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Abstract

Neighbourhood rough-set (NRS) attribute reduction counts the samples whose
neighbourhood of a fixed radius contains no sample of another class. We analyse
why this count fails as a search criterion when attributes far outnumber samples.
We show that it depends on the data only through the distance of each sample
to its nearest sample of another class. Once all these distances exceed the radius,
the dependency saturates and the search stops. With a radius large enough to
avoid this, every small subset has an empty positive region, so greedy search
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cannot start. As a reference without a distance radius, we use the published max-
imal homogeneous metric granules (MHMG), whose energy compares distances
only with each other and bounds the training leave-one-out nearest-neighbour
accuracy. On seventeen gene-expression datasets, even random attribute subsets
saturated NRS after a few attributes. With 3-NN, MHMG was more accurate
than NRS at every radius where NRS returned a reduct, also at equal size, and
than random subsets and two nearest-neighbour variants of NRS. Against the
best of eight radii chosen on the test folds, its margin was small. This evaluator
favours MHMG, whose energy is tied to nearest-neighbour accuracy. With an
SVM, fuzzy NRS with 50 attributes was more accurate than MHMG, and the full
attribute set beat every subset of at most ten attributes. Tuned L1-regularised
logistic regression (L1) was as accurate as MHMG, more stable and about 158
times faster. The rounding in its stopping rule changes the reduct size of MHMG.

Keywords: Attribute reduction, Neighbourhood rough sets, High-dimensional data,
Small-sample data, Gene expression, Feature selection

1 Introduction

1.1 Motivation

Data with many more attributes than samples are now common. Gene-expression
profiles, for example, measure thousands of genes on tens to a few hundred patients
[1, 2]. In this regime most attributes are irrelevant or redundant, and selecting a small
subset lowers the cost of measurement, reduces overfitting and makes the model easier
to interpret. Attribute reduction in rough set theory addresses this task. It looks for a
small subset of conditional attributes that keeps the ability of the full set to determine
the decision [3]. Neighbourhood rough sets (NRS) extend it to numerical data by
treating samples within a radius ε as indistinguishable [4]. A greedy search then adds
attributes until the dependency of the full attribute set is reached. The radius is a
parameter of the model, and the result depends on it.

The dependence on ε becomes a real obstacle when the number of attributes m far
exceeds the number of samples n. Distances computed on one attribute and on ten
attributes live on different scales, so a single radius cannot suit all the subsets that
the search visits. Each class has few samples, so tuning ε by cross-validation is itself
unreliable. Recent models therefore adapt the neighbourhood to the data, through
granular balls, k nearest neighbours or data-driven radii, but they still carry a size, a
purity or a radius rule.

Maximal homogeneous metric granules (MHMG) [5] have no distance radius. The
granule of a sample is the open ball that reaches its nearest sample of another class,
and an energy of the granule sizes scores an attribute subset. MHMG was proposed
and evaluated on twelve benchmarks of the UCI Machine Learning Repository with
at most a few hundred attributes [5]. It is not known why a fixed radius fails when
m≫ n, or whether a criterion without one does better than the neighbourhood models
that adapt their radius. This paper analyses fixed-radius reduction in this regime. It
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does not propose a new selector: MHMG is used unchanged from [5] as the reference
criterion without a distance radius.

1.2 Related work

Neighbourhood rough sets and their radius. NRS defines the positive region by ε-
neighbourhoods and selects attributes greedily [4]; fuzzy neighbourhood rough sets
(FNRS) replace the crisp neighbourhood by a fuzzy relation of the same radius [6].
Several models reduce the dependence on a global radius. Granular-ball rough sets
cover the data with balls that are split until a purity threshold is met [7]. Sun et al.
combined granular balls with fuzzy neighbourhoods for high-dimensional data [8] and
for multilabel data [9]. k-nearest-neighbourhood rough sets use the k nearest samples
as the neighbourhood [10], and the weighted variant of Wang and Zhao weights these
neighbours by their similarity [11]. Zhang and Wang weighted the nearest neighbours
by sample quality to resist label noise [12]. Adaptive neighbourhood rough sets derive
a radius for each sample from the local distribution of distances [13], and personalised
granularity uses nearest mutual neighbours [14]. Each of these models replaces ε by
another parameter: a purity threshold, a number of neighbours, or a rule with its own
constants.

Faster neighbourhood reduction. Another line of work makes NRS reduction faster.
Yang et al. showed that the NRS approximations depend only on the pairs of samples
of different classes that lie within the radius, and used this to skip most neighbour-
hood computations [15]. Thuy and Wongthanavasu defined a reduct that preserves
a stripped neighbourhood cover (FSSNC). Their algorithm selects attributes by an
error measure on this cover and runs fast on high-dimensional mixed tables [16]. Other
recent criteria weight the attributes [17], enforce monotonicity [18], or build fuzzy
neighbourhood measures for gene-expression data [19, 20]. Neighbourhood entropy cri-
teria [20, 21] score a subset by the uncertainty of its neighbourhoods rather than by
the number of pure ones, and the neighbourhood decision error rate (NDER) scores
it by the leave-one-out error of a neighbourhood classifier [22]. These criteria also use
a global radius.

Nearest enemies and local sets. The MHMG granule is the local set of instance
selection: the samples closer to x than its nearest enemy [23, 24]. Margin-based feature
selection uses the distance to the nearest enemy as a hypothesis margin [25], and
Relief-type estimators score each attribute by its nearest misses [26, 27]. Classification-
complexity measures, such as the leave-one-out 1-NN error and the local-set average
cardinality, describe the same geometry for a whole dataset [28, 29]. MHMG differs in
that it scores attribute subsets by the sizes of the local sets and stops when they no
longer grow.

Attribute selection when m≫ n. Outside rough sets, filters such as the ANOVA F
statistic, minimum-redundancy maximum-relevance [30, 31], ReliefF, and embedded
methods such as L1-regularised logistic regression (L1) [32] and recursive feature elim-
ination with a support vector machine (SVM-RFE) [33] are the usual choices; their
output size must be chosen or tuned. With few samples, the selected subsets also vary
across resamples [34, 35]. We use these selectors as external references.
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Table 1 Neighbourhood rough-set models compared in this study and the parameter that fixes
their neighbourhood.

Model Neighbourhood of a sample Parameter

NRS [4] ball of radius ε ε
FNRS [6] fuzzy ball of radius ε ε, dependency target
GBNRS [7] granular ball containing it purity threshold
KNN-NRS [10] k nearest samples k
WKNRS [11] k nearest samples, weighted k, threshold α
Adaptive NRS [13] ball of a data-driven radius clipping constants
MHMG [5] ball up to the nearest enemy rounding precision of γ

To sum up, existing neighbourhood models either keep a global radius or replace it
with another parameter. Their evaluations on high-dimensional data report accuracy.
They do not analyse how the radius itself drives the search when m≫ n, and no cri-
terion without a distance radius has been compared with them in this regime. Table 1
summarises the neighbourhood models compared in this paper by the parameter that
fixes their output.

1.3 Contributions and organisation

This paper makes three contributions.

1. We show that NRS and a simplified FNRS depend on the data only through the
safety radii, which extends a recent result for NRS [15] (Proposition 2). From this
form we derive two failures of the NRS dependency when m≫ n. It saturates once
every radius passes the threshold (Proposition 3), and with a large radius a greedy
search cannot take its first step (Proposition 4).

2. We compare MHMG with the other neighbourhood rough-set models on seventeen
gene-expression datasets. Even random attribute subsets saturated NRS after a few
attributes, whereas the MHMG energy compares distances only with each other
and bounds the training leave-one-out accuracy (Proposition 5, Theorem 1). With a
three-nearest-neighbour (3-NN) classifier, MHMG was more accurate than NRS at
every radius at which NRS returned a reduct, and more accurate than KNN-NRS
and WKNRS.

3. We place the criterion among standard selectors and examine its variability. MHMG
matched the best selector of its size, while tuned L1 was slightly more accurate,
faster and more stable. A safety radius changes on held-out data exactly when all
its nearest enemies are removed (Proposition 6), which fits the variability of the
reducts across folds and under label noise.

The remainder of the paper is organised as follows. Section 2 recalls NRS, FNRS
and MHMG. Section 3 explains why a fixed-radius dependency fails when m ≫ n
and what the MHMG criterion optimises. Section 4 compares MHMG with the neigh-
bourhood rough-set family and with standard selectors on seventeen gene-expression
datasets, and reports the costs of the criterion. Section 5 discusses the results and
Section 6 concludes.
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Table 2 Main notation.

Symbol Meaning

U , n; C, m samples and their number; attributes and their number
B; R, q = |R| an attribute subset; the reduct returned by a method and its size

d, [x]d, [x]d, nmax class label, class of x, enemies of x, largest class size
distB Euclidean distance on the attributes in B
ε; Nε

B(x), POSε(B) global radius; ε-neighbourhood of x and positive region
µB ; γεN, γ

ε
F fuzzy relation; NRS and FNRS dependency

δB(x), NEB(x) safety radius of x and its nearest enemies
GB(x); ϕ(t) MHMG granule; log2(t+ 1)
E(B), Kd, γ(B) energy, its maximum, normalised dependency
k; Ak(B); acck(B) number of neighbours; samples with |GB(x)| ≥ k + 1; leave-one-out

k-NN accuracy
S, s; δ′B(x) held-out samples and their number; radius after removing S

2 Preliminaries

This section recalls decision systems, the two neighbourhood rough-set criteria with a
global radius, NRS and FNRS, and the MHMG criterion of [5], which has no distance
radius. The models that adapt the neighbourhood (KNN-NRS, WKNRS, GBNRS and
adaptive NRS) are summarised in Table 1 and their settings are given in Section 4.1.
Table 2 lists the main symbols.

2.1 Decision systems and neighbourhood rough sets

A decision system is DS = ⟨U,C ∪ {d}⟩, where U = {x1, . . . , xn} is a finite set of
samples, C = {a1, . . . , am} a set of conditional attributes and d the decision attribute.
The attribute values a(x) lie in [0, 1] after min-max scaling on U ; in the experiments,
U is the training part of a fold. For B ⊆ C and x, y ∈ U ,

distB(x, y) =
(

∑

a∈B

(

a(x)− a(y)
)2
)1/2

, (1)

with dist∅ ≡ 0. After min-max scaling this is the range-normalised Euclidean distance
used in [5], in which each attribute is weighted by the inverse square of its range. The
decision class of x is [x]d = {y ∈ U : d(y) = d(x)}, nmax = maxx |[x]d|, and the enemy
set of x is [x]d = U \ [x]d.

Assumption 1 The decision d takes at least two values on U . Hence [x]d ̸= ∅ for every
x ∈ U .

