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Closed-form autonomous optimal cloning on spin networks beyond the star:

fractional revival, perfect transfer and balanced beam splitters in symmetric sectors

Hikaru Wakaura1, ∗

1QIRI (Quantum Integrated Research Institute Inc.),
1–16–3 Akasaka, Minato-ku, Tokyo 107–0061, Japan

(Dated: October 16, 2026)

Copying quantum information is forbidden by the no-cloning theorem, yet approximate copies
with the highest fidelity allowed by quantum mechanics are a basic resource for quantum networks
and for assessing the security of quantum key distribution. Such cloners are usually gate sequences,
but a spin network with fixed couplings can perform the transformation autonomously: the unknown
qubit and blank qubits sit on the vertices of a graph and the free evolution does the rest. Until
now, the only spin graph known to reach the optimal phase-covariant fidelity for every number of
clones M was the star with a tuned anisotropy. Which other graphs can clone optimally, and why,
has remained open. Here we show that the complete bipartite graph K2,M−1—the unknown qubit
and one target on one side, the remaining targets on the other—reaches the optimal 1 → M phase-
covariant fidelity for every M ≥ 3, with all couplings given in closed form. For odd M a staggered
Ising anisotropy suffices, with the parameters fixed by two integers; for even M an additional
Ising coupling among the middle targets is required, with its value an explicit algebraic number.
Both families reduce, in the permutation-symmetric sectors, to two four-level problems: a perfect-
state-transfer ladder on a four-cycle and a freeze block whose characteristic polynomial we obtain
analytically. We verify the formulas with no free parameter up to M = 10 and classify exactness
for all four-vertex graphs with a least-squares test of the exact revival and transfer equations. The
results connect the fractional-revival engineering of spin chains to optimal cloning and identify the
hidden involution behind both. Beyond cloning, optimal quantum machines can thus be read off
from the spectrum of small symmetric blocks, suggesting autonomous implementations of other
covariant transformations on spin and Rydberg arrays.

I. INTRODUCTION

Information that can be copied can be distributed,
stored redundantly and verified. Quantum information
cannot be copied exactly [1], but it can be copied ap-
proximately with a state-independent fidelity whose max-
imum is fixed by quantum mechanics [2–4]. These opti-
mal cloning machines are the standard model of an eaves-
dropper on quantum key distribution [5] and the build-
ing block of multi-user protocols such as telecloning [6],
which has recently been demonstrated with eight-photon
Dicke states [7] and across silicon photonic chips [8]. For
qubits prepared on the equator of the Bloch sphere, the
relevant limit is the phase-covariant bound of Fan et

al. [9], Fopt(M) = 1
2 +

M+1
4M for oddM and 1

2 +

√
M(M+2)

4M
for even M .
An optimal cloner is a unitary and can be realised by a

sequence of gates. It can also be realised autonomously :
De Chiara et al. showed that the free evolution of an XY
spin star, with the unknown qubit at the centre and blank
qubits on the leaves, performs phase-covariant cloning
without any external control and with better resilience
to decoherence than the equivalent gate circuit [10, 11].
Chen et al. then showed that, if the leaves are prepared in
a Dicke state and the star carries anXXZ anisotropy, the
optimal bound is reached for every M [12]. In parallel,
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a large literature has engineered spin chains and graphs
whose free dynamics transfers or splits a single excitation
perfectly—perfect state transfer [13, 18] and fractional
revival [19–23]—and it was noted that fractional revival
between two vertices generates entanglement but does
not perfectly clone, and cannot by the no-cloning theo-
rem [21]; cloning on chains was instead pursued through
engineered boundary entanglement [25].

However, the star has remained the only spin graph
for which autonomous optimal cloning is known for ev-
ery M (generalised stars with ring couplings [26], open
chains [25] and Heisenberg-star parametrisations of state-
dependent cloning [27] have been studied, but not shown
to reach Fopt(M) for all M), and no principle has been
available to decide which graphs can clone optimally or
how the fractional-revival design rules relate to cloning.
In this study, we answer both questions. We first show
that in the single-excitation sector the fractional-revival
amplitude vector of any graph is literally the clone-
fidelity vector, Fs =

1
2 + |βs|/2, which bounds symmetric

cloning by 1
2 + 1/(2

√
M) and explains why fractional-

revival design reaches the optimum only for M = 2.
We then find that the complete bipartite graph K2,M−1

reaches Fopt(M) for every M ≥ 3 and we give all cou-
plings in closed form (Theorems 1 and 2). The result
shows that optimal cloning on a graph is a property of
two four-dimensional symmetric blocks—a perfect-state-
transfer ladder and a freeze block with a two-fold zero
mode—and that a hidden involution, not a graph auto-
morphism, is what makes the star special and what can
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be re-created elsewhere.

