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Abstract

Integer least-squares estimation for Global Navigation Satellite System ambigu-
ity resolution requires balancing solution quality and computational cost. We
propose residual-guided Boosted-LLL refinement, which selects coordinates with
large conditional rounding residuals and evaluates a bounded neighborhood using
the complete objective. Nested candidate sets guarantee non-increasing objective
values. Accuracy-Time Conversion Loss and its normalized form assess whether
acceptance-probability gains offset additional runtime. Controlled simulation
experiments cover 70 settings with dimensions from 16 to 40. Nine-candidate
refinement increases the mean probability of satisfying a 1% objective-gap crite-
rion by approximately four and five percentage points at two matched difficulty
levels, while exact-fix gains are smaller. Residual guidance produces more fre-
quent objective improvements than random coordinate selection under the same
budget. With a target probability of 0.95 and 60 preprocessing reuses, refinement
lowers the conversion-cost point estimate in half of the settings.

Keywords: GNSS integer ambiguity resolution, Integer least squares, Lattice
reduction, Residual-guided refinement, Candidate budget, Reliability-time analysis



1 Introduction

Carrier-phase Global Navigation Satellite System (GNSS) positioning depends on
resolving the integer cycle ambiguities in the observations. The resulting integer
least-squares (ILS) problem combines a covariance-weighted distance with an integer
constraint. Exact ILS search can recover the minimizer, but its computational cost
may become substantial when many correlated ambiguities are processed repeatedly.
This motivates refinement methods that improve an initial integer estimate under
a bounded additional computational budget. The equivalence between ILS and the
closest vector problem (CVP) provides a natural basis for this design [9].

LAMBDA uses integer decorrelation and search to solve the ambiguity prob-
lem [22], and MLAMBDA improves the efficiency of these operations [4]. Work on
LLL-based decorrelation, alternative factorizations, and stronger reduction has fur-
ther developed the computational side of ambiguity resolution [6, 10, 11, 14, 17, 25].
Recent work considers constrained ILS formulations [2, 13, 24], multiple-candidate and
alternative integer estimation methods [7, 16], and implementation and ambiguity-
validation issues [8, 19]. These methods provide reference solutions for evaluating
restricted candidate searches.

At the lower-cost end, Babai’s nearest-plane algorithm computes an approximate
lattice point by successive conditional rounding [1]. LLL reduction can improve its
success probability [5], while Boosted LLL (BLLL) strengthens basis reduction [18].
Sampling-based lattice decoding offers another way to generate candidates beyond
the Babai point [15]. Boosted LLL itself uses parallel nearest-plane candidate routes
during basis reduction [18]. Our refinement acts on the decoded target after reduction:
it chooses coordinates from that target’s residuals and jointly scores their bounded
offsets. A conditional value close to a half-integer admits a neighboring integer with a
similar row cost. Because the triangular objective couples coordinates, reconsidering a
few such decisions can reduce the complete objective even though the original rounding
minimizes each conditional row at the time it is made.

Starting from the BLLL-Babai point, we rank coordinates by their rounding resid-
uals and enumerate offsets in {—1,0,1} on the k highest-ranked coordinates. The
residual measures ambiguity on a common dimensionless scale; the complete ILS
objective selects the final candidate. The candidate count is 3%, and increasing k
produces nested sets containing the initial point. Nesting guarantees non-increasing
objective values; coordinate ranking determines how effectively the budget finds strict
improvements.

We also evaluate whether the resulting probability gains justify the additional com-
putation. Exact integer recovery and proximity to the ILS objective measure different
outcomes [23]. We define a separate acceptance event for each and adapt the time-to-
solution construction [20] to introduce Accuracy-Time Conversion Loss (ATCL). For
independent instances from a fixed setting, ATCL combines mean runtime with the
task count required to reach a prescribed probability of at least one acceptable out-
put. Its normalized form, NATCL, expresses this cost relative to a reference solver.
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A discrete break-even condition compares runtime growth with task-count reduction,
while a marginal accuracy-time conversion rate (MACR) evaluates the continuous
return on additional search. These quantities enable offline comparisons of solvers and
refinement budgets under specified quality targets.

The computational design separates reusable basis reduction from target-specific
decoding and local enumeration. Once the reduced basis is available, the refinement
budget is fixed by the number of selected coordinates. This separation supports per-
formance comparisons across both single solves and repeated solves with a common
covariance, using the same objective and explicit preprocessing accounting.

The contributions are a residual-guided allocation of a bounded candidate budget,
a coupled-objective analysis of local improvement, and discrete and continuous cost
criteria for evaluating refinement. Paired GNSS-like experiments quantify refinement
gains, compare coordinate-selection rules under matched candidate budgets, and assess
sensitivity to the objective-gap tolerance, target probability, preprocessing reuse, and
refinement budget.

Section 2 defines the ILS model and its CVP representation. Section 3 develops
the refinement and its properties. Section 4 derives the conversion analysis, Section 5
presents the experiments, and Section 6 concludes the paper.

2 Problem Formulation

The same covariance-weighted objective is used for all solvers throughout the paper.

2.1 Integer Least-Squares Formulation

Let a € R™ be the float ambiguity estimate, a € Z™ the integer ambiguity vector, and
Qs € R™ ™ the covariance matrix of the float ambiguities. Assuming Qg > 0, the ILS
estimator is

ajLg = arg ;Ielizf,},(a -a)'Q;'(a—a). (1)

For any integer candidate a, define

J(a)=(a—2)'Q;'(a—a). (2)

Let ap denote the solution returned by LAMBDA. The implementation is checked

against bounded brute-force enumeration in Section 5. It is then used as the fixed

reference solver in the objective-gap analysis. For method m, the nonnegative relative
objective gap is

am = [557e]

2] = max(z, 0),

3)

where £ = 10~!2 stabilizes normalization near a zero reference objective. With an
exact ILS reference, the numerator is nonnegative in exact arithmetic. The positive
part removes numerical undershoot; Section 5 reports the reference-solver validation.



