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Abstract

Robots carrying a shared payload form a constrained mechanical system whose velocity-error decay rate depends on all robots
and constraints. We study when this rate can be certified, and gains achieving it designed, from inequalities on each robot’s
own constraint space. For cell architectures with a join tree, local certificates exist for every rate below the centralized one,
and attain it when the assembly realizes every combined velocity of the modules shared by adjacent cells, but not always
otherwise. Every architecture without a join tree admits an assembly, possibly with constraints joining several modules, that
has a positive centralized rate and no local certificate of positive rate. Because dissipation is affine in the gains, minimum-
gain and maximum-rate designs decompose into robot-level linear matrix inequalities coupled through payload-sized supplies,
without loss under the endpoint condition. An error-power identity admitting redundant constraints and a gain-weighted fit
of independent joint and wheel requests make the certified rates decay rates of joint-level loops; for skid-steered bases, wheel
friction supplies the missing damping. On four compiled mobile-manipulator teams, the local test reproduces the centralized
rates, robot-level synthesis certifies the mission rate with 40-44% less damping gain, and complete missions show the loops in
operation.

Key words: Compositional stability; dissipativity; chordal decomposition; constrained mechanical systems; cooperative
manipulation; virtual decomposition control.

1 Introduction Constrained robot control uses reduced coordinates and
projection operators to separate admissible motion from
. ) ) constraint reactions [1, 14, 21, 35]. Cooperative con-
Cooperative manipulation connects several robots trollers address uncertain payload dynamics, decentral-
throggh a shared object, producing a constrained me- ized adaptation, mobile platforms, and the distribution
chan}cal system.' Qrasp Clo?l%re anq ground 'contacts of internal forces [11, 13, 30, 34]. For redundant ac-
regtrlct t.he adnmsmble velocities, while the.obJect con- tuation, antagonism filters separate motion-producing
t.rlbu.tes 1nert}a that thq robots accelerate jointly. Quan- efforts from internal loading, including weighted pro-
titative tracking analysis therefore depgnds on both.the jections determined by the controller gains [16, 24].
actuator controllers and the mechanical interconnection. Composite-error control provides a kinetic-energy track-

ing certificate [29], and projected adaptive control of

closed-chain co-manipulation constructs a reference

fThiS paper was mnot presented at any IFAC meet- admissible at the measured configuration [12]. Vir-
ing.  Corresponding author M. H. Shahna. Sup- tual decomposition control (VDC) assigns subsystem
plementary —material ~for this ~paper is available error-storage balances whose interface terms are virtual

at https://github.com/Mehdi-Heydari-Shahna/
CompositionalDecayCertificates.

Email address: mehdi.heydarishahna@tuni.fi (Mehdi
Heydari Shahna).

power flows [40, 42], with cooperative, subsystem-based,
observer, and geometric formulations [15, 17, 19, 41].
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Compositional certification replaces a network-level dis-
sipation inequality by subsystem inequalities coupled
through supply rates [5, 23, 36]; the supplies can be
searched by distributed optimization [22], and port-
based and passive decompositions give mechanical coun-
terparts [9, 20]. When the network certificate is a sparse
semidefinite constraint, chordal decomposition replaces
it without loss by clique-sized constraints [2, 33], which
has been used for robust stability analysis and struc-
tured controller design of sparsely interconnected sys-
tems [4, 39]; for non-chordal patterns, factor-width
decompositions are restrictions [7, 38].

In a constrained assembly, however, the certificate is pos-
itivity of v T (D — kM )v on the admissible space Av = 0,
not on the coordinate space. The unactuated shared
inertia makes the full-space form indefinite, and each
robot can verify an inequality only on its own constraint
space, which contains motions that the complete assem-
bly forbids. For rates strictly below the centralized rate,
a constraint-penalty (Finsler) lift turns positivity on the
admissible space into a sparse positive-definite decompo-
sition, to which the chordal results apply. The lift leaves
three questions open, and they are the subject of this pa-
per: whether local certificates attain the centralized rate
itself, which prescribed cell architectures are lossless for
every assembly, and whether the local inequalities can
design gains rather than only verify them.

The contributions are:

(1) Endpoint condition and architecture characteriza-
tion. For cells with a join tree, local certificates ex-
ist for every rate below the centralized rate £ (The-
orem 11(a)) and, when the assembly realizes ev-
ery velocity of each separator, at x itself (Theo-
rem 11(b)); without this realizability the endpoint
can fail even for a two-robot payload star (Propo-
sition 12). For payload stars the construction is a
payload-space test with ng(ng + 1)/2-entry sum-
maries per robot (Proposition 7, Theorem 8). Con-
versely, every architecture without a join tree ad-
mits an assembly with £ > 0 and no certificate of
positive rate (Theorem 13, Remark 15).

(2) Compositional synthesis. Since dissipation is affine
in the actuator gains, the local inequalities are lin-
ear matrix inequalities (LMIs) in each robot’s gains
and supplies, and minimum-gain and maximum-
rate designs over finite configuration sets de-
compose into robot-level LMIs coupled through
payload-sized supplies, without loss under the hy-
potheses of Theorem 11(b) (Theorem 16).

(3) Dynamic meaning and realization. An error-power
identity that admits redundant constraints (Propo-
sitions 3-5), together with a gain-weighted fit of
independently generated joint and wheel requests
(Theorem 19), makes the certified rates decay rates
of joint-level loops with the fitted feedforward,
which builds on [12, 16, 29]; a reset law bounds

the storage across grasp and release events and
under sampled renewal (Proposition 22), and for
skid-steered bases a friction law with a convex
dissipation potential adds a secant damping that
certifies a rate where the actuation rank condition
fails (Proposition 23).

Sections 2—6 present the model, the identity and rates,
the certificates, the synthesis, and the realization; Sec-
tion 7 evaluates them on six compiled teams, from single
configurations to complete missions.

In the setting of Fig. 1, RoboCompiler [28] attaches the
component mechanism graphs of the robots, the pay-
load, and the ground into one mode-dependent team
graph and supplies the constraint Jacobian, admissible-
velocity lift, actuator map, and inverse dynamics, in
which the results are stated. Each robot is a module with
its own storage W;, the grasp and rolling edges are the
power ports through which the modules interact, and the
certificates are inequalities on these modules and ports.
Certification of contact plants and of instantaneous load
limits is outside the scope of this paper.

Analysis domain. Within each mode, the mechanical co-
efficients are smooth and the ideal bilateral constraints
have constant rank; holonomic and nonholonomic rolling
constraints are admitted, and the planar wheel forces
of skid-steered bases follow a friction law at the wheel
loads of a load model (Section 6.4). The nominal con-
troller uses configuration and velocity (for skid-steered
bases also the wheel loads), exact dynamics, and un-
restricted actuator efforts; model and implementation
perturbations enter through explicitly defined residuals.
The gains are constant within the mode. All certificates
are pointwise in the configuration (for skid-steered bases,
in the state and the loads); trajectory statements inte-
grate the pointwise rates, and designs are certified on
stated finite configuration sets.

Notation. |-| is the Euclidean norm and the matrix norm
it induces, (X,Y) = tr(XY), |z|g = /2T Quz for
Q=Q" =0,symX = %(X—i—XT), and X T the Moore-
Penrose inverse. Apin(X,Y) and A\pax(X,Y) are the ex-
treme generalized eigenvalues of a symmetric X relative
toY =Y T = 0, and blkdiag denotes a block-diagonal
matrix. The subscript 7 marks required quantities, and
a bar reduced matrices (M, D, R).

2 Constrained mechanical model

Robot i, the payload (i = 0), and the ground are modules
of one mechanism graph [28]. A mode v specifies the ac-
tive grasp, support, and rolling interfaces; each is an ideal
edge and a VDC power port. Module i is a tree of rigid
bodies with coordinates ¢; € R"™; ¢ = (qo,...,qn) €

Q C R™ and v = ¢, where n = Zf\;o n;; all coordinates
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Fig. 1. Unified graph assembly following RoboCompiler. The component mechanism graphs retain their bodies, joints, and
ports; grasp, ground, and support edges attach them into one mode-dependent graph. Its module view exposes the VDC power
interfaces; the compiled matrices serve both the fitted controller and the certificates. The sketch generalizes to N robots.

are taken in regular local charts. The kinetic energy is
$v" M(q)v with M = blkdiag(Mo, ..., My) = 0, M;
depending on ¢; alone; C(g,v) is the Coriolis matrix in
Christoffel form, so that

#M(q) = C(g,0) + Clg,v) ", (1)
g(q) collects the potential forces and R = blkdiag(R;) =
0 the viscous damping of the joints. The constant matrix
B = blkdiag(B;) € R™*P maps the actuator efforts 7 €
R?, the payload rows of B vanishing, so that B g are the
actuator coordinates. An ideal edge e contributes rows
Ac(q)v = 0, holonomic (4. = 9P./dq, P.(q) = 0) or
not, which act only on the modules it joins (usually two;
a cable of fixed length routed over several modules joins
all of them); A, (q) is the stack of the m rows of mode v.
In a mode,
Mv+ Clg,v)v+g+ Rv=Br+ A"\, A(q)v =0,
(2)
with A € R™*™ and A € R™ the stacked constraint Ja-
cobian and its multipliers; dependent rows are permit-
ted.

Assumption 1 (Regular configurations). The holo-
nomic rows of mode v wvanish on an embedded sub-
manifold Z,, whose tangent space is the kernel of their
Jacobian, and on a set Q,, open in Z,, that contains
the motions considered in the mode, A, is smooth and
has constant rank. The configurations in Q, are called
regular.

No independence of the rows is required: dependent rows
occur when connections are duplicated, as with one con-
tact row for each of four wheels under a rigid chassis. The
admissible velocities are 7 (g) = ker A(q), of dimension
d=n —rank A.

The compiler returns, at a regular configuration, E(q) €
R"™*4 with range E = T (¢), smooth in ¢, and from it

L=B"E, M=E"ME,

P=EM 'ETM.

