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Abstract In hydromechanical deep drawing (HMD) of parabolic cups made of SPCC cold-11 

rolled low-carbon steel grade JIS G 3141, localized thinning at the acute apex is a persistent 12 

failure that conventional “black-box” optimization methods cannot physically explain. This 13 

study develops a mechanism-informed methodology that integrates physical experiments with 14 

a validated finite element (FE) model. Interrupted drawing experiments then divided the HMD 15 

process into four transient stages (pre-bulge, thin-out, draw-in, and re-strike) and identified the 16 

thin-out stage, at a punch stroke of 73 mm, as the critical failure window. An LS-DYNA FE 17 

model was calibrated with these measurements, and forming limit diagram (FLD) analysis was 18 

used to evaluate the strain paths. A linear blank holder force (BHF) profile that keeps the force 19 

low during the thin-out stage shifted the average strain state from a uniaxial tensile mode (strain 20 

ratio β = −0.50) toward a drawing-dominated mode (β = −0.69), increasing material draw-in 21 

by 59.1% and reducing the maximum thinning from 30 to 25%. To avoid the flange wrinkling 22 

caused by an excessive BHF reduction, a bi-linear BHF profile was proposed to lower the force 23 

during the thin-out stage and increase it during the draw-in and re-strike stages; FE simulation 24 

predicts a further reduction in maximum thinning to 23.74% without flange wrinkling. As the 25 

four-stage deformation sequence and the thin-out-driven failure mechanism arise from the 26 
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part’s acute curvature, this procedure of stage identification, FLD-based diagnosis, and stage-27 

dependent BHF design may be transferable to other severely curved axisymmetric HMD 28 

components. 29 

Keywords Hydromechanical deep drawing (HMD) · Parabolic cup · Stage-based mechanics 30 

· Forming limit diagram (FLD) · Bi-linear blank holder force (BHF) 31 

1 Introduction 32 

Parabolic cups are essential components in light reflectors for high-precision and advanced 33 

optical systems. However, the cups have specific geometries characterized by severe tapers and 34 

an acute apex, which lead to significant formability challenges during conventional deep 35 

drawing processes. Due to the minimal cross-sectional area at the punch head, the drawing load 36 

induces a high risk of localized fracture even at modest drawing ratios. Furthermore, the 37 

extensive unsupported zone between the die and punch often triggers sidewall wrinkling caused 38 

by circumferential compressive stresses. Historically, overcoming these defects necessitated at 39 

least six individual forming stages, as illustrated in Fig. 1 [1]. 40 

 41 

Fig. 1 Schematic of the conventional multi-stage deep drawing sequence for a parabolic cup 42 

(redrawn based on [1]) 43 
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Hydromechanical deep drawing (HMD) was developed as an advanced alternative for 44 

fabricating complicated curvilinear components, where fluid pressure is used to offer 45 

hydrostatic support and enhance the overall distribution of strain [1–3]. However, the extreme 46 

geometry of the parabolic apex remains highly susceptible to severe local thinning and 47 

wrinkling [4]. Although there has been extensive work in optimizing loading paths, most 48 

studies are limited to purely numerical or stochastic optimization frameworks. 49 

To determine optimal process parameters, researchers have employed various analytical and 50 

numerical techniques. Analytical models and empirical foundations provided by Koç [5] have 51 

served as essential starting points for process design. The optimal loading paths were further 52 

investigated based on FEA-based optimizations by Choi et al. [6] and Öztürk et al. [7]. Later, 53 

Intarakumthornchai et al. [8] reported the optimization of process parameters using response 54 

surface methodology (RSM) to optimize HMD parameters. Other studies examined how pre-55 

bulging before punch contact affects the subsequent deformation in HMD [9] and optimized 56 

the die design parameters using FE simulation [10]. Lang et al. [9] showed that the pre-bulging 57 

significantly affects the initial and middle forming stages, but it does not influence the final 58 

forming stage. Liu et al. [4] extended their study further on the effect of pre-bulging on the 59 

wrinkle of curved-surface parts. These findings indicate that the effect of a process variable is 60 

highly dependent on the stage of the stroke at which it acts, which suggests that the HMD 61 

stroke should be treated at each continuous sequential stage rather than as a single event. The 62 

abovementioned studies determined the process parameters acting on each stroke as a whole, 63 

but they did not identify each stage experimentally or apply them to set the loading path. 64 

