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ABSTRACT

We explore the use of waiting time statistics in a quantum electron shuttle for electric-field sensing.
Electron shuttles convert nanomechanical motion into charge transport, showing a noise-broadened
crossover between stochastic tunneling and mechanically assisted charge transfer. This allows in-
vestigation of how transport fluctuations encode electromechanical parameters. Using a single-level
quantum shuttle in strong-Coulomb-blockade and high-bias regimes with a Markovian quantum
master equation, we analyze stationary dynamics in phase space and waiting time distributions.
By estimating the electromechanical coupling, proportional to the electric field, we evaluate the
classical Fisher information in waiting times and compare it with the quantum Fisher information
in the stationary state. We relate the metrological response to mean waiting time, variance, and
Fano factor. Our results show that the crossover from tunneling to shuttling is characterized by
enhanced fluctuations and increased parameter sensitivity, leading to a pronounced enhancement of
the Fisher information.

I. INTRODUCTION

Nanoelectromechanical systems (NEMS) provide a
natural platform for studying the interplay between
charge transport and mechanical motion. In these sys-
tems, charge-carrier tunneling exerts a force on a movable
mechanical element, whose displacement in turn modu-
lates the tunneling amplitudes. A paradigmatic example
is the electron shuttle, in which a small island or quan-
tum dot oscillates between two leads and transfers charge
carriers through repeated loading and unloading events.
The theoretical concept of the NEMS electron shuttle was
introduced in [1] and subsequently realized experimen-
tally in flexible nanoresonators, carbon-based molecular
systems, and metal nanoparticle structures [2–4].

The shuttle mechanism describes a self-sustained
charge-transfer process in which mechanical motion co-
operates with sequential tunneling [1, 5, 6]. Depend-
ing on the electromechanical coupling, the system can
operate in distinct transport regimes. In the tunnel-
ing regime, charge transfer is dominated by stochastic
tunneling and the mechanical oscillator remains localized
near equilibrium. In the shuttling regime, charge transfer
becomes synchronized with the mechanical motion. Be-
tween them lies a crossover region where stochastic tun-
neling and mechanically assisted transport coexist [7, 8].
While the classical description predicts a relatively sharp
transition between these regimes, quantum fluctuations
smooth this instability into a crossover [9–13]. The re-
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sulting stationary quantum state can be characterized in
phase space through quasi-probability distributions such
as the Wigner or Husimi functions [7].

The dependence of transport on the electromechani-
cal coupling is commonly characterized through current
fluctuations and, more recently, through waiting time dis-
tributions (WTDs), which describe the temporal corre-
lations between successive tunneling events [14–24]. In
contrast to stationary current and low-order cumulants,
WTDs directly probe the temporal structure of individ-
ual charge-transfer events and can reveal the emergence
of electron emission synchronized with the mechanical
motion. Their ability to distinguish tunneling and shut-
tling dynamics has been demonstrated in both classical
[25] and quantum [26] shuttle models.

The same transport record can also be viewed through
the lens of quantum metrology. Transport measurements
encode information about parameters that are not di-
rectly accessible, as these leave measurable signatures in
the statistics of tunneling events [27–30]. A central ques-
tion is therefore how much information about a given
parameter can be extracted from the observed transport
data. This is quantified by the classical Fisher informa-
tion (CFI), which measures the sensitivity of the mea-
sured probability distribution to variations of the pa-
rameter [31–33]. At the level of the underlying quantum
state, the quantum Fisher information (QFI) represents
the maximum information that can be encoded about
the same parameter and thus provides an upper bound
on the CFI [34–36].

Enhanced values of both the CFI and QFI are often
associated with critical phenomena, where small param-
eter variations can induce large changes in the state or
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dynamics of the system. This observation underlies the
concept of quantum critical sensing, in which the strong
susceptibility near a critical point is exploited to achieve
enhanced parameter-estimation precision [37, 38]. While
originally developed in the context of equilibrium quan-
tum phase transitions, the idea has since been extended
to finite-size and driven-dissipative systems, where bifur-
cations and dynamical transitions can likewise give rise
to enhanced parameter sensitivity and Fisher informa-
tion [39–43]. In monitored open quantum systems, these
enhancements can be directly reflected in experimentally
accessible measurement records through increased CFI
[40]. This raises a natural question for the electron shut-
tle: can the crossover between tunneling and shuttling
regimes, controlled by the electromechanical coupling,
provide an enhanced metrological response, and to what
extent is this enhancement accessible through experimen-
tally measured tunneling statistics?

Here, we investigate this question for a quantum shut-
tle described by a Markovian master equation in the
regimes of strong Coulomb blockade and high bias. We
characterize the stationary island-oscillator state through
its Husimi representation and identify the tunneling,
crossover, and shuttling regimes. We then analyze the
waiting time distribution between successive tunneling
events and its first two moments and Fano factor. Treat-
ing the electromechanical coupling as the parameter to be
estimated, we calculate the CFI associated with the com-
plete waiting time distribution and compare it with the
QFI in the stationary quantum state. We find that en-
hanced waiting-time noise and enhanced parameter sen-
sitivity both emerge in the crossover region, although
their maxima do not generally coincide. These results es-
tablish a connection between transport fluctuations and
metrological sensitivity in the quantum shuttle and sug-
gest the electromechanical crossover as a possible re-
source for electric field quantum sensing.

