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Abstract

Accurate and efficient prediction of combustion dynamics remains challenging
due to the nonlinear and multiscale nature of reactive flows. High-fidelity simula-
tions are often impractical for real-time applications due to their computational
cost. Reduced-order models offer a promising alternative but their predictive
capability may decay when the operating conditions differ from those represented
in the training data. This work develops an uncertainty-aware reduced-order
modelling framework for combustion dynamics, combining Multi-scale Proper
Orthogonal Decomposition (mPOD), Gaussian Process Regression (GPR), sparse
sensing and data assimilation. The latent dynamics extracted by mPOD is
learned offline using GPR, while sparse sensing is employed during the forecast
to enable data assimilation in the latent space from limited observations. The
frequency organization introduced by mPOD and the characteristics temporal
scales identified in the latent dynamics are used to define the temporal covari-
ance structure of the GPR. Different GPR kernel formulations, spatial sensing

1



constraints, latent-state reconstruction methods, and assimilation frequencies are
systematically assessed. The approach is evaluated on two different datasets: an
experimental dataset comprising chemiluminescence images from a forced swirled
turbulent flame, and a numerical dataset of an axi-symmetric, time-varying,
non-premixed laminar flame. The results show that a Periodic GPR kernel pro-
vides the most robust latent forecast across both datasets, while regularized least
squares and Bayesian sparse reconstruction methods improve robustness under
limited spatial accessibility. Data assimilation further compensates for forecast
deviations by combining noisy sparse observations with the probabilistic GPR
forecast. In the laminar-flame case, six temperature measurements are sufficient
to substantially enhance an inaccurate Cosine GPR kernel forecast and achieve
prediction errors approaching those obtained with the best-performing Periodic
kernel. These results demonstrates the potential of the proposal framework for
uncertainty-aware forecasting of combustion dynamics by combining probabilistic
reduced-order modelling, sparse observations and data assimilation.

Keywords: Combustion dynamics, Reduced-order modelling; Gaussian Process
Regression, Sparse sensing, Data assimilation, Multi-scale Proper Orthogonal
Decomposition

1 Introduction

Digital twins are emerging as a promising technology for monitoring and predict-
ing the behavior of complex engineering systems by combining computational models
with information from the physical system [1]. In practice, however, real-time mea-
surements are often limited by accessibility, operating conditions, and instrumentation
constraints. In combustion system, digital twins application is challenging due to
the nonlinear and multi-scale nature of reacting flows and the computational cost of
high-fidelity simulations [2, 3]. Reduced-order models (ROMs) have emerged as an
attractive alternative for developing digital twins, as they enable the representation of
the dominant system dynamics in a low-dimensional space while retaining the main
features of the original system [4].

Modal decomposition techniques, such as Proper Orthogonal Decomposition
(POD) and Dynamic Mode Decomposition (DMD) have been widely employed for
this purpose [5, 6]. Recently, non-intrusive ROMs have combined modal decomposi-
tion with data-driven regression techniques to infer the evolution of the reduced-order
state without explicitly projecting the governing equations [7, 8]. In combustion, POD-
based representations have been coupled with surrogate models such as Kriging and
Gaussian Process Regression (GPR) to reconstruct thermo-chemical fields at operating
conditions not included in the training data. Applications include laminar flames con-
figurations [9] and industrial-scale combustion systems [10]. However, classical POD
may mix structures associated with different temporal scales, while DMD-based rep-
resentations can be restrictive for strongly nonlinear or multi-frequency dynamics.
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Multi-scale Proper Orthogonal Decomposition (mPOD) overcomes this by introduc-
ing frequency-band separation during the decomposition, providing latent trajectories
with a more clearly defined temporal content [11].

In addition to parametric reconstruction, data-driven ROMs have been developed
to predict combustion states and reduced dynamics beyond the conditions used for
model construction. Swischuk et al. [12] developed predictive ROMs in transformed
POD coordinates for a single-injector combustor, obtaining accurate predictions even
outside the training interval. Ni et al. [13] investigated different regression strategies
for mapping operating parameters to POD coefficients in multi-species mixing and
combustion, highlighting the influence of the surrogate formulation on ROM predictive
performance.