Definition 1 (Neighbourhood dependency [4]) For ε > 0 and B ⊆ C, let Nε
B(x) = {y ∈ U :

distB(x, y) ≤ ε}, POSε(B) = {x ∈ U : Nε
B(x) ⊆ [x]d} and γεN(B) = |POSε(B)|/n. A subset

B ⊆ C is an NRS reduct if γεN(B) = γεN(C) and γεN(B \ {a}) < γεN(B) for every a ∈ B.
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Definition 2 (Fuzzy neighbourhood dependency) For ε > 0 and B ⊆ C, let µB(x, y) =
max

(

0, 1− distB(x, y)/ε
)

and

γεF(B) =
1

n

∑

x∈U

min
y∈[x]

d

(

1− µB(x, y)
)

, (2)

which is well defined by Assumption 1. Since 1 − µB(x, y) = min
(

1, distB(x, y)/ε
)

, γεF(B)
is the mean degree to which each sample is separated from its closest enemy. Each term is
the membership of x in the lower approximation of its own class when the fuzzy implication
I(u, v) = max(1− u, v) is used; this is a simplified form of the model of [6].

Both criteria compare distances with the global radius ε. MHMG replaces it by
one radius per sample (Fig. 1).

2.2 Maximal homogeneous metric granules

Definition 3 (Safety radius, granule and nearest enemies [5]) For B ⊆ C and x ∈ U , the
safety radius of x is

δB(x) = min
y∈[x]

d

distB(x, y), (3)

which exists by Assumption 1 because [x]d is finite and non-empty. The maximal homoge-
neous metric granule of x is the open ball

GB(x) = {y ∈ U : distB(x, y) < δB(x)}, (4)

and the nearest-enemy set of x is NEB(x) = {y ∈ [x]d : distB(x, y) = δB(x)}, which is
non-empty because the minimum in (3) is attained.

Definition 4 (Energy and normalised dependency [5]) With ϕ(t) = log2(t+ 1) for t ∈ Z≥0,
the energy of B and its normalised form are

E(B) =
∑

x∈U

ϕ
(

|GB(x)|
)

, γ(B) =
E(B)

Kd
,

Kd =
∑

x∈U

ϕ
(

|[x]d|
)

.
(5)

Since |[x]d| ≥ 1 and ϕ(1) = 1, Kd ≥ n > 0.

The MHMG reduct is found by a greedy forward search that adds the attribute
with the largest γ as long as γ, rounded to two decimals, strictly increases (Algorithm 1
in Section 3.6). No radius or size is set; the rounding precision of the stopping test is
the only constant.

Definition 5 (Separating subset) A subset B ⊆ C is separating if δB(x) > 0 for every x ∈ U .

Lemma 1 A subset B ⊆ C is separating if and only if

∀x, y ∈ U : d(x) ̸= d(y) =⇒ ∃a ∈ B : a(x) ̸= a(y). (6)
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nearest enemy

(a)

class 1
class 2

| ( )| =

nearest enemy

flipped

(b)

| ( )| = ; 8 granules shrink

Fig. 1 Two-dimensional granules. (a) The safety radius of x is its distance to the nearest other-class
sample (dashed circle); samples inside the open ball form GB(x). (b) A flipped label near x shrinks
granules

Proof By (1), distB(x, y) = 0 if and only if a(x) = a(y) for all a ∈ B. By (3) and since the
minimum is attained, δB(x) = 0 if and only if there is y ∈ [x]d with distB(x, y) = 0. Hence

B is not separating if and only if there are x ∈ U and y ∈ [x]d, that is, d(y) ̸= d(x), with
a(x) = a(y) for all a ∈ B, which is the negation of (6). □

Proposition 1 (Homogeneity and bounds) Let B ⊆ C be separating. Then for every x ∈ U ,

x ∈ GB(x) ⊆ [x]d, 1 ≤ |GB(x)| ≤ |[x]d|, (7)

and
n ≤ E(B) ≤ Kd, 0 < γ(B) ≤ 1. (8)

Proof Fix x ∈ U . Since distB(x, x) = 0 < δB(x), (4) gives x ∈ GB(x). For y ∈ [x]d, (3) gives
distB(x, y) ≥ δB(x), so y /∈ GB(x) by (4). Hence

GB(x) ⊆ U \ [x]d = [x]d,

and {x} ⊆ GB(x) ⊆ [x]d gives 1 ≤ |GB(x)| ≤ |[x]d|. As ϕ is strictly increasing, 1 = ϕ(1) ≤
ϕ(|GB(x)|) ≤ ϕ(|[x]d|); summing over x ∈ U gives n ≤ E(B) ≤ Kd, and dividing by Kd ≥
n > 0 gives 0 < γ(B) ≤ 1. □

Remark 1 (Non-separating subsets) If B is not separating, some x has δB(x) = 0, and
then GB(x) = ∅ by (4) because no distance is negative. The bounds (7) therefore require
Definition 5. By Lemma 1, a single attribute is separating if and only if no two samples of
different classes share its value. Ties between samples of different classes on a single attribute
are not rare in measured data. In 9 of the 17 datasets of Section 4, more than two thirds of
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the attributes have such a tie, and on the Prostate data a median of 63 percent of the samples
have an empty one-attribute granule. A few attributes together break these ties, and the
MHMG subsets were separating in all 85 training folds of the first repetition (no radius equal
to zero). On fully discretised or binary data the ties may persist for every subset, granules
stay empty, and the search may stop at ∅; such datasets were excluded.

3 Fixed-Radius and Nearest-Enemy Criteria

This section contrasts the criteria that compare distances with a global radius and
the MHMG criterion, which has no distance radius. NRS and FNRS see the data only
through the safety radii (Proposition 2). Because radii can only grow as attributes
are added, both criteria have an absorbing state, which is reached as soon as every
radius passes the threshold (Proposition 3). MHMG compares distances only with each
other (Proposition 5); its only absorbing state requires every granule to fill its class,
and its energy bounds the leave-one-out nearest-neighbour accuracy (Theorem 1).
Proposition 6 gives a limit that all three criteria share. All results of this section use the
Euclidean distance (1) on attributes scaled to [0, 1]. The proofs rest on the definitions
and Assumption 1 of Section 2. Section 4 measures the saturation, the failed start of
the search and the change of the radii on the benchmark data.

3.1 Neighbourhood dependency through safety radii

Proposition 2 (NRS and FNRS in terms of safety radii) For every ε > 0, B ⊆ C and x ∈ U ,

x ∈ POSε(B) ⇐⇒ δB(x) > ε,

γεF(B) =
1

n

∑

x∈U

min
(

1,
δB(x)

ε

)

.
(9)

Proof Since U is the disjoint union of [x]d and [x]d, we have Nε
B(x) ⊆ [x]d if and only if

Nε
B(x) ∩ [x]d = ∅, that is, distB(x, y) > ε for every y ∈ [x]d. As [x]d is finite and non-

empty, this holds if and only if min
y∈[x]

d

distB(x, y) > ε, which is δB(x) > ε by (3). For

the second identity, t ↦→ min(1, t/ε) is non-decreasing on [0,∞), so the minimum over [x]d of
min

(

1, distB(x, y)/ε
)

is attained at a nearest enemy and equals min
(

1, δB(x)/ε
)

; averaging
over x gives (9). □

The first part of (9) is closely related to a recent result of Yang et al. [15]. They
showed that the lower and upper approximations of NRS are determined by the pairs
of samples of different classes that lie within distance ε of each other, and used this to
accelerate the reduction. Proposition 2 states the same fact for each sample through its
safety radius and extends it to FNRS. This form leads to the saturation result below.

Thus NRS counts the safety radii above ε, FNRS averages them up to ε, and
MHMG counts the samples inside them.
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3.2 Saturation of NRS

Proposition 3 (Saturation) Let ε > 0 and B ⊆ B′ ⊆ C. Then δB(x) ≤ δB′(x) for every
x ∈ U . If minx∈U δB(x) > ε, then

γεN(B
′) = γεN(B) = γεN(C) = 1, (10)

and if minx∈U δB(x) ≥ ε, then γεF(B
′) = γεF(B) = γεF(C) = 1. A forward search that has

reached such a B cannot increase the dependency by adding attributes.

Proof For y ∈ U , (1) gives distB(x, y)2 =
∑

a∈B(a(x) − a(y))2 ≤
∑

a∈B′(a(x) − a(y))2 =

distB′(x, y)2, because B ⊆ B′ and every term is non-negative. Taking the minimum over
y ∈ [x]d in (3) gives δB(x) ≤ δB′(x). If minx δB(x) > ε, then δB′′(x) ≥ δB(x) > ε for every
x and every B′′ ⊇ B, so x ∈ POSε(B′′) by Proposition 2, and γεN(B

′′) = 1. Taking B′′ = B,
B′ and C gives (10). In the same way, minx δB(x) ≥ ε gives min

(

1, δB′′(x)/ε
)

= 1 for every
x and every B′′ ⊇ B, and Proposition 2 gives γεF(B

′′) = 1. □

The proposition does not say when saturation occurs, but it shows that it is
absorbing. Once every radius passes ε, no attribute can improve the criterion. Squared
distances are sums over attributes, so when many attributes are available a few of
them may be enough to push every radius past a fixed ε; Section 4.2 measures how
early this happened on the benchmark data. A larger ε delays saturation, but the same
ε must then serve subsets of very different sizes. A large radius fails at the other end
of the search (Proposition 4). Saturation is therefore a property of the dependency as
much as of the radius. NRS counts the samples whose radius exceeds ε, so it becomes
flat as soon as all radii pass ε. FNRS uses a global radius too, but it averages the trun-
cated radii and stays informative until the smallest radius reaches ε. The FNRS of our
experiments uses a radius of 0.3 times the median pairwise distance on all attributes,
which is large for small subsets and therefore saturates late.

Proposition 4 (Search that cannot start) Let every attribute take values in [0, 1] on U , let
distB be the Euclidean distance (1), let ε > 0 and let B ⊆ C with |B| ≤ ε2. Then

POSε(B) = ∅, γεN(B) = 0. (11)

In particular, if ε ≥ 1, then γεN({a}) = γεN(∅) = 0 for every a ∈ C, and a forward search that
adds an attribute only when γεN strictly increases stops at ∅, whatever the value of γεN(C).