Variable blank holder force (VBHF) control, in which the BHF changes with the punch stroke, 65 

has long been recognized as an effective means of widening the process window between 66 

wrinkling and tearing [11]. VBHF trajectories have been determined by adaptive FE simulation 67 

with wrinkling and thinning criteria [12], by optimization strategies that combine FE simulation 68 
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with formability constraints [13], and by fuzzy control integrated into adaptive FE analysis of 69 

HMD [7]. In sheet hydroforming, VBHF has also been implemented experimentally to improve 70 

the drawability of square cups [14]. In these studies, however, the BHF trajectory is typically 71 

obtained as the output of a control or optimization loop, and the transient deformation stages 72 

that make a particular trajectory effective are rarely identified experimentally. 73 

Recently, HMD has been investigated for lightweight and composite materials such as 74 

magnesium alloys and laminated sheets [15–19]. These studies yield valuable data about the 75 

behavior of the material using stochastic optimization or arbitrary time-stepping for BHF 76 

control [20]. Experimental evidence to characterize the transient mechanical changes during 77 

forming stages is lacking, although numerical verifications have been done [21]. This is 78 

important to prevent localized thinning in acute geometries such as parabolic cups. 79 

In a previous study by Intarakumthornchai et al. [8], RSM was employed to optimize the 80 

constant process parameters for HMD of parabolic cups. While RSM provided a statistical 81 

optimum for a given range, it functioned as a “black-box” approach that could not account for 82 

transient mechanical changes occurring at different punch strokes. Furthermore, reliance on a 83 

constant blank holder force (BHF) in that work limited the ability to prevent thinning at the 84 

acute apex without risking wrinkles. Crucially, empirical evidence validating the dynamic, 85 

stage-by-stage mechanical evolution of acute geometries during HMD remains largely absent 86 

from the literature. 87 

To overcome the limitations of these statistically based models [8], the present study shifts 88 

toward a fully mechanism-informed approach. By implementing systematic interrupted 89 

drawing experiments, this work physically deconstructs the parabolic HMD process within a 90 

single forming stroke into four distinct transient stages, in contrast to the multiple separate 91 

tooling operations historically required. This stage-based mechanical characterization enables 92 

a targeted approach, allowing for the design of a bi-linear BHF profile. The novelty of this 93 



5 

work therefore does not lie in reducing the BHF itself, which is well established in VBHF 94 

studies [11–14], but in deriving the timing and breakpoints of the BHF path from 95 

experimentally identified deformation stages, so that each segment of the profile has a physical 96 

justification. This shift from a single constant optimum for all phases to stage-dependent 97 

dynamic control is a key step toward improving both the resistance to thinning and the 98 

structural integrity against wrinkling. 99 

2 Materials and Methods 100 

2.1 Material characterization 101 

The material used in this research was SPCC (JIS G 3141) cold-rolled low-carbon steel with a 102 

1.0 mm nominal thickness. Uniaxial tensile tests were conducted according to ASTM E8 on a 103 

1-ton Instron universal testing machine equipped with a video extensometer, using 30 104 

specimens cut at 0°, 45°, and 90° to the rolling direction (90 specimens in total). The 105 

mechanical properties, including yield strength (σy), ultimate tensile strength (UTS), strain 106 

hardening exponent (n), and plastic anisotropy ratio (r), were determined. The uniaxial tensile 107 

tests gave a yield strength of 267 MPa and an ultimate tensile strength of 471 MPa. The mean 108 

anisotropy ratios were r0 = 1.816, r45 = 1.228, and r90 = 2.106, giving a normal anisotropy of 109 

rm = (r0 + 2r45 + r90)/4 ≈ 1.6. The material exhibits pronounced strain hardening and normal 110 

anisotropy, both of which strongly influence the drawability of a parabolic geometry. 111 