For time-dependent forecasting, the temporal evolution of the latent coefficients
must be modelled explicitly. GPR is well suited to this task because its formulation
provides probabilistic predictions and associated uncertainty [7, 14]. In the present
work, the temporal covariance structure of the GPR is informed by the frequency
separation introduced by mPOD and the characteristic frequencies identified in the
latent dynamics. Different kernels are therefore compared to assess their ability to
represent the oscillatory combustion dynamics.

In combustion systems, full flow or thermo-chemical states are rarely accessible
experimentally. This means that reduced-order coefficients often need to be inferred
from limited measurements. Sparse sensing approaches exploit the low-dimensional
structure of the system to reconstruct the reduced state from a small set of spa-
tial observations. The resulting accuracy depends on sensor placement, measurement
noise and the conditioning of the inverse problem [15]. POD-based sparse reconstruc-
tion and optimized sensor placement are becoming broadly used to estimate flow
states. In combustion, related approaches have been employed to recover flame and
thermo-chemical information from limited measurements. For instance, Lopez et al.[16]
reconstructed temperature and velocity fields from sparse temperature measurements,
and Rosati et al. [17] presents a reduced-order reconstruction of a cyclonic combustor
under constrained sensing configurations.

Although sparse reconstruction may estimate the reduced state, does not correct
errors in the forecasting model. Sequential data assimilation aims to mitigate this issue
by combining model predictions with new observations according to their uncertain-
ties [18]. Kalman-filter-based approaches, particularly the Ensemble Kalman Filter
(EnKF) introduced by Evensen [19], have been applied at different modelling levels
in reacting flow problems. At the high-fidelity level, experimental velocity and flame
measurements have been assimilated into large eddy simulations to improve the predic-
tion of transient extinction and reignition dynamics [20]. Its potential for combustion
digital twins has already been demonstrated by Donato et al., applying EnKF-based
data assimilation to update ROMs of a semi-industrial furnace using experimental
measurements [21, 22].

While forecasting, sparse sensing, and data assimilation have each been inves-
tigated in reduced-order combustion modelling, fewer studies have considered their
integration within a common uncertainty-aware framework. Procacci et al. [23] com-
bined mPOD, GPR, sparse sensing, and EnKF-based data assimilation for stochastic
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forecasting and correction of noisy combustion dynamics. This demonstrated that
sparse observations can be assimilated directly in the reduced space to correct prob-
abilistic forecasts. However, the interaction between forecasting model formulation,
spatial sensing constraints, latent state reconstruction, measurement uncertainty, and
assimilation frequency has not been systematically studied.

Motivated by these considerations, the present work extends the stochastic ROM
framework introduced in [23] through a systematic assessment of frequency-informed
GPR kernels, sparse-sensing configurations, latent-state reconstruction methods, and
data-assimilation frequency. Particular attention is given to the propagation of uncer-
tainty and the role of forecast and observation uncertainties in the reduced-order
prediction and correction process. The methodology is evaluated on two complemen-
tary test cases: an experimental dataset of chemiluminescence images of a forced
swirled flame, used to investigate spatial sensing constraints and assimilation fre-
quency, and a numerical pulsated laminar flame, where temperature values sampled
at optimally selected sensor locations are assimilated to improve a prior forecast and
reconstruct the full thermo-chemical state.

2 Methodology

The proposed framework combines probabilistic reduced-order modelling, sparse sens-
ing, and sequential data assimilation, in order to construct an uncertainty-aware digital
twin capable of integrating numerical and experimental information within a unified
Bayesian framework. First, the high-dimensional system dynamics are projected onto a
low-dimensional latent space, where the temporal evolution of the reduced state is fore-
cast using Gaussian Process Regression (GPR). Sparse measurements are then used
to reconstruct the latent state, and an ensemble Kalman Filter (EnKF) is employed
to correct the forecast by accounting for both model and observation uncertainties.

2.1 Reduced-order decomposition

To obtain a low-dimensional representation of the combustion dynamics, the original
spatio-temporal dataset is arranged into the snapshot matrix

X = [x1,x2, . . . ,xNt
] ∈ R

Np×Nt , (1)

where each column xt corresponds to a spatial snapshot acquired at time t. The
dataset therefore contains Nt snapshots, each composed of Np spatial features. Prior
to the decomposition, the temporal mean is removed and standard-deviation scaling
is applied to the data, leading to the preprocessed snapshot matrix X̃.