II. MODEL

Let us consider a quantum dot with a single electronic
level oscillating between source and drain electrodes. The
device can be viewed as a gate-free single-electron tran-
sistor (SET), in which the dot’s motion modulates the
tunneling rates to the leads, shuttling electrons from the
source to the drain under an applied bias and thereby
generating a net current. Throughout this work, we
consider the strong Coulomb-blockade regime, which re-
stricts the island occupancy to at most a single excess
electron. The Hamiltonian of the full system can be de-
composed in four terms

HT = HS +HL +Htun +HB. (1)

The first term is the island-oscillator Hamiltonian HS.
The electronic single state on the dot is described by the
fermionic operators c, c†, and the vibrational degree of

Source Drain

Γ e−x̂/λ Γ e+x̂/λ

h̄ν

εI

κ
V ∝ h̄χ+ −

FIG. 1: Schematic representation of the electron
shuttle. The central island (quantum dot) is modeled as
a two-level system with energy spacing εI, indicated in
white, and moves in a harmonic potential with energy
quantum ℏν, represented by the orange double-headed
arrow. The blue dash-dotted arrows indicate
position-dependent electron tunneling from the source
to the island and from the island to the drain, with
rates Γe−x̂/λ and Γe+x̂/λ, respectively, where x̂ is the
island displacement and λ is the tunneling length. The
applied bias V controls the island–oscillator coupling
strength χ, while the gray dashed arrow denotes
mechanical damping at rate κ due to coupling of the
oscillator to a thermal bath.

freedom by the bosonic operators a, a†, with their respec-
tive anticommutation and commutation relations. The
first Hamiltonian reads

HS = εIc
†c+ ℏνa†a− ℏχc†c(a† + a) , (2)

describing a two-level system (single electronic level) of
energy εI, a quantum harmonic oscillator of frequency ν
and a coupling term with strength χ proportional to the
electric field due to the bias voltage between the left and
right leads, that is, the electric field seen by an electron
on the dot.

We glance over the rest of the terms in the Hamilto-
nian, for a detailed discussion see the references [44, 45]
and Appendix A. The second component HL character-
izes the leads, the electrostatic energy of an ensemble
of non-interacting electrons, which are in local equilib-
rium and described by the Fermi distribution. The third
term Htun is the tunnel coupling between the island and
the leads. The tunneling amplitudes are proportional to
the exponential e±x̂/λ, which is a function of the tunnel-
ing length λ and the distance of the island to the leads
x̂ = x0(a + a†), where x0 =

√

ℏ/2mν is the zero point
motion of the oscillator and m its mass. The fourth term
HB includes the coupling of the oscillator to a dissipa-
tive Ohmic heat bath in the rotating wave approximation
(weak bilinear interaction) [46–48]. This produces damp-
ing and thermal noise in the mechanical system, and sets
a boundary in the motion.

The master equation (ME) is derived by tracing the
degrees of freedom of the leads and the heat bath, hence
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the equation contains only the island-oscillator subsys-
tem [10, 44],

d

dt
ρ = −iν

[

a†a, ρ
]

+ iχ
[

c†c(a† + a), ρ
]

+ κD [a] ρ (3)

+ ΓD
[

c ex0(a
†+a)/λ

]

ρ+ ΓD
[

c†e−x0(a
†+a)/λ

]

ρ,

where Γ is the rate of electron tunneling (equal for source-
island and island-drain), κ the damping rate, and the
dissipator is defined as [48]

D [A] ρ = AρA† −
1

2
{A†A, ρ}, (4)

with the {A,B} = AB + BA the anticommutator. The
density matrix has a size 2N × 2N due to the tensor
product Hilbert space of the island-oscillator, where N is
the truncated size of the oscillator basis.

The master equation (3) is calculated in the Born-
Markov approximation, that is the mechanical damping
caused by the heat bath is addressed within the stan-
dard weak coupling theory and with a short bath corre-
lation time [44, 48, 49]. Both estimations are combined
with the rotating wave approximation to produce a quan-
tum optical ME for the damping term. See [45] for a
non-Markovian version of the ME. The bath is assumed
to be in thermal equilibrium, with its occupation deter-
mined by the Bose-Einstein distribution. In the zero-
temperature limit considered here [19], the thermal oc-
cupation vanishes, and the term D

[

a†
]

ρ does not appear
in the ME (3). See Appendix A for more details about
the approximations considered.

It is known that three distinct regimes are distin-
guished for the electron shuttle [10, 25, 44]:

I) Tunneling (SET): The correlation between the me-
chanical motion and the tunneling dynamics can be
suppressed in two distinct regimes. The first cor-
responds to strong mechanical dissipation (κ), for
which the WTD exhibits a broad envelope extend-
ing over times t ≫ 2π/ν, approximately described
by a Gamma distribution and weakly modulated by
quantum fluctuations. The second occurs when tun-
neling dominates the mechanical dynamics (Γ ≫ ν),
leading to a sharply peaked WTD at t ≪ 2π/ν,
characteristic of transport through a conventional
single-electron transistor. In both cases, electron
transport becomes only weakly correlated with the
oscillator motion. In the following, we focus on the
regime of strong mechanical dissipation.

II) Shuttle: The tunneling rate is similar to the oscilla-
tor frequency Γ ≃ ν, so the WTD profile is a single
peak at t = 2π/ν.

III) Crossover : Intermediate regime between SET and
shuttle, where the WTD envelope shape changes
from Gamma-like to exponential-like, and finally to
a single peak (shuttle).

In our proposal, the coupling strength χ is treated as a
tunable parameter that drives the system across different
dynamical regimes. Since χ is proportional to the electric
field generated by the applied bias voltage, varying χ is
equivalent to tuning the voltage across the device. This
makes the electric field the natural parameter to be esti-
mated and provides a simple experimental control knob
compared to quantities such as the tunneling rate Γ or
the mechanical damping κ.

III. RESULTS

A. Stationary state and waiting time distribution

The stationary solution of the master equation (3)
is calculated using the vectorization procedure, which
transforms the Lindblad form of the master equation
Lρ0 = 0 into a system of linear equations 4N2 × 4N2.
Appendix B provides more details of the vectorization
process and the challenges of finding the solution ρ0 of
the system. Unless otherwise indicated, we use the set of
parameters Γ = 0.01ν, κ = 0.05ν, λ = 2x0 and an oscilla-
tor basis of size N = 50. The coupling χ ∈ [0.1, 0.6] varies
in a 100 element interval. For these parameters, the con-
vergence of the stationary solution calculation is ensured
since the residual remains low: max∥Lρ0∥ < 3.09×10−14.