Even though the uniaxial tensile tests provided flow stress data only up to a true strain of 112 

approximately 0.3 (K = 512.3 MPa, n = 0.159), the hardening parameters used in the simulation 113 

were determined by hydraulic bulge tests (HBT), which extend the flow curve to effective 114 

strains of 0.7–0.8. The HBT die had an opening diameter of 100 mm and a die radius of 5 mm, 115 

and the tests were performed on a 200-ton hydraulic press equipped with a pressure intensifier. 116 

Since the dome thickness and radius could not be measured during forming, the tests were 117 

interrupted at seven dome heights (5–35 mm, monitored by an LVDT), with five specimens 118 
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per height, and the dome geometry and thickness were measured after each interruption. The 119 

biaxial stress obtained from the membrane equation was converted into an effective stress 120 

corrected for normal anisotropy using rm. Power-law fits to the four complete flow curves gave 121 

K = 659.5 ± 1.35 MPa and n = 0.294 ± 0.010 (mean ± standard deviation), which were used in 122 

the simulation. Fig. 2 shows the pooled effective stress–strain data of all HBT specimens; a 123 

single power-law fit to the pooled data gives almost identical parameters (K = 659.5 MPa, n = 124 

0.296). The averaged mechanical properties used for the simulation are summarized in Table 1. 125 

Table 1 Blank geometry and material properties of the SPCC steel sheet; K and n are averaged 126 

from the four HBT flow stress curves, and r values are averaged from 30 tensile specimens per 127 

direction (HBT: hydraulic bulge test) 128 

Parameter Value 

Blank diameter 320 mm 

Blank thickness (t0) 1.0 mm 

Part depth 105 mm 

Young’s modulus (E) 207 GPa 

Poisson’s ratio (ν) 0.28 

Yield strength (σy) 267 MPa (tensile test) 

Ultimate tensile strength (UTS) 471 MPa (tensile test) 

Strain hardening exponent (n) 0.294 ± 0.010 (HBT, mean ± SD) 

Strength coefficient (K) 659.5 ± 1.35 MPa (HBT, mean ± 

SD) 

Anisotropy ratio (r0) 1.816 (tensile test, average) 

Anisotropy ratio (r45) 1.228 (tensile test, average) 

Anisotropy ratio (r90) 2.106 (tensile test, average) 

 129 
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 130 

Fig. 2 Effective stress–strain data of the SPCC steel sheet obtained from all hydraulic bulge 131 

test (HBT) specimens, with the fitted power-law hardening curve 132 

2.2 Empirical analytical foundation 133 

The initial process window was established using the empirical equations of Koç [5]. These 134 

equations were employed to determine the theoretical minimum forming pressure (pmin, 135 

Eq. (1)) and the minimum blank holder force (Min FBH, Eq. (2)) required to suppress wrinkling 136 

while avoiding premature fracture: 137 

 𝑝min = ఙyield×௧0௥min  (1) 138 

where pmin is the minimum pressure to begin forming (MPa), σyield is the yield strength of the 139 

blank material (MPa), t0 is the initial thickness of the blank (mm), and rmin is the minimum 140 

radius of the part (mm). 141 

 Min ܨBH = 𝑝n గ4 02ܦ) − (s2ܦ + BH/pressureܨ +  BH/bulge (2) 142ܨ
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where pn is the blank holder pressure, D0 is the outgoing blank diameter, Ds is the sealing 143 

diameter, FBH/pressure is the vertical force from the pressure acting on the blank holder, and 144 

FBH/bulge is the bulge force acting on the blank holder. Two concepts are important: 145 