2.2 Equivalent CVP Representation of the ILS Problem

Because Qg > 0, there exists a nonsingular matrix B such that

Q;' - BB. ()
Define the CVP target t = Ba. By substituting (4) into (2),

J(a) = (a—a)'B"B(a—a)

= [B(a—a)l; 5)
_ |Ba- Bal}
2
= [[Ba —t[f;.
Therefore, (1) is equivalent to
: 2
min |[Ba —t]|;. (6)

Here, Ba is a lattice point and t is the target. The ILS and CVP representations
have identical objective values and minimizers. We use the CVP representation for
lattice reduction and refinement, and express the final solution in the original integer
ambiguity coordinates.

2.3 GNSS-Like Observation Model

To generate controlled ILS instances, consider n + 1 observed satellites with one refer-
ence satellite. Let u; and u, denote the line-of-sight unit vectors of satellite ¢ and the
reference satellite, respectively. The double-difference geometry vector is g; = u; — u,.,
and stacking all g; gives Ggeo € R™*3. The GNSS-like observation model is

Yobs = Aa+ be +e. (7)

Here yons € R2", A € R?"*" and G, € R?"*3, The vector b € R? is the real-

valued baseline and € is zero-mean observation noise with covariance Q, € R2nx2n,

The scalar A below is the carrier wavelength. For the paired carrier-phase and
pseudorange-type observations used in the experiments,

L  [Gigeo
S R sl

Let x =[a",b"]T and H = [A G). Assuming Q, > 0 and that H has full column
rank, the weighted least-squares float solution and covariance are

X=(H"Q,'H)'H'Q, yons, @®

Q:=H'Q,'H)™".
The ambiguity block of X gives a, and the corresponding principal covariance block
gives Qz. The experiments use this GNSS-like model to construct Qg, and then per-

form Monte Carlo sampling directly in the float-ambiguity domain. Specifically, for
each trial,

a* ~U{-10,...,10}", a=a"+v, v~N0,Q). (9)
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This construction provides a controlled benchmark of the integer-solver stage while
preserving the covariance structure induced by the GNSS-like double-difference
observation model.

2.4 Ambiguity Dilution of Precision
For an n-dimensional ambiguity covariance matrix, the ambiguity dilution of precision

(ADOP) is

ADOP = det(Qz)Y/ ™. (10)

A larger ADOP generally indicates weaker ambiguity precision. Its numerical inter-

pretation depends on the observation model and stochastic assumptions. We use
ADOP to calibrate difficulty and select settings for matched comparisons.

3 The Proposed BLLL Refinement Method

The refinement starts from a BLLL-Babai solution, selects coordinates using condi-
tional rounding residuals, and evaluates their local candidates with the complete ILS
objective.

3.1 BLLL-Babai Initialization
Apply Boosted LLL reduction to the basis in (6):
B, = BZ. (11)
Here, B, is the reduced lattice basis (subscript r denotes reduced), and Z € Z"*™
is unimodular with det Z = +1. Let z = Z~'a € Z" be the integer coordinates in the
reduced basis, so a = Zz. This bijective coordinate change preserves the lattice and
gives
. 2
min ||B,z — ;. (12)

Let B, = QR be a QR factorization and define ¢ = Q't. Since Q is orthogonal
and R is nonsingular upper triangular,

J(Zz) = [|QRz — t|3

- [Ra Q7]
2
= |Rz —c|}; (13)
2
= Z Riiz; + Z Rijzj — ¢
i=1 j=i+1
When z;41,..., 2z, are fixed, the i-th conditional value is
¢ = Yjmi Rijz



and the corresponding row contribution can be written as

¢i(21) = Ri;(2i — ). (15)
Babai decoding proceeds from i = n to 1 and sets z” = |u;], using nearest-
integer rounding with ties to even. Let zg = [2F,...,25]T. The BLLL-Babai output

is ABLLL = ZZB.

3.2 Residual-Guided Coordinate Selection

To allocate the search budget, we prioritize conditional rounding decisions with small
normalized cost margins to adjacent integers. Define the Babai rounding residual

(16)

DN | =

ri=|pi—zP, 0<mn

4
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The residual has a direct conditional-objective interpretation. Let zf‘ be the adja-
cent integer toward p; (choose either neighbor when r; = 0). Its distance from p; is
1 —r;, whereas the Babai integer has distance r;. Substitution into (15) gives

$i(2') — ¢i(2) = RY; [(1 — i) — 7]
= R?Z(l — QTZ)

Thus a large r; corresponds to a small normalized margin M;/R% = 1 — 2r;, where
M; = R?,(1 — 2r;). Ranking by r; treats rounding ambiguity on the same scale across
rows. Ranking by M; retains the row scale. Both are local rules: changing coordinate
1 also changes the earlier rows of the triangular objective. The analysis below makes
that coupling explicit, and Section 5.4 compares the two rankings under the same
candidate budget.

(17)

3.3 Local Refinement and Candidate Selection

Let Z, = {i1,...,ir} be the indices of the k largest residuals r;, with deterministic
tie-breaking, and let A = {—1,0,1}. The reduced-domain candidate set is

fof) ={zp+6 |6 €{-1,0,1}, i € I;
6 =0, i ¢TIy}

The subscript “ref” denotes refinement, and (k) denotes the number of selected
coordinates. For 0 < k < n, the set contains exactly 3% distinct points. Define

(18)

z](r:f) = arg min J(Zz),
zEZr(Cg (19)
al = Za,g).

Residual ranking determines the coordinates to explore, and the complete ILS
objective determines the output. Among the 3* candidates, including the initial Babai
point, refinement selects a minimum-objective candidate and maps it back to the
original ambiguity coordinates.



Algorithm 1 Residual-Guided BLLL Refinement for ILS

Input: Float ambiguity estimate a, covariance matrix Qg, refinement dimension k, and offset
set A ={-1,0,1}

Factorize Q; ' = BTB and set t = Ba.

Apply Boosted LLL reduction to obtain B, = BZ.