R=ET"RE,
(3)

P is the projector onto 7 (¢) that is orthogonal in
the kinetic-energy metric; equivalently P = I —
M~TAT(AM—*AT)A, a form that admits dependent
rows [31]. The fitted reference, W, and the rates below
do not depend on the choice of E (they are unchanged
under E — ET(g) with invertible T'). With v = Fu,

(2) reads Mu+ ET((CE+ ME)u+g+ REu) =L"r.

Lemma 2 (Redundant rows). Under Assumption 1, for
every state with A(q)v = 0 and every T, the acceleration
0 and the total constraint force AT\ are unique; \ is
unique up to ker AT. A component Aj is the same for all
solutions if and only if row j of A is not a combination
of the other rows.

Proof. The reduced equation determines 4, hence v =
Eu + Fu. Then f = M© + Cv + g + Rv — BT satisfies
ETf =0, that is f € (range E)* = range AT, which
gives existence of A; two solutions differ by an element
of ker AT. The j-th component vanishes on ker AT if
and only if é; € (ker A7) = range 4, and Az = ¢; is
solvable exactly when row j is independent of the others.

O

The second statement is the criterion of [37] for reactions
under redundant constraints.

3 VDC error-power balance and decay rates

Let v,.(t) € R™ be a required velocity, absolutely contin-
uous along the motion (it may depend on time and on
the measured state). A triple (v, 7, A,-) satisfies the re-
quired balance if

M(q)dr+C(g,v)v,+9(q)+ R, = Bry+A(q) " A,y (4)
with the actual ¢ and v in M, C, g and A. The law is
r=1.—KB(v—u,), K = blkdiag(K;) = 0, (5)

which every robot evaluates with its own rates. Write s =

v—v,, W =1[s|3;, and D= BKB" + R = 0: the VDC



velocity error, aggregate error storage, and dissipation
matrix. The norm at time ¢ uses M (q(t)).

Proposition 3 (Error-power identity). Let Assump-
tion 1 hold and consider a motion of (2) under (5) with
(4); v, need not be admissible. Then, for almost all t:

(i) W = —s'Ds — (A(q)v,, \— \,.), which depends on
the reactions only through the unique AT (A — \,.).
(ii) If A(q(t))v-(t) =0 for allt, then

W =—s'Ds (6)

whatever the topology of the graph, the number and
the types of its ideal edges and the rank of A. If
A(q)v, # 0 at a state, then W takes every real value
there as v, varies, the instantaneous actuator effort
and actual acceleration being fixed.

(iti) |s|m > [A(@)vr|(ans-1a7yi = (I = P)or|u, the dis-
tance of v, to T (q) in the kinetic-energy metric.

(iv) W = Zf\;o W, with W; = %‘Szﬁ\/[“ and W; =
—5 DiSi + Yo, Te,is where D; = BK;B + R;

and me ; = <A£Z)si, Ae — Are) 18, for the chosen mul-
tipliers, the error power that edge e delivers to mod-
ule i (Ag) : the columns of A, that belong to module
i). For every edge, >, Tei = —(AeVp, Ae — Are),
which is zero when the required velocities of the
modules that e joins are compatible at the actual
configuration.

Proof. Subtracting (4) from (2) and using (5),
Ms+ C(q,v)s+Ds=AT (A= \,). (7)

By (1), W =s"(Ms+Cs) = —s' Ds+ (As) T (A = \,),
and As = —Av,: (i). (ii) Replacing o, by o, + M~tATy
changes the left side of (4) by A"~v; with the same 7,
Ar changes by v, and the term of (i) by (Av,,~). (iii) s
satisfies As = —Awv,., and the least value of |z|ys subject
to Az = b, b € range A, is |b[(4pr-147)1, attained at
r=MTAT(AM~*A")b = —(I — P)v, for b= —Av,.
(iv) is (i) written module by module, M, R, B, K being
block diagonal and C' = blkdiag(C;(g;, v;)). O

The identity combines the energy computation of the
composite-error law [29] with explicit constraint forces
and the VDC subsystem construction: (iv) is the cancel-
lation of virtual power flows [42]. Its decisive hypothesis
is reference admissibility at the measured configuration,
v = E(q)u,; a reference admissible at a desired config-
uration g4 # ¢ in general violates it, and (iii) gives the
unavoidable error.

Except for the fully constrained case in Theorem 11, as-
sume d > 1. With an admissible reference v, = E(q)u,.,

s =Fowitheo=u—u,, W= %O’TMO' and, by (6),
W =—0"Do,D=E"DE=L"KL+ R. Let

E(Q) = /\min (’Zj, M)a E(Q) - )\max(,Da M) (8)

Equivalently, k(q) = max{k v (D — kM)v >
0 forallv € T(q)}, the form whose decomposition is
studied in Section 4.

Proposition 4 (Rank condition and rates). Let As-
sumption 1 hold.

(a) Characterization. At a regular configuration the fol-
lowing are equivalent: (al)ker A(q) Nker BT = {0}, i.e.,
with all actuators locked the mechanism has no admis-
sible motion; (a2) rank L(q) = d; (a3) the required bal-
ance (4) has a solution (1, A\-) for every admissible v,
v, = Fu, and every 1, € R%; (af) LKL = 0 for
one, equivalently for every, K > 0. They imply (q) >
Amin (LT KL, M) > 0. In general (q) > 0 if and only if
ker A(q) Nker BT Nker R = {0}.

(b) Two-sided rate. Along every motion with an admis-
sible reference, —2R(q)W < W < —2k(q)W, both in-
equalities being attained at every configuration. Hence
fort >ty

t
- ®(q(r))dr
¢ 0TI ) s < (Dl

INECCIL

S 67 t0)|M. (9)

(c) Necessity. If (al) fails at q, the accelerations  that
efforts can produce at (q,u) form an affine subspace of
dimension rank L < d; there are admissible references
that no control follows exactly, and errors o # 0 at which
the actuators dissipate nothing.

(d) Internal-effort invariance. The reduced error obeys
Mé+ET(CE+ ME)o + Do = 0. For the same admis-
sible reference and initial state, different solutions of (4)
generate the same motion; their efforts form an affine
family with direction ker LT, of dimension p — rank L.

Proof. (a) Lo = 0 with ¢ # 0 means 0 # Eo € ker AN
ker BT: (al)<(a2). A vector x lies in BRP + range A"
if and only if ETz € range LT. Premultiplied by ET,
the left side of (4) is M, plus terms independent of
1,5 it sweeps RY, so (4) is always solvable exactly when
range LT = R%: (a3). (a4) is (a2). If Lo = 0, 0 # 0, then
0"Do = o' Ro, which gives the condition with R. (b)
follows from ko' Mo < 0 ' Do < Ko | Mo, with equal-
ity for the extreme eigenvectors. (c¢) The reduced plant
gives Mi = LT7 + (terms without 7). (d) Premultiply
(7) by ET and use $ = E¢ + Eo. O



Condition (al) is a statement about the assembled graph
and is checked after assembly. The number p — d of su-
perfluous actuators does not enter the certificate: it is
the dimension of the internal efforts, available for load
distribution at a fixed requested motion [26].

Proposition 5 (Residuals). Suppose that (4) holds up
to a measurable, locally bounded residual §(t) € R™, its
right-hand side being Bt. + AT\, + 6(t) (model error,
omitted forces, sampling). ThenW = —o ' Do—c ET6.
If ET6 = U(t)o +n(t), with ¥ and 1 measurable and
locally bounded, and \pin (D+sym v, M) > ko > 0, then

o (f— 1
[s(t)|ar < e 071 |s(to) [ + — sup|n| 1. (10)
Ko [to,t]

Moreover \TE‘T$|M71 = |PT2|p < |x|pr-1: a residual
inrange A" (an error of the internal forces or of the load
distribution) has no effect on the motion.

Proof. Theresidual adds —d to the right of (7),and W =
—o T (D+symV)o—o"n < —2kW +|s|a|n|57-1 by the
Cauchy—Schwarz inequality in the metric M. With D
the upper right Dini derivative, DV |s|y; < —kols|apr +
[n|jz—1 for almost all ¢; integrating gives (10). The norm
identity follows from PT = MEM~'ET. O

4 Compositional certificates
4.1 Payload stars

Consider a payload held by IV robots, every edge join-
ing one robot with the payload or with the ground.
Then T = {v : (vo,v;) € Ti, i@ = 1,...,N}, where
T; C R™*7 ig the admissible space of robot ¢ holding
the payload alone, and D = blkdiag(0, D1, ...,Dy), the
payload having neither actuators nor damping.

Definition 6. For x > 0 and a symmetric © € R™0*"0,
module 7 is (k, ©)-dissipative at q if

Vs

T(D; — kM;)v; > UOT@UO for all (vg,v;) € T;.
For J = JT = 0 let x;(J) be the supremum of the &
for which module i is (k, xJ)-dissipative: the certified

standalone rate for inertia share J.

© measures the dissipation that the robot, at rate x, has
left for the payload; by Theorem 8(e), m; — sg ©;5¢ is a
supply rate at the grasp port in the sense of [36], with
storage W; and dissipation rate 26W;.

Proposition 7 (Payload-space test). Fiz a regular con-
figuration, its mode and gains, and k > 0. Suppose every
robot can realize every payload velocity. Parametrize its

local space by v; = X;v9 + Z;x;, where Z; spans the local
self-motions with vg = 0, and set
F, =7 QiZ;, A =Z] QiXi,

(11)
S(H) = ZEZ — KM().

Qi =D; — kM;,

Ei = XZTQZXZ — A:FZ—TAZ*,

(12)
Then k > k if and only if
F; =0, rangeA; CrangeF; (Vi), S(k) = 0.
(13)

When (13) holds, ©; = E; satisfies Definition 6 and
>0 = kMy; for agreed a; > 0 with Y, o; =1, ©; =
= — ;S has sum kM.