II. SETTING AND THE SINGLE-EXCITATION

SECTOR

We consider n =M + 1 qubits on a graph G = (V,E)
with

H =
∑

(i,j)∈E

[

Jij
2 (XiXj + YiYj) +

gij
2 ZiZj

]

, (1)

so that in the single-excitation sector the XX part is
a continuous-time quantum walk with hopping matrix
J . Vertex a holds the unknown equatorial qubit |ψ⟩ =

(|0⟩+eiϕ|1⟩)/
√
2; theM targets T = V \{a} are prepared

in the Dicke state |Dk⟩ with k excitations; the system
evolves freely for a time t; each target is read out after a
fixed, input-independent local Z rotation. The figure of
merit is the equatorial average of the single-site fidelity
Fs.
Proposition 1. With all targets in |0⟩ (k = 0) and

U(t)|a⟩ = ∑

s βs(t)|s⟩ the quantum-walk amplitudes,

Fs(t) =
1
2 + 1

2 |βs(t)|. (2)

Proof. Total magnetisation is conserved, so the in-
put (α|0⟩a + β|1⟩a)|0 · · · 0⟩ evolves as αe−iE0t|0 · · · 0⟩ +
β
∑

s βs(t)|s⟩, where E0 =
∑

(ij) gij/2 is the energy of the

vacuum, |s⟩ denotes the single excitation at vertex s, and
βs(t) = ⟨s|e−iHt|a⟩ is the amplitude of the continuous-
time quantum walk generated by H restricted to the
single-excitation sector (the hopping matrix J plus the
diagonal ZZ potential) [13, 15]. Tracing out all vertices
but s gives ρ00 = |α|2 + |β|2(1 − |βs|2), ρ11 = |β|2|βs|2
and ρ01 = αβ∗β∗

se
−iE0t, because only the component |s⟩

leaves the other vertices in the vacuum. With |α|2 =
|β|2 = 1

2 the fidelity after one input-independent Z ro-

tation (which absorbs the phases of βs and e−iE0t, Ap-
pendix D) is Fs = 1

4 + 1
4 (1 − |βs|2) + 1

4 |βs|2 + 1
2 |βs| =

1
2 + 1

2 |βs|. □ We verified the identity to 10−9 on paths,
cycles, the star and the Krawtchouk chain. For a sym-
metric 1 → q cloner all |βs|, s ∈ T , are equal, so q|βs|2 ≤
∑

s |βs|2 ≤ 1 gives the bound below. Hence symmetric
1 → q cloning in this sector obeys F ≤ 1

2 + 1/(2
√
q),

which equals Fopt only for q = 2 (0.8536) and falls below
it for q ≥ 3 (0.789 vs 0.833 at q = 3). Fractional revival
over a vertex subset [21, 22, 24] is therefore an optimal
cloner design only for two clones; for more clones the
multi-excitation sectors are unavoidable. On the star,
Chen’s bound F ≤ 1

2 +max± |⟨Dk±1|S±|Dk⟩|/(2M) [12]
(Ref. [12] counts the |0⟩’s of the leaves; our k counts ex-
citations, the two being related by a global spin flip) is
the multi-excitation version of Proposition 1, and we find
(Appendix A) that it is attained at finite time only for
k ∈ {0,M, ⌊M/2⌋, ⌈M/2⌉}; for other k it is a supremum
approached by Diophantine alignment of two incommen-
surate Rabi frequencies.

III. ODD M : STAGGERED ANISOTROPY ON

K2,m

Let M = 2k + 1, m = 2k, and let G = K2,m with the
input a and one target f on one side and m “middle”
targets on the other [Fig. 1(c)]. Put Jai = Jif = J and
the staggered anisotropy gai = −gif = g.
Theorem 1. With the targets in |Dk⟩,

t =
nπ

2J
√

k(k + 1)
, n odd, (3)

g2

J2
= 4

(n′

n

)2

k(k + 1)− k(k + 1) + 1, n′ ∈ N, (4)

gives Fs = Fopt(M) on all M targets.
Derivation. H is invariant under the permutation

group Sm of the middle vertices and the input lies in
the Sm-symmetric subspace, spanned by the normalised

states |na, nmid, nf ⟩ = |na⟩a|D(m)
nmid

⟩|nf ⟩f labelled by the
occupations of the input, of the middle set and of f . In
this basis the XY part acts through the Dicke ladder
elements [16]

⟨D(m)
j+1|Smid

+ |D(m)
j ⟩ =

√

(j + 1)(m− j), (5)

where Smid
± =

∑

i∈mid σ
±
i ; e.g. ⟨0, j + 1, nf |H|1, j, nf ⟩ =

J
√

(j + 1)(m− j) (the input hands its excitation
to the middle set) and ⟨na, j, 1|H|na, j + 1, 0⟩ =

J
√

(j + 1)(m− j), while the staggered ZZ part is di-
agonal, g2 (Za − Zf )

∑

i∈mid Zi → g
2 (za − zf )(m− 2nmid)

with z = +1,−1 for n = 0, 1. The Dicke state of all
M = m + 1 targets decomposes with binomial weights,

|Dj⟩ =
√

m−j+1
m+1 |D(m)

j ⟩|0⟩f +
√

j
m+1 |D

(m)
j−1⟩|1⟩f . Since

the total magnetisation is conserved, the two branches of
the input, |0⟩a|Dk⟩ with k excitations and |1⟩a|Dk⟩ with
k + 1, evolve in two separate blocks.
Transfer block (k + 1 excitations). With b1 = |1, k, 0⟩,

b2 = |0, k + 1, 0⟩, b3 = |0, k, 1⟩, b4 = |1, k − 1, 1⟩ and
m = 2k, the diagonal g