• The pressure profile is the initial pressure path chosen to provide sufficient hydrostatic 146 

support against the compressive circumferential stresses. 147 

• The BHF calculation yields the boundary conditions for the blank holder. These were 148 

derived from the plastic anisotropy (r-value) and geometry to maintain the seal and 149 

control material flow. 150 

The values used for the first experimental trials are listed in Table 2. 151 

Table 2 Pressure and BHF calculation results 152 

Parameter Value Unit 

Thickness (t0) 1.00 mm 

Minimum radius (rmin) 12.00 mm 

Yield strength (σyield) 267.00 MPa 

Ultimate tensile strength (UTS) 471.00 MPa 

Minimum pressure (pmin) 22.25 MPa 

Average pressure (pavg) 30.75 MPa 

Maximum pressure (pmax) 39.25 MPa 

Blank diameter (D0) 320.00 mm 

Punch diameter (Dpunch) 179.00 mm 

Minimum BHF (Min FBH) 203.60 kN 

Maximum BHF (Max FBH) 951.36 kN 

Operating BHF applied 800.00 kN 

 153 

2.3 Experimental procedure: interrupted drawing 154 

A specialized HMD press was used for the physical trials. Interrupted drawing experiments 155 

were performed to deconstruct the forming mechanics. The process was stopped at specific 156 

punch heights (−20, 0, 27, 53, 79, and 105 mm). Punch height is measured from the die face, 157 

so that 0 mm corresponds to the first contact between the punch nose and the pre-bulged blank. 158 
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The BHF profiles represented in Sects. 3.2 and 3.4 are plotted against the press stroke s, which 159 

starts at a punch height of −20 mm (s = h + 20 mm); the interrupted heights therefore 160 

correspond to strokes of 0, 20, 47, 73, 99, and 125 mm, respectively (Table 3). Fig. 3a shows 161 

the die setup, and Fig. 3b shows the experimental parts from each step. The sheet was covered 162 

with a thin polyethylene (PE) film to reduce friction. Each experiment was performed in 163 

triplicate. 164 

• Measurements: Each interrupted specimen was sectioned along its centerline, and the 165 

thickness was measured along the curvilinear profile and converted into thickness 166 

reduction (thinning) relative to the initial thickness. The change in the peripheral 167 

boundary of the flange (draw-in amount) was also measured. 168 

• Mechanism identification: The correlation between punch stroke and material 169 

response (thinning rate and draw-in speed) was used to define the boundaries of the 170 

forming stages. 171 
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 172 

Fig. 3 Experimental setup and physical specimens: (a) hydromechanical deep drawing die 173 

configuration at each process step; (b) interrupted specimens formed to different punch heights 174 
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2.4 Finite element formulation 175 

A finite element model was developed in LS-DYNA using Belytschko-Tsay shell elements. A 176 

quarter model (Fig. 4) was employed to exploit symmetry and minimize calculation time. The 177 

structured mesh of the blank comprised 8,000 quadrilateral elements with 8,161 nodes, giving 178 

an average in-plane element size of approximately 1.6 mm, which is small compared with the 179 

minimum part radius of 12 mm. A separate mesh-convergence study was not performed; 180 

instead, a fine mesh was adopted, and the close agreement between the predicted and measured 181 

maximum thinning for both BHF profiles (30.33% vs. 30% and 24.25% vs. 25%; Sect. 3.2) 182 

indicates that the mesh resolution is adequate for the thinning predictions reported here. A 183 

Coulomb friction model was applied at the tool-blank interfaces with a friction coefficient of 184 