Proof For x, y ∈ U , (1) and |a(x) − a(y)| ≤ 1 give distB(x, y) ≤ |B|1/2 ≤ ε. Fix x ∈ U . By
Assumption 1 there is y ∈ [x]d, and y ∈ Nε

B(x), so Nε
B(x) ̸⊆ [x]d and x /∈ POSε(B). Hence

POSε(B) = ∅. If ε ≥ 1, both ∅ and every {a} satisfy |B| ≤ 1 ≤ ε2, so the first step of the
search finds no attribute with γεN({a}) > γεN(∅) and the search stops. □

Proposition 4 is the mirror image of Proposition 3. A small radius makes the
dependency flat at 1 after a few attributes, and a large radius makes it flat at 0 for
every small subset, so a greedy forward search cannot leave ∅ even when γε

N(C) = 1.
The failure at a large radius is therefore a property of the greedy search on the counting
dependency, not of the NRS model itself.
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Table 3 Decision table of Example 1.

x1 x2 x3 x4 x5 x6

a1 0.3 0.7 0.2 0.9 1.0 0.0
a2 0.1 0.3 0.3 0.4 0.0 1.0
d 1 1 1 2 2 2

The bound |B| ≤ ε2 depends on the metric. It holds for the Euclidean distance (1)
on attributes scaled to [0, 1]. Under the Chebyshev distance, distB(x, y) ≤ 1 for every
B, so ε ≥ 1 empties the positive region of every subset, including C, while a smaller ε
gives no bound on |B|. For other metrics or scalings the bound must be derived again.

Propositions 3 and 4 concern the NRS dependency, which counts the samples
whose neighbourhood is pure, and the simplified FNRS of Proposition 2. They do not
cover every criterion with a global radius. NDER [22] uses the class counts inside each
neighbourhood, neighbourhood entropy [20, 21] uses the sizes of the neighbourhoods
and their overlap with the classes, and FSSNC [16] uses an error measure on a stripped
neighbourhood cover. These quantities depend on more than the safety radii, so the
two propositions do not apply to them, and we did not test these criteria.

Example 1 Table 3 lists six samples with two attributes and two classes, and let ε = 0.15. On
{a1} the safety radii are 0.3, 0.2, 0.2, 0.2, 0.3, 0.2. All of them exceed ε, so γεN({a1}) = γεN(C) =
1 and NRS returns {a1}. By Proposition 3, adding a2 cannot change this value. The granules
show what NRS misses. With Kd = 12, MHMG first selects a1, because γ({a1}) = 0.69
and γ({a2}) = 0.65 after rounding. The granule sizes on {a1} are 2, 1, 2, 2, 2, 1. Adding a2
changes them to 3, 1, 3, 1, 2, 1: the granules of x1 and x3 now contain their whole class, and
γ({a1, a2}) = 0.72. MHMG therefore adds a2, an improvement that the saturated NRS
criterion cannot register.

Remark 2 (Models with an adaptive neighbourhood) KNN-NRS, WKNRS, GBNRS and
adaptive NRS define the neighbourhood by k nearest samples, granular balls or a data-driven
radius, so they are not functions of the safety radii alone and Proposition 3 does not apply
to them. They share its mechanism in one respect, since each counts the samples whose
neighbourhood passes a purity or similarity test, and the searches of KNN-NRS, GBNRS and
adaptive NRS stop when this count reaches its value on the full attribute set, while WKNRS
stops when the count no longer increases. Whether that happens after a few attributes when
m ≫ n is an empirical question, which Section 4.2 answers.

3.3 Ordinal invariance of MHMG

Proposition 5 (Invariance) Let g : [0,∞) → [0,∞) be strictly increasing, and let δ̃B, G̃B

and Ẽ be defined as in Definitions 3 and 4 with g ◦ distB in place of distB. Then δ̃B(x) =
g(δB(x)), G̃B(x) = GB(x) for every x ∈ U , and Ẽ(B) = E(B). The NRS dependency is not
invariant in this sense: with g◦distB and the same ε, x ∈ POSε if and only if δB(x) > g−1(ε)
whenever ε lies in the range of g.
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Proof Fix x. As [x]d is finite and g is increasing, min
y∈[x]

d

g(distB(x, y)) =

g
(

min
y∈[x]

d

distB(x, y)
)

, that is, δ̃B(x) = g(δB(x)). As g is strictly increasing,

g(distB(x, y)) < g(δB(x)) if and only if distB(x, y) < δB(x), so G̃B(x) = GB(x) by (4), and
Ẽ(B) = E(B) by (5). For NRS, Proposition 2 applied to g ◦distB gives x ∈ POSε if and only
if g(δB(x)) > ε, which is δB(x) > g−1(ε) when ε = g(t) for some t. □

MHMG therefore uses only the order of the distances from each sample and has
no threshold on their scale. Its energy can still grow after every radius has passed any
fixed value, as long as the granules gain members. For a separating B, Proposition 1
and the strict increase of ϕ show that its maximum γ(B) = 1 is reached only when
GB(x) = [x]d for every x. This requires every sample of a class to be closer to x than
the nearest enemy of x, which is much stronger than δB(x) > ε for a fixed ε. This
does not mean that the MHMG search never stops early. Algorithm 1 stops when
γ, rounded to two decimals, no longer increases, and this plateau plays the role of a
threshold on the gain. Section 5 reports how the rounding precision changes the result.

3.4 Granules and nearest-neighbour classification

Definition 6 (Leave-one-out k-NN rule) Let B ⊆ C, x ∈ U and 1 ≤ k ≤ n − 1. A set
V ⊆ U \ {x} is a k-NN set of x if |V | = k and

distB(x, y) ≤ distB(x, z) ∀y ∈ V, ∀z ∈ U \ ({x} ∪ V ). (12)

Given a k-NN set V , the rule assigns to x a class c that maximises |{y ∈ V : d(y) = c}|, ties
between classes being broken in any way. We say that the rule classifies x correctly if, for
every k-NN set of x and every tie-breaking, it assigns d(x), and we write

acck(B) =
|Cork(B)|

n
, (13)

Ak(B) = {x ∈ U : |GB(x)| ≥ k + 1}, (14)

where Cork(B) is the set of samples that the rule classifies correctly.

Theorem 1 (Granule size and k-NN accuracy) Let B ⊆ C be separating and 1 ≤ k ≤ n− 1.
Then:

(i) for every x ∈ Ak(B) and every k-NN set V of x,

V ⊆ GB(x) \ {x} ⊆ [x]d; (15)

(ii)

acck(B) ≥
|Ak(B)|

n
; (16)

(iii) if nmax > k, then
|Ak(B)|

n
≥

E(B)/n− ϕ(k)

ϕ(nmax)− ϕ(k)
; (17)

(iv) if distB(x, y) ̸= δB(x) for all x ∈ U and y ∈ [x]d \ {x}, then

acc1(B) =
|A1(B)|

n
. (18)
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Proof (i) Let x ∈ Ak(B), let V be a k-NN set of x, and put W = GB(x) \ {x}. By Proposi-
tion 1, x ∈ GB(x), so |W | = |GB(x)|− 1 ≥ k, and every w ∈ W satisfies distB(x,w) < δB(x)
by (4). Suppose that some y ∈ V has distB(x, y) ≥ δB(x). Then y /∈ W , so W ∩ V ⊆ V \ {y}
and

|W \ V | = |W | − |W ∩ V | ≥ k − (k − 1) = 1.

Take w ∈ W \ V . Then w ∈ U \ ({x} ∪ V ) and distB(x,w) < δB(x) ≤ distB(x, y), which
contradicts (12). Hence every y ∈ V satisfies distB(x, y) < δB(x), that is, V ⊆ GB(x) \ {x},
and GB(x) ⊆ [x]d by (7).

(ii) Let x ∈ Ak(B) and let V be any k-NN set of x. By (i), |{y ∈ V : d(y) = d(x)}| = k
and |{y ∈ V : d(y) = c}| = 0 for every class c ̸= d(x), so d(x) is the unique maximiser
and the rule assigns d(x) whatever the tie-breaking. Hence Ak(B) ⊆ Cork(B), and dividing
cardinalities by n gives (16).

(iii) Write A = Ak(B). Since ϕ is increasing, x ∈ U \ A gives |GB(x)| ≤ k and
ϕ(|GB(x)|) ≤ ϕ(k), and x ∈ A gives |GB(x)| ≤ |[x]d| ≤ nmax by (7) and ϕ(|GB(x)|) ≤
ϕ(nmax). Splitting the sum in (5),

E(B) =
∑

x∈U\A

ϕ(|GB(x)|) +
∑

x∈A

ϕ(|GB(x)|)

≤ (n− |A|)ϕ(k) + |A|ϕ(nmax),

so |A|
(

ϕ(nmax)− ϕ(k)
)

≥ E(B)− nϕ(k). Since nmax > k implies ϕ(nmax) > ϕ(k), dividing
by n

(

ϕ(nmax)− ϕ(k)
)

> 0 yields (17).
(iv) By (ii) with k = 1, A1(B) ⊆ Cor1(B). Conversely, let x ∈ U \A1(B). Then |GB(x)| ≤

1, and x ∈ GB(x) gives GB(x) = {x}. For y ∈ [x]d \{x} we have y /∈ GB(x), so distB(x, y) ≥
δB(x) by (4), and the hypothesis gives

distB(x, y) > δB(x) ∀y ∈ [x]d \ {x}. (19)

Take z ∈ NEB(x), which exists by Definition 3, and let V = {v} be a 1-NN set of x. If
v ∈ [x]d, then v ̸= z, so z ∈ U \ ({x} ∪ V ) and (12) gives distB(x, v) ≤ distB(x, z) = δB(x),
contradicting (19). Hence v ∈ [x]d, the rule assigns d(v) ̸= d(x), and x /∈ Cor1(B). Hence
Cor1(B) = A1(B), which gives (18). □

The bound (17) is trivial when E(B)/n < ϕ(k). Raising the energy thus raises a
lower bound on the leave-one-out k-NN accuracy on the training samples. For k = 1
and without ties at the radius, part (iv) says that |A1(B)|/n is one minus the leave-
one-out 1-NN error, the complexity measure N3 of Ho and Basu [28]. The guarantee
concerns the training samples and does not extend to test samples.

3.5 A limit shared by the family

Cross-validation trains on U ′ = U \ S for a held-out set S ⊂ U . In this subsection the
attribute values of the samples in U ′ are kept fixed, that is, the scaling is not refitted
on U ′. Then distB is the same function on U ′ as on U . For x ∈ U ′, the enemy set of
x in U ′ is [x]d \ S, and its safety radius in U ′ is

δ′B(x) =

{

min
y∈[x]

d
\S distB(x, y), [x]d \ S ̸= ∅,

+∞, [x]d \ S = ∅.
(20)
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Proposition 6 (Radius change under removal) Let B ⊆ C, S ⊂ U and x ∈ U \ S. Then

δ′B(x) ≥ δB(x), δ′B(x) ̸= δB(x) ⇐⇒ NEB(x) ⊆ S. (21)

Proof If [x]d \ S = ∅, then [x]d ⊆ S, hence NEB(x) ⊆ [x]d ⊆ S, and δ′B(x) = +∞ > δB(x)

by (20); both parts of (21) hold. Let now [x]d \ S ̸= ∅. Since [x]d \ S ⊆ [x]d,

δ′B(x) = min
y∈[x]

d
\S

distB(x, y) ≥ min
y∈[x]

d

distB(x, y) = δB(x).