Proof. At fixed vg the local form is = Fyx; +2x] Ajvo +
v(;r XZT Q; X;vg. Its infimum is finite for every vy exactly
under the two local conditions in (13), and it equals
vy Zivo [3]. Payload realizability completes any local
choice to a team velocity, so global nonnegativity re-
quires every local infimum to be finite; the self-motions
of different robots are independent, and their separate
minimization gives the team infimum v] S(k)vo. O

Theorem 8 (Rates compose). At a regular configura-
tion:

(a) Composition. If module i is (k, ©;)-dissipative fori =
1,...,N and ), ©; = KMy, then & > k. In particular,
for inertia shares J; = 0 with )", J; = Mo,

& > mink;(J;), k> mink;(My/N) > mink,;(My).
(14)

(b) Exactness. If every payload velocity can be followed by
every robot and k > k, there are symmetric ©4,...,0y
with ), ©; = KMy such that every module is (k,©0;)-
dissipative: the modular certificate loses nothing, includ-
mg at K = K.

(¢) Plug-and-play. If a robot is attached to the payload of
a team with rate Ky, the gains of the others unchanged,
then Ky > min{ky, ky41(0)}.

(d) Constraints. If edges are added, T' C T with the
same M and D, then k' > k and &' < E.

(e) Dissipation along motions. Let the reference be ad-
missible and module i be (k, ©;)-dissipative at the config-
urations of a motion. Then W, < —26W,; — s(—)r@iso +
where m; is the error power that the grasp of robot i de-
livers to it (Proposition 3()), and Wo = — >, m;. If
> ©i = KMy, the sum gives W < —26kW.



Proof. (a) For s € T, ST( —kM)s =Y ,o, 8] (Di —
kM;)s; — Kksq Mosg > sg (Z ©; — kMy)sg > 0. With
Kk = min,; k;(J;) module i is (k, kJ;)-dissipative, and
k;(J) does not increase with J. (b) Proposition 7 gives
S(k) = 0; take ©, = Z; — S/N. (c) The restriction
of s € T(n41) to the first N robots and the payload
lies in 7(n); add the two inequalities. (d) The extreme
values of a Rayleigh quotient over a subspace lie be-
tween those over the space. (e) By Proposition 3(iv),
Wi = —s5; I'D;s; + m;, the error powers of the ground
edges Vanlbhlng and those of a grasp adding up to zero;
Definition 6 gives fsiTDl-si < *HS;rMiSi — 5361'50. D

Remark 9 (Scalar and matrix shares). Once Mj and
scalar shares «; have been agreed, each robot tests its
own share without the other robots’ matrices. Scalar
shares can be very conservative: a robot alone must sup-
port its share of every payload rotation, whereas the
team also uses coordinated grasp translations. Matrix
supplies retain this directional coupling and may be in-
definite. The augmented-object inertia [18] is a related
mechanical aggregation; the present inequalities quan-
tify closed-loop error dissipation.

Information and membership. At a trial rate, robot i
forms (11) from its own M;, D;, grasp/ground rows, and
the shared payload configuration, and sends its feasibil-
ity status and E;, ng(no + 1)/2 numbers in an agreed
payload-velocity chart. A coordinator tests S > 0 with
My; neither the robot matrices nor the assembled lift
FE are transmitted. At an unchanged state, cached sum-
maries give

Sadd =5+ Enew, Srernove =5- Ejv (15)
while moving cells refresh their summaries. The benefit
of the summaries is locality of information rather than
arithmetic, and Section 5 uses it for design.

4.2 General cell architectures

For a general assembly let the modules be grouped into
cells Vq,...,V; that cover them, every edge being as-
signed to one cell that contains the modules it joins.
Write v|y,, for the velocities of the modules of cell ¢, RV
for their space, and 7, C R for the admissible veloc-
ities of the edges of the cell, so that T = {v : |y, €
T. for all ¢}. For a set S of modules mg restricts veloci-
ties to R,

Definition 10. A modular certificate of rate k is a family
of quadratic forms 6, on RY* with 6. > 0 on 7. and
> 0:(v|v.) =vT (D — kM)v for all v € R™.

Each cell checks its own inequality, and a modular cer-
tificate of rate k gives k > k. For the cells {0, 4} of The-
orem 8 the certificates are the supplies of Definition 6

with Y. ©; = kM. A join tree of the cells is a tree whose
vertices are the cells and in which, for every module, the
cells that contain it form a connected subtree; for a tree
edge {c,c'}, Scer = Ve NV is its separator.

Theorem 11 (Join trees). Let the cells admit a join tree.

(a) For everyk < k there is a modular certificate of rate
K (for every k if d = 0).

(b) Suppose in addition that the join tree can be cho-
sen so that every separator velocity is realizable by
the assembly: ns_,(T) = RS for every tree edge
{¢,c'}. Then a modular certificate of rate k exists
for every k < K, in particular at the endpoint k = k.
One is obtained by eliminating the leaves of the join
tree with generalized Schur complements; for a pay-
load star it gives the supplies of Proposition 7 with
the slack S(k) assigned to the root cell.

Proof. (a) Stack each cell’s constraint rows in A.. Strict
positivity of D—xM on T \{0} gives, by Finsler’s lemma,
a finite 8 > 0 with

Qs=D—rM+BY AlA. -0,

each A, embedded in the assembled coordinates (oth-
erwise unit vectors violating the inequality for 8 — oo
would have a limit in 7 contradicting strict positiv-
ity). The join-tree property makes the graph obtained
by completing each cell a clique chordal, with every
maximal clique contained in a cell, and classical clique-
supported decomposition [33, Thm. 9.2] gives Q3 =
>-.Ue, Ue = 0 supported on V... Then 0, = U, — BAL A,
is nonnegative on ker A., and the forms sum to D — kM.

(b) Let k < &, so that g(v) = v (D — kM)v >0on T,
and write ¢ = ) _ p. with p. a form supported on V. (as-
sign the form of each module to one cell that contains
it). We prove, by induction on the number of cells, that
every family of cell-supported forms whose sum is non-
negative on 7 admits a modular certificate when sepa-
rator realizability holds. One cell: 8 = p. Otherwise let
¢ be a leaf of the join tree with neighbor ¢/, S = S,
and P = V. \ S. By the join-tree property no module
of P belongs to another cell. Let 7’ be the admissi-
ble space of the other cells, on the velocities of V' \ P;
then T = {(w,vp) : w € T, (wg,vp) € T.}. Since
7r5(T) also 75(T.) = RY and 75(7T’) = R®, and

Te = {(s, Xq + Zx)} for a particular-solution matrix X
and a basis Z of the motions of P with ¢ = 0. Write
pe(s, X+ Zz) = 2T Fx + 22T A¢ 4+ ¢ T Gs. Nonnegativ-
ity of ¢ on T requires, for each w € 7', a finite infi-
mum over x; as wg ranges over RY, this means F > 0
and range A C range I, and the infimum is ¢ " Z¢ with
E =G~ ATFA [3]. Put 0.(s,vp) = pe(s,vp) — s =q,
which is nonnegative on 7, and replace pe by per 4+ | Zs,
admissible because S C V.. Every w € T’ extends to
(w,Xwg) € T,s0 T = myp(T), and the remaining



forms are nonnegative on 7': for w € T’ they sum to
inf, g(w, Xwg+ Zx) > 0; the remaining cells keep a join
tree, and their separators S’ satisfy wg/ (77) = ws/(T) =
RS’ Induction gives forms for the remaining cells; each
= is subtracted once and added once, so the sum is q. For
a payload star, S is the payload, separator realizability
is payload realizability, and = = =,. O

Theorem 11(a) is where classical chordal theory enters.
At k = k the form is only semidefinite on 7 and a finite
penalty need not exist, so (b) needs additional structure.
The realizability hypothesis cannot be dropped:

Proposition 12 (Endpoint failure without realizabil-
ity). Even for a two-robot payload star with positive-
definite gains and full team actuation, modular certifi-
cates need not exist at k. Let the payload velocity be y,
v1 = (z,u), va = (z,w), and

1 -1
-1 2
Dy = diag(1,2), D= 2D, (16)

7—1 :{(y’w7u):u:y}7
To ={(y,z,w) : w =y, w=0}

My =1, M1[ ]7 My = I,

Then d = 2 and k = 1. No finite supplies attain Kk = 1,
supplies exist for every 0 < k < 1, and every family
approaching k = 1 has unbounded supply coefficients.

Proof. With B = [01x4; 4], K = blkdiag(Dy,D2) and
R = 0, the payload is unactuated and rank L = d = 2.
On 7,y =u=w = 0, so the kinetic and dissipation
forms are 22 4+ 2% and 22 + 222; hence k = 1. At this
rate robot 1’s local form is 2xy, unbounded below for
fixed y # 0, so no finite ©; satisfies Definition 6. For
§ = 1—k > Oitslocal formis § (x4ky/8)?+ (20— K2 /6)y?,
s0©1 = 26 — k2 /§ and Oy = Kk — O are feasible (robot 2
has y = 0 and local form (2 — k)22 > 0). Every feasible
©, is at most 26 — k?/§ — —oo, and O + Oy > k forces
Oy — +00. O

Here robot 2 pins the payload, which robot 1’s own con-
straint space does not see: the endpoint fails because a
cell certifies motions that the assembly forbids.

The next result shows that the join tree is also necessary.
Let G be the graph on the modules in which two modules
are adjacent when some cell contains both.

Theorem 13 (Cell architectures). For a prescribed fam-
ily of cells, the following are equivalent:

(i) the cells admit a join tree;

(ii) for every choice of module coordinates, inertias, dis-
sipations, and edges assigned to the cells (an edge
may join any modules of its cell), a modular certifi-
cate exists for every k < K.

If (i) fails, there are assemblies with these cells and k > 0
for which modular certificates exist only for k < 0.