μ = 0.05 for the punch, blank holder, and die regions; this low value represents the lubricated 185 

condition provided by the polyethylene film covering the sheet (Sect. 2.3). The Barlat-Lian’s 186 

three-parameter yield criterion was used for the blank material, and isotropic hardening was 187 

described by a power law, σ = Kεn, with the strength coefficient K and strain hardening 188 

exponent n listed in Table 1. The fluid pressure in the die cavity was applied as a pressure load 189 

on the blank surface according to the prescribed pressure path. No mass scaling was used in 190 

the explicit analysis. The FE model was calibrated using the material properties in Table 1 and 191 

validated against the initial interrupted drawing experiments. This FE model was then 192 

employed to test the hypothesis that a linear BHF profile designed to minimize force during 193 

the identified critical thin-out stage would shift the deformation mode and improve overall part 194 

quality. 195 
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 196 

Fig. 4 Finite element quarter model of the blank and tool components 197 

3 Results and Discussion 198 

3.1 Experimental characterization of forming stages 199 

Interrupted forming experiments provided critical insights into the transient mechanics of the 200 

HMD process; the tool and die setting is shown in Fig. 3a. The geometric evolution of a 201 

parabolic cup throughout the forming stroke is visually presented by the samples shown in 202 

Fig. 3b. A blank is first bulged downward into a dome and then formed upward by the punch 203 

until the final stroke. Analysis of the thickness distribution (Fig. 5) and the flange draw-in 204 

(Fig. 6) across the six forming steps reveals a consistent sequence of deformations, allowing 205 

the process to be characterized into four distinct stages. This stage-based model is conceptually 206 

summarized in Fig. 7 and is critical to understanding the root causes of defects and to targeted 207 

process control. 208 

Stage 1: Pre-bulge. Before the punch engages, the fluid pressure deforms the blank into an 209 

initial dome. Pre-bulging is a known feature of HMD, and its influence on thickness 210 
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distribution and wrinkling has been investigated previously [4, 9]; in the present process, the 211 

pre-bulged dome forms the initial condition for the subsequent thin-out stage. 212 

Stage 2: Thin-out. Physical measurements of the specimens revealed that thinning accelerated 213 

dramatically on initial punch contact. The punch nose contacts the pre-bulged dome and moves 214 

in the opposite direction of the bulge. This action reverses and stretches the already thinned 215 

material, causing a rapid acceleration of thinning, as can be seen from the jump from 13% to 216 

27% maximum thinning between Steps 2 and 3 (Fig. 5). The thinnest point also shifts from the 217 

apex to a region 10 mm along the vertical direction below it, corresponding to the punch nose 218 

radius. In this stage, the sheet is subjected to severe biaxial tension. The high, constant BHF 219 

restricts material flow from the flange, forcing deformation to be accommodated almost 220 

entirely by thinning of the unsupported wall. 221 

Stage 3: Draw-in. In Steps 4–6, the metal in the flange starts to flow inward, which is 222 

corroborated by the measurable variation of the flange diameters shown in Fig. 6. Measurement 223 

of the outer boundary shows a clear transition with a considerable increase in the material flow 224 

from the flange. This identifies the draw-in stage, where the process changes from local 225 

stretching to global drawing. 226 

Stage 4: Re-strike. The final stage (end of Step 6) shows the sheet completely conformed to 227 

the punch. The metal is locked firmly against the punch surface. There is minimal further 228 

thinning, while a final increase in pressure, together with the BHF, calibrates the part to ensure 229 

dimensional accuracy. 230 

The correspondence between the interrupted steps, punch height, press stroke, and forming 231 

stages is summarized in Table 3. 232 
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Table 3 Correspondence between interrupted steps, punch height h, press stroke s (= h + 233 

20 mm), and forming stages 234 

Step Punch height h 

(mm) 

Stroke s (mm) Forming stage 

1 −20 0 Blank inserted; start of pre-bulge 

2 0 20 End of pre-bulge (first punch contact) 

3 27 47 Thin-out 

4 53 73 End of thin-out; onset of draw-in 

5 79 99 Draw-in 

6 105 125 Draw-in and re-strike 

 235 

 236 

Fig. 5 Distribution of thickness reduction along the curvilinear profile of the cup at different 237 

forming steps 238 
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 239 

Fig. 6 Flange diameters measured at 0°, 45°, and 90° to the rolling direction at different forming 240 

steps 241 

The forming mechanism of a parabolic cup in HMD is shown in Fig. 7. The four stages are 242 

pre-bulge, thin-out, draw-in, and re-strike. This model reveals that the severe thinning is not a 243 

result of the overall process but is highly localized to the specific mechanics of the thin-out 244 

stage. 245 
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 246 

Fig. 7 Four stages of forming a parabolic cup by hydromechanical deep drawing 247 
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3.2 Validation of the linear BHF hypothesis 248 

