 0.20 economy therefore adjusts quickly at first and then slows down: its
energy share is close to one by 2500, but its input payments remain substantial. The s =
0.50 economy continues to adjust on both components and overtakes it around 2430.

Stronger complementarity thus advances the binding date but slows the subsequent
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transition. Beyond the displayed horizon all three economies converge to the full leisure

economy, since the effective energy workforce keeps growing in every run (Lemma 1).
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Figure 10: Sensitivity to the substitution elasticity s between intermediates and energy.
Average utilitarian (0 = 0). No energy constraint.
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Figure 11: Sensitivity to the substitution elasticity s between intermediates and energy.
Average utilitarian (0 = 0). Energy constraint at £ = 10,000 EJ.



D.3 Different Mortality Scenarios

We vary the long-run death rate d across the three scenario values of Section 5: 0.007,
under which population keeps rising, the baseline 0.008, at which it is approximately
stationary, and d = dyx = 0.0125, under which mortality stays at its projected 2100
level and population declines. Since d only affects the mortality path after 2100 via the
smooth double-logistic transition described in Section C.2, the calibration on 1960-2020
data is unaffected.

Figure 12 shows results without an energy constraint. Lower d implies lower long-
run mortality and therefore higher population, which in turn raises aggregate output
and energy demand. This is expected since these variables scale with population.
Intensive variables like the labor time and leisure share or consumption per-capita are
unaffected.

Figure 13 repeats this exercise with the energy constraint at £ = 10,000 EJ. On
the transition, larger populations reach the cap earlier: the binding date moves from
2290 at d = 0.007 to 2300 in the baseline and about 2450 at d = 0.0125.

In the long run, the three scenarios select the three futures of Section 4, as an-
nounced in Section 5. At d = 0.007 the replacement value in (53) exceeds one
(R = 1.12). Although the displayed paths still show a rising population, the planner
sustains a stationary population in the long run — future (i). The baseline d = 0.008
gives R = 0.81 with a positive G, future (ii), as reported in Section 6.1. At d = 0.0125
the settled population decline of 0.47 percent per year outruns energy-augmenting pro-
ductivity growth, so G < 0 and by Proposition 1 no permanently capped path exists
— future (iii), in which the cap eventually stops binding. However, the unbinding itself

lies past the simulated horizon.
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Figure 12: Sensitivity to the mortality floor d. Average utilitarian (6 = 0). No energy
constraint.
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E Endogenous Growth

This section presents the full model setup and first-order conditions for the economy
with endogenous growth. Furthermore, we present the normalization of the scale pa-
rameters (;. They are evaluated at the observed 2020 research inputs, and must deliver

the observed 2020 productivity growth rates,

94,(2020) A;(2020)%
(LgP2P(2020))

G = : (87)
where A,;(2020) and P(2020) are the baseline model’s 2020 levels (Az = 17.6, Ap =
191.1, P = 7.56 billion) and g4,(2020) its 2020 growth rates (2.1% for the intermediate
sector, 0.1% for energy). We measure the observed research share Lg; from head-
counts: there are about 8.9 million full-time-equivalent researchers worldwide and 15
million when accounting for technicians and support staff (UNESCO, 2021). Global
employment is roughly 3.4 billion according to ILO, so that roughly 0.44% of the work-
force are in research. Scaling this by the model’s work-time share of roughly 45% gives
roughly L(}»BSZ = 0.002. We assume that energy accounts for about a tenth of global
R&D, so Lj’%b,% = (0.0002. This then gives (z = 12.6 for the intermediate sector, and for
the energy sector (g = 0.073 at g = 0.2 and (g = 67.9 at S = 1.5.

E.1 Extended Model Setup

Productivity in the intermediate good sector evolves according to

Az(t) = (2 (Lrz(t)P(t) " Az (1) 77, (88)
while productivity in the energy sector evolves according to

Ap(t) = Co(Las(t)P(1) ™" Ap(t)' . (59)

Here, (; is a scaling parameter, w; captures duplication among researchers (we set
wy = wg = w), and f; captures the extent to which ideas become harder to find in
sector i € {Z, E'}.
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The time constraint now reads
1=Lz(t)+ Le(t)+ L,(t) + Lrz(t) + Lre(t) +1(1). (90)
The rest of the model remains unchanged.

E.1.1 Hamiltonian

The current-value Hamiltonian is

H=Pt)’U(c(t),1— Ly — Lg — L, — Lpz — Lrp,n(t))
— A1) (E(t) — E)

E.1.2 Optimality Conditions

Optimality Conditions for capital, labor and consumption are the same as in the model
with exogenous growth. However, we receive new optimality conditions for research in

both sectors as well as a different optimality condition for population.

Research labour in the intermediate sector. Taking the derivative with respect
to Lp z(t) yields

oOH

ns(D) P(t)'Up,,,(t)

+ pia, ()Czwz (Lr 2 (E)P(£) 2 P(£) A4 () 57 = 0.
Using Uy, ,(t) = —U(t) gives

P(t)"Ui(t) = pia, ()CzwzP(£)°% Lr z(£)°2 " A5 (t)' 2, (91)
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which can be rearranged to receive

s(®) = T (0P L 207 A0 92

Taking the derivative with respect to time one receives

Az(t)
Ag(t)

Lr z(t)
Lsz(t)

flag(t) Ui(t) —w @ —w
pay(t) — U(t) 0 Z)P(t) Fme)

+(Bz — 1)

(93)
Research labour in the energy sector. Taking the derivative with respect to
LR,E(t) yields

oOH

nnll) P(t)’UL, (1)

+ pay (DCowe (Lap()P() " P(H) Ap(t)' =77 = 0.