Proof. (i)=-(ii) is Theorem 11(a). For the converse, sup-
pose that G is chordal and that every clique of G lies
in a cell. A maximal clique of G lies in a cell, which is
itself a clique of G; by maximality the two coincide, so
every maximal clique is a cell. A chordal graph has a
clique tree on its maximal cliques [33]; attaching every
other cell to a maximal clique containing it gives a join
tree (this is the classical characterization of acyclic hy-
pergraphs [6]). Therefore, if (i) fails, either (A) G has a
chordless cycle ji, ..., jk, k > 4, or (B) some clique of G
lies in no cell; in case (B) let K be such a clique of least
cardinality m, so that m > 3 and every proper subset of
K liesin a cell. Let J be the modules of the cycle or of K.

Let every module have velocities (7, z;) € R? and M; =
I, with D; = diag(0, ) for j € J and D; = k.[I oth-
erwise, £, > 0. Edges act only on the x;, j € J: in case
(A), zj, = xj,,, fori < kand x;, = —x;,, each assigned
to a cell that contains its two modules; in case (B), for
every j € K the edge ZieK\{j} x; = 0, assigned to a cell
that contains K \ {j} (for m = 3 it joins two modules;
for m > 4, e.g., a fixed-length cable over the modules of
K\ {j}). In both cases the edges force x; = 0 (in (B),
subtracting two edges gives z; = /), S0 kK = K.

Define Y, symmetric and supported on the x; coordi-
nates: in case (A), Yj; = 1, Y5, = Y, = 1 for
i <k, Y}, =Yj,. = —1, and all other entries zero; in
case (B),Y = (1+t)I —t11T on 2 witht = 1/(m—2).
For every cell ¢, the principal submatrix Y, of Y on the
coordinates of V, is positive semidefinite with range in
T.. In case (A), a cell contains at most two modules of
the chordless cycle, consecutive if two; Y, is then 1, or
[:I:ll ill} with range spanned by (1,+1), which satisfies
the edge between the two modules whether or not ¢ car-
ries it. In case (B), a cell contains at most m — 1 modules
of K, and an r X r principal submatrix of Y has eigenval-
ues 1+t —tr > 0and 1+t¢. A cell that carries the edge of
j contains K\ {j} and no other edge (two would place K
in the cell), and its Y, = (1 +¢)I,,_1 — t11 " has kernel
spanned by 1, so its range is that edge’s constraint set.

Each Y, is a nonnegative combination of yy " withy € T..
Hence, for a modular certificate of rate x,

0<> (0e,Ye) = (D—kM,Y) =~k trY = —kl|J|,

because D — kM is diagonal with entries —k on the x
coordinates. Thus x < 0. O



Remark 14 (Duality and factor width). The matrix
Y certifies the failed decomposition, as in the duality
between clique decomposition and positive semidefinite
completion [2, 33]. For pairwise cells on a ring, the lift
of Theorem 11(a) is SLs — xI on the z-block, with L
the signed Laplacian of an unbalanced cycle; its compar-
ison matrix has the eigenvalue —k, so it has no factor-
width-two decomposition [7]; Theorem 13 extends this
obstruction to arbitrary cell architectures.

Remark 15 (Edge arity). Construction (A), and (B)
with m = 3, use edges that join two modules; for m > 4,
(B) uses edges that join m — 1 modules, and this cannot
be avoided in general. The matrices Y supported on the
cell blocks, with every block Y, positive semidefinite with
range in 7., form the dual cone of the sums of cell forms,
so a modular certificate of rate x exists if (D—xM,Y) >
0 for every such Y # 0. Let the cells be the (m — 1)-
subsets of m > 4 modules, and let every edge join two
modules. A block Y, > 0 annihilated by the rows of an
edge forces the same on every block that contains both of
its modules, and every module shares a cell with any two
others; hencerange Y C 7. In a basis of 7 adapted to the
subspaces U; of motions of module j alone, Y = NZN T
with Z positive semidefinite on the coordinates outside
each Uj, whereas N (D — kM)N = 0 (k < k) couples
no two U; and splits into positive definite parts, each
supported outside some U;,. Thus (D — kM,Y) > 0,
with equality only if Z = 0, since any two U;, U lie
outside a common U;:. Certificates therefore exist for
every k < k although the cells admit no join tree: for
two-module edges, property (ii) of Theorem 13 holds for
a strictly larger class of architectures, which we do not
characterize here.

5 Compositional gain synthesis

The cell inequalities are linear in the dissipation, and
the dissipation is affine in the actuator gains: D, (K;) =
B;K;B, +R;. The certificate therefore extends from ver-
ification to design. Let IC; be a closed convex set of ad-
missible gains of robot ¢ (for example, diagonal positive
gains within actuator limits), K = {blkdiag(K;) : K; €
KC;}, and let C be a finite set of regular configurations of
a mode, sampled from the motions to be certified. Write
k(K q) for the rate (8) with gains K at ¢, and consider

G(k) ={K e K: k(K;q) >k forall g € C}, (17)
(k) ={K € K : for every ¢ € C there is a modular
certificate of rate s for D(K) at g¢}. (18)

Theorem 16 (Compositional gain synthesis). Let the
cells admit a join tree at every q € C.

(a) G (k) C G(k). Both sets are described by LMIs that
are jointly linear in the gains, the cell forms, and k:
ET(D(K)—kM)E = 0 forG, and N, 0.N.. = 0 with

range N, = T.(q) together with the linear identity of
Definition 10 for Gy, .

(b) If separator realizability holds at every q € C, then
Gm(k) = G(k). Without i, Gn(k) 2 {K € K :
K(K;q) > k Vg € C}.

(¢) Let J : K — R be convex. The infima of J over
G(k) and over Gy, (k) are equal under the hypothesis
of (b), and without it whenever some K € K has
k(K;q) > k for all ¢ € C. For every budget b, the
suprema of the rates k for which G(k), respectively
Gm(K), contains a gain with J(K) < b are equal.

(d) For a payload star, Gy (k) is the set of gains for
which there are supplies ©] with, for every q € C
and all (vg, v;) € Ti(q),

v (BiKiBiT + R; — kM;(q))v; > vg ©%vg, (19)
S, 0f = kMo(q). (20)

Each (19) is an LMI of order dimT;(q) in
(K;,0! k) that involves only robot i’s data; the
robots are coupled only through (20), of order ng.

Proof. (a) A modular certificate of rate x gives k > k
at its configuration. Linearity: D(K) is affine in K, and
positivity of f. on T is equivalent to N, 6.N. = 0. (b)
For K € G(k), Theorem 11(b) at each ¢ gives a cer-
tificate of rate k < k(K q); without realizability Theo-
rem 11(a) applies when xk < k(K;¢q). (¢) Under the hy-
pothesis of (b) the sets coincide. Otherwise let K, € K
have k(Ks;q) > konC, and let K € G(x). For ¢ € (0,1],
K, =(1—t)K +tK, € K, and ET(D(K,) — kM)E = 0
at every ¢ € C because D is affine; so Ky € Gy, (k) by (b),
and J(K;) < (1 —t)J(K) +tJ(Ks) — J(K) ast — 0.
With (a), the infima are equal. If x is below the supre-
mum for G, some K with J(K) < bhas k(K;q) > konC
and lies in G, (k) by (b). (d) For the cells {0, ¢}, a modu-
lar certificate is a family of supplies of Definition 6, with
D; = B;K;B;' + R;, that sum to KMy (Section 4.2); the
inequality in (20) is equivalent, since lowering one O
preserves (19). O

Remark 17 (Distributed solution). In (d), a minimum-
gain design min ), J;(kK;) has the sharing form of [8,
Sec. 7.3]: each robot solves its own LMIs (19) for (K, ©F)
and exchanges only the supplies, ng(ng + 1)/2 numbers
per configuration, with a coordinator that projects their
sum onto (20), as in the supply-rate search of [22]. A
robot that joins a team with spare supply needs only its
own inequality (Theorem 8(c)). The guarantee is for the
configurations in C; certification over continuous regions
of configurations, for instance by polynomial certificates
in g, is not addressed here.



6 Realization by joint-level loops
6.1 Fitted reference

The certificates require an admissible reference and its
required balance. Joint and wheel controllers, however,
are given requested actuator rates. A position loop on
a joint with coordinate a, gains kp, kq and target aq(?)
applies —kq(a@ — w) with w = aq + (kp/kq)(aq — @), and
a speed loop on a wheel applies —k,, (@ — w). Such loops
are

r=71—-K(B'v—w), K =blkdiag(K;) >~ 0, (21)
with requested rates w € R? and a feedforward 7. When
p > d, w is in general not of the form L(q)u: the loops
ask for a motion that the constraints do not admit. In
a team, each robot generates its requests from its own
targets, so the requests of different robots are generally
inconsistent with the grasp and rolling constraints that
couple them.

Assumption 18 (Requests). w = w(t,q,&) and £ =
X(t, q,v,&, ym (1)), with w and x continuously differen-
tiable, controller states &, and measured signals y,,. Sig-
nals of Yy, that the present effort influences, such as a
wrist wrench, enter only the rates x; of states ; on which
w does not depend, so that Ocw X does not depend on them.

Then w = Oww + Oqw v + Ogw X is computable from time
and measurements before the present effort is applied, so
the computation below contains no algebraic loop. The
fitted reference of the loops is
uT:H_lLTKw, w, =w — Lu,,
(22)
with H = LTKL, under the full-rank condition of
Proposition 4(a): Lu, uniquely minimizes |Lu — w|%.
The fit is the admissible motion closest to the requests
in the metric of the gains: a stiff loop pulls the reference
toward its own request more than a soft one.

v = E(q)ur,

Theorem 19 (Joint-level loops). Let Assumptions 1
and 18 and (al1) hold along a motion of (2) under (21),
with u,, v, wi given by (22).

(a) Decomposition. LT Kw, = 0andt = (1;+Kw,)—
K BT (v—v,.): the loops are the law (5) for the admis-
sible reference v,., with the internal effort Kw, €
ker LT added to the feedforward, and u, is the only
u for which K(w — Lu) is an internal effort. Rel-
ative to loops asked for Lu,, the original loops add
Kw, to the effort and —BKw, to the total con-
straint force, at the same reduced acceleration.