A useful technique to visualize the stationary state,
and distinguish different regimes, is the Wigner
quasiprobability function [10]. Nevertheless, a simpler
phase space representation is given by the Husimi func-
tion, whose computation is more straightforward than
the Wigner function and reproduces the same effect. The
Husimi function Qρ(α) = ⟨α| ρ |α⟩ is defined in terms
of the harmonic oscillator (Heisenberg-Weyl) coherent

states |α⟩ = e−|α|2/2 ∑N
n=0

αn

√
n!

|n⟩ in the truncated Fock

basis. We represent the real part of the Husimi function
in Figure 2, separating between electronic diagonal ele-

ments ρ
(+)
0 = ⟨1| ρ0 |1⟩ (top row) and ρ

(−)
0 = ⟨0| ρ0 |0⟩

(bottom row), where |1⟩ ⟨1| = c†c and |0⟩ ⟨0| = cc†.
The columns in the figure panel depict the tunneling,
crossover and shuttle regimes from left to right, increas-
ing the value of χ. In the tunneling regime, the stationary
solution has the form of the ground state centered in the
origin of phase space, while in the shuttle regime it has
the toroidal shape characteristic of the time-averaged dis-
tribution of a coherent state, which oscillates around the
center of phase space.

Quantum transport is commonly described within the
framework of a Markovian ME, which can be written in
Lindblad form as

d

dt
ρ = Lρ, L = L0 + L1. (5)

Here, the Lindbladian L is decomposed into two contri-
butions. The term L0 describes the no-jump evolution,

while L1 =
∑M

k=1 Jk collects M different types of jump
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FIG. 2: Husimi function Q[ρ
(±)
0 ] = Q

ρ
(±)
0

(α) of the

stationary solution in the electronic diagonal elements

subspaces ρ
(+)
0 = ⟨1| ρ0 |1⟩ (top row) and

ρ
(−)
0 = ⟨0| ρ0 |0⟩ (bottom row), for three values of the

electric field χ = 0.2ν, 0.35ν, 0.6ν in the tunneling,
crossover and shuttle regimes respectively (left to right
columns). The axis represent the real and imaginary
part of the phase space parameter α. The parameters
used are Γ = 0.01ν, κ = 0.05ν, λ = 2x0 and an
oscillator basis of size N = 50.

(tunneling) processes. In our case of interest (3), we will
single out the electron tunneling into the dot

L1ρ = J ρ = Γc†e−x0(a
†+a)/λ ρ ce−x0(a

†+a)/λ. (6)

Equivalent results can be obtained by considering the
tunneling from the island to the drain.

A formal solution of the master equation can be ob-
tained by expanding the dynamics around the evolution
generated by L0, leading to an expression in terms of
conditioned density operators [20, 46, 48, 50, 51]. They
describe the non-unitary time-evolution of an initial den-
sity operator, which is interrupted by different types and
amounts of quantum jumps. In the case of only two
jumps, the conditioned density operator has a normaliza-
tion factor called the waiting time distribution (WTD).
Restricted to the case of two jumps of the same type J
(6), occurring at times t1 = 0 and t2 = τ , the WTD is
simply

w(τ) =
tr(J eL0τJ ρ0)

tr(J ρ0)
, (7)

where we select the stationary solution Lρ0 = 0 as the
initial density operator. For more details on the explicit
calculation of the WTD in the vectorized space, see Ap-
pendix B, and particularly Eq.(B7).

According to definition (7), the WTD quantifies the
conditional probability distribution of two tunneling
events separated by a time interval τ . This definition
is restricted to the long-time limit, where the system

reaches a stationary state [25] and the time translational
invariance is present [45]. From the WTD, the mean
waiting time can be defined as

⟨τ⟩ =

∫ ∞

0

τ w(τ)dτ, (8)

and its standard deviation στ =
√

⟨(τ − ⟨τ⟩)2⟩. Let us
introduce the Fano factor I = σ2

τ/⟨τ⟩
2 which provides a

measure of the relative fluctuations in the waiting times
and therefore of the signal-to-noise ratio [25]. The Fano
factor is also presented in the literature as a quotient
between the second (zero-frequency noise) and the first
(mean value) cumulants of the current [19, 52]. This
approach is based on full counting statistics, the stochas-
tic theory of charge transfer through mesoscopic systems
[53, 54].

We plot the waiting time distribution (7) in Figure 3,
as a function of the coupling χ (in ν units) and the wait-
ing times (in ν−1 units). The parameters used are com-
mon along the figures, which are Γ = 0.01ν, κ = 0.05ν,
λ = 2x0 and an oscillator basis of size N = 50. The
WTD has been calculated in a 1000 element time win-
dow of τ ∈ [0, 300ν−1], with logarithmic scale to increase
the point density for low waiting times. This scaling be-
comes crucial for a non-adaptive integration routine, as
the mean waiting time quickly decreases when reaching
the shuttle regime, as we will show in Figure 4. On the
left part of Figure 3, we see oscillatory patterns for the
different vertical sections of fixed χ. That is, the WTD
consists of two distinct contributions: a long-time enve-
lope, whose mean waiting time decreases with increas-
ing χ and whose shape is characteristic of single-electron
tunneling [25, 55, 56]; and a superimposed oscillatory
component associated with the mechanical motion of the
shuttle. When increasing χ, these oscillations vanish and
the feature at the period of the oscillator 2π/ν (identified
with a dashed line) increases, reaching its maximum on
the right side of the figure for the shuttle regime.