Compute B, = QR and ¢ = Q't.

Apply Babai decoding to obtain zp, recording ; and r; = |u; — 2P|
Define 7}, as the indices of the k largest r;, using deterministic tie-breaking.

Enumerate z = zg + 6, with §; € A for ¢ € Z; and §; = 0 otherwise. Select a
(k)

ref

S U W

minimizer of J(Zz), denoted z

(k) _ 7 (0)

7. Return a ; = Zz ; (the refined ambiguity vector).

3.4 Theoretical Properties and Computational Complexity

Theorem 1 (Nested-refinement monotonicity and objective reliability) Fiz an instance and
its residual ordering, including tie-breaking. The candidate sets contain the Babai point for
0<k<n. For 0 <k < n, they are nested and satisfy

k+1 k
J(aﬁef )) < J(aief)) < J(apLLL)- (20)
Thus the nonnegative objective gap to any global ILS minimizer also cannot increase.
Furthermore, for

J(are)) = J(an)
(k) — ref 21
G { el (21)
and every fixed T > 0,

Pr(G(kH) < T) > Pr(G(k) < T) . (22)

Proof A fixed ordering gives Zj, C Zj, 4. Since every selected coordinate allows a zero offset,

k k+1
zZp € Zr(ef) c Zr(ef )

Minimizing over these nested sets proves (20); global ILS optimality bounds all these objec-

tives from below. The fixed positive denominator and monotone positive-part operator in

(21) give GFH) < @) Hence {G™*) < 7} € {G*+1) < 7}, which proves (22). O

The guarantee applies to objective quality under any fixed coordinate ordering
with nested offsets. Exact fixing is evaluated against the true integer a*, which can
differ from the minimizer of the realized noisy objective. We therefore evaluate the
two events separately. Residual guidance determines which objective improvements
become available at a given budget.

The next result characterizes when the local neighborhood contains a candidate
that strictly improves the BLLL-Babai objective. Let eg = Rzp — c.

Proposition 1 (Condition for strict local improvement) For an allowed refinement offset &,
J(Z(zp +9)) — J(Zzp)

(23)
= 2e;R6 + |RO|3.



(k)

ref

Consequently, J(a
6 such that

) < J(aprrL) if and only if the candidate set contains a nonzero allowed

2eL RS + |RJ|3 < 0. (24)

Proof Expanding |lep + Rd||3 — |le||3 gives (23). The local minimum is strictly below the
Babai objective exactly when this increment is negative for at least one allowed offset, giving
(24). O

To connect Proposition 1 with the rounding margin, let e; be the ith standard
basis vector and let s; = z* — 2P € {—1,1} point toward the adjacent integer (choose
either direction when r; = 0). For the single-coordinate offset s;e;, upper triangularity
of R gives

J(Z(zp + sie;)) — J(Zzp)

=M, + Z (23i€B,jRji + R?i) . (25)
j<i

Indeed, rows j > ¢ do not change, row i contributes M; by (17), and each earlier
row changes from e} ; to (ep,j + s;Rji)?. The earlier-row sum can be negative and
can outweigh the nonnegative conditional margin. This explains how a locally pre-
ferred Babai rounding decision can still admit a globally better neighbor. Joint offsets
additionally exploit interactions between selected columns through ||Rd||2. Residual
ranking identifies small normalized row penalties; enumeration resolves the actual
coupled change.

The local candidate set contains exactly 3* points. In the present implementation,
the complete ILS objective is evaluated for O(3%) local candidates, so the measured
refinement time for £ > 1 can be approximated by

1)

"of A~ TBLLL-Babai + Cs3%, (26)

where C; denotes the mean mapping-and-evaluation cost per local candidate.
Direct quadratic-objective evaluation gives an incremental arithmetic upper bound
O(3*n?), while residual sorting requires at most O(nlogn). Therefore, for fixed k < n,
the proposed refinement limits the candidate count, with incremental complexity
O(nlogn+3Fn?), while guaranteeing non-increasing objective values. The experiments

use k = 2 by default and explicitly measure the effect of increasing k.

4 Reliability-Based Accuracy-Time Conversion
Analysis

Building on the time-to-solution construction [20], we introduce ATCL and NATCL
for the selected ambiguity events and derive discrete and marginal break-even criteria
for refinement. The metrics combine mean runtime with the number of indepen-
dent instances required to obtain at least one acceptable output with a prescribed
probability within a fixed setting.



4.1 Exact-Fixing and Objective-Gap Events

For method m in trial ¢, let a,, ; be its output, ay the simulated true ambiguity vector,
and ap ; the LAMBDA output. The exact-fixing event is

Xy = Hame = aj}, (27)
with probability pfi* = Pr(a,, = a*). To evaluate near-reference approximate
solutions separately, define
Ji(am,e) — J,
Gyt = (@mn.t) H(an0) (28)
Jt (aA,t) +€ +
and, for tolerance T,
XU(r) = Gy < 7). (20)

Its probability is poPl. = Pr(G,, < 7). The indicator 1{-} equals one when its
condition holds and zero otherwise, and J; is the objective for trial ¢. In the fol-
lowing, g denotes either exact fixing or an objective-gap event at a specified 7, and
pgﬁ) = Pr(Xr(,f) = 1). The tolerance 7 defines the evaluation event; k determines the
algorithm’s search budget. Both events use offline reference information: the simulated
truth for exact fixing and LAMBDA for objective quality. Solver runtime excludes
this reference evaluation. The event tolerance 7 and search budget k& can be varied
independently.