Case (a): NEB(x) ̸⊆ S. Take z ∈ NEB(x) \ S ⊆ [x]d \ S. Then δ′B(x) ≤ distB(x, z) = δB(x),

so δ′B(x) = δB(x). Case (b): NEB(x) ⊆ S. Then [x]d \S ⊆ [x]d \NEB(x), and every y in this

set satisfies distB(x, y) ≥ δB(x) and distB(x, y) ̸= δB(x). As [x]d \S is finite and non-empty,
δ′B(x) = min

y∈[x]
d
\S

distB(x, y) > δB(x). Cases (a) and (b) are exhaustive and mutually

exclusive, which proves the equivalence in (21). □

Corollary 1 (Expected number of changed radii) Let B ⊆ C be fixed, let S be drawn
uniformly from the subsets of U of size s, 1 ≤ s ≤ n − 1, and let tx = |NEB(x)| for x ∈ U .
Then, for every x ∈ U ,

Pr
[

δ′B(x) ̸= δB(x)
⃓

⃓x /∈ S
]

=

tx−1
∏

i=0

s− i

n− 1− i
≤

s

n− 1
, (22)

with equality if and only if tx = 1 or s = n− 1 (the product is 0 when tx > s). Consequently,
the expected number of samples of U ′ whose radius changes satisfies

E

[

⃓

⃓{x ∈ U ′ : δ′B(x) ̸= δB(x)}
⃓

⃓

]

≤
s(n− s)

n− 1
, (23)

with equality if and only if s = n− 1 or every sample has a unique nearest enemy.

Proof Fix x ∈ U and write t = tx. By Definition 3, t ≥ 1 and NEB(x) ⊆ [x]d ⊆ U \ {x}.
Conditional on x /∈ S, S is uniformly distributed over the s-subsets of U \ {x}, which has
n− 1 elements. If t > s, no such subset contains NEB(x); otherwise the subsets that contain
it are obtained by adding s− t of the remaining n− 1− t elements, so

Pr
[

NEB(x) ⊆ S
⃓

⃓x /∈ S
]

=

(n−1−t
s−t

)

(n−1
s

) =

t−1
∏

i=0

s− i

n− 1− i
,

where the product vanishes when t > s. By Proposition 6, δ′B(x) ̸= δB(x) if and only if
NEB(x) ⊆ S, which gives the equality in (22). If t > s, then t ≥ 2, s < n − 1 and the
probability is 0 < s/(n − 1). If t ≤ s, the factor for i = 0 is s/(n − 1), and every factor for
1 ≤ i ≤ t− 1 satisfies 0 < (s− i)/(n− 1− i) ≤ 1 because s ≤ n− 1, with equality if and only
if s = n − 1. In both cases the probability is at most s/(n − 1), with equality if and only if
t = 1 or s = n− 1. By linearity of expectation and Pr[x /∈ S] = (n− s)/n,

E

[

∑

x∈U

1[x /∈ S]1[δ′B(x) ̸= δB(x)]
]

=
∑

x∈U

Pr[x /∈ S] Pr
[

δ′B(x) ̸= δB(x)
⃓

⃓x /∈ S
]

≤ n ·
n− s

n
·

s

n− 1
=

s(n− s)

n− 1
,

with equality if and only if s = n− 1 or tx = 1 for every x ∈ U . □
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Algorithm 1 MHMG forward selection [5]

Input: decision system ⟨U,C ∪{d}⟩ with C scaled to [0, 1]; rounding precision of two
decimals

Output: subset R ⊆ C at which no single added attribute increases the rounded γ
of (5)

1: R← ∅; γ ← 0; D ← 0n×n {Dij = distR(xi, xj)
2}

2: compute Kd by (5)
3: loop

4: (a∗, γ∗)← (null,−1)
5: for all a ∈ C \R in index order do

6: Da ← D +
(

a(xi)− a(xj)
)2

i,j

7: δ2i ← minj:d(xj) ̸=d(xi) D
a
ij for all i {(3)}

8: Gi ← {j : D
a
ij < δ2i } for all i {(4)}

9: γ̃ ← round
(
∑

i ϕ(|Gi|)/Kd, 2
)

{(5)}
10: if γ̃ > γ∗ then

11: (a∗, γ∗)← (a, γ̃)
12: end if

13: end for

14: if a∗ = null or γ∗ ≤ γ then

15: break

16: end if

17: R← R ∪ {a∗}; γ ← γ∗; D ← Da∗

18: end loop

19: return R

With five-fold cross-validation, s/(n− 1) ≈ 0.2: for a subset chosen independently
of the folds, at most about a fifth of the safety radii change between the full data and
a training fold. A subset selected on the training fold can exceed this bound. Because
NRS, FNRS and MHMG all depend on the radii, all three inherit this sensitivity when
n is small; Section 4.6 shows its effect.

3.6 Selection algorithm and complexity

Algorithm 1 is the published search [5] written on squared distances, which is how it
was run here; Proposition 7 gives its cost. The initial value γ = 0 equals γ(∅), because
dist∅ ≡ 0 makes every granule empty (Remark 1).

Proposition 7 (Cost of Algorithm 1) If Algorithm 1 returns R with |R| = q, its running
time and working memory (in addition to the O(nm) input) satisfy

TMHMG(n,m, q) = O
(

(q + 1)mn2),

MMHMG(n) = O(n2).
(24)
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Table 4 Time complexity of the selectors as implemented (n samples, m attributes, q selected
attributes, h = 10 hits and misses for ReliefF, |U/d| classes; for adaptive NRS and GBNRS,
m′ = 80 prefiltered attributes and c(n) the cost of one evaluation of the criterion).

Selector Time

MHMG (Alg. 1) O
(

(q + 1)mn2)

NRS, greedy + backward pass O
(

(q + 1)mn2 + q2n2)

FNRS, capped at 50 attributes O
(

(q + 1)mn2), q ≤ 50
F O(nm)
FCQ O(q nm)
ReliefF O(n2m+ n |U/d|hm)
L1 (liblinear) O(I nm) for I solver passes
RFE (linear SVM, 10% per round) O

(

log10/9(m/q)
)

SVM fits

KNN-NRS, WKNRS O
(

(q + 1)mn2)

Adaptive NRS, GBNRS O
(

(q + 1)m′ c(n)
)

Proof Computing Kd once costs O(n). Let pass t = 0, 1, . . . of the loop start with |R| = t.
Pass t visits the m− t attributes of C \R, and for each attribute line 6 costs O(n2), lines 7
and 8 compute n row minima over enemies and n counts over rows of Da in O(n2), and line 9
costs O(n); the pass therefore costs at most c0 (m− t)n2 for a constant c0. Passes 0, . . . , q−1
accept an attribute and pass q, if it is reached, stops the loop, so at most q+1 passes run and

TMHMG(n,m, q) ≤ O(n) +

q
∑

t=0

c0 (m− t)n2

≤ O(n) + c0 (q + 1)mn2,

which is O((q+1)mn2). The algorithm stores D, one matrix Da at a time and O(n) further
values, hence MMHMG(n) = O(n2). □

Table 4 compares this cost with the other methods as implemented here. MHMG,
NRS and FNRS share the O((q+1)mn2) form, which is why their times in Table 9 lie
within one order of magnitude of each other, whereas the filters are linear in n and the
embedded methods depend on the solver. In floating point, a candidate whose rounded
γ̃ ties with the best is not taken, because the comparison is strict and candidates are
visited in index order; this reproduces the published implementation [5], with which
our search was checked to coincide.

4 Experiments

This section compares MHMG with the neighbourhood rough-set models and with
standard selectors on seventeen gene-expression datasets, and measures what the
criterion costs in stability, robustness and time.

4.1 Setup

Datasets

Gene-expression data are the standard benchmark for m ≫ n. Table 5 lists the sev-
enteen datasets. Ten come from OpenML [36], including the leukemia [37], colon [38],
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Table 5 Gene-expression datasets (n: samples, m: attributes, K: classes).

Dataset n m K Source

Lymphoma 45 4026 2 OpenML
Leukemia 72 7129 2 OpenML
Burkitt 220 22283 3 OpenML
GCM 190 16063 14 OpenML
Tumors-C 60 7129 2 OpenML
RSCTC-1 105 22283 3 OpenML
RSCTC-3 95 22277 5 OpenML
AP-OmU 201 10935 2 OpenML
Colon 62 2000 2 OpenML
Duke 86 7129 2 OpenML
CLL-SUB 111 11340 3 scikit-feature
Glioma 50 4434 4 scikit-feature
GLI-85 85 22283 2 scikit-feature
Prostate 102 5966 2 scikit-feature
SMK-CAN 187 19993 2 scikit-feature
TOX-171 171 5748 4 scikit-feature
Lung 203 3312 5 scikit-feature

lymphoma [39], global cancer map (GCM) [40], central nervous system (CNS) [41]
and breast cancer [42] studies and two sets of the Rough Sets and Current Trends in
Computing (RSCTC) 2010 challenge [43]. Seven come from the scikit-feature reposi-
tory [44], including the prostate [45] and lung [46] sets. The selection rule was fixed
in advance: discrete labels, at least 2000 attributes, at most 300 samples, one dataset
per source, no discretised versions. Constant attributes were removed, and the miss-
ing values of the lymphoma set were replaced by attribute means over all its samples.
Computing these means within each training fold instead changed the accuracy gap
between MHMG and NRS∗ on this dataset by only +0.007.

Protocol

We split each dataset by stratified five-fold cross-validation with three shuffling seeds,
which gives fifteen train/test pairs. Attributes were min-max scaled on the training
part, and every method saw the training part only [47]. A 3-NN classifier and an SVM
with a radial basis function (RBF) kernel and default settings were then evaluated
on the held-out part. 3-NN is the main evaluator, because all neighbourhood criteria
are distance-based. It is also close to what MHMG optimises (Theorem 1) and may
therefore favour it, so the main comparisons are also reported with the SVM. All
settings were fixed before the runs. The methods were implemented in Python 3.9 with
NumPy and scikit-learn and run on one computer with an Apple M4 Pro processor
and 48GB of memory.

Statistical analysis

Following Demšar [48], we compare several methods over the datasets with the Fried-
man test [49] and the Nemenyi post-hoc test, shown as critical-difference diagrams.
We also compare each competitor with MHMG by a two-sided Wilcoxon signed-rank
test [50] on the dataset means, with Holm correction [51] within each table. In the
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tables, ∆ is the mean 3-NN accuracy of MHMG minus that of the competitor, with a
95 percent bootstrap confidence interval (CI) (10 000 resamples of the datasets) that
is not adjusted for multiplicity. W/T/L counts the datasets on which MHMG is more
accurate, tied or less accurate. The p-value is the Holm-corrected Wilcoxon p-value
unless the caption states otherwise.