2 (za − zf )(2k − 2nmid) vanishes
on all four states (za = zf on b2, b4 and nmid = k on
b1, b3). By Eq. (5) the hoppings b1b2, b2b3, b3b4, b4b1 all

equal J
√

k(k + 1) = Js, and b1b3, b2b4 vanish (a and f
are not adjacent). Hence HT = JsA(C4) with the four-
cycle b1b2b3b4, i.e. the hypercube K2□K2, whose walk
e−iτA = e−iτX⊗e−iτX sends every vertex to its antipode,
with the sign −1, at τ = nπ/2, n odd [13]. The initial

and target vectors, |1⟩a|Dk⟩ =
√

k+1
2k+1 b1+

√

k
2k+1 b4 and

|0⟩a|Dk+1⟩ =
√

k
2k+1 b2+

√

k+1
2k+1 b3, are supported on the

two antipodal pairs with matching weights, so

e−iHT t|1⟩a|Dk⟩ = −|0⟩a|Dk+1⟩ iff 2Jst ∈ π(2Z+ 1),
(6)

the first condition of Theorem 1.
Freeze block (k excitations). With c1 = |0, k, 0⟩, c2 =

|0, k−1, 1⟩, c3 = |1, k−1, 0⟩, c4 = |1, k−2, 1⟩ the diagonal
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(a) star K1,M (Chen 2006) (b) diamond K4 e, chord (c) K2,m, staggered gai= gif
|1 a|Dk

|0 a|Dk+1

s

s

transfer
±2s, 0, 0

freeze
±EF, 0, 0

2st= n EFt=2 n′

(d) symmetric blocks: HT= sA(C4), s= k(k+1)

FIG. 1. Autonomous optimal cloning needs two commensurate four-level symmetric blocks, not a special graph. (a) The star of
Chen et al.; (b) the diamond K4 − e with a chord (orange), exact with uniform anisotropy; (c) K2,m with staggered anisotropy,
exact for all odd M (Theorem 1), and with a middle Ising coupling for all even M (Theorem 2). Red: input; blue: targets. (d)
The mechanism in the permutation-symmetric sectors.

is (0, 2g,−2g, 0) and Eq. (5) gives the hoppings c1c2 =
c1c3 = Js and c2c4 = c3c4 = Jr with r2 = (k−1)(k+2):

HF = J







0 s s 0
s 2g/J 0 r
s 0 −2g/J r
0 r r 0






, (7)

whose characteristic polynomial is λ2(λ2 − E2
F ) with

E2
F = J2(2s2 + 2r2) + 4g2 = 4(J2(k2 + k − 1) + g2)

(expand along the first row; Appendix D). The spectrum
{0, 0,±EF } gives e−iHF t = P0 + cos(EF t)(P+ + P−) −
i sin(EF t)(P+ − P−) = ⊮ whenever EF t ∈ 2πZ, so the

whole block, and in particular |0⟩a|Dk⟩ =
√

k+1
2k+1c1 +

√

k
2k+1c2, revives with phase +1. Inserting t = nπ/(2Js)

into EF t = 2πn′ gives the second formula of Theorem 1.
The output α|Dk⟩−β|Dk+1⟩ on the targets is the econom-
ical optimal transformation of Fan et al. [9] [their Eq. (33)
with k = (M − 1)/2] up to the relative sign, which the
readout removes by Z on every target [

∏

s Zs multiplies
|Dj⟩ by (−1)j ]; its fidelity 1

2 + ⟨Dk+1|S+|Dk⟩/(2M) =
1
2 +(k+1)/(2M) = Fopt(M) follows from Eq. (5) on the
M targets, as in Eq. (7) of Ref. [12]. □
We verified the formulas, with no free parameter, for

M = 3, 5, 7, 9 to |F − Fopt| ≤ 2× 10−15 [Fig. 2].
Two remarks. (i) m = 2 is the four-cycle: with a

uniform anisotropy gij = λJij the cycle is not an exact
cloner (the least-squares residual of the exact equations
stays above 10−3), with staggered anisotropy it is. (ii)
An isotropic Heisenberg chord inside the middle set is a
constant on the symmetric sector; the “diamond” K4− e
with uniform anisotropy and a chord, which we found
first by numerical search, and the K2,m family are two
ways to create the same two-level freeze block, by a chord
or by staggering (Appendix B gives the diamond’s own
countable family).

IV. EVEN M : A MIDDLE ISING COUPLING

AND A BALANCED BEAM SPLITTER

Let M = 2k, m = 2k − 1, and add to K2,m Ising
couplings gc between all pairs of middle targets, with
Jai = 1, Jif = Jq, gai = gp, gif = gq.
Theorem 2. Define B = k(k + 1)m2, A = B +M and

gp =
√
A−

√
B, gq = Jq + gc,

gc =
(2k − 1)

√
A− (2k + 1)