4.2 Reliability-Constrained Accuracy-Time Conversion Loss

For a selected event g, let T, € (0,00) be the mean cost per task and let ¢ € (0, 1) be
the target probability of obtaining at least one acceptable output. Define the Accuracy-
Time Conversion Loss by

ATCLY (m) = T Ry(p?), (30)

where p = pg;’{) denotes the acceptance probability for one instance, and the required

integer task count is

+o0, p=0,

<p<
Ry(p) =4 b gspsh (31)

For a reference method mg with finite positive ATCL, its normalized form is

ATCLY (m)

NATCLY (m; mg) = ———a "
@ (mimo) ATCLY (my)

(32)



ATCL assigns the fixed task count R,(p) a cost under the chosen per-task runtime
model; smaller values indicate a lower modeled cost for the prescribed target. It equals
expected batch runtime when T, includes the full cost charged to each task. With
amortized preprocessing, it is a reuse-normalized cost, as clarified in Section 5. NATCL
is dimensionless: values below, equal to, or above one indicate lower, equal, or higher
costs than the reference method mgy. We use LAMBDA as the reference and compare
methods under the same event, target probability, and experimental setting.

For independent tasks with 0 < p < g, solving 1 — (1 — p)” > ¢ for the smallest
positive integer r gives (31). The case p > ¢ requires one task. This is the standard
probability-to-count transformation used in time-to-solution analysis [20].

4.3 ATCL Properties and Refinement Break-Even Analysis

The following result establishes ATCL monotonicity and the refinement break-even
condition.

Theorem 2 (Pareto consistency and refinement break-even condition) For a fized accept-
ability event g and target reliability q, the following statements hold.
(i) Pareto consistency: let m1 and ma be any two methods evaluated in the same setting.

If Ty < Tony and pid) > p'9) | then

1 = 27
ATCLY (my) < ATCLY (my). (33)
(ii) Refinement break-even: consider BLLL-Babai and BLLL-refinement under the same

event, with probabilities pg,pr and mean runtimes Tg,Tr. For finite ATCL walues,

refinement has ATCL no greater than BLLL-Babai if and only if
Tr _ Rq(pB)
< ) 34
Ty = Relon) (34

Proof The function Rq(p) is non-increasing in p. Hence

Tom, Ro(pif)) < Ty Ra(Pif)) < Timy Ra (03,
which proves (i). For (ii), dividing Tr Rq(pr) < T Rq(pp) by the positive quantity Tp Rq(pR)
gives (34). O

For the objective-gap event, nesting gives pr > pp. Equation (34) compares the
runtime multiplier Tr /T with the reduction factor R,(pg)/R4(pr) in equivalent task
count. Refinement strictly reduces ATCL when the task-count reduction factor exceeds
the runtime multiplier.

Since R, (p) is integer-valued, probability gains reduce the task count only at spe-
cific thresholds. For each integer r > 2, the equality R,(p) = r holds precisely on the
interval

1-(1-g)/"<p<1—(1-g)"/C". (35)
Within one such band, a larger probability does not change the task count, so a slower
method has larger ATCL. Crossing a boundary can offset a modest runtime increase.
Once pg > ¢, both nested methods require one task and ATCL reduces to runtime.
The preferred refinement budget therefore depends on the objective-gap tolerance 7
and target probability g.

10



4.4 Continuous Diagnostic and Marginal Gain

To assess the incremental benefit of increasing k, we introduce a continuous relaxation
of the task count. Removing the ceiling reveals gains within each constant-count inter-
val of discrete ATCL while retaining the minimum of one task. An overbar denotes
the continuous relaxation. The marginal criterion assesses whether the gain from k to
k + 1 compensates for its added runtime. Define

+00, p= 07
- In(1—gq)
R = 1, ——= 0 1 36
q(p) max{ ’ h’l(]. _p) I < p < b ( )
1, p=1.
and
ATCLY (m) = T, R ( <9)) (37)
q = dmiig\Pm’ ) -
For the non-saturated region 0 < p < g, define the reliability exponent
I(p) = —In(1 —p). (38)
Because (1 — p)" = exp[—rI(p)], one equivalent task reduces the log-failure

probability by I(p). Substitution into (36) yields, for 0 < p < ¢,

1 T

Thus, within the non-saturated region, comparing methods is equivalent to
minimizing the target-independent diagnostic loss

T
_ _ @y
In(1—pm’)

When p is small, —In(1 — p) = p + O(p?), and therefore £9)(m) ~ Tm/pgg). For
two methods whose event probabilities both lie in (0, ¢), the normalized diagnostic is

LY (m) = (40)

E(g)(m) T —In(1 —pgg())) (a1)
LD (mg) Ty — In(1 — pggb)) '

This ratio equals the continuous ATCL ratio when both probabilities lie in (0, q),
where the common target factor cancels. At or above ¢, the one-task floor in (36)
applies. We use L to interpret the local probability—time trade-off and discrete ATCL
to report fixed-target comparisons.

For consecutive refinement dimensions, let p,(cg ) and T r denote the event probability
and mean runtime at dimension k. When Tj11 > T}, define the marginal accuracy-time

conversion rate (MACR), measured in inverse time, by

1)) — 1)
MACR{?,, | = TZL—Tk : (42)

11



A positive MACR means that the added computation reduces log-failure prob-
ability. Its comparison with the current average gives a decision condition. For

0<p? p), < q, write AT = I(p¥),) — I(p}?) and AT = Tj1 — T; > 0. The strict
improvement E,(Cgﬁl < E,(Cg ) holds if and only if

AT T (9)
> (pk )

E Tk ’ (43)
by cross-multiplying the positive denominators in (T + AT)/(I(pI(Cg)) + Al <
Ti/I(").

Therefore,
I(p(g))
MACRY . > = (44)

is the condition under which increasing k strictly improves the continuous loss. It
compares the additional reliability exponent per unit time with its current average
I (p,(cg)) /Ty. This is the local counterpart of the discrete break-even condition: the
former measures marginal exchange, while the latter also accounts for integer task-
count boundaries. If measured runtimes fail to increase, the losses can be compared
directly without dividing by AT.

4.5 Empirical Estimation and Uncertainty Quantification

We estimate acceptance probabilities and mean runtimes from paired trials within each
setting and propagate probability uncertainty into ATCL. A hat denotes an empirical
estimate. For N trials,

1 & PO
ﬁ(h(z]) = N ZXq(qg,)ta T = N ZTm,t~ (45)
t=1 t=1

Within each setting, we compute m;g) (m) = meq(ﬁﬁz)) and normalize by
the reference estimate for NATCL, before summarizing across settings. Zero observed
successes give an infinite plug-in ATCL, with uncertainty in the underlying probability
quantified below. NATCL requires a finite positive reference cost. Computing each
ratio before aggregation preserves the task distribution of the comparison.