Radius-based models

MHMG is Algorithm 1 with the published settings [5]. NRS adds the attribute that
most enlarges the positive region and stops when the dependency of the full set is
reached or no attribute enlarges it; it then removes attributes that are not needed. In
the main comparison, ε is 0.1, 0.2 or 0.3. To examine the role of the radius, we add
ε = 0.4, 0.5, 0.75 and 1.0 and a data-scaled radius of 0.3 times the median pairwise
distance, which gives eight radii. NRS∗ takes, for each dataset, the radius with the
best test accuracy among the first three, and NRS∗8 among all eight; both favour
NRS. NRS-cv and NRS-cv8 tune the radius over the same sets by inner three-fold
cross-validation. An empty reduct counts as a failure and is never chosen.

FNRS uses the data-scaled radius and stops at 95 percent of the full dependency.
We report it with a cap of 50 attributes (FNRS-50) and stopped at the size of MHMG
on the same fold (FNRS-q). A separate comparison stops it at 10, 20 and 50 attributes
and continues the MHMG path to the same sizes.

Models that adapt the neighbourhood

KNN-NRS [10] uses the three nearest samples under the Chebyshev distance; we also
ran it with the Euclidean distance. WKNRS [11] uses the five nearest samples with α =
0.01, and GBNRS [7] uses purity 0.9. Adaptive NRS is a greedy re-implementation of
the adaptive-radius criterion of Qiu et al. [13], without their pied kingfisher optimiser.
Adaptive NRS and GBNRS were too slow for thousands of candidate attributes, so
both ran on the 80 attributes of largest training variance, together with MHMG on
the same attributes (MHMG-80). All four models are our re-implementations of the
published criteria and stopping rules. Each run had a limit of 30 minutes per fold,
which no run reached.

Controls

Two controls separate the effect of the criterion from that of the reduct size. First,
we cut the greedy path of MHMG to the size of the NRS reduct on the same fold.
Second, we drew ten random subsets of the MHMG size on each fold and averaged
their accuracy; on the 80 prefiltered attributes, random subsets of the MHMG-80 size
play the same role.

External selectors

Five selectors receive the size q of the MHMG reduct on the same fold: the ANOVA
F filter, FCQ (F-test correlation quotient) [30], ReliefF [27], L1-regularised logistic
regression (L1) and SVM-RFE [33]. The same five also chose their own size by inner
three-fold cross-validation within ten attributes (suffix -cv10), which is the regime of
MHMG.

17



1 2 3 4 5 6

CD = 1.83

MHMG (1.62)
FNRS-  (2.79)

WKNRS (3.00) NRS *  (3.65)

NRS-cv (4.35)

KNN-NRS (5.59)

Fig. 2 Critical-difference (CD) diagram of 3-NN accuracy ranks of the six models with small reducts
(Nemenyi test, α = 0.05); FNRS-50 is excluded. Bars join models that do not differ significantly

4.2 Comparison within the neighbourhood rough-set family

Tables 6 and 7 give the accuracy of every neighbourhood model on every dataset,
Table 8 gives the sizes and running times, and Table 9 summarises the paired com-
parisons with MHMG. NRS, KNN-NRS, WKNRS and adaptive NRS stopped after a
few attributes, and MHMG was more accurate than each of them. FNRS and GBNRS
did not stop early, but they kept many more attributes, and at the same or a smaller
size MHMG was at least as accurate as both.

MHMG kept a median of 7.4 attributes and reached a mean 3-NN accuracy of
0.771. NRS was less accurate for each of the three radii. The gap was largest at ε = 0.1
(+0.106), and it remained +0.054 when the best of these radii was chosen on the test
folds; Section 4.3 widens the grid. KNN-NRS returned a single attribute in 254 of 255
folds, because its positive region with three neighbours already reached the value of
the full attribute set, and it was +0.146 less accurate. The Chebyshev distance is not
the cause: with the Euclidean distance KNN-NRS still kept at most two attributes in
228 of 255 folds. WKNRS was the strongest of the models that stop early. It kept 4.3
attributes and was +0.027 less accurate than MHMG, which was better on 14 of the
17 datasets. It was also the slowest model in the family.

Fig. 2 compares the ranks of the six models that select from all attributes and
return small reducts, with a median size of at most 7.4 attributes (Table 9). FNRS-50
is left out of this comparison, because it kept 50 attributes in every fold; it is compared
with MHMG at equal sizes below. A Friedman test rejected equal performance (χ2 =
45.9, p ¡0.001). MHMG had the best average rank (1.62). The Nemenyi test separated
it from NRS∗, NRS-cv and KNN-NRS, but not from FNRS-q or WKNRS, which the
paired Wilcoxon tests of Table 9 do separate. With the SVM, MHMG and FNRS-q
again held the first two ranks.

FNRS with 50 attributes was the most accurate model in Table 6, and it would
rank first if it were added to Fig. 2. This came from its size. FNRS never reached its
own stopping target and stopped at the cap of 50 in every fold, almost seven times the
size of MHMG. At the size of MHMG it was +0.030 less accurate. Under the SVM,
however, FNRS-50 was the more accurate of the two, by +0.039 (confidence interval
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Table 6 3-NN accuracy (mean±std over 15 folds) of the neighbourhood rough-set models. Bold: best value in each block; ranks are computed
within each block.

All attributes 80 attributes of largest variance

Dataset MHMG NRS∗ NRS-cv FNRS-50 FNRS-q KNN-NRS WKNRS MHMG-80 ANRS-80 GBNRS-80

Lymphoma 0.919±0.078 0.822±0.101 0.830±0.102 0.919±0.089 0.904±0.102 0.785±0.170 0.859±0.107 0.874±0.110 0.526±0.170 0.778±0.173
Leukemia 0.908±0.073 0.870±0.085 0.849±0.072 0.948±0.082 0.916±0.085 0.889±0.052 0.857±0.060 0.903±0.066 0.622±0.108 0.871±0.097
Burkitt 0.871±0.039 0.830±0.048 0.841±0.051 0.826±0.032 0.839±0.059 0.779±0.053 0.833±0.056 0.856±0.037 0.591±0.090 0.809±0.050
GCM 0.565±0.064 0.326±0.077 0.328±0.081 0.526±0.049 0.456±0.068 0.284±0.059 0.596±0.077 0.428±0.058 0.405±0.066 0.433±0.079

Tumors-C 0.578±0.107 0.622±0.099 0.589±0.128 0.694±0.108 0.656±0.137 0.600±0.085 0.606±0.153 0.572±0.172 0.522±0.156 0.622±0.113

RSCTC-1 0.492±0.101 0.489±0.091 0.460±0.106 0.559±0.129 0.489±0.089 0.486±0.065 0.502±0.114 0.514±0.090 0.492±0.061 0.565±0.057

RSCTC-3 0.807±0.093 0.691±0.082 0.670±0.113 0.695±0.102 0.667±0.157 0.502±0.095 0.765±0.093 0.607±0.139 0.312±0.161 0.600±0.071
AP-OmU 0.867±0.054 0.824±0.041 0.827±0.054 0.904±0.049 0.834±0.058 0.816±0.111 0.866±0.042 0.813±0.073 0.584±0.059 0.839±0.060

Colon 0.812±0.110 0.850±0.098 0.780±0.139 0.873±0.070 0.834±0.106 0.721±0.097 0.786±0.106 0.774±0.122 0.591±0.131 0.797±0.112

Duke 0.895±0.060 0.891±0.063 0.849±0.106 0.953±0.086 0.760±0.095 0.818±0.076 0.895±0.075 0.891±0.091 0.631±0.169 0.654±0.159
CLL-SUB 0.672±0.109 0.574±0.107 0.604±0.114 0.657±0.091 0.649±0.078 0.504±0.094 0.637±0.071 0.550±0.119 0.430±0.107 0.540±0.113
Glioma 0.660±0.091 0.600±0.120 0.567±0.140 0.647±0.151 0.640±0.106 0.287±0.083 0.600±0.141 0.633±0.111 0.480±0.174 0.607±0.205
GLI-85 0.851±0.094 0.820±0.085 0.839±0.075 0.875±0.062 0.847±0.062 0.765±0.097 0.792±0.091 0.757±0.109 0.627±0.106 0.718±0.139
Prostate 0.905±0.065 0.896±0.074 0.890±0.071 0.905±0.066 0.875±0.062 0.690±0.149 0.840±0.086 0.756±0.077 0.618±0.106 0.690±0.097
SMK-CAN 0.637±0.081 0.627±0.087 0.620±0.079 0.669±0.063 0.626±0.066 0.554±0.081 0.632±0.103 0.592±0.081 0.521±0.089 0.624±0.081

TOX-171 0.751±0.080 0.579±0.112 0.577±0.105 0.811±0.091 0.704±0.124 0.401±0.113 0.698±0.083 0.634±0.162 0.268±0.093 0.619±0.105
Lung 0.916±0.033 0.867±0.055 0.864±0.040 0.931±0.025 0.892±0.038 0.737±0.036 0.880±0.041 0.905±0.041 0.733±0.078 0.890±0.048

Average 0.771 0.716 0.705 0.788 0.740 0.625 0.744 0.709 0.527 0.686
Average rank 2.26 4.59 5.29 1.71 3.74 6.59 3.82 1.35 3.00 1.65
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Table 7 SVM accuracy (mean±std over 15 folds) of the neighbourhood rough-set models. Bold: best value in each block; ranks are computed
within each block.