√
B

2k
, (8)

so that gp(gp − gc) = 1. Let E1 < · · · < E4 be the
eigenvalues of the k-excitation symmetric block (iden-
tically E2 − E1 = E4 − E3). For every (Jq, t) with
(E2 − E1)t = n1π (n1 odd) and (E3 − E2)t = n2π (n2

even), the targets in |Dk⟩ give Fs = Fopt(M) on all tar-
gets.
Derivation. For even M the optimal transformation

of Fan et al. [9] (their Sec. V, αj = 1/
√
2 for j =

M/2 − 1,M/2) is the balanced mixture of two Dicke
states, which Chen et al. realise on the star with the
input qubit as ancilla [12]. On the targets we therefore
require

√
2U |0⟩a|Dk⟩ = eiφ1 |0⟩a|Dk⟩+ eiφ2 |1⟩a|Dk−1⟩,√
2U |1⟩a|Dk⟩ = ei(φ1+δ)|0⟩a|Dk+1⟩+ ei(φ2+δ)|1⟩a|Dk⟩,

(9)

up to one local Z phase per target. The single-site
coherence of this output is, by Eq. (5) on the M tar-

gets, α∗β[
√

(k + 1)(M − k) +
√

k(M − k + 1)]/(2M) =

α∗β
√

M(M + 2)/(4M), giving Fopt(M) for even M .
The global spin flip X⊗n leaves H invariant and maps
the (k + 1)-excitation problem in Eq. (9) onto the k-
excitation one, so one block suffices.
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The k-excitation block. With m = 2k − 1 and the
basis b1 = |0, k, 0⟩, b2 = |0, k − 1, 1⟩, b3 = |1, k − 1, 0⟩,
b4 = |1, k − 2, 1⟩, Eq. (5) gives the hoppings b1b2 = kJq,

b1b3 = k, b2b4 =
√
k2 − 1, b3b4 =

√
k2 − 1Jq, and the

ZZ terms the diagonal
gp
2 zaS+

gq
2 zfS+ gc

4 (S
2−m) with

S = m− 2nmid [the middle Ising sum is gc
2

∑

i<j ZiZj =
gc
4 ((

∑

i Zi)
2 −m)]. Because

(

2k−1
k

)

=
(

2k−1
k−1

)

, the input

is v = |0⟩a|Dk⟩ = (b1 + b2)/
√
2 for every k, and w =

|1⟩a|Dk−1⟩ =
√

k+1
2k b3 +

√

k−1
2k b4. Complete {v, w} to

an orthonormal basis by u1 = (b1 − b2)/
√
2 and u2 =

√

k−1
2k b3 −

√

k+1
2k b4. In this basis the entries of H that

matter are

Hvw = (k − 1
2 )
√

k+1
k
, Hu1u2

= (k + 1
2 )
√

k−1
k
,

Hvu1
= − gp

2 , Hvu2
= − 1

2

√

k−1
k
, Hwu1

= 1
2

√

k+1
k
,

Hwu2
=

√
k2−1
2k (gp + 2∆),

Hvv −Hww = 2k−1
2k gp − gc − ∆

k
,

Hu1u1
−Hu2u2

= 2k+1
2k gp − gc +

∆
k
, (10)

with ∆ ≡ gq − Jq − gc; the hopping Jq enters only as
Jq(k − 1

2 ) on v, w and −Jq(k + 1
2 ) on u1, u2, i.e. as a

scalar on each of the two planes.
The involution. Equation (9) asks the evolution to

map v 7→ (v + w)/
√
2 up to phases. Let R be the reflec-

tion of the plane span{v, w} across the bisector at 22.5◦,

Rv = (v + w)/
√
2, Rw = (v − w)/

√
2, combined with

a reflection of the complement across the axis at angle

ψ, R =
(

cos 2ψ sin 2ψ
sin 2ψ − cos 2ψ

)

on {u1, u2}. R2 = ⊮, and if

[H,R] = 0 then e−iHt equals eiφR on the block exactly
when e−iEjt = eiφrj for every eigenvector, rj = ±1 being
its R-parity—the parity condition of perfect state trans-
fer [14, 18]. [H,R] = 0 means that H has no matrix
element between the +1 eigenvectors of R, e1 = cos π8 v+
sin π

8w, e2 = cosψ u1 + sinψ u2, and the −1 eigenvectors
f1 = − sin π

8 v + cos π8w, f2 = − sinψ u1 + cosψ u2. The
scalar Jq terms drop out and the four conditions read,
with Eq. (10),

Hww −Hvv + 2Hvw = 0, (11)
1
2 sin 2ψ (Hu2u2

−Hu1u1
) + cos 2ψHu1u2

= 0, (12)

⟨e1|H|f2⟩ = ⟨e2|H|f1⟩ = 0, (13)

[Eqs. (11) and (12) are ⟨e1|H|f1⟩ = 0 and ⟨e2|H|f2⟩ = 0

evaluated with sin π
4 =

√
2
2 ], the last two being linear

and homogeneous in (sinψ, cosψ). Four equations for the
four unknowns (gp, gc,∆, ψ) have four solutions (found
numerically to 10−20, Appendix C): two with ∆ = 0 and
two with ∆ ̸= 0; only the former yield optimal cloners
(the latter stall at 0.745 and 0.794 for M = 4), so we set
gq = Jq + gc. With ∆ = 0, eliminating ψ from Eq. (13)
(the determinant of the 2× 2 homogeneous system must

vanish) gives, after using sin π
8 cos π8 =

√
2
4 and cos π4 =

3 4 5 6 7 8 9 10
number of clones M

0.60

0.65

0.70

0.75

0.80

0.85

cl
on

e 
fid

el
ity

 F

optimal PCC bound (Fan et al.)
single-excitation / W-spreading (De Chiara 2004)
Theorem 1: K2,M 1, staggered ZZ (odd M)