(b) Fitted feedforward. Along the motion v, = Et, +
Eur with

i, =H (L' Kw, + LTK(w—Lu,)), L=B"E,
(23)

a function of time and measured quantities. If Tf
solves (4) for this v, (one exists by (a3)), then W =
—s'Ds with s = v — v, and Proposition 4(b),(d)
and the certificates of Sections 4—5 apply, for every
K > 0 and all requests of Assumption 18.

(c) Other feedforwards. For any 74, W = —o ' Do —
o "ET§ with the defect § = Mv, + C(q,v)v, + g+
Rv, — By, to which Proposition 5 applies.

(d) Desired-motion feedforward at rest. Let the loops be
position loops with targets at rest, w = K 1K, (aq—
BTq) with K, = K; > 0, and let T4 solve (4) for
the fitted reference with a symmetric M(q) in place
of M, all other terms exact. Then, at every state
with Ky(aq — BT q) =0,

W=-o"(D+E"(M~MEG,)s, (24)

with G, = H'LTK,L. The feedforward of the de-
sired motion, which supplies at rest only the effort
that rest requires (Bty + AT A\y = g), is the case
M = 0, with the form D — J\Z[Gp, which can be in-
definite.

Proof. (a) LT K(w — Lu) = LT Kw — Hu vanishes for
u = u, only, and on admissible velocities BTv — w =
L(u — u,) —w,. Since ET BKw, = 0, the generalized
force BKw, liesinrange AT ; by Lemma 2, AT\ = Mo+
Cv + g + Rv — Bt, which changes by —BKw, when 7
changes by Kw, at the same motion. (b) Differentiating
Hu, = LT Kwwith H = LT KL+ LT KL gives (23). Let
(77, Az) solve (4) for v, and ATA\| = —BKw,, solvable
by (a). Then (v,,7f + Kw,,Af + A1) satisfies (4), the
loops are (5) with this triple by (a), and v,. is admissible:
Proposition 3(ii). (¢) With 7, = 7y + Kw, and A, = A |
the balance (4) holds up to 8. (d) Here u,, = H 'L K e,
with e, = aq — BTq, and €, = —Lu. Where K,e, = 0:
U, =0,v, =0,0 =u, U, = HﬁlLTKpéa = —Gpu and
0 = E,, so that § = (M — M)Eur up to an element
of range AT, and ET6 = —ET (M — M)EG,0; insert in
(c). O

Remark 20 (Connections and gain-dependent damp-
ing). The effort split in (a) is the weighted projec-
tion of [16]: its force projector KL(LTKL)™'L" maps
K(w — Lu) to K(Lu, — Lu) and leaves Kw, as in-
ternal loading. Theorem 19(b) differentiates the fitted
request and evaluates its required balance, extending
composite-reference inverse dynamics [12, 29] to re-
quests that the constraints do not admit. For one joint
of inertia m with R = 0 and rate gain K, the fitted
effort is m(dq + (kp/K)(aq — @)), so the total rate feed-
back is K + mk,/K, a gain-dependent damping that
the certificate accounts for. With k4 = 2,/k,m, the
fitted loop with K = k4 has damping ratio 1.25, and
the fitted loop with K = k;/2 has the ratio 1 of the
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Fig. 2. Fitted-reference realization of the joint and wheel
loops. The requests are projected by (22); (23) and the re-
quired balance (4) give 7; each actuator adds damping of
its measured rate toward its request. The fit uses the assem-
bled lift and the gains, the feedforward also the assembled
dynamics; Kw, changes only the internal loading.

desired-motion loop with K = kg. The certificate and
the synthesis are compositional, whereas evaluating 7y

uses the team’s F, E, H~1, and inverse dynamics.
6.2 Controller realization

In the missions of Section 7, arm and lift position loops
and wheel-speed loops generate the requests in (21). An
arm target solves its grasp closure for the desired pay-
load pose at the measured base and lift pose. A force
admittance driven by the filtered internal wrist wrench
adjusts this target; its offset and filter belong to &, as
Assumption 18 requires. Wheel requests follow the com-
piled rolling rows for a base pose controller with integral
action. The fit reconciles these independent requests at
the actual configuration (Fig. 2).

Every 10 ms the controller evaluates E, the fitted ref-
erence, ¥ by centered differences along the measured v,
w, and the required effort; tree inverse dynamics evalu-
ates C(q,v)v, by polarization and distributes the pay-
load wrench by the declared load-sharing rule. In every
plant step the loops use advanced requests and the effort
Trk+Tp(w(t) —y), [ = KLH-'MH-'LTK, with Ty
frozen at renewal k; since L'T' = MH'LT K, this ad-
vances the reduced effort required by w. Renewal every
10 ms makes the implementation a sampled version of
Theorem 19(b); (26) bounds the cost of sampling, and
Section 7.5 compares it with per-step renewal.

6.3 Mode changes and sampled renewal

At given event times t;, the mode changes from v~ tov™;
the configuration is continuous, and the holonomic rows
of vt hold at ¢(tx). Edges that open cause no impulse.
Edges that close do so plastically: M (vt —v™) = At T,
Atvt =0.

Lemma 21 (Carnot, projector form). vt = Ptv~,
where P is the projector (3) of the mode v at q(t); v+

10

s unique although v need not be, and the kinetic energy
drops by 3lv™ — vt 3, If T= C T (edges only open),
vt =07,

Proof. vt — v~ € M~'range AT T, the M-orthogonal
complement of 7+, and vt € 7T7*: vt is the M-
orthogonal projection of v~; the rest is Pythagoras’
theorem. O

This is the classical rule for suddenly imposed con-
straints [10], in a form that admits dependent rows. A
holonomic edge that closes by latching at the present
relative pose, its constraint function being defined by
q(tr), holds in position by construction; this is how a
gripper closes.

Proposition 22 (Events). Let v;* € T*(q(ty)) be the
required velocities before and after an event and A, =
v — o,
(a) Reset law. st = Pt(s™ + A,), hence Wt =
1P (s~ + A3, and |sT|a < |57 [+ [ PTA
(b) Reference reset with the plant. Ifv,;" = PTu,", then
st =PFs™ and WH =W~ — 3|(I - PT)s™|3, <
W ™. In particular, if the reference is continuous and
admissible in both modes (v;\ = v € TT), then
W+ =W~ — Llv= —vt[3,: the error energy drops
by the Carnot loss. At an opening with a continuous
reference it is unchanged.
Event sequences. Let the events t; < to < ...
have no_finite accumulation point, let Aypin(D +
sym W, M) > ko > 0 in all modes visited, the resid-
ual between events being B8 = Wo 41 as in Propo-
sition 5. Then fort > tg

1
[s(t)[ar < e0U=10)|5(tg)[ar + — sup ||y
KO [to,t]
+ Y e TP, . (25)

to<tp<t

With an exact model and a reference that is contin-
uous at every event, |s(t)|pr < e " 0t=10)|s(ty)|as
for every switching sequence: W is a common cer-
tificate and no dwell time is needed.

Proof. (a) sT = PTv™ —wof = PT(v= —ovf) =
Pt (s~ + v, — v}) because Pty = of; an M-
orthogonal projector does not increase the M-norm.
(b) With vt = Ptu;, A, = (I — PT)v, and
PTA, =0, s0 st = PTs; Pythagoras. If v, € T,
then (I — PT)s™ = (I — PT)v™ = v~ —ov". At an
opening PTs~ = s7. (c¢) Between events, |s(t)|y <
e R0 U=T)|s(7)| 5y + f: e =) n(r)| -1 dr from the
proof of Proposition 5, with 7 the last event before ¢ (or
to) and s(7) the value after it; at events, (a); induction

over the events, and f; e~Rot=") dr < 1/ky. O
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Fig. 3. Error storage of team3 across a release (t = 1 s) and
a plastic latch at the present relative pose (¢ = 2 s) on the
compiled ideal-constraint model, with a reference continu-
ous at the events and with a retreat of the released arm that
starts with a reference jump. Circles: predictions of Propo-
sition 22.

Part (b) is the rule for closings: reset the reference by
the projection that resets the plant, in the spirit of refer-
ence spreading [27, 32]; then W cannot increase, and by
Theorem 8(d) a closing cannot lower the certified rate
when M and D are unchanged. The fitted reference is in
general not continuous at events; (25) bounds what its
jumps cost.

Sampled renewal. A controller that renews its references
at the instants ¢ = tg + kh and advances them in be-
tween has an event of the same kind at every renewal,
without a change of mode (PT = I on T): the fitted
reference jumps by what the advance has missed, and
the held part of the feedforward leaves a residual. If
the jumps satisfy |A; xlar < A and the residual satis-
fies (c) with ||y -1 < 7, then (25) and Y, e~rokh =
1/(1 — e="0h) give

A U

li Dy < ————
I?LSOSPB( M <

(26)
Ko

If the reference advance and held feedforward satisfy
A < cah? and 77 < cph on the considered compact set
of regular states, with constants independent of h, then
(26) gives an ultimate error of O(h) and ultimate stor-
age of O(h?); Section 7.7 shows this scaling emerging at
the longer intervals. The constants are not explicit, and
stepped actuator feedback is not covered; sample-period
design for fully held feedback has a separate emulation
literature [25].