Using Uy, ,(t) = —U,(t) gives

PUYULE) = an ()Coom PO Lis(t)s~ An(t) . (94)
iy (1) = %P@Wm(w1-WEAE<t>ﬂE-1. (95)

Taking the derivative with respect to time one receives

Uy(t) P(t)

frag(t) = pag(t) 770] + (0 — WE)W + (1 —wg)

Lrp(t) Ag(t)
Lnn() + (B — 1)

(96)

Productivity in the intermediate sector. Taking the derivative with respect to
Az(t) yields

OH
9A,(t) = py(t)

t 104, () (L 2 (8) P(£) 7 (1= B2) Az (t) 7% = ppua, () — fua, (8).

FAZ (t)
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Dividing by pa,(t) gives

g (t) _ py(t) o D
P (@) uAZ(t)FAZ(t)+CZ(LRvZ(t)P(t>) (1= Bz)Az(t)™"7. (97)

Substituting
fa, (1) Ui(t) . P(t) ~\Lrz(t) AL
iyt ) PO PO e T Dy Y
(1) = P(°10L(0), (99)
s(®) = T (0P L (02 A0, (100)
yields
LU, PO Lea(t) Ag(t) P ULt)
P e T e T ZCZ(P(t)LR,Z(t))l‘“Z o))
(101)

Productivity in the energy sector. Taking the derivative with respect to Ag(?)
yields

OH
OAE(t)

= iy () Fap (t) = A1) Eap(2)

+ pap (0)Ce (Lap(t)P(6) (1 = Be) Ap(t) ™% = pay(t) — fray(t).

Dividing by pa,(t) gives

_ () () R0 i »
P )~ w4 P+ e (L ®PO) (L= ) An()
(102)
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Substituting egs. (95) and (96) yields

Uy(t) P(t) Lrp(t) Ag(t)
CpP ()P~ Lp p(t)**~  Ap(t)~7®
U.(t) Cw & 1-6 —
BT D) Ap(t)Fag(t) EUl(t)P(t) Ap(t)Eay(t) + P(t)Lr (t)(1 5E)] :
and finally
LU0 PO Ere(t) _ wsCeAp() T U(0) _ MDEs ()
Ul(t) (9 E)P(t> (1 E) LR,E(t) (P(t>LR7E(t))1_wE Ul(t) (FAE(t) P(t)e_lUc(t)) .
(104)
Population. Taking the derivative with respect to P(t) yields
5y = PO V) iy ) (Fe(t) = 6)) = NOEp(6) + p(t) ) =)
O + nas0G 08 L ur(t) = jnt)
Using
%z‘;z(g) = CZwZLpL,Z(t)“’ZP(t)wz*lAZ(t)lfﬁz, (105)
aaf]lfé? = CpwpLr p(t)*E P(t)* 2 Ap(t) P2, (106)
together with
py (1) = P(6)"1UL(t), (107)
_ 1 ULn (t)
pp(t) = —P(t)’ | RO L (1)1 (108)
fip(t) P(t)  Up,(t) Ly(t)  &(t)
wr®) ~ TP T T Y T ey 109
) = L P L 1) Aglt)** (110)
s (0) = L P L) A0 (1)
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and noting that

a0 ) = G(OP(OP L), (112)
a0 ) = GO0 L (), (113)
rearranging yields
P{) | Un, (1 Euft) it
") U Y VL0 e (114)
) Lu (U0 ADE() | Ui)
= p+ kYL, (1) 0, (1) <9 0.0) + Fp(t) —c(t) — RO Ui(t) (Lrz(t) + LR,E(t))> .

E.1.3 Optimality Conditions

The optimum with endogenous growth is described by the following seven optimality

conditions. The first four are identical to the model with exogenous growth and given

Fie,(t) — 6 — —ZC§§§—<9—1>%, (115)
Ue(t) P(t) | A()Ek, (1)

P =0=r="g =~ Ve " pr i o)

Fi(t) = —%P(m (117)

Fupft) = -9 D piey + S0 (115)

The optimality condition for population now has an additional term, taking into ac-

count the extra effect on research labor

P(t)  Ur - 1
Qp(t) Lo YU e wn Pt KL (1) g 19
ut AOER() Uit
HUC PO = el = By, o e LRE“D)
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Finally, there are two new optimality conditions governing the optimal allocation of

research time over time in the two sectors. Research in energy is affected by the energy

limit.
Ui(t) P(t)
“o TP
Uy(t) P(t)
“o TP

A (1)
(FAE ® = P, <f>>

The equations of motion are given by

The transversality conditions are

hm e Py (t)Kz(t

t—o00

B e e ®F

lim e "4, (t)A
)

t—o00

thm e P a, () Ap(t

5

)
lim e " uy (1) Kg(t
(

)
)
)
)
)

(1 —wy) LR Z(t) WZCZAZ<t>1 ¥z U,
Lrpy(t) (P(t)L z(t))1 wz [,

(1— )LRE<t) wpCpAp(t)' " Uc
Lrp(t)  (P(t)Lapp(t)) " 0"

= (n(t) — d)P(t

=1I,(t) — K (¢

= Ip(t) — 0Kg(t),

= (z(Lrz(t)P(t) " Az(t)' 777,

= (p(Lrp(t)P(t))*" Ap(t)!~Pe

FAZ()

(120)
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