In addition, we display the mean waiting time (8) in
Figure 4, derived from the waiting time distribution of
the electron shuttle (7). The parameters used are the
same as in Figure 4, and so is the waiting time window.
The mean waiting time stagnates at 2π/ν in the shuttle
regime (high χ), while it increases monotonically when
moving to the tunneling regime (low χ). In the same
Figure 4, we plot the standard deviation and the Fano
factor for the same parameters. Both magnitudes display
an inflection point and maximum, respectively, around
χ = 0.34ν, characterizing the crossover region previously
depicted in Figure 2. This is in agreement with the semi-
classical version of the model [57], where the Fano factor
has a singularity (limit cycle) in the crossover between
underdamped tunneling and shuttle regimes [25, 44].
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B. Classical and quantum Fisher information

We choose the coupling strength χ, which is propor-
tional to the electric field, as the parameter to be esti-
mated. Since the electric field cannot be measured di-

rectly, information about χ must be inferred from mea-
surements performed on n identical realizations of the
system in its stationary state, described by the steady-
state density matrix ρ0 of the Lindbladian. In particular,
we consider measurements of the waiting time τ between
consecutive tunneling events. From the resulting waiting-
time distribution (WTD), w(τ |χ) (7), which plays the
role of the likelihood function, one can construct an es-
timator for χ and thereby infer the value of the electric
field.

The achievable precision of the measurement is
bounded by the Cramér-Rao bound

∆χ2 ≥
1

F (χ)
, (9)

where F (χ) = nF1(χ) is the classical Fisher information
(CFI), defined as the Fisher information of one measure-
ment F1(χ) multiplied by the number n of independent
measurements on identical copies of the probe state. The
function F1(χ) is defined using the waiting time distri-
bution as a likelihood function [58], that is

F1(χ) =

∫ ∞

0

(

∂

∂χ
logw(τ |χ)

)2

w(τ |χ) dτ, (10)

as usually for unbiased estimators and independent mea-
sures. In practice, the upper bound of the integral is
truncated to a finite value tmax when the WTD asymp-
totically vanishes. For continuously measured quan-
tum systems, the number of measurements n = T/⟨τ⟩
approaches the quotient of the total measured time T
and the measurements mean time ⟨τ⟩, which is equiv-
alent to the mean time between the tunneling events
or the mean waiting time (8) [59, 60]. The CFI rate
F (χ)/T = F1(χ)/⟨τ⟩ is independent of the measurement
time T and is shown in the bottom panel of Figure 5. Us-
ing the same parameters as in Figure 4, we see how this
quantity reaches its maximum around χ = 0.32ν, de-
tecting the crossover region close to the maximum of the
Fano factor. At the top of the same figure we represent
the CFI for a single measurement (10), whose maximum
is slightly shifted to the left compared to the bottom
panel.

There is an upper bound for the CFI that results
from maximization over all possible measurements [35]:
the quantum Fisher information (QFI) [61–64]. For a
continuous-measurement metrology paradigm and a suf-
ficiently long measurement time T , the QFI for the es-
timation of the parameter χ is given asymptotically by
[59, 60],

FQ[ρ0] = −4T tr
[

( 1
ℏ
∂χH)L+({ρ0,

1
ℏ
∂χH})

]

. (11)

Note that this expression is only valid for a system where
the estimation parameter χ is encoded in the Hamilto-
nian H, not in the jump superoperators. This is pre-
cisely our case as shown in eq.(2) and eq.(3). The deriva-
tive terms have the simple form 1

ℏ
∂χH = c†c(a† + a)
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FIG. 5: Classical Fisher Information of a single
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measurement time F (χ)/T = F1/⟨τ⟩ (c). Magnitudes
are in time units (ν−1, except from (a) in ν−2), and are
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Γ = 0.01ν, κ = 0.05ν, λ = 2x0 and an oscillator basis of
size N = 50. The WTD has been calculated in a 1000
elements time window of τ ∈ [0, 300 ν−1].

(2). The symbol L+ represents the Drazin pseudoinverse
[65], whose calculation requires diagonalizing the Lind-
bladian. However, we consider another method that is
less computationally intensive and consists of solving a
linear equation system, as we did with the WTD [see Ap-
pendix B, and specially eqs.(B7),(B8),(B9), for a detailed
explanation].

In the blue line of Figure 6, we represent the QFI rate
(QFI divided by T ), so it is independent of the mea-
surement time. As the Drazin pseudoinverse has ν−1

units and 1
ℏ
∂χH is dimensionless, the QFI rate has ν−1

units, as the CFI rate in Figure 5. Although the QFI
presents a peak for a slightly higher value χ = 0.37 than
the CFI plot, the crossover regime is detected in the same
region of the coupling parameter. To compare QFI and
CFI, we plot in the orange line the quotient between both

FQ[ρ0]/F =
FQ[ρ0]/T
F1/⟨τ⟩ , which is equivalent to dividing the

blue line in Figure 6 by the bottom panel of Figure 5. As
the QFI is an upper bound for the CFI [61, 66], the or-
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FIG. 6: Quantum Fisher information for a continuous
measurement (11) divided by the measurement time T
(blue), and QFI divided by the CFI of Figure 5 bottom
panel (orange), both as function of the coupling χ. The
parameters used are Γ = 0.01 ν, κ = 0.05 ν, λ = 2x0

and an oscillator basis of size N = 50.

ange line in Figure 6 stays above 1 for all χ. The quotient
achieves maximum values around the crossover, when the
semiclassical version of the model cannot reproduce the
effect of its quantum counterpart.

C. Tunneling rate dependence of waiting time

sensitivity

In the preceding results, Γ = 0.01 ν was considered
throughout. It is pertinent to inquire whether the sens-
ing ability is an exclusive characteristic of that specific
regime or whether it persists when the system is tran-
sitioned into qualitatively distinct dynamical regions.
Specifically, altering Γ changes the tunneling timescale
relative to the mechanical period, thus allowing an inves-
tigation into how the tunneling dynamics influences the
encoding of the unknown parameter χ in the observed
waiting time statistics.