Theorem 2: K2,M 1 + middle ZZ (even M)

diamond K4 e, uniform 

FIG. 2. The closed-form families reach the optimal
phase-covariant bound for every M , while single-excitation
(fractional-revival) design does so only for M = 2. Sym-
bols: fidelities computed from Theorems 1 and 2 with no free
parameter (|F − Fopt| ≤ 10−12); the M = 10 point is a pre-
diction of the even-M formula. Lines: Fan bound and the
single-excitation bound 1

2
+ 1/(2

√
M) of Proposition 1 (the

W-spreading cloner of De Chiara et al.).

√
2
2 ,

g2p + 2(2k − 1)
√

k(k + 1) gp − 2k = 0, (14)

whose two roots are −cm ±
√
B +M ; we take the pos-

itive one, gp =
√
A −

√
B. Equation (11) then gives

gc = (2k − 1)[gp/(2k) −
√

(k + 1)/k], which by Eq. (14)
equals gp− 1/gp and the expression in Theorem 2; ψ fol-
lows from either line of Eq. (13), tanψ = −[sin π

8 gp +

cos π8

√

k+1
k

]/[sin π
8

√

k−1
k

+cos π8 gp
√
k2−1
k

], which simpli-

fies to cos2 2ψ = A/2B, and Eq. (12) is then satisfied
identically (Appendix C). Finally, ordering the eigenval-
ues E1 < · · · < E4, the parity pattern (rj) = (+,−,−,+)
translates into (E2 − E1)t = n1π with n1 odd and
(E3 − E2)t = n2π with n2 even, which fixes (Jq, t) and
completes the proof; E4 − E3 = E2 − E1 holds because
the two R-sectors have the same centre of spectrum for
these couplings. □

With c =
√

k(k + 1) the collective ladder element
⟨Dk+1|S+|Dk⟩ on the M targets and m the middle mul-
tiplicity, B = (cm)2 and Eq. (14) reads g2 +2cmg =M ,
while gc = gp − 1/gp and cos2 2ψ = 1

2 +M/2(cm)2. We
verified M = 4, 6, 8 and, as a prediction of the formula,
M = 10 (eleven qubits), to |F − Fopt| ≤ 10−12 [Fig. 2].
Without the middle coupling the best M = 4 fidelity
stalls 1.5 × 10−4 below Fopt; the Ising coupling among
the targets is the missing diagonal freedom.
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V. WHICH GRAPHS CLONE OPTIMALLY

To decide exactness we do not rely on fidelity maximi-
sation, whose landscape is flat near a solution, but solve
the exact revival and transfer equations (freeze branch
returns to itself, transfer branch reaches the Dicke tar-
get, up to one local Z phase per target orbit and, for
even M , a shared relative phase between the branches)
by Levenberg–Marquardt least squares; a residual norm
of 10−29 certifies exactness. For 1 → 3 on all connected
four-vertex graphs and input classes, the exact cases are
the star, K4 and the diamond with the input at a degree-
two vertex; the four-cycle, the paw and the star with a
leaf input are near misses (10−5–10−3 below Fopt for the
best input class and k, up to 7 × 10−3 otherwise) and
paths are far (10−2). Neither a transitive automorphism
action on the targets nor adjacency of the input to ev-
ery target orbit characterises exactness; what matters is
whether the couplings supply the algebraic degeneracy—
a chord or an edge-resolved anisotropy—that lets the two
symmetric blocks satisfy the ladder and freeze conditions
simultaneously.

VI. ROBUSTNESS

Figure 3 compares the star, the diamond and the K2,m

families under static coupling disorder, readout-time er-
ror and dephasing (Lindblad Z noise on all sites). The
star remains the most robust, being almost insensitive
to timing because its ladder is the minimal one and its
time π/(M +1) is the shortest. The diamond matches or
slightly exceeds the star under static disorder and stays
within the same order for the other errors, whereas the
staggeredK2,m families, with large anisotropy and longer
times, are five to ten times more sensitive to disorder and
50–150 times more sensitive to timing. Per unit γt all
systems dephase at the same rate; the differences are set
by the evolution time alone. Random local fields hiZi/2
(Zeeman disorder) are far less harmful than coupling dis-
order, because the targets stay in a fixed Sz sector and
only field differences act: with σh = 0.03 the loss is below
10−4 for the star and the diamond alike, and 3–4× 10−4

at σh = 0.1, thirty times smaller than for coupling disor-
der of the same relative size (Appendix D).