All attributes 80 attributes of largest variance

Dataset MHMG NRS∗ NRS-cv FNRS-50 FNRS-q KNN-NRS WKNRS MHMG-80 ANRS-80 GBNRS-80

Lymphoma 0.919±0.098 0.837±0.125 0.830±0.125 0.919±0.089 0.889±0.111 0.807±0.142 0.844±0.092 0.881±0.098 0.548±0.176 0.844±0.125
Leukemia 0.912±0.072 0.866±0.090 0.871±0.067 0.977±0.034 0.902±0.079 0.879±0.055 0.871±0.061 0.885±0.065 0.657±0.020 0.875±0.130
Burkitt 0.897±0.053 0.850±0.043 0.855±0.040 0.897±0.034 0.862±0.043 0.829±0.052 0.839±0.070 0.874±0.043 0.621±0.081 0.858±0.053
GCM 0.511±0.057 0.432±0.053 0.407±0.064 0.582±0.066 0.507±0.066 0.293±0.037 0.468±0.069 0.453±0.045 0.414±0.062 0.435±0.060
Tumors-C 0.650±0.114 0.633±0.121 0.611±0.112 0.739±0.094 0.683±0.127 0.656±0.109 0.644±0.092 0.644±0.080 0.650±0.047 0.628±0.043
RSCTC-1 0.524±0.137 0.527±0.071 0.511±0.112 0.603±0.118 0.517±0.082 0.521±0.079 0.527±0.079 0.546±0.067 0.556±0.067 0.581±0.090

RSCTC-3 0.814±0.069 0.740±0.054 0.712±0.122 0.768±0.121 0.723±0.104 0.558±0.089 0.779±0.087 0.635±0.127 0.330±0.145 0.646±0.141

AP-OmU 0.872±0.059 0.859±0.053 0.851±0.060 0.907±0.044 0.851±0.060 0.837±0.073 0.846±0.043 0.842±0.064 0.612±0.028 0.842±0.077

Colon 0.824±0.115 0.834±0.090 0.764±0.119 0.883±0.057 0.856±0.091 0.725±0.099 0.775±0.096 0.800±0.096 0.663±0.075 0.862±0.097

Duke 0.837±0.082 0.899±0.075 0.868±0.105 0.969±0.053 0.780±0.052 0.794±0.109 0.895±0.092 0.895±0.108 0.607±0.135 0.673±0.213
CLL-SUB 0.714±0.096 0.577±0.099 0.622±0.098 0.645±0.111 0.667±0.092 0.550±0.090 0.661±0.102 0.595±0.094 0.445±0.114 0.541±0.055
Glioma 0.613±0.119 0.627±0.167 0.647±0.141 0.720±0.121 0.667±0.111 0.353±0.106 0.620±0.182 0.707±0.128 0.520±0.121 0.627±0.194
GLI-85 0.859±0.088 0.824±0.094 0.839±0.087 0.894±0.055 0.875±0.073 0.792±0.099 0.796±0.077 0.753±0.074 0.690±0.041 0.761±0.075

Prostate 0.915±0.060 0.919±0.076 0.899±0.078 0.918±0.060 0.898±0.057 0.740±0.106 0.834±0.104 0.788±0.105 0.566±0.100 0.716±0.107
SMK-CAN 0.651±0.104 0.666±0.090 0.675±0.080 0.693±0.076 0.635±0.052 0.581±0.103 0.642±0.104 0.679±0.069 0.583±0.088 0.665±0.109
TOX-171 0.747±0.087 0.614±0.104 0.618±0.099 0.805±0.089 0.718±0.088 0.460±0.089 0.708±0.099 0.630±0.145 0.275±0.096 0.698±0.129

Lung 0.926±0.037 0.872±0.053 0.879±0.029 0.928±0.029 0.900±0.037 0.752±0.033 0.897±0.040 0.911±0.032 0.764±0.067 0.893±0.043

Average 0.775 0.740 0.733 0.815 0.761 0.655 0.744 0.736 0.559 0.714
Average rank 2.82 4.32 4.94 1.41 3.62 6.41 4.47 1.44 2.82 1.74
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Table 8 Mean number of selected attributes and, in parentheses, mean running time in seconds per fold. Settings as in Table 6.

All attributes 80 attributes of largest variance

Dataset MHMG NRS∗ NRS-cv FNRS-50 FNRS-q KNN-NRS WKNRS MHMG-80 ANRS-80 GBNRS-80

Lymphoma 6.9 (1.2) 3.7 (0.1) 3.3 (0.5) 50.0 (1.8) 6.9 (0.3) 1.0 (0.7) 2.6 (11.0) 3.5 (<0.1) 2.2 (0.2) 76.2 (23.1)
Leukemia 3.3 (1.4) 2.4 (0.2) 3.9 (1.4) 50.0 (5.1) 3.3 (0.4) 1.0 (2.0) 3.0 (33.7) 3.7 (<0.1) 2.9 (0.4) 53.9 (18.8)
Burkitt 11.4 (41.3) 6.1 (6.6) 6.3 (35.2) 50.0 (81.6) 11.4 (18.9) 1.0 (21.9) 5.5 (556.1) 6.6 (0.1) 4.8 (2.1) 62.5 (71.0)
GCM 11.3 (42.1) 15.1 (12.2) 12.9 (44.6) 50.0 (45.6) 11.3 (10.6) 1.0 (13.2) 15.2 (862.2) 6.1 (0.1) 9.1 (3.6) 45.1 (93.4)
Tumors-C 4.7 (1.6) 6.6 (0.3) 5.8 (1.6) 50.0 (4.1) 4.7 (0.4) 1.0 (1.6) 2.9 (30.5) 2.4 (<0.1) 2.6 (0.3) 73.9 (41.8)
RSCTC-1 5.4 (9.4) 8.4 (2.8) 5.9 (10.2) 50.0 (26.3) 5.4 (3.0) 1.0 (9.2) 3.2 (185.6) 2.9 (<0.1) 3.0 (0.6) 58.4 (66.0)
RSCTC-3 12.7 (24.1) 6.5 (2.0) 5.7 (8.2) 50.0 (23.1) 12.7 (5.9) 1.0 (8.3) 8.1 (338.7) 4.5 (<0.1) 4.1 (0.7) 60.3 (55.4)
AP-OmU 8.2 (11.9) 9.9 (4.7) 7.7 (17.5) 50.0 (34.9) 8.2 (5.9) 1.0 (9.7) 6.4 (270.4) 2.5 (<0.1) 3.3 (1.2) 53.9 (55.3)
Colon 6.5 (0.6) 4.7 (0.1) 3.7 (0.3) 50.0 (1.2) 6.5 (0.2) 1.0 (0.5) 3.1 (8.4) 4.9 (<0.1) 2.4 (0.3) 73.1 (24.3)
Duke 1.6 (0.9) 5.0 (0.4) 4.4 (1.8) 50.0 (6.5) 1.6 (0.3) 1.0 (2.4) 2.8 (40.0) 3.6 (<0.1) 2.0 (0.3) 16.7 (7.8)
CLL-SUB 7.8 (7.0) 8.5 (1.6) 6.8 (5.9) 50.0 (14.9) 7.8 (2.4) 1.0 (5.0) 6.2 (163.9) 3.7 (<0.1) 3.8 (0.7) 54.1 (63.3)
Glioma 7.4 (2.0) 4.1 (0.1) 4.5 (0.8) 50.0 (2.2) 7.4 (0.3) 1.0 (0.8) 4.3 (21.5) 5.3 (<0.1) 4.0 (0.4) 43.3 (22.5)
GLI-85 6.4 (8.0) 3.9 (1.0) 4.1 (5.3) 50.0 (19.9) 6.4 (2.6) 1.0 (7.4) 3.6 (144.3) 2.5 (<0.1) 2.9 (0.5) 61.0 (33.0)
Prostate 7.4 (2.8) 2.9 (0.3) 3.5 (1.8) 50.0 (7.0) 7.4 (1.1) 1.0 (2.3) 3.7 (46.4) 4.4 (<0.1) 5.3 (1.0) 47.7 (43.1)
SMK-CAN 6.1 (15.3) 9.3 (6.6) 7.4 (26.5) 50.0 (55.9) 6.1 (7.2) 1.0 (16.3) 4.5 (380.4) 3.7 (<0.1) 3.5 (1.2) 47.7 (83.9)
TOX-171 10.5 (8.3) 9.7 (1.8) 8.7 (7.1) 50.0 (14.0) 10.5 (3.0) 1.1 (4.5) 9.5 (193.1) 6.7 (0.1) 3.3 (1.1) 69.2 (111.7)
Lung 10.7 (5.5) 5.6 (0.8) 6.4 (4.3) 50.0 (10.7) 10.7 (2.3) 1.0 (2.9) 6.5 (81.8) 8.9 (0.1) 6.5 (2.5) 46.1 (36.2)

Average 7.5 (10.8) 6.6 (2.4) 5.9 (10.2) 50.0 (20.9) 7.5 (3.8) 1.0 (6.4) 5.4 (198.1) 4.5 (<0.1) 3.9 (1.0) 55.5 (50.0)
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Table 9 Summary of the comparison within the neighbourhood rough-set family (17 datasets).
Size: median over the datasets of the mean size; time: median seconds per fold; D: datasets with all
15 folds. NRS∗: best of the three radii on the test folds (Section 4.3 gives the eight-radius version).
In the lower block, ∆ is relative to MHMG-80.

Model Size 3-NN SVM Time ∆ [95% CI] W/T/L p D

MHMG 7.4 0.771 0.775 7.0 – – – 17
NRS (ε = 0.1) 3.8 0.665 0.697 0.8 +0.106 [+0.063, +0.151] 16/0/1 <0.001 17
NRS (ε = 0.2) 5.1 0.684 0.717 1.0 +0.087 [+0.055, +0.125] 17/0/0 <0.001 17
NRS (ε = 0.3) 6.6 0.704 0.730 1.3 +0.067 [+0.034, +0.101] 15/0/2 0.003 17
NRS∗ (best ε on test) 6.1 0.716 0.740 1.0 +0.054 [+0.023, +0.090] 15/0/2 0.013 17
NRS-cv 5.8 0.705 0.733 5.3 +0.066 [+0.040, +0.098] 16/0/1 <0.001 17
FNRS (50 attributes) 50.0 0.788 0.815 14.0 −0.017 [−0.040, +0.009] 6/1/10 0.156 17
FNRS at the MHMG size 7.4 0.740 0.761 2.4 +0.030 [+0.006, +0.056] 14/0/3 0.022 17
KNN-NRS 1.0 0.625 0.655 4.5 +0.146 [+0.092, +0.203] 16/0/1 <0.001 17
WKNRS 4.3 0.744 0.744 144.3 +0.027 [+0.012, +0.041] 14/0/3 0.013 17

MHMG-80 3.7 0.709 0.736 0.0 – – – 17
Adaptive NRS-80 3.3 0.527 0.559 0.7 +0.183 [+0.135, +0.233] 17/0/0 <0.001 17
GBNRS-80 54.1 0.686 0.714 43.1 +0.024 [−0.004, +0.059] 11/0/6 0.225 17

Table 10 MHMG and FNRS continued to the same number of attributes (mean accuracy over 17
datasets; ∆ and W/L for 3-NN).

3-NN SVM

Size MHMG FNRS ∆ [95% CI] W/L MHMG FNRS

10 0.775 0.752 +0.023 [−0.002, +0.047] 13/4 0.782 0.780
20 0.787 0.763 +0.024 [−0.006, +0.055] 11/5 0.793 0.798
50 0.799 0.788 +0.011 [−0.015, +0.043] 7/9 0.814 0.815

+0.014 to +0.063). It was better on 13 of the 17 datasets (p = 0.009, uncorrected),
and its accuracy was even above that of the full attribute set (Table 7). Table 10
continues both methods to 10, 20 and 50 attributes. With 3-NN, MHMG was at least
as accurate on average at every size, and the lower confidence limit of the difference
stayed above −0.02. At 50 attributes the means were 0.799 for MHMG and 0.788 for
FNRS, although FNRS was better on 9 of the 17 datasets. With the SVM the mean
difference was below 0.01 at every size (0.814 against 0.815 at 50 attributes).