To quantify probability uncertainty, let p;, and py denote, respectively, the lower

and upper endpoints of the 95% Wilson confidence interval for pgﬂ), computed from

the N trial indicators. On the event that this interval contains pgﬁ), monotonicity gives
R,(pu) < Rq(pgg)) < R,(pr). Multiplication by the measured mean runtime yields

the probability-induced ATCL interval

meq(pU)v meq(PL) . (46)

This propagates event-probability uncertainty conditional on the measured mean time.
If pr, = 0, the upper endpoint is infinite. Close to a boundary in (35), an interval may
cover several task counts, even when the probability interval is narrow.

12



For a paired objective comparison, Theorem 1 excludes transitions from an
acceptable Babai output to an unacceptable refined output. The probability gain there-
fore equals the probability that refinement moves an initially unacceptable output
across the selected objective-gap threshold. This interpretation connects the objective
improvement mechanism to the break-even condition in (34): paired probability dif-
ferences measure recovered acceptable outputs, while ATCL evaluates their additional
computational cost.

5 Experiments

The experiments address three questions: whether refinement improves BLLL-Babai at
a small computational cost, whether residual guidance contributes beyond additional
candidate evaluations, and when probability gains justify their runtime costs.

5.1 Experimental Setup and Evaluation Metrics

All metrics are computed within each setting from common paired trials.

Solution quality. Exact-fix probability pf* is the fraction of outputs equal to the simu-
lated true integer vector. Objective-gap probability p2P is the fraction whose relative
ILS objective gap G to LAMBDA does not exceed 7; a larger value indicates more
near-reference outputs. Their definitions are given in (27)—(29). The absolute gain
Ap = prefine — PLLL Mmeasures the paired refinement effect; 100Ap expresses it in
percentage points (pp).

Direct objective improvement. Strict-improvement frequency is the fraction of trials
with Jerir — Js > 10712, where Jprrr = J(apLrn) and Js = J(a,) for strategy s.
Mean relative objective reduction averages (JprLrr, — Js)/Jerrr over all paired tri-
als, including unchanged outputs, and is reported as a percentage. Larger values are
preferable. These measures distinguish the occurrence and magnitude of improvement
from crossing a particular objective-gap threshold.

Cost and conversion. Runtime T,,, includes mean solve time and preprocessing amor-
tized over a common reuse count H, as specified in (48). ATCL multiplies this runtime
by the independent-task count required for at least one acceptable output at target
probability ¢; NATCL divides that cost by LAMBDA'’s cost. Smaller values are prefer-
able, and NATCL below one favors the tested method. MACR measures the additional
reliability exponent per unit added time; it is compared with the current average in
(44). The independent-task model in Section 4 supplies the basis for these comparisons.

The default objective-gap tolerance is 7 = 1%, the target is ¢ = 0.95, and H = 60.
Additional tolerances and targets test sensitivity. ADOP, measured in cycles, describes
covariance-based instance difficulty.

We compare Rounding, Direct Babai, LLL-Babai, BLLL-Babai, BLLL-Klein-9,
BLLL-refinement, LAMBDA, and MLAMBDA [4]. Rounding ignores the covariance;
Direct Babai uses the unreduced CVP basis. The reduction and refinement parameters
are listed in Table 2. BLLL-Klein-9 retains Babai and makes eight sampling attempts
on the same reduced basis [15], with duplicates evaluated once. At row i, integer
z; has probability proportional to exp[—aR;(z; — p1;)?], where o = In(n)/ min; R3,,
over integers within six of the rounded conditional center. It matches the default
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Table 1 Comparison of ADOP Settings in Representative GNSS Studies

Study Observation model Reported or Main purpose
and data selected ADOP
Odijk and Multi-frequency single-  0.12 cycles as a Relating ADOP to
Teunissen [21] baseline GNSS models;  strong-model formal ambiguity
analytical evaluation reference success probability
Castro-Arvizu GPS-only and Mean ADOP Studying the effects of
et al. [3] GPS—-Galileo RTK; real  0.086-0.338 cycles constellation and
static and dynamic elevation mask
observations
Khodabandeh Single-station RTK approximately  Demonstrating model-
[12] PPP-RTK and 0.06-0.20 cycles; and latency-dependent
geometry-free models weaker GF models ambiguity strength
approximately
0.31-2 cycles
This work Controlled GNSS-like Calibration Comparing
Monte Carlo ILS model approximately approximate and
0.15-0.40; matched accurate solvers under
targets 0.225 and moderate and difficult
0.270 conditions

refinement’s nominal nine-candidate budget. LAMBDA is the common objective-gap
and NATCL reference.

ADOP characterizes the realized ambiguity precision. Table 1 places our matched
targets, 0.225 and 0.270 cycles, alongside representative GNSS studies [3, 12, 21]. These
targets select moderate and difficult conditions with measurable approximate-solver
gaps; ADOP values depend on the observation model.