The mechanical insight that the thin-out stage represents the critical window for localized 249 

failure led to the hypothesis that reducing the BHF during this stage would facilitate controlled 250 

material flow from the flange, thus mitigating excessive stretching and thinning at the punch 251 

apex. To test this hypothesis, a linear BHF profile was designed to keep the BHF low during 252 

the early to mid-stroke, corresponding directly to the thin-out and early draw-in stages (Fig. 8). 253 

This profile differs from the usual constant BHF method, in which a high restraining force is 254 

applied throughout the process. The breakpoints of both profiles follow the stage boundaries 255 

identified in Sect. 3.1. Up to s = 20 mm (the pre-bulge stage, before punch contact), both 256 

profiles apply a low BHF of 100 kN so that the blank can be pre-bulged by the fluid pressure. 257 

The pre-bulge condition is therefore identical for both profiles, and any difference in thinning 258 

between them originates from the BHF applied after punch contact. The analytical minimum 259 

BHF of 203.6 kN in Table 2 refers to the forming stages after punch contact, not to the pre-260 

bulge stage. In the conventional profile, hereafter referred to as the constant BHF because the 261 

force is held constant after the pre-bulge stage, the force is then raised to the operating level of 262 

800 kN (Table 2) by s = 47 mm and held constant until the end of the stroke. In the linear 263 

profile, the force is instead increased gradually from 100 kN at s = 20 mm to 800 kN at the end 264 

of the stroke (s = 125 mm), so that the BHF during the thin-out stage (s = 20–73 mm) remains 265 

well below the operating level, while the full operating force is recovered for the re-strike stage. 266 
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 267 

Fig. 8 Constant and linear BHF profiles as functions of punch stroke. The vertical lines at 20 268 

and 73 mm bound the thin-out stage, during which the linear profile keeps the BHF lower. 269 

Downward arrows indicate the BHF reduction of the linear profile relative to the constant 270 

profile. 271 

The proposed linear BHF strategy was first evaluated with the validated LS-DYNA finite 272 

element model. The simulation results strongly supported the hypothesis. As seen in Figs. 9 273 

and 10, the linear BHF profile significantly improved the thickness distribution. The predicted 274 

maximum thinning was reduced from 30.33% with a constant BHF to 24.25% with the linear 275 

profile. The simulation also showed a more uniform thickness distribution along the cup wall, 276 

implying a transition to a more favorable deformation mechanism. 277 
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 278 

Fig. 9 FEM-predicted thinning distribution of a part formed with the linear BHF profile. Fringe 279 

levels show the percentage thickness reduction (negative values denote thickening). 280 

 281 

Fig. 10 FEM-predicted thinning distributions along the curvilinear profile of the cup for the 282 

constant and linear BHF profiles 283 

The linear BHF strategy was then tested experimentally. As shown in Fig. 11, the maximum 284 

measured thinning decreased from 30% with a constant BHF to 25% with the linear profile, in 285 
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good agreement with the simulated values. This agreement between the numerical and 286 

experimental results validates the accuracy of the finite element model and the practical 287 

feasibility of the mechanism-informed loading path. 288 

 289 

Fig. 11 Experimentally measured thinning distributions along the curvilinear profile of the cup 290 

for the constant and linear BHF profiles (inset: image of a formed part) 291 

A key finding of the linear BHF strategy was a significant increase in material flow from the 292 

flange. The FE-predicted draw-in at the end of the thin-out stage increased from 6.22 mm 293 