To address this question, we compute the WTD
w(τ |χ,Γ) for the two limiting values χ = 0.01 ν and
χ = 0.6 ν, and present the results in Fig. 7. The bot-
tom panel (b) illustrates the WTD in the high-Γ, fast-
tunneling regime, while the top panel (a) presents the
distributions in the slow-tunneling limit. These curves
provide a clear view in the time-domain of how the
stochastic detection record responds to variations in χ.
The position of the dominant WTD peak indicates the
most probable waiting time interval between consecutive
detected events. As χ increases from 0.01 ν to 0.6 ν, the
distribution becomes more strongly localized around the
mechanical period. Consequently, an increase in χ leads
to a more regular electron-emission process, synchronized
with the oscillations of the island. This shift is signifi-
cant for parameter sensing, as χ is inferred not only from
the total number of events but also from the redistri-
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bution of the probability density along the waiting time
axis. The contrast between the top and bottom panels
in Fig. 7 demonstrates that this redistribution is highly
dependent on the tunneling regime.

This dependence on the tunneling regime is most pro-
nounced at low Γ. In this limit, increasing χ drives the
WTD from a broad distribution similar to SET, with a
long-time envelope governed by the tunneling timescale
1/Γ, to a sharply localized peak centered around the me-
chanical period 2π/ν. The corresponding probability re-
distribution spans a wide range of waiting times, which
implies that changes in χ leave a clear signature in the de-
tection record. As Γ increases and becomes comparable
to ν, the influence of mechanical dynamics on emission
statistics is progressively reduced. Although the limit-
ing distributions remain distinct, variations in χ produce
a less dramatic rearrangement of the probability den-
sity, suggesting a weaker dependence of the waiting time
statistics on the parameter being estimated. These ob-
servations suggest that the amount of information carried
by the waiting times should depend strongly on the in-
terplay between the tunneling and mechanical timescales.
This motivates a systematic analysis of the Fisher infor-
mation in the (χ,Γ) parameter space.

A more complete picture is provided by the CFI-rate
map shown in Fig. 8. For each value of Γ, the maximum
value of the CFI rate identifies the value of χ at which the
waiting time statistics are most sensitive. These maxima
form a ridge in the (χ,Γ) plane whose position varies
non-monotonically with the tunneling rate. For weak
tunneling, increasing Γ shifts the maximum CFI toward
smaller values of χ. However, beyond a crossover re-
gion, the trend reverses and the maximum moves toward
larger χ as Γ increases further. Thus, the tunneling rate
not only controls the overall magnitude of the achievable
sensitivity, but also determines the value of χ at which
that sensitivity is optimized.

Fixed-Γ sections of this map are shown in Appendix C,
Fig. 9, making explicit both the displacement and the
suppression of the maximum sensitivity as Γ increases.
Sensitivity arises from a balance between the rate at
which tunneling events are accumulated, the dependence
of the shape of the WTD on χ, and the suppression of
oscillator-mediated features at large Γ. Although increas-
ing Γ reduces characteristic waiting times, sufficiently
fast tunneling weakens the mechanical features that carry
information about χ. This explains why the optimal sens-
ing performance is obtained in the slow-tunneling regime
rather than at the largest values of Γ.

Interestingly, the trajectory of the CFI ridge is qualita-
tively consistent with the boundary separating the small-
and large-Fano-factor regimes identified in our previous
study of the classical shuttle [25]. The crossover that or-
ganizes the current fluctuations, therefore, also appears
to be reflected in the parameter dependence of the wait-
ing time statistics. This correspondence suggests that
the competition between mechanical motion and tunnel-
ing dynamics determines both the transport noise prop-

0.0

0.3

0.6

0.9

1.2

w
(τ

|
χ
=

0
.0
1
)
[ν
]

×10
−2 Γ = 0.02 ν

χ = 0.01

χ = 0.6

(a)

10
−2

10
−1

10
0

10
1

10
2

Waiting time τ [ν−1]

0.00

0.08

0.16

0.24

0.32

w
(τ

|
χ
=

0
.0
1
)
[ν
]

Γ = 0.6 ν

(b)

0.0

0.4

0.8

1.2

1.6

w
(τ

|
χ
=

0
.6
)
[ν
]

0.00

0.25

0.50

0.75

1.00

w
(τ

|
χ
=

0
.6
)
[ν
]

FIG. 7: waiting time distributions w(τ |χ,Γ) for
χ = 0.01 ν (solid blue, left axis) and χ = 0.6 ν (dashed
orange, right axis). Panels (a) and (b) correspond to
Γ = 0.02 ν and Γ = 0.6 ν, respectively. The logarithmic
time axis reveals the distinct short- and long-time
structures of the distributions. (a) For low Γ, the
distribution at χ = 0.01 ν exhibits a sequence of
oscillatory peaks at multiples τn = 2πn/ν extending
toward long waiting times (SET), whereas the
distribution at χ = 0.6 ν is concentrated around a
narrow peak at τ = 2π/ν (shuttle). (b) In the
fast-tunneling regime, the characteristic waiting time
scale of the low-χ distribution is shortened and its
mechanical harmonics are attenuated. The remaining
parameters are κ = 0.05 ν, λ = 2x0, and N = 50. The
WTDs were evaluated on a 2000-point time grid over
τ ∈ [0, 300 ν−1].

erties and the parameter region in which waiting time
measurements provide the highest sensitivity.
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FIG. 8: Classical Fisher information (CFI) rate
F1(χ,Γ)/⟨τ⟩ across the (χ,Γ) parameter space. Both
the vertical Γ axis and the CFI-rate color scale are
logarithmic. For each sampled value of Γ, the white
circles connected by the black line identify χopt(Γ), the
value of χ that maximizes the CFI rate. The black star
marks the global maximum over the sampled grid,
located at approximately χ ≃ 0.30 ν and Γ = 0.0136 ν.
The remaining parameters are κ = 0.05 ν, λ = 2x0, and
N = 50. The WTDs used in these calculations were
evaluated on a 2000-point time grid over
τ ∈ [0, 300 ν−1].