The GNSS-like generator uses wavelength 0.1902937 m and stress factor s =
max{0, (n — 16)/8}. Elevations are uniform between en;, = max{5,10 — s} and
Emax = Max{emin + 8,42 — 1.5s} degrees; azimuths are uniform in a sector of width
max{45,130 — 6s} degrees with a uniform center. The highest-elevation satellite is the
reference. For observation type v € {¢, ¢} and non-reference elevation e; in radians,

o0y(8)
max{sin(e;),0.12}’ (47)
Q’U = Dv[(l - cv)In + Cv]-n]-;l;]Dln

dv,i =

where D, = diag(dy.1,-..,dyn), 1, is the all-ones vector, o4(s) = 0.015(1+0.06s) m,
and o.(s) = 0.60(1 + 0.20s) m. The correlations are

¢y = min{0.30,0.05 + 0.03s + 0.10(p — 0.90) },
¢, = min{0.45,0.10 + 0.05s + 0.15(p — 0.90) 1 }
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Table 2 Main Experimental Parameters

Category Parameter setting

Evaluation dimensions n € {16, 20, 24, 28,32, 36,40}

Scenario and noise p € {0.90,0.95}; o € {0.50,0.60,0.70,0.80,0.85}

Trials per setting 100 for n = 16; 80 for n = 24, 32; 60 otherwise

Scalability stress test n € {40,48,56}; p = 0.95; o € {0.70,0.80}; 40, 25, 15 trials,
respectively

Lattice reduction oL = 0.99; 9 Boosted-LLL routes

Refinement k=2, A={-1,0,1}; 9 candidates

Additional baselines BLLL-Klein-9 (8 randomized samples + Babai); MLAMBDA

Quality events Exact fixing; G < 1%, 3%, 5%

ATCL/NATCL g = 0.95; LAMBDA reference

Runtime amortization Common horizon H = 60 for all methods/settings

Phase and code blocks are independent. The tunable correlations define the GNSS-like
covariance surrogate used in the experiments. We set Q, = diag(Qy, Q) + 1071215,
and regularize the extracted ambiguity covariance by 107'2I,,. The scenario label p
selects the geometry seed and enters c,. Both labels use the same geometry sampling
regime; the resulting ambiguity correlations follow from the constructed covariance.

Table 2 specifies the 70 evaluation settings and the scalability stress test. Within
each setting, all methods share the covariance, true ambiguities, and float pertur-
bations. Exact fixing and objective-gap events are evaluated separately. Sensitivity
analysis uses 7 € {0.5%, 1%, 2%, 3%,5%} and ¢ € {0.90,0.95,0.99} over all evaluation
settings.

For repeated solves with a fixed covariance, runtime is measured by a high-
resolution performance counter and amortized as

=solve + Tvg)zrep

Tamort(f1) =T (48)

m )

where TPP is the one-time preprocessing cost, Tizlve is the mean solve-stage time, and
H is the common reuse count. We instantiate T}, in Section 4 with 72™°"(60). The
three BLLL-based solvers share the reduced basis; the budget study also shares the
measured k = 0 baseline time. Here H is an externally specified reuse horizon, indepen-
dent of R,. Consequently, ATCL charges R,TE"P/H for preprocessing. A standalone

—solve

batch with one preprocessing step costs TP'P + R,T',, ; the two accounting models
coincide when H = R,. The reported comparisons use the common-horizon model.
The numerical implementation accepts updates exceeding an objective decrease
of 107'2 and uses the same tolerance to record strict improvement. The nesting
analysis in Section 3 applies to exact candidate-set minima; independently evalu-
ated implementation outputs can differ at the 107!2? tolerance scale. We report 95%
Wilson probability intervals. The separate high-sample confirmation uses 95% paired
bootstrap intervals for Ap = prefine — PLLL and exact McNemar tests. All runtime
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Fig. 1 LAMBDA exact-fix probability versus ADOP over the calibration settings.

measurements use Windows, an Intel Core Ultra 9 185H processor, 16 GB RAM, and
Python 3.12.

5.2 Validation and Difficulty Calibration

LAMBDA and MLAMBDA were checked against bounded brute-force enumeration
on low-dimensional general ILS and GNSS-like instances. Across 640 validation trials,
both methods returned matching solutions with zero recorded objective violations.
Their objective values also agreed within the 1078 numerical audit tolerance. Fig. 1
uses LAMBDA as the ILS reference to calibrate the ADOP—difficulty relation before
evaluating refinement.

Fig. 1 confirms that the generated settings cover a broad difficulty range and
that the LAMBDA exact-fix probability decreases as ADOP increases. The binned
medians summarize the observed success-probability trend. Across the corresponding
low-, medium-, and high-ADOP regimes, the median exact-fix probability decreases
from approximately 0.90 to 0.41 and 0.10, respectively. ADOP therefore provides a
suitable difficulty coordinate for the subsequent matched comparisons.

5.3 Refinement Gains and Computational Cost

Fig. 2 compares BLLL-Babai and nine-candidate refinement across dimensions at
matched ADOP levels. To control variation in ambiguity precision, we select inde-
pendently for each dimension the available setting whose ADOP is closest to 0.225
or 0.270 cycles. The selected ranges are approximately 0.217-0.234 and 0.262-0.272
cycles. ADOP matching controls the geometric mean of the covariance-ellipsoid axis
scales; covariance shape and dimension remain sources of difficulty variation.

Within each selected setting, BLLL-Babai and refinement share the instances and
reduced basis, so their paired comparison measures the effect of the added local search.
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Fig. 2 ADOP-matched event probabilities: exact fixing in (a), (c), and the 1% objective-gap event
in (b), (d). Insets or labels show the absolute probability difference Ap = prefine — PBLLL; error bars
are 95% Wilson intervals.

Panels (a) and (c) report exact-fix probability, whereas panels (b) and (d) report the
1% objective-gap probability; labels indicate Ap.

At ADOP 0.225, the mean exact-fix difference is about +0.005, while the 1%
objective-gap probability increases by about +0.040. At ADOP 0.270, the correspond-
ing differences are approximately +0.010 and +0.050. The exact-fix changes vary
by dimension. The marginal Wilson intervals describe each probability separately;
inference on the paired difference uses the confirmation experiment below.

A separate paired confirmation experiment uses larger sample sizes for n €
{16, 28,40} at both ADOP targets, with 500 trials for n = 16 and 28, and 300 trials
for n = 40. Across these six settings, the difference in 1% objective-gap probability
ranges from +0.010 to +0.068. For n = 16 and 28, all paired 95% confidence intervals
for this difference lie strictly above zero; the gains are smaller at n = 40. The exact-
fix difference ranges from —0.004 to 40.028, and its 95% confidence interval often
includes zero. The objective-gap probability gains count instances moved across the
selected threshold; the exact-fix results measure recovery of the true ambiguity vector.
Runtime and broader baselines.