VII. CONCLUSION

We have shown that autonomous optimal phase-
covariant cloning is not a privilege of the star: the com-
plete bipartite graph K2,M−1 clones optimally for every
M ≥ 3, with closed-form couplings (Theorems 1 and
2), and we have identified the two four-level symmet-
ric blocks—a perfect-state-transfer ladder and a freeze
block with a double zero mode—whose simultaneous
commensurability is the actual condition. Compared

with the star [12], the new families need one extra cou-
pling type (a staggered or a middle Ising term) and
are less robust to timing, while the diamond with uni-
form anisotropy is as robust as the star under static
disorder. Compared with fractional-revival engineer-
ing [19, 21, 22], the single-excitation design is shown to
be an optimal cloner only for two clones, and the multi-
excitation extension is given here. In the broader picture
these results place optimal cloning among the quantum-
transport phenomena of spin networks that can be read
off from small symmetric blocks, next to perfect trans-
fer and fractional revival. Without this identification,
searches for autonomous quantum machines on graphs
are likely to converge on near-miss solutions a fraction
of a percent below the bound, as our four-vertex clas-
sification shows they do for most graphs. The next
step is to carry the same block analysis to other co-
variant tasks—universal cloning, state-dependent cloning
and telecloning resources—and to implement the dia-
mond on Rydberg arrays. There the dipolar exchange
(∝ r−3) and van der Waals Ising (∝ r−6) interactions
impose gij = κJ2

ij with one positive κ; the diamond ad-
mits an exact solution under this constraint, and with
all pair interactions included a four-atom kite reaches
Fopt − 7× 10−7 and a six-atom axial geometry (M = 5)
Fopt − 8× 10−5 (Appendix B).

DATA AVAILABILITY

All numerical results of this paper are reproducible
from the open-source Python package acloner (ver-
sion 0.1.0), archived at Zenodo (DOI: 10.5281/zen-
odo.23392981) and maintained at https://github.com/
deeptell-inc/autonomous_cloning. The package con-
tains (i) the closed-form constructions of Theorems 1
and 2, of Chen’s star and of the diamond family, in-
cluding the Rydberg-constrained member of Appendix B;
(ii) the Levenberg–Marquardt exactness certification and
the sympy checks of the characteristic polynomial and
of the involution identity of Appendix C; (iii) the ro-
bustness protocols of Appendix D; and (iv) the scripts
that regenerate the data files results/families.json
(Fig. 2), results/robustness.json (Fig. 3) and
results/rydberg.json, together with Figs. 2 and 3. A
full reproduction (make all: M ≤ 8, 200 disorder sam-
ples) runs in under one minute on a laptop; make test
executes the 17 unit tests that verify every theorem and
bound quoted in the text to the stated precision. The
RIS bibliographic corpus used for the literature survey
and the raw optimisation logs are available from the cor-
responding author upon reasonable request.

https://github.com/deeptell-inc/autonomous_cloning
https://github.com/deeptell-inc/autonomous_cloning


6

10
2

10
1

coupling disorder 

10
4

10
3

10
2

10
1

F o
pt

F
(a)

10
2 2 × 10

2
3 × 10

2
4 × 10

2

readout-time error 

10
5

10
4

10
3

10
2

F o
pt

F

(b)

10
2

10
1

dephasing t

10
2

10
1

F o
pt

F

(c)

M=3 star
M=3 K2, 2 (1,2)

M=3 K2, 2 (3,3)
M=3 diamond

M=5 star
M=5 K2, 4 (3,2)

M=5 K2, 4 (5,3)

FIG. 3. The star is the most robust autonomous cloner, but the diamond matches it under static disorder. Loss of fidelity
below the optimum under (a) relative Gaussian disorder σ of all couplings (100 samples), (b) relative readout-time error ϵ,
(c) dephasing γt; M = 3 (full) and M = 5 (faint). Static disorder and timing error enter quadratically, dephasing linearly in
γt; the staggered K2,m members are 5–10 times (disorder) and 50–150 times (timing) more sensitive because of their larger
anisotropy and longer time.

Appendix A: Attainability of Chen’s bound on the

star

For the star with Dicke-k leaves, Eq. (12) of Ref. [12]
gives, in units of J ,

F = 1
2 +

k(M − k + 1)χ1 − (M − k)(k + 1)χ2

Mη1η2
, (A1)

χ1 = η1 cos
η1t
2 sinBt sin η2t

2 − λ(M − 2k −
1) sin η1t

2 cosBt sin η2t
2 , χ2 = η2 cos

η2t
2 sinBt sin η1t

2 −
λ(M − 2k + 1) sin η2t

2 cosBt sin η1t
2 , with

η1 =
√

4(M − k)(k + 1) + (M − 2k − 1)2λ2 and

η2 =
√

4k(M − k + 1) + (M − 2k + 1)2λ2 (Ref. [12]
counts the leaves in |0⟩; the expression is invariant
under k → M − k, η1 ↔ η2, so it holds for our k
as well). The field B enters only through sinBt and
cosBt, because the total magnetisation is conserved
and B merely rotates the two branches of the in-
put relative to each other. Collecting the two terms,
F = 1

2+(P sinBt+Q cosBt)/(Mη1η2), and this rotation
is exactly the input-independent local Z correction, so
maximising over Bt gives the closed form

F (λ, t) = 1
2 +

√

P 2 +Q2

Mη1η2
, (A2)

with P = k(M − k + 1)η1 cos
η1t
2 sin η2t

2 − (M − k)(k +

1)η2 cos
η2t
2 sin η1t

2 and Q = λ sin η1t
2 sin η2t

2 [(M − k)(k +
1)(M − 2k + 1) − k(M − k + 1)(M − 2k − 1)]. We

checked this against the full 2M+1-dimensional dy-
namics at random points to 10−7. Chen’s bound
1
2+max{