Fig. 3 illustrates Proposition 22 on team3 under the law
(5), simulated on the compiled ideal-constraint model
(Runge-Kutta, 2 ms steps) with K = 10 s~! times
the inertia seen at each actuator port and the admis-
sible reference u, = 94 — 4(y — ya) on the indepen-
dent coordinates y. The last robot releases the pay-
load at ¢ = 1 s and latches again at its present rela-
tive pose at t = 2 s. With a continuous reference, W
is unchanged at the release and drops by the Carnot
loss at the latch (4.56 x 1077 — 4.28 x 10~7 J). When
the retreat of the released arm starts with a reference

11

jump of mass norm 0.40 J'/2, W jumps at the release
(4.06 x 1075 — 8.27 x 1072 J), as (a) states, and drops
by the Carnot loss at the latch. In all four events, W+
equals the prediction to a relative 10712,

6.4 Friction-driven bases

A skid-steered base turns by sliding its wheels, so its
planar wheel interfaces are not rolling edges: only its
vertical support is an ideal edge, and its wheels transmit
planar forces through friction, which enters (2) as the
generalized force

Qula,vi0) = = 325 morSk(a) "¢ (Sk(a)v),  (27)
where S maps v to the planar slip velocity of wheel k
and acts only on the coordinates of its robot, g > 0 is
the normal load and pg > 0 the friction coefficient of the
wheel, and ¢ = V) for a convex C? dissipation potential
1; the smoothed Coulomb law has 9 (x) = (|z|? 4 €2)1/2
with a regularization speed € > 0. The loads are not de-
termined by (2), since a base has more wheel loads than
independent support rows (Lemma 2), and they depend
on the efforts and on the friction itself; a load model fixes
them, and it is assumed to have a measurable, locally
bounded solution p(t) along the motion. With the actu-
ators locked, such a team can still slide on the plane, so
rank L < d (Proposition 4(a)).

Proposition 23 (Friction-driven bases). Let As-
sumption 1 hold, and consider a motion of (2) with
Qu(q,v; 0) on its right side under (5), with (4) contain-
ing Qu(q, vr; 0) at the same loads and v, admissible.

(a) W = —s (D +D,,)s, with the positive semidefinite
secant damping

Du = Sy orSL ( fy 20 (Sk(v, + 03)) i) Sy.
(b)) W < =26, W with k,, = Amin(E" (D + D,)E, M),
and &, > 0 if and only if ker A M ker BT NkerRN
ker D, = {0}, which can hold when rank L < d.
If (4) uses loads ¢ instead of o, it holds up to the
residual’y ;. i (0k—01)Sy ¢(Skvy) of Proposition 5,

with D + D,, in place of D; its contribution to w
has either sign.

(c)

Proof. (a) The friction adds Q,.(q, v; 0) — Qu(q,vr; 0) to
the right of (7), and ¢(Sgv) —d(Skv,) = [y V29 (Sk(v,+
95)) di Sy.s with V29 = 0; the rest is the proof of Propo-
sition 3. (b) As Proposition 4(b); for positive semidefi-
nite matrices, ker(D + D,,) = ker BT Nker RNkerD,,.
(¢) The balance holds up to that term. O



For the smoothed Coulomb law, V29 (z) has the eigen-
value (|z|? 4 €2)~/2 across  and €2(|z|? 4 €2)~3/2 along
it, so the secant damping of a wheel is of order uyox/€
where it grips and, where it slides, of order pyor/|Skv|
across the slip but only uxor€e?/|Skv|? along it if the ref-
erence slides with it: the rate is high while the wheels
grip and low while they slide. It depends on s, v,., and
0, so a decay bound along a motion needs a lower bound
on D,, there. Since each S} acts on one robot, D, =
blkdiag(0, Dy, 1, ..., Dy n), and Section 4 applies at each
state with D; + D,, ; in place of D;. As rank L < d, (a3)
of Proposition 4 fails: the projection of ET times (4)
on ker L contains no effort, so along ker L the reference
must accelerate as the unactuated plant would at the ref-
erence velocity. A controller integrates this projection,
with the loads solved together with the efforts; the fitted
reference of Theorem 19 needs rank L = d.

7 Numerical evaluation

Sections 7.2-7.4 evaluate the certificates and the syn-
thesis at recorded configurations and on synthetic exam-
ples, Sections 7.5-7.7 the loops in time, and Section 7.8
the friction-driven teams; the supplementary material
is available in the GitHub repository linked in the title
footnote.

7.1 Teams, missions, and controllers

The compiled models contain three mobile-manipulator
families in two- and three-robot assemblies carry-
ing a beam (Fig. 4). The RB-ROBOUT+/UR30 and
Ridgeback/UR10e assemblies satisfy rank L = d. The
Husky A300/UR10e assemblies have rank L = d — 3:
three admissible motions remain with the actua-
tors locked (Proposition 4(a)), and their skid-steered
bases are driven through wheel friction (Section 6.4).
The full-rank teams are team2, team3, ridgeback2,
and ridgeback3, the friction-driven ones husky2 and
husky3. Sections 7.2-7.7 use the former, and only the
event checks of Section 7.2 also cover the latter.

The complete missions extract a beam (5 and 5.5 m long
for two and three robots) from a rack, carry it along a
route with an aisle turn, a 1.7 m doorway, a crossing cart,
and a 3° ramp, place it on two supports through guides
with 6 mm clearance, and release it (Fig. 5). Grasp acqui-
sition, lift-off, touchdown, and release change the active
constraints. Two plants use the same physical models:
a Pinocchio-based plant that enforces ideal grasp and
rolling constraints by projecting its state onto them, and
MuJoCo 3.3.7, with contact dynamics and approximate
constraint enforcement. Unless stated otherwise, both
use 2 ms steps, references and feedforward are renewed
every 10 ms, and feedback is applied in every step.

The arm and lift rate gains are kq; = 21/k, ;m; (Ta-
ble 1), with m; the joint-diagonal entry of the robot mass
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Table 1
Mission parameters. Beam masses are for two/three robots.

RB-ROBOUT+/  Ridgeback/UR10e
UR30

Beam mass (kg) 43.2/59.4 11.7/14.6

Arm kp (103> Nm/rad) 14,14,10,3,3,3  9,9,6,1.5,1.5,1.5

Lift kp (N/m) 2.5 x 10° -

Wheel gain 60 12

(Nms/rad)

Base K, (s71), K 1.6, 0.4 3.0, 1.0

(72

Grasp force/moment 450 N/45 Nm 85 N/10 Nm

bounds

matrix at the nominal closed configuration, augmented
by (mg/N)(0.5 m?) on the first three arm joints and by
mo/N on the lift (mg: beam mass); wrist wrenches enter
the admittance through a 6 Hz filter. Four controllers
are compared: D, the desired-motion feedforward of the
supplied mission controller with k4 and unfiltered rates;
F, the fitted loops of Theorem 19 with kg; F'/2, the fit-
ted loops with k4/2; and Dpg, the desired-motion feed-
forward with arm damping retuned for the closed-chain
inertia and the supplied 15 Hz rate filter, which also
gives the filtered D, F', and F'/2 below. By Remark 20,
D and F/2 have the single-joint damping ratio 1 and F’
has 1.25: D—F/2 compares matched single-joint damp-
ing, D—F equal gains.

The certificates are evaluated at the nominal carrying
configuration at route station 2 m, with all grasps ac-
tive and no payload support, and at 24 snapshots of
the navigation phase of a recorded ideal-plant mission
with F', anchored by the recorded poses and coordinates;
grasp closure changes the arm coordinates by at most
1.46 x 10~* rad.

7.2 Ezact composition and refresh

At random states, Proposition 3 holds to a relative 9 x
10~15 and Theorem 19(a) to 2 x 1073 on the full-rank
teams, the Carnot rule of Lemma 21 and the reset law
of Proposition 22 hold to 10~'2 on all six teams, and
team2 with one contact row per wheel (28 rows of rank
26) satisfies Lemma 2 to 2 x 10713,

At the nominal configurations, every robot’s local rows
admit every six-dimensional payload velocity, so Propo-
sition 7 and Theorem 8(b) apply. For the mission gains,
the payload-space test reproduces the centralized rates,
15.6171, 16.3750, 28.8806, and 29.1350 s—! in team or-
der. At k = k, the supplies ©; = Z; — S/N sum to kM
and satisfy every robot’s inequality, both to a relative
10715, and they are indefinite, as directional supplies
may be.



RB-ROBOUT+/ UR30

Ridgeback / UR10e

Husky A300/ UR10e

F
robots n d P rank L robots n d P rank L robots n d p rank L
2 40 14 22 14 2 40 1220 12 2 38 20 20 17
3 57 18 33 18 3 57 15 30 15 3 54 27 30 24
rank L=d rank L=d rankL=d -3

Fig. 4. Compiled platform families. Tables give the assembled coordinate dimension n, admissible dimension d, actuator count
p, and rank L for two- and three-robot carrying modes. The RB-ROBOUT+ and Ridgeback teams are fully actuated on the

admissible space; Husky has rank deficit three.

(a) Pick t~48s

Extract beam from rack

(b) Carry t~176s

Transport with three active grasps

(c) Deliver t~220s

Transfer to mounting supports

Fig. 5. Recorded snapshots of one three-robot RB-ROBOUT+/UR30 MuJoCo mission with the fitted-reference controller: (a)
extraction from the rack, (b) transport with three active grasps, and (c) delivery and load transfer to the mounting supports.

Labels indicate approximate simulation times.

B payload-space test = centralized Bl equal scalar shares Bl optimized scalar shares

(a) gains designed robot by robot for 10 s~ with equal shares

—_ v = ~ -
T104 S8 8 S 23 ¢ oz 7 2 s 5
K o o o o & oo
2 1A
&

0.1 -

(b) mission gains (Table 1)

T g 2
<10 1
]
g1

RB-ROBOUT+
2 robots

RB-ROBOUT+
3 robots

Ridgeback
2 robots

Ridgeback
3 robots

Fig. 6. Rates certified at the nominal carrying configurations
by the payload-space test (equal to the centralized rate) and
by equal and optimized scalar shares, (a) for gains designed
robot by robot for a target of 10 s~ with equal payload
shares and (b) for the mission gains.

How much scalar shares lose depends on the gains
(Fig. 6). For gains designed robot by robot—each robot
sets K; to 10 s~ times the diagonal of the inertia seen
at its own ports, with an equal share My /N of the pay-
load inertia—optimized scalar shares lose a factor of
1.9-2.3. For the mission gains, designed joint by joint
for design inertias, they lose a factor of 26-38. Matrix
supplies lose nothing in either case (Remark 9).