(constant BHF) to 9.90 mm (linear BHF), an improvement of 59.1% (Fig. 12a, b). This increase 294 

in draw-in indicates that the strategic reduction of the BHF effectively lowers the frictional 295 

resistance at the flange, allowing more material to be drawn into the die cavity to feed the 296 

forming zone. This result provides direct evidence for the main hypothesis that controlling the 297 

BHF during the critical thinning stage can significantly change the material flow behavior. 298 
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 299 

Fig. 12 FE-predicted maximum flange draw-in at the end of the thin-out stage: (a) constant 300 

BHF profile (6.223 mm); (b) linear BHF profile (9.901 mm) 301 

3.3 Transition from uniaxial tension to a drawing-dominated mode 302 

To quantitatively confirm the change of deformation mode, a systematic strain analysis was 303 

performed, focusing mainly on the critical window of maximum thinning. 304 

3.3.1 Measurement strategy and cluster location 305 

Strain measurement was performed at the 73 mm punch stroke, specifically targeting the “free-306 

forming zone”, i.e., the region where the blank is not in direct contact with either the punch or 307 

the blank holder, as shown in Fig. 13. This location was selected because it accurately captures 308 

the transient response of the material flow to the BHF. Single-element values can be sensitive 309 

to local mesh effects, so the strain state was evaluated as the average over a cluster of elements 310 

within the critical thinning region of the FE model rather than at a single node. This spatial 311 

averaging ensures that the evaluated strain paths represent the macroscopic deformation 312 

behavior of the thin-out zone rather than numerical deviations. The 73 mm stroke corresponds 313 

to the end of the thin-out stage (punch height 53 mm, Step 4). It is notable that the biaxial 314 

tension described for Stage 2 in Sect. 3.1 refers to the apex region at the onset of punch contact, 315 

whereas the strain cluster analyzed here lies in the free-forming zone at the end of the thin-out 316 
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stage, where the unsupported wall is stretched predominantly in the meridional direction. The 317 

two observations therefore describe different regions and instants of the same stage. 318 

 319 

Fig. 13 Location of the element cluster used for strain measurement at a punch stroke of 73 mm 320 

(thin-out stage) 321 

3.3.2 FLD deformation mode transformation 322 

The acquired strain cluster was plotted on a forming limit diagram (FLD) to quantitatively 323 

evaluate the effect of BHF control on the deformation path of the material (Fig. 14). The 324 

forming limit curve (FLC) was constructed using the Keeler-Goodwin model. The analysis 325 

shows a sharp change in the mechanical state of the apex region: 326 

• Constant BHF profile: For the constant high BHF, the strain cluster lies around a 327 

major strain (ε1) of 8.04% and a minor strain (ε2) of −4.04%. This corresponds to a 328 

strain ratio (β = ε2/ε1) of −0.50, which defines a uniaxial tensile mode. Physically, this 329 

means that the flange is highly constrained, so, therefore, the material at the apex is 330 

pulled longitudinally with little lateral contraction, which increases localized thinning. 331 

• Linear BHF profile: The linear BHF profile shifted the cluster further into the drawing 332 

quadrant of the FLD. The average major strain increased to 10.55%, while the minor 333 

strain became significantly more negative (−7.32%). This resulted in an improved strain 334 

ratio (β) of −0.69. 335 
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This shift from −0.50 to −0.69 represents a critical transition from uniaxial tension toward a 336 

drawing-dominated mode (which approaches pure shear/drawing at β = −1.0). By reducing the 337 

BHF during the thin-out stage, the circumferential constraint is relaxed, allowing the material 338 

to undergo greater lateral contraction (more negative minor strain) as it is drawn into the die. 339 

This mechanistic shift is the fundamental reason for the 59.1% increase in material draw-in and 340 

the resulting preservation of wall thickness at the parabolic apex. 341 

 342 

Fig. 14 Forming limit diagram (FLD) at a punch stroke of 73 mm comparing the strain clusters 343 

for the constant and linear BHF profiles. The strain state shifts from an ideal uniaxial tensile 344 

mode (β = −0.50, constant BHF) to a drawing-dominated mode (β = −0.69, linear BHF), 345 

allowing greater lateral contraction and material flow while reducing localized thinning at the 346 

parabolic apex. Insets show the measured element clusters 347 
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3.4 Process limits and bi-linear BHF evolution 348 