Adaptive NRS and GBNRS were compared with MHMG on the 80 attributes
of largest variance. Adaptive NRS stopped after 3.3 attributes and was +0.183 less
accurate than MHMG on the same attributes; MHMG was better on 17 of the 17
datasets. It was also less accurate than random subsets of the same 80 attributes
(−0.049, confidence interval −0.070 to −0.028; better on only 2 datasets). Our greedy
re-implementation may therefore understate the original method, which searches with
a swarm optimiser. GBNRS behaved in the opposite way. Following its reference loop,
it kept adding attributes until its dependency reached the value of all 80, and it kept
a median of 79 of them per fold, so it hardly reduced the set. MHMG reached the
same accuracy with about four attributes (+0.024).

The early stop of NRS is the saturation of Proposition 3. When the full attribute
set puts every sample in the positive region, the stopping rule of NRS ends the search
exactly when every safety radius exceeds ε. In all 85 training folds of the first repetition,
this happened after a median of 4 to 7 attributes, depending on the radius. How early
this happens does not depend on well-chosen attributes. Random attribute subsets
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Table 11 NRS over a wide grid of radii (17 datasets, 255 folds). Empty: folds with an empty
reduct; size: mean number of attributes of the non-empty reducts; D: datasets with a non-empty
reduct in all 15 folds; 3-NN: mean over these datasets. †Non-empty reducts at ε = 1.0 arise only
from rounding errors of the scaled values.

ε Empty Size D 3-NN

0.1 0 3.7 17 0.665
0.2 0 5.4 17 0.684
0.3 0 7.4 17 0.704
0.4 0 9.9 17 0.703
0.5 0 12.8 17 0.712
0.75 28 21.5 13 0.708

1.0† 226 12.5 1 –
data-scaled 255 – 0 –

NRS∗8 (best on test) – – 17 0.743
NRS-cv8 – – 17 0.709
MHMG 0 7.5 17 0.771

saturated NRS after a median of 6 attributes at ε = 0.1 and 14 at ε = 0.3, and this
number showed no clear relation to the number of attributes of the dataset (Spearman
ρ = 0.31, p = 0.22). When m ≫ n, almost any handful of attributes pushes every
radius past a fixed threshold. MHMG has no threshold to pass (Proposition 5). In the
median fold, at least 70 percent of the radii of the MHMG reducts exceeded each of
the radii 0.1, 0.2 and 0.3. The energy still grew after this point, because it counts the
samples inside the radii instead of the radii above a value.

4.3 Sensitivity to the radius

MHMG has no radius to tune, so the sensitivity question concerns NRS. Table 11
and Fig. 3 show NRS over the grid of eight radii. A larger radius delayed saturation,
and NRS kept more attributes, from a mean of 3.7 at ε = 0.1 to 12.8 at ε = 0.5. Its
accuracy rose only to 0.712, below the 0.771 of MHMG. At every radius up to 0.75,
MHMG had the higher mean accuracy on the datasets where NRS returned a reduct
in all folds.

Beyond ε = 0.5 the greedy search began to fail at the start. NRS returned an
empty reduct in 28 of 255 folds at ε = 0.75, in 226 at ε = 1.0, and in every fold with
the data-scaled radius. The full attribute set was not the cause: it put every training
sample in the positive region at ε = 0.75 and ε = 1.0, and at least 0.91 of them
with the data-scaled radius. In every empty fold, no single attribute could raise the
dependency above zero, so the search never took its first step; for ε ≥ 1 this is what
Proposition 4 predicts. The few non-empty reducts at ε = 1.0 come from rounding
errors of the scaled values. A small radius therefore saturates after a few attributes,
and a large one gives the search no first step.

Choosing the best of the eight radii on the test folds narrowed the gap to +0.028
(confidence interval +0.002 to +0.054), with MHMG better on 12 of the 17 datasets.
This margin is small, and the Wilcoxon test did not reject equality (p = 0.098). The
chosen radius was 0.4 or larger on 10 datasets, where NRS also kept more attributes
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Fig. 3 Mean 3-NN accuracy (left) and reduct size (right) of NRS for the radii at which it returned
a reduct on every fold. Dashed line: MHMG, which has no radius

Table 12 Control comparisons (3-NN, 17 datasets). ∆: MHMG minus the control; equal size:
MHMG cut to the size of the NRS reduct; p: Holm-corrected over the first six rows, uncorrected in
the last two.

Control ∆ [95% CI] W/T/L p

NRS∗8 (best of 8 radii) +0.028 [+0.002, +0.054] 12/0/5 0.098
NRS-cv8 +0.062 [+0.037, +0.087] 15/0/2 <0.001
NRS0.1, equal size +0.063 [+0.029, +0.098] 15/0/2 0.003
NRS0.2, equal size +0.077 [+0.050, +0.109] 17/0/0 <0.001
NRS0.3, equal size +0.063 [+0.033, +0.097] 13/0/4 0.003
Random, MHMG size +0.196 [+0.138, +0.255] 16/0/1 <0.001

Random, 80 attr. (MHMG-80) +0.134 [+0.092, +0.177] 15/0/2 <0.001
KNN-NRS, Euclidean +0.117 [+0.073, +0.165] 16/0/1 <0.001

than MHMG. Tuning the radius over the same grid by cross-validation, which is the
choice available in practice, left NRS +0.062 below MHMG (+0.037 to +0.087).

4.4 Controls for size and chance

Two controls test whether the advantage of MHMG comes from its criterion or only
from the number of attributes it keeps (Table 12). When the greedy path of MHMG
was cut to the size of the NRS reduct on the same fold, MHMG was still more accurate
than NRS at each of the three radii, by +0.063 to +0.077. The gap to NRS is therefore
not only a matter of size. MHMG was also far more accurate than random subsets of
its own size (+0.196, better on 16 of the 17 datasets). On the 80 prefiltered attributes,
MHMG-80 was more accurate than random subsets (+0.134). Both controls gave the
same result with the SVM.

4.5 Comparison with standard selectors

We compare MHMG with five standard selectors, first at the size of MHMG and then
with sizes tuned by cross-validation. MHMG was as accurate as the best standard
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Table 13 3-NN accuracy (mean±std over 15 folds) of MHMG, the five same-size selectors, NRS∗, FNRS-50 and all attributes. Bold: best selector
on each dataset.

Dataset MHMG F FCQ ReliefF L1 RFE NRS* FNRS All attributes

Lymphoma 0.919±0.078 0.889±0.103 0.896±0.107 0.904±0.093 0.933±0.082 0.837±0.110 0.822±0.101 0.919±0.089 0.800±0.120
Leukemia 0.908±0.073 0.912±0.066 0.875±0.088 0.870±0.100 0.889±0.089 0.880±0.080 0.870±0.085 0.948±0.082 0.861±0.065
Burkitt 0.871±0.039 0.852±0.031 0.852±0.041 0.859±0.052 0.823±0.055 0.777±0.114 0.830±0.048 0.826±0.032 0.839±0.041
GCM 0.565±0.064 0.414±0.056 0.516±0.069 0.402±0.052 0.500±0.042 0.275±0.070 0.326±0.077 0.526±0.049 0.530±0.074
Tumors-C 0.578±0.107 0.500±0.161 0.583±0.104 0.650±0.170 0.611±0.132 0.611±0.129 0.622±0.099 0.694±0.108 0.600±0.090
RSCTC-1 0.492±0.101 0.533±0.110 0.559±0.096 0.562±0.101 0.565±0.065 0.543±0.112 0.489±0.091 0.559±0.129 0.524±0.097
RSCTC-3 0.807±0.093 0.561±0.086 0.695±0.132 0.723±0.078 0.796±0.119 0.793±0.078 0.691±0.082 0.695±0.102 0.747±0.085
AP-OmU 0.867±0.054 0.846±0.066 0.856±0.052 0.834±0.086 0.879±0.028 0.796±0.095 0.824±0.041 0.904±0.049 0.861±0.059
Colon 0.812±0.110 0.855±0.083 0.828±0.120 0.827±0.099 0.829±0.090 0.752±0.141 0.850±0.098 0.873±0.070 0.777±0.157
Duke 0.895±0.060 0.802±0.085 0.779±0.074 0.753±0.133 0.764±0.107 0.694±0.118 0.891±0.063 0.953±0.086 0.778±0.137
CLL-SUB 0.672±0.109 0.522±0.094 0.579±0.104 0.583±0.089 0.678±0.120 0.603±0.109 0.574±0.107 0.657±0.091 0.549±0.104
Glioma 0.660±0.091 0.640±0.150 0.660±0.130 0.713±0.160 0.660±0.135 0.560±0.091 0.600±0.120 0.647±0.151 0.780±0.121
GLI-85 0.851±0.094 0.851±0.077 0.847±0.073 0.871±0.078 0.827±0.061 0.773±0.080 0.820±0.085 0.875±0.062 0.867±0.065
Prostate 0.905±0.065 0.918±0.048 0.925±0.048 0.895±0.045 0.925±0.052 0.879±0.059 0.896±0.074 0.905±0.066 0.823±0.080
SMK-CAN 0.637±0.081 0.637±0.091 0.629±0.063 0.610±0.069 0.632±0.097 0.611±0.079 0.627±0.087 0.669±0.063 0.683±0.074
TOX-171 0.751±0.080 0.589±0.088 0.657±0.070 0.634±0.092 0.770±0.060 0.634±0.103 0.579±0.112 0.811±0.091 0.796±0.062
Lung 0.916±0.033 0.811±0.046 0.911±0.029 0.872±0.043 0.921±0.033 0.857±0.044 0.867±0.055 0.931±0.025 0.962±0.028

Mean 0.771 0.714 0.744 0.739 0.765 0.699 0.716 0.788 0.752
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Table 14 MHMG against the five same-size selectors (3-NN, 17 datasets). p: uncorrected; pHolm:
Holm-corrected.

vs. Median ∆ Mean ∆ [95% CI] W/T/L p pHolm

F +0.021 +0.057 [+0.021, +0.097] 11/2/4 0.018 0.072
FCQ +0.011 +0.027 [+0.004, +0.051] 12/1/4 0.042 0.125
ReliefF +0.027 +0.032 [+0.001, +0.064] 12/0/5 0.109 0.218
L1 −0.005 +0.006 [−0.013, +0.028] 7/1/9 0.925 0.925
RFE +0.069 +0.072 [+0.039, +0.111] 15/0/2 0.001 0.004

Table 15 MHMG against selectors that tune their size within ten attributes (17 datasets). Size:
median number of attributes; Φ: median Nogueira index; time: median seconds per fold, tuning
included.