Fig. 3 compares common-horizon amortized runtime at p = 0.95 and o = 0.80.
BLLL-refinement remains close to BLLL-Babai, whereas BLLL-Klein-9 incurs a
larger sampling overhead. In the present Python implementations, LAMBDA and
MLAMBDA are competitive at lower dimensions but become substantially slower than
BLLL-refinement at higher dimensions.
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Fig. 3 Common-horizon amortized runtime at p = 0.95 and o = 0.80, with H = 60.

At n = 40, the measured runtimes of BLLL-Babai, BLLL-refinement, and BLLL-
Klein-9 are approximately 0.0184, 0.0187, and 0.0412 s, respectively. Their 1%
objective-gap probabilities are 0.317, 0.350, and 0.433. Thus, BLLL-Klein-9 obtains
a larger 1% objective-gap probability in this setting but uses more than twice the
runtime of the proposed refinement. LAMBDA and MLAMBDA both satisfy the
objective-gap criterion and require approximately 0.0876 and 0.0894 s.

A separate stress test uses n € {40,48,56}, p = 0.95, and o € {0.70,0.80}. At
n = 56, the average runtimes of BLLL-refinement, LAMBDA, and MLAMBDA are
approximately 0.133, 0.500, and 0.463 s. ADOP also increases with n in this test.
The stress test therefore measures the combined effect of larger systems and weaker
covariance conditions.

5.4 Contribution of Residual-Guided Coordinate Selection

To isolate residual guidance, we compare coordinate-selection strategies under the
same BLLL-Babai initialization and nominal nine-candidate budget. All strategies use
k = 2, the same three-offset rule, and complete-objective selection. Residual guidance
chooses the two largest r;; the random baseline selects two coordinates uniformly;
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Fig. 4 Matched-budget coordinate-selection ablation: (a) strict-improvement frequency, (b) the 1%
objective-gap probability, and (c) mean relative objective reduction. The refinements share the BLLL-
Babai initialization and nine-candidate budget. Values aggregate four equally sized groups of 300
paired trials; all axes start at zero and larger values are preferable. Labels give aggregate point
estimates at the reported precision.

and the conditional-margin baseline chooses the two smallest M; = R%(1 — 2r;). Four
paired groups use n € {32,40}, p = 0.95, and o € {0.70,0.80}, with 300 common
trials per group.

Fig. 4 shows strict-improvement frequencies of 1.92% for random coordinate selec-
tion and 15.83% for residual guidance. The paired residual-versus-random difference
is positive in every group, with exact McNemar p < 107% in all four compar-
isons. Conditional-margin selection also improves on random selection. Its aggregate
strict-improvement frequency, 1% objective-gap probability, and mean relative objec-
tive reduction are slightly lower than those of residual guidance; this comparison is
descriptive. All three refinements contain the Babai point and retain its objective
bound.

5.5 ATCL-Based Cost Comparison

For each setting and fixed (g, ¢, H), we compute ATCL from the estimated acceptance
probability and amortized runtime, and normalize by LAMBDA to obtain NATCL.
Fig. 5 compares refinement with its Babai baseline and illustrates the probability—time
trade-off. Sensitivity analysis varies 7, ¢, and H.

Fig. 5(a) reports 1og;o(NATCLyefine / NATCLpr L1 ) for the 1% objective-gap event
at p = 0.95. The common LAMBDA normalization cancels, so the displayed quantity
is also the ATCL log-ratio. Negative entries identify settings where the reduction in
equivalent task count outweighs the refinement overhead. Positive entries indicate that
the probability gain does not reduce the required task count sufficiently to offset the
added runtime.

At the setting in Fig. 5(b), refinement increases the objective-gap probability from
approximately 0.317 to 0.350, while adding 0.337 ms, or about 2%, to the runtime.
At ¢ = 0.95, the required task count decreases from eight to seven. The runtime
multiplier is approximately 1.018, below the task-count reduction factor of 1.143, so
the break-even condition in (34) is satisfied. The ATCL ratio is approximately 0.891: a
3.3-percentage-point probability gain reduces the ATCL point estimate by about 11%.
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Fig. 5 Accuracy—time conversion with H = 60 and ¢ = 0.95: (a) ATCL log-ratio for refinement
versus BLLL-Babai at p = 0.95; (b) the probability—time plane at n = 40, p = 0.95, and o = 0.80.
Curves show £ = T/[—1In(1 — p)] below p = ¢; the shaded region uses the one-task floor. Error bars
in (b) are 95% Wilson intervals; the objective-gap probability of LAMBDA is 1 by definition.

The continuous-loss ratio is approximately 0.90, reflecting the corresponding smooth
change in the reliability exponent.
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Applying the secant comparison underlying (44) to the move from & = 0 to
k = 2 gives an incremental reliability exponent per unit time of approximately
148.6 s~!, compared with the baseline average of 20.7 s~!. The added search there-
fore improves continuous conversion efficiency. This comparison assesses the combined
two-coordinate budget; individual adjacent increments are examined in Section 5.6.

For comparison, BLLL-Klein-9 has a higher probability, 0.433, but requires about
0.0412 s per task and six equivalent tasks. Its ATCL is approximately 0.247 s, versus
0.131 s for refinement, 0.147 s for BLLL-Babai, and 0.0876 s for LAMBDA. The extra
sampling improves quality but costs more under this target; LAMBDA attains the
objective-gap event in one task and has the lowest ATCL among these four methods.
The probability-induced ATCL intervals from (46) are [0.110, 0.239] s for BLLL-Babai
and [0.094,0.206] s for refinement, conditional on their measured mean times. The
task-count reduction explains the point-estimate gain; its uncertainty reflects the 60
trials in this setting.