The objective of the reduced-order decomposition is to approximate the high-
dimensional field using a limited number of spatial modes and their associated
temporal coefficients. Since these temporal coefficients are subsequently regressed, it
is important to obtain latent trajectories with interpretable temporal and frequency
content. For this reason, the multiscale Proper Orthogonal Decomposition (mPOD)
proposed by Mendez et al. [11] is adopted.

In contrast with classical POD, which ranks modes according to the global energetic
content of the dataset, mPOD introduces a temporal scale separation by filtering the
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temporal correlation matrix into given frequency bands before constructing the final
modal basis. This reduces the mixing of structures evolving at different characteristic
time scales and provides coefficients that are more suitable for frequency-informed tem-
poral modelling. The temporal correlation matrix is defined as K = X̃T X̃ ∈ R

Nt×Nt .
Following the mPOD formulation of Mendez et al. [11], this matrix is decomposed into
Nb band-limited contributions through a set of filtering operators,

F (b) (K) , b = 1, . . . , Nb, (2)

where F (b) denotes the filtering operator associated with the frequency band b. Each
filtered correlation matrix is then independently decomposed as

K(b)Ψ(b) = Ψ(b)Λ(b), (3)

where Ψ(b) contains the eigenvectors associated with the b frequency band and Λ(b)

is the diagonal matrix of the corresponding eigenvalues, which are proportional to
the energy captured by the associated modes. The temporal bases obtained from all
frequency bands are subsequently combined, ranked according to their modal energy
and orthogonalized to construct a global temporal basis Ψ. The associated spatial basis
is then obtained by projecting the preprocessed snapshots matrix onto this temporal
basis

Φr = X̃ΨrΛ
−1/2
r , (4)

where Φr ∈ R
Np×r contains the retained spatial modes The temporal coefficients are

computed by projecting the preprocessed snapshots onto the retained spatial basis,

Ar = ΦT
r X̃. (5)

where Ar ∈ R
r×Nt contains the temporal evolution of the retained modes. Equiva-

lently, using the eigendecomposition of the temporal correlation matrix, the temporal
coefficients can be expressed as

Ar = Λ1/2
r ΨT

r . (6)

Finally, the rank-r reduced-order representations of the dataset is written as

X̃ ≈ ΦrAr, (7)

or equivalently, for each snapshot at time tj ,

x̃(tj) ≈
r∑

i=1

ai(tj)ϕi. (8)

Here, Φr = [ϕ1, . . . ,ϕr] contains the retained spatial modes, ai(tj) = (Ar)i,j is the
temporal coefficient of mode i at time tj , and r is the number of modes retained in
the reduced representation. The temporal coefficients ai(t) therefore define the latent
state subsequently forecast by the probabilistic regression model.
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2.2 Probabilistic latent-state forecasting

The temporal evolution of the retained coefficients ai(t) is modeled using Gaussian
Process Regression (GPR) [14]. An independent GPR is employed for each coefficient,
providing a predictive posterior Gaussian distribution. For each mode i, the one-step
reduced dynamics is formulated as

ai(tj+1) = fi (a(tj), tj) , (9)

where a(tj) ∈ R
r denotes the reduced state at time tj , and ai(tj+1) is the one-step-

ahead value of the ith reduced coefficient. A separate latent function fi is defined for
each retained coefficient and modelled as a Gaussian process,

fi(·) ∼ GP (mi(·), ki(·, ·)) , (10)

where mi and ki denote the prior mean and covariance function, respectively. In this
work, a constant mean function mi(·) = ci is employed, with ci learnt from the training
data together with the kernel parameters.

For each retained modal coefficient, the Gaussian Process training dataset is
defined as

Di = {Xi, yi}, Xi = {[ai(tj), tj ]}
Nt−1
j=1 , yi = {ai(tj+1)}Nt−1

j=1 . (11)

Given a new input X∗
i,j = [ai(t

∗
j ), t∗j ], the i-th latent coefficient at the next time step

ai(t
∗
j+1) is modelled by the predictive distribution

ai(t
∗
j+1) | Di ∼ N

(
µ∗
i,j , γ

∗
i,j

)
(12)

where µ∗
i,j and γ∗

i,j denote the predictive mean and variance. These quantities follow
the standard GP conditioning relations [14],