D. Comparison to trapped ions

Estimating weak electric fields is a central task in quan-
tum sensing, and a variety of quantum platforms have
been proposed and experimentally realized for this pur-
pose. In this work, we focus on an electron shuttle, in
which the electric field couples directly to the mechanical
motion of a charged nanostructure. To assess the perfor-
mance of this approach, it is useful to compare it with
alternative sensing architectures.

Among the most successful quantum-sensing platforms
are trapped ions. Trapped-ion experiments are often for-
mulated as force- or displacement-sensing protocols, al-
though the associated Fisher information can be trans-
lated into electric-field Fisher information. In the proto-
col of Wolf et al. [36], the ion is displaced by an elec-
tric field oscillating resonantly at the trap frequency.
This provides a common metrological parameterization,
although the shuttle responds to a bias-induced field
whereas the trapped-ion benchmark concerns the ampli-
tude of a resonant AC field.

Related theoretical studies have investigated quantum-
enhanced displacement estimation and force sensing in
trapped ions [67, 68]. Once the field-to-displacement
conversion and the observation time are specified, the
Fisher information of both platforms can be expressed in

terms of the relevant electric-field amplitude. We there-
fore compare the time-normalized electric-field Fisher in-
formation of both platforms by translating the Fisher
information associated with the measured displacement
into the Fisher information for electric-field estimation.
Beyond benchmarking the present shuttle implementa-
tion, this comparison allows us to identify the physical
parameters that should be optimized to approach the sen-
sitivity achieved with trapped ions.

In the shuttle, the parameter to be estimated is χ,
which is proportional to the electric field E according
to ℏχ = ex0E. Consequently, the Fisher information
associated with the electric field is

F (E) =
(ex0

ℏ

)2

F (χ). (12)

In trapped-ion force sensing experiments the displace-
ment is typically parameterized by the total coherent
displacement amplitude α. Because the accumulated
displacement scales linearly with the interrogation time
ti, the corresponding single shot Fisher information for
trapped ions Fi can be written as

Fi(E) = n

(

ex0,iti
ℏ

)2

Fi(α), (13)

with x0,i =
√

ℏ/(2miνi) the zero point motion of an ion
of mass mi in a trap of frequency νi and n = T/ti. There-
fore, the ratio of the two sensitivities becomes

F (E)

Fi(E)
=

miνi
mν

F1(χ)

⟨τ⟩tiFi(α)
. (14)

Equation (14) shows that, for current shuttle realizations,
the primary limitation is the mechanical oscillator’s large
effective mass relative to that of a single trapped ion.
However, the shuttle produces a continuous sequence of
tunneling events, allowing information to be accumulated
from successive waiting time measurements. The two
main routes to improve electric-field sensitivity are there-
fore to reduce mν and to increase the Fisher information
rate extracted from the transport record by decreasing
⟨τ⟩.

Therefore, achieving the trapped-ion benchmark con-
sidered here requires either higher Fisher information for
the shuttle, a lighter oscillator, or both. Fisher informa-
tion can be increased by operating around the crossover,
where it peaks, and by using measurements that recover
more of quantum Fisher information than waiting time
measurements alone. The mechanical limitation can be
mitigated by using atomic-scale quantum dots or other
nanomechanical devices with masses below those of cur-
rent shuttle realizations. Such systems could retain the
enhanced response around the crossover while increasing
the zero-point motion. The comparison therefore identi-
fies three routes to improve shuttle sensing: reducing mν,
operating around the crossover, and extracting more in-
formation from the transport record.
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IV. CONCLUSIONS

We have investigated electron waiting times in a noisy
quantum shuttle and compared them with the total
parameter sensitivity in the stationary island-oscillator
state. The Husimi distributions demonstrate the tran-
sition from a localized tunneling regime to a shuttling
regime. The waiting time distributions reveal significant
changes in transport statistics as the electromechanical
coupling increases. This reorganization is also reflected
in the first two moments of the waiting time distribu-
tion. The mean waiting time decreases as mechanically
assisted transport becomes established, whereas the Fano
factor shows a pronounced enhancement in the crossover
region before fluctuations are suppressed in the more
regular shuttling regime. The crossover is therefore the
noisiest operating region in relative terms, even though
it is also the region where the dynamics respond most
strongly to changes in the electromechanical coupling.

Treating the coupling strength, and hence the applied
electric field, as an unknown parameter, we used classi-
cal and quantum Fisher information to quantify the re-
sponse. Under the same resource normalization, the wait-
ing time Fisher information remains below the quantum
Fisher information across all regimes studied. Hence,
monitoring the time intervals between tunneling events
does not fully recover information about the joint elec-
tronic and mechanical degrees of freedom. The compar-
ison links noise to metrological sensitivity, revealing in-
creased fluctuations that signal transport dynamics sen-
sitive to electromechanical coupling. The Fano factor
and Fisher information peak in the same region. How-
ever, since noise and information measurements are not
identical, they may peak at different parameters.

These findings establish that waiting time measure-
ments provide a transparent, relevant sensing protocol,
while quantum Fisher information offers a comprehen-
sive benchmark for identifying the best operating point
or comparing measurement strategies. For evaluating
the device’s sensing potential, determining optimal con-
ditions, or comparing detection schemes, quantum Fisher
information is the best figure of merit. Future work could
measure them near the quantum limit, compare them
at the level of monitored trajectories, and assess robust-
ness to temperature, tunneling asymmetry, detector in-
efficiency, and non-Markovian environments.
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Appendix A: Approximations in the master equation

In the following, we present a series of approximations
necessary to obtain the simplified ME in (3). Firstly, it
is enlightening to show the full expression of the total
Hamiltonian (1) according to the references [44, 45],

HT = ℏωIc
†c+ Uc(c

†c)2 + ℏνa†a− ℏχc†c(a† + a) (HS)

+
∑

k(ℏωskc
†
kck + ℏωdkd

†
kdk) (HL)

+
∑

k(Tske
−x̂/λckc

† + H.c.) (Htun)

+
∑

k(Tdke
x̂/λdkc

† + H.c.)