Method Size 3-NN SVM Φ Time ∆ [95% CI] W/T/L p

MHMG 7.4 0.771 0.775 0.13 6.98 – – –
L1-cv10 7.4 0.778 0.786 0.39 0.18 −0.007 [−0.028, +0.015] 5/0/12 0.706
FCQ-cv10 7.4 0.754 0.760 0.33 0.04 +0.017 [−0.006, +0.043] 8/0/9 0.706
ReliefF-cv10 6.5 0.740 0.748 0.58 0.31 +0.031 [−0.000, +0.063] 10/1/6 0.293
F-cv10 6.3 0.716 0.737 0.59 0.04 +0.055 [+0.015, +0.097] 12/0/5 0.081
RFE-cv10 6.8 0.698 0.721 0.33 3.80 +0.073 [+0.034, +0.116] 14/0/3 0.005

selector of the same size and close to the best tuned selectors. Table 13 gives the 3-
NN accuracy on every dataset. At its own size, MHMG had the highest mean 3-NN
accuracy of the six same-size selectors (0.771). L1 was second with 0.765. Only the
difference against RFE was significant after Holm correction (Table 14).

Table 15 compares MHMG with the same five selectors when each chose its own
size within ten attributes. MHMG has no tuning loop, yet for 4 of the five the confi-
dence interval of the difference stayed above −0.02. Tuned L1 was the exception. It
was slightly more accurate on average (difference -0.007, confidence interval -0.028 to
+0.015), and it was faster and more stable. With an SVM, the full attribute set was
more accurate than every subset of at most ten attributes (0.790 against 0.775 for
MHMG).

4.6 Costs of the criterion

This subsection reports what the MHMG criterion costs in stability, robustness to
label noise and running time. The main price of the criterion is stability. The median
Nogueira index [35] of the MHMG reducts over the fifteen folds was 0.133, against
0.595 for F and 0.351 for L1 (Table 16). Within the family, NRS∗ was even less stable
(0.075), while FNRS with its 50 attributes was more stable (0.281). Proposition 6
points to one mechanism. Each radius depends on one or a few nearest enemies, and
a different fold can remove them. Under the MHMG reducts, a median of 0.433 of the
training radii changed when the test fold was removed, about twice the value 0.202
that Corollary 1 gives for subsets chosen independently of the folds (Fig. 4). The excess
comes from selecting the attributes on the same training fold, and it matches the low
stability of the reducts in Table 16.
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Table 16 Selection stability over the 15 training folds (Nogueira index Φ, median over datasets)
and median selection time per fold.

Method Φ Time (s)

MHMG 0.133 6.98
F 0.595 0.00
FCQ 0.316 0.00
ReliefF 0.595 0.12
L1 0.351 0.04
RFE 0.191 1.26
NRS* 0.075 1.03
FNRS 0.281 14.00

Table 17 Mean 3-NN accuracy when a fraction ρ of the training labels is flipped, and drop from
ρ = 0. p: Wilcoxon test of the drop at ρ = 0.2 against MHMG (uncorrected); last column: datasets
on which MHMG is more accurate at ρ = 0.2.

Method ρ = 0 0.1 0.2 ∆0.1 ∆0.2 p MHMG better

MHMG 0.771 0.699 0.633 −0.072 −0.138 – –
F 0.714 0.695 0.646 −0.018 −0.067 0.002 5/17
FCQ 0.744 0.705 0.639 −0.039 −0.105 0.020 6/17
ReliefF 0.739 0.721 0.661 −0.018 −0.078 0.003 8/17
L1 0.765 0.686 0.602 −0.079 −0.162 0.080 11/17
NRS* 0.716 0.625 0.566 −0.091 −0.151 0.431 16/17
FNRS 0.788 0.717 0.656 −0.071 −0.131 0.678 3/17
All attributes 0.752 0.724 0.673 −0.027 −0.079 0.001 4/17

Label noise also lowered the accuracy of the whole radius-based family. When 20
percent of the training labels were flipped, MHMG lost 0.138 in mean 3-NN accuracy,
about twice as much as the F filter (0.067). NRS∗ and FNRS lost about as much as
MHMG, and L1 lost the most (Table 17). A flipped sample becomes the nearest enemy
of its former neighbours and shrinks their radii, which changes all three radius-based
criteria directly. Finally, MHMG took a median of 7.0 seconds per fold. This is about
158 times the time of L1 and 6.2 times that of NRS, but within the range of the other
neighbourhood models (Table 9). Running time rose with data size, correlating with
both the number of attributes and the number of samples (Spearman ρ = 0.72 and
0.74, both p < 0.01), from 0.6 to 42.1 seconds (Colon and GCM).

5 Discussion

5.1 Saturation and the role of the radius

The NRS dependency fails when m ≫ n because it counts the radii above a fixed
threshold, while distances grow with the number of attributes. With thousands of
candidate attributes and a few dozen samples per class, a handful of attributes already
places every sample farther than ε from its nearest enemy. From then on no attribute
can change the NRS dependency (Proposition 3), and the search has nothing left to
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Fig. 4 Fraction of training samples whose safety radius changes when the test fold is removed (first
repetition), for MHMG attributes, random attributes of the same number, and the value of Corollary 1

compare. A larger radius postpones this point, but then no single attribute raises the
dependency above zero and the greedy search cannot start (Proposition 4, Table 11).
Even the best of eight radii, chosen on the test folds, stayed slightly below MHMG
on average. The models that adapt the neighbourhood stop early for a related reason.
As Remark 2 explains, they count the samples whose neighbourhood is pure, and on
these data the count reaches its full-set value after a few attributes. GBNRS avoids
the early stop in the opposite way, by keeping almost every attribute.

MHMG uses the same safety radii, but it compares them with distances inside
the class rather than with a constant. An added attribute changes both sides of this
comparison. The energy can therefore still rise after every radius has passed any fixed
value, as Example 1 shows on six samples. Theorem 1 links this rise to accuracy. Once
the granule of a sample holds k+1 samples, the leave-one-out k-NN rule classifies that
sample correctly on the training data, so a growing granule moves its sample towards
this guarantee. The bound is loose: on the MHMG reducts its median for k = 3 was
0.535, against a training leave-one-out accuracy of 0.925. It explains the direction
of the search rather than the accuracy reached. MHMG has its own stopping point,
though, set by the rounding of γ, which we return to below.

FNRS lies between the two. Its dependency is a mean of truncated radii, and it
keeps rising until the smallest radius reaches ε. On our data FNRS never reached its
stopping target and ended at the cap of 50 attributes in every fold. In practice it needs
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a second parameter, the cap or the target, to return a small subset, and at the size of
MHMG it was less accurate.

5.2 Instability and label noise

Each safety radius rests on one or a few nearest enemies. Proposition 6 makes this
precise, since a radius changes on held-out data exactly when all its nearest enemies are
removed. With five folds, about a fifth of the radii change even for random attributes,
and the attributes chosen by MHMG roughly doubled this fraction (Fig. 4). Once the
radii move, a different attribute can win a close comparison in the greedy search, and
the reduct changes with it. A mislabelled sample acts in a similar way. It becomes the
nearest enemy of its former neighbours and shrinks their radii. Every criterion built
on safety radii is exposed to the same mechanism. NRS∗ was even less stable than
MHMG, and both NRS∗ and FNRS lost about as much accuracy under label noise.
Aggregating reducts over resamples [52, 53] is the natural remedy, and we leave it to
future work.

5.3 Recommendations and limitations

Within the neighbourhood rough-set family and with a nearest-neighbour classifier,
our results favour MHMG over NRS with a fixed radius. MHMG avoids saturation and
needs neither a radius nor a target size. The rounding precision of its stopping test,
however, acts as a parameter. If a model with a fixed radius is required, FNRS is a
better choice than NRS. With an SVM as the final classifier, FNRS with 50 attributes
was more accurate than MHMG, and the full attribute set was more accurate than
every subset of at most ten attributes. For a small attribute subset that need not be
a rough-set reduct, tuned L1 matched MHMG in accuracy at a fraction of its running
time. The F filter and ReliefF gave the most reproducible subsets and were the least
affected by label noise.

All seventeen datasets are gene-expression data, so other data with m ≫ n, such
as spectra or text, remain untested. NDER, neighbourhood entropy and FSSNC also
use a global radius, but they depend on more than the safety radii, so Propositions 3
and 4 do not cover them, and we did not test them. Proposition 4 also assumes the
Euclidean distance on attributes scaled to [0, 1].

Each competitor was run with fixed settings taken from its original paper or ref-
erence code (Section 4.1), and other settings might change their results. Adaptive
NRS and GBNRS were compared only on the 80 attributes of largest variance, where
MHMG itself reached 0.709 against 0.771 on all attributes. Our main evaluator, 3-NN,
is related to what MHMG optimises (Theorem 1), so the 3-NN comparisons favour
MHMG. With an SVM, MHMG again ranked second in the family after FNRS with
50 attributes.

The running time of MHMG, NRS and FNRS grows as O((q+1)mn2) (Section 3.6).
The tables here have at most a few hundred samples, and the mean time per fold of
MHMG did not exceed 42.1 seconds on any of them. It is quadratic in the number of
samples, so much larger sample sizes would need a faster implementation, which we
did not develop.
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MHMG has one hidden parameter, the rounding of γ in its stopping test. With two
decimals, the published setting, the search stops when γ no longer increases. Rounding
to three decimals roughly doubled the median size, from 7.4 to 15.3 attributes. It also
raised the mean 3-NN accuracy by +0.022 (confidence interval +0.008 to +0.036), and
it was better on 13 of the 17 datasets. We kept the published setting and did not tune
it.

6 Conclusion

This paper analysed why neighbourhood rough-set attribute reduction with a fixed
radius fails when the attributes far outnumber the samples. The NRS dependency
sees the data only through the safety radii. It saturates once every radius exceeds the
threshold, and with a radius large enough to avoid this, every small subset has an
empty positive region, so the greedy search cannot start. On seventeen gene-expression
datasets, even random attribute subsets saturated NRS after a few attributes.

The published MHMG criterion, which has no distance radius, compares distances
only with each other, so no fixed threshold can saturate it, and its energy bounds
the training leave-one-out nearest-neighbour accuracy. With 3-NN, which favours it,
MHMG was more accurate than NRS at every radius at which NRS returned a reduct,
also at equal size. Against the best of eight radii chosen on the test folds, its margin
was small. Granular-ball NRS and FNRS avoided early stopping only by keeping many
more attributes. With an SVM, FNRS with 50 attributes was more accurate than
MHMG, and tuned L1 was as accurate as MHMG, more stable and faster.

The criterion keeps the weaknesses of nearest enemies. Its reducts are unstable
and sensitive to label noise, as those of NRS and FNRS are, and the rounding in
its stopping rule acts as a hidden parameter. Future work should aggregate reducts
over resamples to stabilise them [52, 53]. A stopping rule based on the training k-NN
accuracy that the energy bounds could also replace the rounding of γ.
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