√

k(M − k + 1),
√

(M − k)(k + 1)}/2M follows
from the inequality chain of Ref. [12] [its Eqs. (6)–(7)];
one sees from it that equality requires all weight on the
dominant branch unless the two ladder elements coincide
(k = M/2). Full transfer of the dominant branch needs
its detuning λ(M − 2k ∓ 1) to vanish, so λ ̸= 0 helps
only at k = (M ∓ 1)/2; otherwise λ = 0 and the frozen
and transferred branches must satisfy εfrozen/εtransfer =
2n/(2m+1) with their bare Rabi frequencies ε, which has
no integer solutions for 0 < k < ⌊M/2⌋. Hence the bound
is attained at finite time iff k ∈ {0,M, ⌊M/2⌋, ⌈M/2⌉}.
A global scan over λ ∈ [−10, 10] and t ≤ 103 forM = 2–8
confirms this: the exact set coincides with the prediction,
and for all other k the optimum has λ = 0 and approaches
the bound only slowly (10−3 below it for t ≤ 10, 10−7 for
t ≤ 103).

Appendix B: The diamond family

Let the diamond K4 − e have middle vertices 0, 1
(chord c = J01), input a = 2 and far vertex 3,
with Ja0 = Ja1 = p, J03 = J13 = q and a uni-
form anisotropy gij = λJij . With k = 2 (targets in
|D2⟩) the exact structure freezes the |1⟩a branch and
transfers the |0⟩a branch to |1⟩a|D1⟩. In the swap-

symmetric basis, with |ms⟩ = (|10⟩ + |01⟩)/
√
2 on the

middle pair, the transfer block (two excitations, basis
{|ams⟩, |a3⟩, |01⟩, |ms3⟩}) and the freeze block (three ex-
citations, basis {|a01⟩, |ams3⟩, |013⟩}) are obtained from
Eq. (1) as



7

Hα =











c(2−λ)
2

√
2q

√
2p 0√

2q λ(c−2p−2q)
2 0

√
2p√

2p 0 λ(c−2p−2q)
2

√
2q

0
√
2p

√
2q c(2−λ)

2











,

Hβ =







λ(c+2p−2q)
2

√
2q 0√

2q c(2−λ)
2

√
2p

0
√
2p λ(c−2p+2q)

2






(B1)

(the
√
2 is the ladder element of the symmetric

pair, the chord contributes +c on |ms⟩ and −λc/2
from its ZZ term). The initial vector vα =

|0⟩a|D2⟩ = (0, 0, 1,
√
2)/

√
3 and the target |1⟩a|D1⟩ =

(
√
2, 1, 0, 0)/

√
3 are exchanged by the anti-diagonal re-

flection R : |ams⟩ ↔ |ms3⟩, |a3⟩ ↔ |01⟩, and [Hα, R] = 0
holds identically because Hα is persymmetric. Its char-
acteristic polynomial factorises into the two R-sectors,
∏

±[4x
2−4(c−λp−λq)x+κ±] with κ± = 2c2λ− c2λ2+

2cλ2(p+q)−4cλ(p+q)−8(p∓q)2, so both sectors are cen-
tred at (c−λp−λq)/2 and E2−E1 = E4−E3 identically;
the parity condition of perfect state transfer [14, 18] then
reduces to the ladder below. In the freeze block the ini-
tial vector vβ = |1⟩a|D2⟩ = (1,

√
2, 0)/

√
3 must lie in a

two-dimensional Krylov space, det[vβ , Hβvβ , H
2
βvβ ] = 0,

which with the matrices above is the cubic

2λ2(p− q)2 − 2p2 − q2 + λq(p− q)

+ c
[

2λ2(p− q)− 2λp+ λq + q
]

= 0; (B2)

then vβ is a combination of two eigenvectors and revives
when their gap ∆Eβ satisfies ∆Eβt ∈ 2πZ. The exact
conditions are therefore

det[vβ , Hβvβ , H
2
βvβ ] = 0, (E2 − E1)t = n1π (n1 odd),

(E3 − E2)t = n2π (n2 even), ∆Eβ t = 2πnb, (B3)

four equations for the four unknowns (q/p, c/p, λ, tp).
Solving them directly reproduces the least-squares so-
lution [(n1, n2, nb) = (1, 2, 2): q/p = 2.985643, c/p =
2.048572, λ = −1.342497, tp = 1.113388] and yields a
distinct exact cloner for every admissible integer triple,
e.g. (1, 2, 1), (1, 2, 3), (3, 2, 2), (1, 4, 2), (1, 4, 3), (3, 4, 2),
all with transfer and revival probabilities equal to one to
10−15. With c = 0 (the four-cycle) the dark-state con-
dition becomes a constraint on (p, q, λ) and the system
is overdetermined, which is why the four-cycle with uni-
form anisotropy is not exact. For m ≥ 4 middle vertices
(Km+2−e) the freeze block is four dimensional and needs
two dark-state conditions; with uniform λ the system
is again overdetermined, while edge-resolved anisotropies
(gp, gq, gc) restore a continuous family of exact solutions
(verified by least squares for M = 5 and 7), of which the
staggered K2,m family of Theorem 1 is the member with
an isotropic (hence irrelevant) chord.