+
∑

p

[

ℏωpb
†
pbp + g(a†bp + ab†p)

]

(HB)

(A1)

Comparing with eq.(2), in the system Hamiltonian HS,
the strong Coulomb blockade regime ensures that no
more than one electron occupies the island at any time,
so that the number operator fulfills (c†c)2 = c†c and we
can define a single effective energy level εI = ℏωI + Uc.
The leads Hamiltonian HL describes the electrostatic en-
ergy of an ensemble of non-interacting electrons ck and
dk, described by the Fermi distribution. The tunneling
Hamiltonian Htun couples the island, the leads, and the
oscillator via the exponential of the position operator

x̂ =
√

ℏ

2mν (a + a†). The bath Hamiltonian HB couples

the oscillator to a dissipative Ohmic heat bath (bosonic
bp) in the rotating wave approximation.

The interaction of the system HS (2) with the bosonic
heat bath HB has decoherence effects, so that the ini-
tial quantum state, in absence of driving force, evolves
to a thermal stationary distribution (diagonal density
matrix) at long time. This relaxation towards canoni-
cal equilibrium, the translational invariance that shows
the damping term, and the positivity of the density ma-
trix are incompatible with a Markovian damping kernel
[10]. Therefore, we weaken the positivity as in [69]. Nev-
ertheless, we checked numerically that the positivity is
only broken for large values of the damping κ out of the
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shuttle regime, in accordance with [10, 49]. As an ad-
ditional approximation, we set the damping rate κ con-
stant, fixing the density of states of the phonon bath and
the oscillator-bath coupling [49].

In contrast to the weak coupling (Born approximation)
with the thermal bath, the tunneling coupling with the
leads is comparable to the oscillator frequency. Hence,
in the shuttle regime, the time scale of the electrical dy-
namics is comparable with the period of the mechanical
oscillations in the system. This is why we have considered
an arbitrary coupling to the leads approach [70]. Firstly,
the island-leads coupling in the ME (3) is computed with
the strong Coulomb blockade. This means that once the
dot is charged with an electron of specific spin, only that
species can tunnel out. This approximation is equivalent
to renormalize the injection rate and consider spin-less
non-interacting particles in the island [49, 71].

To obtain a Markov master equation for the island-
oscillator system, we trace out the degrees of freedom in
the leads and use the Born-Markov approximation [48,
72]. That is, we assume the vibrational frequency of the
oscillator is slow compared to bath relaxation time scales.
The derived ME is [44, 45, 49]

d

dt
ρ = − iν

[

a†a, ρ
]

+ iχ
[

c†c(a† + a), ρ
]

+ ΓLf(εI − µL)D
[

c†e−x0(a
†+a)/λ

]

ρ

+ ΓL(1− f(εI − µL))D
[

c e−x0(a
†+a)/λ

]

ρ

+ ΓRf(εI − µL)D
[

c†ex0(a
†+a)/λ

]

ρ

+ ΓR(1− f(εI − µL))D
[

c ex0(a
†+a)/λ

]

ρ

+ κ(n̄p + 1)D [a] ρ+ κn̄p D
[

a†
]

ρ . (A2)

We consider leads temperatures much smaller than their
Fermi energy, so we can approximate their Fermi distri-
butions f(εI − µL,R) by step functions. The chemical
potential of the left (right) lead is assumed much higher
(lower) than the dot energy level µL ≫ εI ≫ µR. We also
consider the high bias approximation, that is the tunnel-
ing amplitude and density of states of the leads are con-
stant, making constant the injection and ejection rates
Γ = ΓL = ΓR (we additionally set both equal) [72]. We
have also disregarded cotunneling and higher order scat-
tering events. The local thermodynamic equilibrium in
the leads makes that any correlation, between the elec-
trons in the leads and in the island, rapidly decays to
zero, as a result of the tunneling interaction and on time
scales relevant for the system dynamics [72]. The Bose-
Einstein distribution n̄p of the bath, in thermal equilib-
rium, is also approximated to 0 [19]. All together leads
to the reduced ME (3).

The last approximation deriving the ME driving terms

D
[

c(†)e±(a†+a)/λ
]

ρ (island-oscillator-leads coupling), is

to assume that the position of the system energy lev-
els should be contained in the transport window open

between the chemical potentials of the leads. To be pre-
cise, only a finite number of mechanical excitations are
involved in the dynamics of the system, which means a
truncation of the oscillator basis. Even in the presence
of the bath, this assumption is numerically accomplished
in the cases of study, being the violation of this condition
incongruent with the validity of the ME.

Appendix B: Vectorization of the island-oscillator

system

The density matrices solution of the master equa-
tion (3) belong to the tensor product Hilbert space of
the island-oscillator HI ⊗ HO. The oscillator space is
truncated to dimension N for numerical calculations,
hence the density matrix has a size 2N × 2N . In or-
der to solve the ME, we perform a vectorization to ex-
press the matrix multiplication as a linear transforma-
tion. That is, A ∈ M2N,2N (C) matrices are transformed
into vec(A) ∈ M4N2,1(C) column vectors, and the fol-
lowing expressions are used

vec(ABC) = (CT ⊗A)vec(B), (B1)

vec(AB) = (I2N ⊗A)vec(B) = (BT ⊗ I2N )vec(A),
(B2)

tr(A†B) = vec(A)†vec(B), (B3)

for all A ∈ M2N,2N (C), where I2N = I2⊗ IN is the iden-
tity matrix of the island-oscillator space. The commuta-
tor and dissipator terms in the ME (3) are transformed
into

vec([A, ρ]) = (I2N ⊗A−AT ⊗ I2N )vec(ρ), (B4)

vec(D[A]ρ) = (A∗ ⊗A)vec(ρ) (B5)

+
1

2
(I2N ⊗A+AT ⊗ I2N )vec(ρ).