A sensitivity analysis over all 70 evaluation settings examines how the oper-
ating target affects this trade-off. For the 1% objective-gap event, refinement has
lower ATCL than BLLL-Babai in 42.9%, 50.0%, and 57.1% of the settings for
g = 0.90,0.95,0.99, respectively. When the objective-gap tolerance is relaxed to 5%,
these fractions fall to 20.0%, 22.9%, and 35.7%. At ¢ = 0.95, the median refinement-to-
BLLL ATCL ratio is 0.942, 0.982, 1.025, 1.026, and 1.026 for 7 = 0.5%, 1%, 2%, 3%, 5%,
respectively. The trend agrees with the break-even analysis: a looser tolerance more
often places the baseline in, or near, the one-task saturation regime, leaving less
reduction in the required task count to offset the refinement overhead.

Reuse changes the relative weight of preprocessing and local enumeration. At the
1% objective-gap event and ¢ = 0.95, the median refinement-to-Babai ATCL ratio
across the 70 settings is 0.965, 0.982, and 1.092 for H = 1,60, 300, respectively. The
corresponding fractions favoring refinement are 50.0%, 50.0%, and 31.4%. As reduction
is amortized over more tasks, local search occupies a larger fraction of the per-task
cost; its probability gain must compensate for a larger relative overhead. These values
reuse the recorded preprocessing and solve times in (48).

5.6 Refinement-Budget Analysis

The budget study evaluates the cost and quality gains from enlarging the residual-
guided neighborhood. We compare discrete ATCL across budgets and apply (44) to
adjacent increments to interpret their continuous exchange efficiency. The comparison
with & = 0 removes refinement; positive k values form a budget-sensitivity study.

The refinement dimension k controls the local-search size. We evaluate k €
{0,1,2,3,4,5} on four paired groups with n € {32,40}, p = 0.95, and o € {0.70,0.80}.
Each group has 100 trials. All values of k use the same instances. The case k = 0 is
BLLL-Babai.

Fig. 6(a) shows that the first one or two selected coordinates capture most of the
measured gain in objective-gap probability. The nondecreasing objective-gap proba-
bility trend agrees with Theorem 1, while the nearly flat exact-fix curve indicates little
net change in correct recovery.
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Fig. 6 Paired refinement-budget analysis: (a) median event probabilities for exact fixing and the
1%, 3%, and 5% objective-gap events; (b) median NATCL at ¢ = 0.95 on a linear axis. Lines show
medians across paired settings; shading gives the between-setting 25th—75th percentile range. Each
NATCL is computed within its setting using H = 60 before aggregation.

The candidate count rises from 9 to 27, 81, and 243 for k = 2,3,4,5. Fig. 6(b)
shows little sustained reduction in conversion cost beyond the first few coordinates and
a marked increase at k = 5. The median NATCL values for the objective-gap events
are near their minima at k = 1, while the exact-fix NATCL reaches its minimum near
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Table 3 Adjacent-Budget Conversion at the 1%
Objective-Gap Event

Step  Candidates AT Ap MACR ATCL

(ms) (pp) met  reduced
0—1 30097 2.0 4/4 2/4
12 9 0109 25 4/4 0/4
2—3 27 0.298 0.5 1/4 0/4
34 81 0.686 0.0 0/4 1/4
455 243 3.078 1.0 0/4 0/4

AT and Ap are medians across the four paired
settings. The last two columns count settings
satisfying (44) and reducing discrete ATCL,
respectively, at ¢ = 0.95 and H = 60.

k = 2. In these four tested settings, k¥ = 2 captures most of the observed gain in
objective-gap probability with nine candidates and serves as a compact default budget.
The discrete ATCL optimum depends on the event and setting.

Table 3 evaluates the consecutive increments within each of the four paired settings.
Both 0 — 1 and 1 — 2 satisfy the continuous marginal condition in every setting.
Only one setting satisfies it for 2 — 3, and none does for the last two increments. The
median added time grows from about 0.10 ms in each of the first two steps to 3.08 ms
in the final step, while the added objective-gap probability remains small.

The discrete decisions differ in a way predicted by (35). The 1 — 2 move improves
continuous loss in all four settings but lowers discrete ATCL in none, because it leaves
their task counts unchanged. Conversely, the 3 — 4 move at n = 32, ¢ = 0.70 reduces
the count from four to three: the probability rises from 0.62 to 0.64, enough to cross the
r = 3 boundary, even though the continuous marginal condition fails. The task-count
criterion and the marginal criterion thus answer complementary budget questions. The
first two coordinates give consistent continuous benefit; a later isolated discrete gain
can result from crossing a task-count boundary.

The median NATCL curves exceed one, indicating median normalized costs
above the LAMBDA reference. Within the refinement family, the first two coordi-
nates provide consistent continuous-loss improvements in the tested settings. Discrete
ATCL selects budgets according to whether those probability gains cross task-count
boundaries and offset the added runtime.

6 Conclusion

We developed a residual-guided local refinement of the BLLL-Babai solution for GNSS
integer ambiguity resolution. The method explores bounded offsets on coordinates
with large conditional rounding residuals and selects the candidate with the lowest
complete ILS objective. Nested candidate sets retain the Babai point and guarantee
non-increasing objective values as the budget grows.
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Controlled GNSS-like experiments show that refinement primarily improves prox-
imity to the reference ILS objective, while gains in exact integer recovery are smaller
and less consistent. Under matched nine-candidate budgets, residual guidance pro-
duces more frequent objective improvements than random selection. Its aggregate
improvement frequency, objective-gap probability, and mean relative objective reduc-
tion are also slightly higher than those of conditional-margin selection; the latter
comparison is descriptive.

ATCL quantifies whether acceptance-probability gains offset the additional run-
time under a specified event, target probability, and preprocessing reuse count. In
the tested budget-sensitivity settings, k = 2 captures most of the observed objective-
gap probability gain with nine candidates. The discrete ATCL optimum varies
with the event and setting, whereas the first two budget increments consistently
improve the continuous loss. The evaluation uses controlled GNSS-like Monte Carlo
instances; future work will examine real observations and instance-adaptive budgets
with ambiguity validation.
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