Along the 24 snapshots, where the centralized rates
range over [15.6162, 15.9239], [16.3726, 16.7445],
[28.4088, 28.8806], and [28.5604, 29.1350] s~! in team
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order, every robot refreshes its summary, and a target
of 90% of each team’s rate at the first snapshot passes
the payload-space test at every snapshot; reusing the
previous snapshot’s summaries would change the ag-
gregate by up to 16.2% in relative Frobenius norm, so
moving cells must refresh. For membership, at 95% of
the nominal team rate, removing robot 3 from team3
by (15) lowers the largest certified rate to 12.0846 s~ 1,
below the 15.5562 s~! target, whereas for ridgeback3
it remains 28.3268 s~!, above the 27.6782 s~! target.
These are frozen-configuration checks.

7.8  Endpoint and architecture examples

For the data (16), supplies bounded by [©;| < 10,
100, and 1000 certify at best 0.911, 0.990, and 0.999,
approaching s 1 only as the bound grows (Propo-
sition 12). On 136 random join-tree assemblies with
3-7 cells, separator realizability, and module damping
of random rank, the leaf-to-root construction of Theo-
rem 11(b) at kK = & gives cell forms that sum to D — kM
and are nonnegative on their cells, both to a relative
4 x 107'3. For the constructions of Theorem 13 with
k, = 2 (chordless rings, k = 4,6; uncovered cliques,
m = 3,4,5), a semidefinite program over all modular
certificates returns best rates below 108 in magnitude,
whereas one cell containing the clique recovers 2; with
only two-module edges on the cells of the m = 4,5
cliques (all (m — 1)-subsets), it returns x to a relative
2x 107 on 218 random assemblies, as Remark 15 states.



Table 2

Synthesis over the 24 snapshots. Normalized gain for P1
(mission: n.y) and certified rate for P2 (s™'); the centralized
and robot-level optima agree to within 2 x 10~7 relative.

P1 P2
Team ny Kmis gain (cen.=rob.) cen. rob.
team?2 14 15.6162 7.9141 22.3761 22.3761
team3 21 16.3726 11.8626 22.8662 22.8662
ridgeback2 12 28.4088 7.1933 29.5849 29.5849
ridgeback3 18 28.5604 10.4173 29.7455 29.7455

7.4 Compositional synthesis

Theorem 16 is applied with C the 24 snapshots of each
team. The decision variables are the arm and lift rate
gains, within [0.1, 2] times their mission values; the wheel
gains stay at their mission values. Let ks be the small-
est rate certified by the mission gains over C. Problem P1
minimizes the normalized gain Y= kq,; /K subject to a
certified rate of at least ks at every snapshot; Problem
P2 maximizes the certified rate at the mission’s normal-
ized budget, Zj k:d}j/k:g:}s < nj, where ns is the number
of arm and lift joints. Both are solved centrally with G
and in the robot-level form of Theorem 16(d). At every
snapshot each robot realizes every payload velocity, so
Theorem 16(b) applies.

Table 2 shows that the robot-level and centralized op-
tima agree to the solver tolerance, as Theorem 16(c)
states, and every returned gain set, rechecked by gener-
alized eigenvalues at all snapshots, certifies at least its
rate, up to a relative shortfall below 10~°. P1 certifies
the mission rate with 40-44% less normalized gain: the
mission gains, chosen joint by joint for critical damp-
ing of a design inertia, are not distributed where the
certificate needs them. P2 raises the certified rate by
43% and 40% for the RB-ROBOUT+ teams but by
only 4% for the Ridgeback teams, whose rates are lim-
ited by the fixed wheel loops: with arm gains multi-
plied by 100 the ridgeback? rate rises only from 28.88
to 30.36 s~!, whereas doubling its wheel gains gives
40.52 s71. A sharing ADMM [8] for P1 on team2, in
which each robot solves only its own LMIs and exchanges
24 x 21 supply entries per iteration, comes within 0.24%
of the optimum after 200 iterations with gains that cer-
tify 15.639 s71 > Kpis.

7.5 Decay after a velocity jump

Fig. 7 applies the fitted loops of Theorem 19(b) with
the mission, P1, and P2 gains on the ideal plant at
0.5 ms steps with renewal in every step, approximating
the continuous-time loops. After settling at route station
2 m, each run receives an admissible velocity jump of
mass norm 0.1 J'/2 along the slowest certified direction
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mission gains = min. gain (P1) = max. rate (P2) -~ - certified bound ¢~

RB-ROBOUT+/2 RB-ROBOUT+/3

101] 4 4
107" 1
107 4 1
1073 T - ! ;

Ridgeback / 2

W(t)/W(0)

Ridgeback / 3

W(1)/W(0)

0.1 0.2

time after jump (s)

0.1 0.2

time after jump (s)

0.0

Fig. 7. Normalized error storage after an admissible velocity
jump along the slowest certified direction, on the ideal-con-
straint plant (0.5 ms steps, renewal in every step), for the mis-
sion gains and the minimum-gain (P1) and maximum-rate
(P2) designs of Table 2. Dashed: the certified bounds e =2/ &
of Proposition 4(b).

of its gains. In all twelve runs, W/W (0) stays at or below

its certified bound e~ 2 % evaluated with the measured
configuration, until W/W(0) = 1073. The margin is an
integration effect: at the end of the window, W/W(0)
lies 4-7% below the bound at 0.5 ms and 8-13% be-
low it at 1 ms, and a first-order extrapolation to zero
step places it within 0.2% of the bound (up to 0.19%
above it, which two steps cannot resolve). The bound
is thus nearly attained along this direction, consistent
with Proposition 4(b). The P1 gains reach 10~2 within
0.003 s of the mission gains, and the P2 gains reach it in
0.1535 and 0.1500 s instead of 0.2200 and 0.2100 s for the
RB-ROBOUT+ teams. With the 10 ms renewal of the
missions, the bound is not guaranteed (Theorem 19(c)):
at a 0.5 ms step, W/W(0) exceeds it by up to 11.1% and
8.0% for the P1 gains of team2 and team3 and stays be-
low it in the other ten runs; at a 2 ms step the coarser
integration hides this excess by adding damping (fitted
rates up to 3.1% higher).

Fig. 8 repeats the jump test with D, F', and F'/2 at 2 ms
steps and 10 ms renewal, with jumps of mass norm 0.1
and 0.6 J*/2 on the ideal plant and on MuJoCo. The ad-
verse direction minimizes the generalized eigenvalue of
sym(D—MG,) relative to M, the form of Theorem 19(d)
for a desired-motion feedforward at rest; three random
directions give further tests. This eigenvalue is —9.77
and —8.69 s~! for the RB-ROBOUT+ teams and 11.31
and 15.26 s~! for the Ridgeback teams. Accordingly,
with D the storage of the fitted reference first rises, by
10.6% and 8.0% on the RB-ROBOUT+ teams on the
ideal plant and by 9.7% and 7.2% on MuJoCo, whereas
on the Ridgeback teams it stays below W(0). In all 32
runs of F' and F/2 on each plant, W stays below W (0).
On the ideal plant, both stay within their own certi-
fied bands until W/W(0) = 10~3. On MuJoCo, F stays
within its band and F/2 exceeds its own bound by at
most 0.49% of the bound before W/W(0) = 0.05; af-
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Fig. 8. Normalized error storage of the fitted reference after an adverse velocity jump with the mission controllers D, F', and
F/2 (2 ms steps, 10 ms renewal) on (a) the ideal-constraint plant and (b) MuJoCo. Shaded: the band certified for F' (F/2 has

other gains; D is not certified). Cutoffs: 1072 (a), 0.05 (b).
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Fig. 9. Error storage W of the fitted reference along the complete missions on the ideal-constraint plant (top) and MuJoCo
(bottom), for the desired-motion feedforward with the 15 Hz rate filter and the fitted loops with kq and kq/2. Shaded: carrying

phase.

terward contact compliance and approximate constraint
enforcement leave a residual of 0.6-2.3% of W(0), and
the band is only a reference curve. In one MuJoCo run
(F/2, team2, adverse direction), an effort is clipped at
its bound in the first step after the jump.

7.6 Complete missions

All 40 missions—D with the 15 Hz filter, F', and F/2
on the ideal plant, and on MuJoCo D, F, and F/2 with
and without that filter and Dgr—complete in 246.53—
265.98 s of simulated time, with placement errors below
0.25 mm. Along the missions (Fig. 9), the median storage
over the reference updates on the ideal plant is 1.1 x 1078
t0 2.2 x 1078 J with F, 2.7 x 1078 to 1.1 x 1077 J with
F/2,and 0.9 x 1076 t0 3.1 x 10~¢ J with the filtered D,
with isolated peaks below 4.2 x 1072 J during naviga-
tion and lowering. On MuJoCo the medians are 4 x 10~3
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to 1.7 x 1072 J for all seven controllers; there the stor-
age is dominated by contact and constraint-enforcement
effects, as in Fig. 8(b), and serves only as a diagnostic.

Fig. 10 compares the controllers on MuJoCo. With
matched single-joint damping, F/2 lowers the peak
carried-payload position error of D by 37-52% and the
rms error by 17-34%; with equal gains, F' lowers them
by 8.5-28% and 5.7-15%. Dg changes the peak of D by
at most 0.043 mm. Peaks of single runs are sensitive,
however: repeated with the same code on another com-
puter, the F'/2 missions change their peak errors by up
to 27% (team2) and their rms errors by at most 2.3%,
so the rms comparison is the more robust one.

To check the resolution of these 2 ms realizations, a car-
rying segment is repeated at plant steps of 2, 1, 0.5,
and 0.25 ms on both plants: from rest at route station



m  D: desired-motion implementation
mm F: fitted-reference implementation

mm F/2: fitted, half arm/lift rate gains
@i Dy retuned desired-motion implementation

D and F: identical gains, 15 Hz filter disabled. F/2 and D_R: separate tuning comparisons.
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Fig. 10. MuJoCo missions of the four full-rank teams: (a) peak and (b) rms carried-payload position error, (c) largest grasp
moment and (d) largest actuator effort relative to their declared bounds; controllers as in Section 7.1. Grasp moments are
maxima of 20 ms interval means of the wrist measurements after tool-inertia removal and cannot certify instantaneous limits.