Under the Rydberg constraint gij = κJ2
ij with a com-

mon κ, the diamond graph still admits an exact solu-
tion (κ > 0, λe = ge/Je ≃ 0.37, 0.28, 0.21 on the chord,
input and far edges). Including the interactions of all
atom pairs with Jij = C3/r

3
ij and gij = C6/r

6
ij and opti-

mising the atom positions, a planar kite (middle pair at
(±1, 0), input at (0, 3.69), far atom at (0,−1.72)) reaches
F = Fopt − 7 × 10−7 at tJnn ≃ 7, and a six-atom axial
geometry for M = 5 (four middle atoms on a ring, input
and far atom on the axis) reaches Fopt − 8× 10−5.

Appendix C: Even M : the involution identity for

symbolic k

In the Sm-symmetric basis {(0, k, 0), (0, k−1, 1), (1, k−
1, 0), (1, k − 2, 1)} (occupations of input, middle set
and far vertex) the k-excitation block of K2,2k−1 with

middle Ising coupling has hoppings kJq, k,
√
k2 − 1,√

k2 − 1Jq and diagonal entries fixed by the occupations,

e.g. − gp+gq
2 S − gc

4 (m − S2) with S = m − 2nmid up to
the signs of the input and far spins. The initial vector is
v = (1, 1, 0, 0)/

√
2 for every k (since

(

2k−1
k

)

=
(

2k−1
k−1

)

) and

the target w = (0, 0,
√
k + 1,

√
k − 1)/

√
2k. Solving the

four conditions (11)–(13) numerically for (gp, gc,∆, ψ)
from 200 random starts returns exactly four solutions
at each k = 2, 3, 4: the two roots of Eq. (14) with ∆ = 0
[for k = 2: gp = 0.267304 and −14.964242] and two
with ∆ ̸= 0 [(gp, gc,∆) = (−6.4209,−11.7426, 6.5054)
and (3.9714, 1.5364,−4.4642) for k = 2]; the ladder-
compatible members of the latter reach only F = 0.7449
and 0.7942 at M = 4, while both ∆ = 0 roots reach
Fopt. Substituting the closed form of Theorem 2 together

with cos 2ψ = −
√

A/2B, sin 2ψ = −
√

(B −M)/2B into
[H,R] gives identically zero: exactly at k = 2, . . . , 10 and
to forty digits at non-integer k, with vanishing Jq coef-
ficient. The ladder condition then reads (E2 − E1)t =
n1π (odd), (E3 − E2)t = n2π (even), and we verified
|F − Fopt| ≤ 10−12 for forty members at M = 4, four
each at M = 6, 8 and two at M = 10.
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Appendix D: Numerical methods

Fidelity. For each target s we compute the re-
duced state for twelve equatorial inputs ϕj and define
Fs = ⟨ρ00|α|2 + ρ11|β|2⟩ϕ + 2|⟨α∗βρ01⟩ϕ|, i.e. one input-
independent Z rotation per site; a per-input correction
would make any pure equatorial state look like a perfect
clone.

Exactness. Odd M : we solve U(t)vα = eiφZθvα,

U(t)vβ = eiφ
′

Zθwβ (or the dual assignment) for the cou-
plings, t, the global phases and one local Z phase per tar-
get orbit by Levenberg–Marquardt least squares [17] from
6–16 random starts; a residual norm ≤ 10−29 certifies ex-
actness, while failures saturate at ≥ 10−7 with the solver
drifting to large couplings and times (long-time Diophan-
tine approximation). Even M : the output is the bal-

anced mixture Uvα = (eiφ1Zvα + eiφ2Z|1⟩a|Dk−1⟩)/
√
2,

Uvβ = (ei(φ1+δ)Z|0⟩a|Dk+1⟩ + ei(φ2+δ)Zvβ)/
√
2 with a

shared relative phase δ; omitting δ misses the M = 6 so-

lution. The mixing angle must be fixed at π/4, otherwise
the solver finds exact but non-optimal dynamics. Hamil-
tonians are assembled as linear combinations of precom-
puted operator sums, and the phases are pre-fitted to the
output of a Nelder–Mead near-optimal point before the
full least-squares step; with these two measures a seven-
qubit certification takes seconds.
Characteristic polynomials. Expanding det(HF − λ)

along the first row gives λ2(λ2 − 2s2 − 2r2 − 4g2) for the
freeze block of Theorem 1; this and the factorisation of
the diamond block were checked with sympy, as was the
identity [H,R] = 0 of Theorem 2 for symbolic k (Ap-
pendix C).
Robustness. Static disorder multiplies every Je and ge

by 1 + σξe with independent standard normal ξe (100
samples); timing error evaluates t(1± ϵ); dephasing inte-
grates ρ̇ = −i[H, ρ] + γ

∑

i(ZiρZi − ρ) with a vectorised
Liouvillian and expm multiply; Zeeman disorder adds
hiZi/2 with hi ∼ N (0, σ2

h). All code is available in the
repository described in the Data Availability statement.
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