While the linear BHF profile significantly improved the thickness distribution, the FLD 349 

analysis also revealed a fundamental process limitation: reducing the BHF during the thin-out 350 

stage moves the strain path closer to the wrinkling limit, and an excessive reduction introduces 351 

a risk of flange wrinkling. To expand the process window, a bi-linear BHF profile is proposed 352 

(Fig. 15). Based on the four-stage mechanism, the BHF is decreased during the thin-out stage 353 

to prevent fracture and then increased during the draw-in and re-strike stages to suppress 354 

wrinkling. The FE simulation in Fig. 16 indicates that this bi-linear strategy further improves 355 

part quality, with a predicted maximum thinning of only 23.74%, while no flange wrinkling is 356 

predicted by the FE model. 357 

 358 

Fig. 15 Proposed bi-linear BHF profile compared with the linear profile: the force is reduced 359 

during the thin-out stage to mitigate thinning and then increased during the draw-in and 360 

re-strike stages to prevent flange wrinkling 361 
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 362 

Fig. 16 FEM-predicted thinning distribution of a part formed with the bi-linear BHF profile, 363 

showing a maximum thinning of 23.74%. Fringe levels show the percentage thickness 364 

reduction (negative values denote thickening) 365 

4 Conclusions 366 

This research proposed a mechanism-based framework for the hydromechanical deep drawing 367 

(HMD) of SPCC parabolic cups that goes beyond traditional black-box optimization. It 368 

provides an interpretable procedure for designing loading paths in which each segment of the 369 

BHF profile is linked to an identified deformation stage. The following conclusions are drawn 370 

from the analytical empirical equations, systematic interrupted drawing experiments, and 371 

numerical validation. 372 

1. The HMD process for complex parabolic geometries was broken down into four 373 

physical stages: pre-bulge, thin-out, draw-in, and re-strike. This provides a clear insight 374 

into the transient deformation path, which is often missed by purely numerical studies. 375 

2. Physical measurements of interrupted tests confirmed that the thin-out stage is the 376 

critical failure window. The rapid acceleration of thinning upon the first punch contact 377 

makes this interval a major constraint on process success. 378 
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3. Cluster-averaged FE strains plotted on the FLD provided clear evidence of the 379 

mechanistic shift. The optimized BHF scheduling changed the average strain ratio (β) 380 

from a uniaxial tensile mode (−0.50) to a drawing-dominated mode (−0.69). This 381 

confirms that the material could use its circumferential compression capacity to feed 382 

the apex. 383 

4. The linear BHF profile resulted in a 59.1% increase in material draw-in (from 6.223 to 384 

9.901 mm, FE prediction) and a decrease in maximum thinning from 30 to 25%, which 385 

directly correlates with the improved strain path observed on the FLD. 386 

5. To expand the process window, a bi-linear BHF profile is proposed. It uses the four-387 

stage approach to decrease the BHF during thin-out and increase it during the 388 

subsequent draw-in and re-strike stages. The FE-based evaluation indicates that part 389 

quality can be further improved, with a predicted maximum thinning of 23.74%, while 390 

no flange wrinkling is predicted. 391 

This study was limited to a single parabolic geometry and one sheet material, and the bi-linear 392 

profile was only numerically evaluated. Future work will experimentally validate the bi-linear 393 

profile, quantify the wrinkling margin, and assess the transferability of the stage-based 394 

procedure to other severely curved axisymmetric geometries and materials. 395 
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    p min =     𝜎 yield ×   t 0    r min


  Min     F BH =   p n   𝜋 4  (   D 0 2 −   D s 2 ) +   F  BH / pressure +   F  BH / bulge