Table 3
Carrying segment: payload position error over the 4 s of
motion, peak/rms (mm), at a plant step of 0.25 ms.

Plant Team D F F/2
MuJoCo team2 .470/.231 .341/.163 .191/.090
tean3 A74/.226 .338/.162 .191/.089
ridgeback2 .521/.243 .404/.194 .232/.103
ridgeback3 .513/.239 .400/.192 .231/.103
Ideal team2 .154/.082 .084/.041 .053/.022
plant  team3 151/.081 .083/.040 .051/.022
ridgeback2 .093/.040 .048/.018 .029/.010
ridgeback3 .091/.039 .047/.018 .028/.010

1 m, the team holds the beam for 2 s and accelerates
along the route for 4 s to 0.45 m/s, with renewal every
10 ms and feedback in every step (Table 3: errors over
the motion at 0.25 ms). On the ideal plant, the errors
grow by 10-24% from 2 to 0.25 ms, with first-order con-
vergence of the peaks (the last halving adds 2.4-3.2%),
while their ratios to D change by at most 2.4% in peak
and 11% in rms. On MuJoCo, the last halving changes
the errors by at most 1.4%, but at 2 ms the peak errors
of the Ridgeback teams are up to 27% too low. In every
run, F'/2 < F < D in both peak and rms; at 0.25 ms,
F/2 lowers the peak error of D by 66-69% on the ideal
plant and 55-60% on MuJoCo, and F by 45-48% and
22-29%. The ordering of the missions thus persists un-
der step refinement, whereas their percentages at 2 ms
carry resolution errors of this size.

In the recorded runs, the grasp-moment maxima are
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9.25, 11.92, 6.81, and 8.37 Nm with F'/2 in team order,
against 11.06, 17.59, 8.79, and 10.60 Nm with F' and
11.29, 18.80, 7.91, and 13.00 Nm with D (Fig. 10(c));
ridgeback3 with F' and with D exceeds its 10 Nm
bound. These 20 ms interval means change by up to 21%
in the repeated F'/2 missions, where ridgeback3 also
exceeds the bound (10.09 Nm). Inferred at every 2 ms
step (within 2x 1073 N'm of the solver’s grasp wrench on
the carrying segment), the moments of the repetitions
peak at 17.7,25.3, 31.1, and 32.4 N m during navigation:
below the 45 Nm bound of the RB-ROBOUT+ teams,
but above the 10 Nm bound of the Ridgeback teams in
0.8% and 1.0% of the latched grasp steps. Differences
between controllers below about 20% in Fig. 10(c) are
within the variation between repetitions.

7.7 Sampling, model errors, noise, and delay

Fig. 11 runs a carry stage on the ideal plant under con-
ditions that the statements leave out: from rest at route
station 1 m, the team speeds up to 0.45 m/s, and the
metrics are taken over the cruise, t > 3 s. (a) As the re-
newal interval grows from 2 to 20 ms, the median storage
grows from 3.6 x 10719 and 4.3 x 1071% J to 1.2 x 1078
and 1.5x 1078 J (team2, ridgeback3), with a local slope
of log W against log h that rises from 1.2 (2-4 ms) to 1.8
and 1.9 (10-20 ms), approaching the h? scaling of (26).
(b) A beam model with 0.7-1.3 times the mass causes a
steady sag of up to 1.6 mm (5.0 mm for team?2), a resid-
ual in the sense of Proposition 5, while the varying part
of the error stays at 2.7-8.9 pym with the fitted loops
and 13.5-16.6 pm with the filtered D. (¢) White noise of
1073 and 5 x 1073 (rad/s, m/s) on the measured rates
raises the rms grasp moment from about 0.014 Nm to
0.48 and 2.38 Nm with F', 0.33 and 1.63 Nm with F'/2,
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Fig. 11. Carry stage on the ideal-constraint plant under conditions outside the statements: (a) median storage over the cruise
against the renewal interval h (team2, ridgeback3); for ridgeback3, (b) varying part of the payload error when the controller’s
model of the beam has 0.7-1.3 times its mass, (c) rms grasp moment under white noise on the measured rates, and (d) median
storage with measurement delays of 2 and 4 ms. Legends: “fitted, K = kq” and “K = kq/2” are F and F/2, “desired motion”
is the filtered D unless marked “no filter”; “filter”: the 15 Hz rate filter.
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Fig. 12. Friction-driven teams. (a)—(c) MuJoCo mission of husky3 with the supplied controller; the bases turn by sliding their
wheels. (d) Error storage of husky2 on the compiled model under (5) with the friction in the required balance, the reference
integrated along ker L, and the loads solved at every state, for three wheel conditions; dashed: e™?£u® with K, = 1.455 st
(Proposition 23(b), zero slip, standing loads), shifted for visibility.

and 0.12 and 0.58 Nm with the filtered D; filtering the 0.1 rad/s off its rate: with u = 0.25; with p = 0.25 and

damping rates of F' halves its values. (d) Under a 4 ms the front wheels driven faster and the rear wheels slower
measurement delay, both feedforwards with the 15 Hz by up to 40 mm/s (scrub); and with u = 0.8, where
filter fail on both teams (efforts at their bounds); with- two wheel loads vanish at the start. W never increases;

out it, D, F, and F/2 keep the median below 1.2 x 1078 J friction dissipates 68-70% of W(0), the actuators and
for ridgeback3, but for team2 only F'/2 keeps it small joint damping 27-31%. Late in the runs where the wheels
(2.2x 1078 J, against 0.22 J for F and 0.32 J for D). The grip, |s|ar decays at 1.455 s=1, the rate at zero slip; in
fitted loops are thus more sensitive to rate noise, and the the scrub run, the front wheels slide with the reference
filter combined with delay limits both feedforwards. at 67-87 mm/s, and the decay slows to 0.79 s~1.

7.8 Friction-driven teams The fitted loops are not available for these teams.

With the uncertified supplied controller (the filtered D
For the Husky teams, ker L is spanned, to 2 x 10715, by with the beams, arm gains, and grasp bounds of the

the planar rigid motions of the formation, whose rate is Ridgeback missions, and integral wheel loops of gain
zero without friction. With the smoothed Coulomb law 60 Nms/rad that track wheel rates from a skid model
of the compiled model (¢ = 1 mm/s, p = 0.8) and the at the present loads), both teams complete the missions

gain rule of Section 6.3, Proposition 23(b) certifies 1.455 (Fig. 12(a)—(c)) on MuJoCo and on the ideal plant,
and 1.472 s~ ! (husky2, husky3) at zero slip and standing where these bases stand on tire compliance, in 268.6—

loads, limited by the team rolling on gripping wheels, 298.3 s, with peak payload errors of 0.70-0.80 mm (rms
which the wheel gains damp (95% of the dissipation). At 0.064-0.079 mm), placement errors below 0.06 mm, and
20 random states per team with sliding wheels and loads grasp-moment maxima (20 ms means) of 7.20-9.32 Nm,
of 0.3-1.7 times standing, it certifies 0.12-1.40 and 0.60— within the 10 N m bound. Inferred at every 2 ms step on
1.39 s71, Proposition 23(a) holds to a relative 5 x 10715, MuJoCo as in Section 7.6 (accurate to 5 x 10~* Nm),
and the residual of (c) takes both signs. the moments peak at 11.8 and 14.2 Nm where a rear

axle meets the foot of the ramp and exceed the bound
Fig. 12(d) shows three 1 s runs of husky?2, asked to drive in 7 of 1.8 x 10° and 12 of 2.9 x 10° latched grasp steps.
straight at 0.15 m/s, that start with the bases sliding at The bases turn by sliding their wheels (up to 95.3 mm/s,
23 and 56 mm/s, yawing at 0.02 rad/s, and every wheel 2.03-2.91 kJ per base). On rigid ground instead of tires,
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with the loads of the previous step, both teams exceed
their grasp-load bounds at the foot of the ramp, and the
husky3 bases rock between wheel diagonals in a skid
turn, where friction shifts load through the height of the
center of mass with a loop gain of 0.83-0.85, amplifying
load changes six- to sevenfold: the loads, a residual in
Proposition 23(c), matter.

Isaac Sim. The supplied controller (the filtered D) also
completes all six missions in Isaac Sim 6.1.0 (PhysX,
compliant grasps), with peak carried-payload position
errors of 0.88-1.71 mm and every declared bound met.
For brevity, these runs are only summarized here; their
code and records are in the repository.

8 Conclusion

For constrained robot teams, the velocity-error decay
rate composes from local inequalities, for every assembly
with constraints of arbitrary arity, exactly when the cells
admit a join tree; with two-module constraints, more ar-
chitectures are lossless. The centralized rate is attained
when the assembly realizes every velocity of each sep-
arator, a hypothesis that cannot be dropped. Because
the cell inequalities are linear in the actuator gains,
minimum-gain and maximum-rate syntheses decompose
into robot-level problems coupled through payload-sized
supplies, without loss under the endpoint condition. The
error-power identity and the fitted reference make the
certified rates decay rates of joint-level loops; a reset
law carries the bound across grasp and release events
and over sampled renewal, with an O(h) ultimate error
under the stated uniform local error bounds; for skid-
steered bases, friction with a convex dissipation poten-
tial supplies the damping that the actuators cannot. On
the four full-rank teams, the local tests reproduce the
centralized rates, robot-level synthesis certifies the mis-
sion rate with markedly less gain, and complete missions
run with the fitted loops on two plants, although the
Ridgeback grasp moments exceed their bound in single
steps, and those of ridgeback3 also in 20 ms means;
two friction-driven teams complete them with an uncer-
tified controller, exceeding the grasp-moment bound in a
few single steps. Certificates for contact plants, instanta-
neous loads, and continuous configuration regions, cer-
tified loops for friction-driven teams, explicit sampling
constants, and a decentralized evaluation of the required
effort remain open.
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