The problem of calculating the stationary solution of
the ME Lρ0 = 0 is reduced to solving a system of lin-
ear equations vec(Lρ0) = L vec(ρ0) = 0, where L is a
4N2 × 4N2 matrix obtained by applying Eqs.(B4),(B5)
to the ME (3). The linear system dimensions increase by
one because of the extra normalization condition tr(ρ) =
vec(I2N )Tvec(ρ) = 1 as in references [20, 52]. The solu-
tion of the system is computed using the MatLab© ml-
divide routine, that combines brute force and LU solver.
It is worth mentioning that other works use the Arnoldi
scheme (Krylov spaces, singular value decomposition and
preconditioning) to reduce the dimensionality and accel-
erate the computations [10, 19, 49, 73].

The jump operator chosen in Eq.(6) has a vectorized
form

vec(J ρ) =Γ(c†e−x0(a
†+a)/λ)⊗ (c†e−x0(a

†+a)/λ)vec(ρ)

= J vec(ρ), (B6)
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where J is the 4N2×4N2 superoperator form. The wait-
ing time distribution in Eq.(7) is also vectorized as

w(τ) =
vec(I2N )TJV eDτV −1Jvec(ρ0)

vec(I2N )Tvec(ρ0)
. (B7)

The symbols represent V and D represent the eigenvector
and eigenvalues matrices derived from the Lindbladian
L0 after the vectorization, that is, vec(L0ρ) = L0vec(ρ)
(see Eq.(5)). Note that, instead of computing the in-
verse matrix V −1, it is easier to solve the equation system
V X = Jvec(ρ0). In addition, the WTD is computed for

a finite number of points in the τ -domain as w
τ→∞
−−−−→ 0,

that is, we truncate up to certain value τ = tmax coincid-
ing with the upper bound in the CFI integral (10).

The QFI expression (11) can also be vectorized to sim-
plify its calculation. Firstly, we use the eq.(B3), so that
the QFI transforms into

−4T tr
[

( 1
ℏ
∂χH)L+B

]

= vec( 1
ℏ
∂χH

†)† vec(L+B) , (B8)

where we have defined B = {ρ0,
1
ℏ
∂χH} to simplify the

notation. Instead of diagonalizing the Lindbladian and
computing L+, we define X = L+B and multiply this ex-
pression by L to obtain LX = LL+B. The product LL+

reduces to 1−vec(ρ0)vec(I2N )T when vectorizing, which
is the identity on the subspace complementary to that
defined by vec(ρ0)vec(I2N )T [59]. Then, we can write
the equation system

L vec(X) = (1 − vec(ρ0)vec(I2N )T )vec(B) (B9)

where L comes from the vectorization of vec(Lρ) =
L vec(ρ). Eventually, the solution of the system vec(X)
is equivalent to the term vec(L+B) by definition, and
the QFI can be computed in the vectorized version of
eq.(B8).

Appendix C: Fixed tunneling rate sections of the

classical Fisher information rate

To complement the two-dimensional map shown in
Fig. 8, Fig. 9 presents fixed-Γ cuts of the classical Fisher-
information rate. These curves make explicit both the
displacement and the suppression of the sensitivity max-
imum as the tunneling rate increases.
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[7] T. Novotnỳ, A. Donarini, and A.-P. Jauho, Quantum
shuttle in phase space, Physical Review Letters 90,
256801 (2003).

https://doi.org/10.1088/1367-2630/4/1/386
https://doi.org/10.1103/PhysRevLett.83.3025
https://doi.org/10.1103/PhysRevLett.83.3025
https://doi.org/10.1038/35024031


12

[8] D. W. Utami, H.-S. Goan, C. A. Holmes, and G. J. Mil-
burn, Quantum noise in the electromechanical shuttle:
Quantum master equation treatment, Physical Review B
74, 014303 (2006).

[9] L. Y. Gorelik, A. Isacsson, M. V. Voinova, B. Kasemo,
R. I. Shekhter, and M. Jonson, Shuttle mechanism for
charge transfer in Coulomb blockade nanostructures,
Physical Review Letters 80, 4526 (1998).

[10] T. c. v. Novotný, A. Donarini, and A.-P. Jauho, Quan-
tum shuttle in phase space, Physical Review Letters 90,
256801 (2003).

[11] D. Fedorets, Quantum description of shuttle instability in
a nanoelectromechanical single-electron transistor, Phys-
ical Review B 68, 033106 (2003).

[12] D. Fedorets, L. Y. Gorelik, R. I. Shekhter, and M. Jon-
son, Quantum shuttle phenomena in a nanoelectrome-
chanical single-electron transistor, Physical Review Let-
ters 92, 166801 (2004).

[13] A. Armour, M. Blencowe, and Y. Zhang, Classical dy-
namics of a nanomechanical resonator coupled to a single-
electron transistor, Physical Review B 69, 125313 (2004).

[14] F. Pistolesi, Full counting statistics of a charge shuttle,
Physical Review B 69, 245409 (2004).

[15] Y. M. Blanter and M. Büttiker, Shot noise in mesoscopic
conductors, Physics Reports 336, 1 (2000).

[16] L. S. Levitov, H. Lee, and G. B. Lesovik, Electron count-
ing statistics and coherent states of electric current, Jour-
nal of Mathematical Physics 37, 4845 (1996).

[17] C. Emary, D. Marcos, R. Aguado, and T. Brandes,
Frequency-dependent counting statistics in interacting
nanoscale conductors, Physical Review B 76, 161404
(2007).
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