µ∗
i,j = Ki(Xi,∗, Xi)

[
Ki(Xi, Xi) + σ2

n,iI
]−1

yi,

γ∗
i,j = Ki(Xi,∗, Xi,∗) −Ki(Xi,∗, Xi)

[
Ki(Xi, Xi) + σ2

n,iI
]−1

Ki(Xi, Xi,∗).
(13)

Here, K(Xi, Xi) is the covariance matrix evaluated over the training inputs per mode
i, Ki(Xi,∗, Xi) is the cross-covariance between the prediction and training inputs, and
σ2
n,i is the observation-noise variance estimated during training. Since each retained

coefficient is modeled independently, the scalar predictive distributions are collected
into a probabilistic latent-state forecast. For a given prediction time tp, this forecast
is written as

aGPR(tp) ∼ N
(
µGPR,p,ΓGPR,p

)
(14)

with

µGPR,p =
[
µ1,p · · · µr,p

]T
, ΓGPR,p = diag (γ1,p, . . . , γr,p) . (15)

The covariance function combines a state-dependent contribution with a frequency-
informed temporal component,
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ki(z, z
′) = kstate,i(a, a

′) + ktime,i(t, t
′) + kc,i, (16)

where a Matérn kernel is used for the reduced-state dependence, while different
frequency-informed kernels are investigated for the temporal component.

As the reduced coefficients exhibit oscillatory dynamics, different frequency-
informed kernels were investigated, including the Cosine, Periodic and Spectral
Mixture kernels, to evaluate their capability to represent oscillatory combustion
dynamics. The Cosine kernel represents a single dominant oscillatory component, the
Periodic kernel imposes a repeated temporal structure, and the Spectral Mixture ker-
nel provides a more flexible representation of multi-frequency dynamics. The periodic
covariance follows the standard GP construction described by Rasmussen and Williams
[14], whereas the Spectral Mixture formulation follows Wilson and Adams [24].

Denoting by τ = t − t′ the temporal separation between two inputs, the three
temporal kernels are defined as

kcos(τ) = σ2
f cos (2πf0τ) ,

kper(τ) = σ2
f exp

[
−

2 sin2 (πτ/T )

ℓ2

]
,

kSM(τ) =

Q∑

q=1

wq exp
(
−2π2vqτ

2
)

cos (2πµqτ) .

(17)

Here, σ2
f controls the signal variance, f0 denotes the dominant frequency of the Cosine

kernel, T is the period of the Periodic kernel, and ℓ controls the correlation length
within each period. For the Spectral Mixture kernel, Q is the number of mixture
components, while wq, µq, and vq denote the weight, mean frequency, and spectral
variance of the q-th component, respectively.

The kernels hyperparameters are optimized independently for each modal GPR.
For Cosine and Periodic kernels, the temporal period is initialized from the domi-
nant frequency f0, identified by mPOD such that T0,i = 1/f0,i, and is subsequently
optimized within a frequency interval of ±50 Hz around f0. For the Spectral Mix-
ture kernel, the number of components is fixed to Q = 3, their mean frequencies
initialized at 0.75f0, f0 and 1.25f0, while wq, µq, and vq and the remaining kernel
hyperparameters are then learned during training.

2.3 Data assimilation

After the GPR forecast of the mPOD coefficients has been obtained, data assimi-
lation is employed to correct the predicted latent trajectories using newly available
measurements. The correction is performed directly in the reduced space, so that
only the temporal coefficients are updated before reconstructing the physical fields.
The following subsections describe how sparse measurements are converted into latent
observations, how their uncertainty is estimated, and how this information will be
incorporated into the correction.
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2.3.1 Sparse sensing and latent-state reconstruction

Using the reduced basis introduced in the previous section, sparse sensing is employed
to infer the latent state of the system from a limited number of spatial measurements
of the physical state [15]. The objective is to reconstruct mPOD temporal coefficients
a from sparse observations, thereby providing reduced-space state estimates for the
subsequent data assimilation step.

At each time instant tj , the vector of sparse measurements is defined as:

y(tj) = Cx̃(tj) (18)

where C ∈ R
p×Np is the measurement matrix selecting the p sensor locations.

Introducing the rank-r reduced representation, the sensing problem becomes

y(tj) ≈ Θa(tj), Θ = CΦr (19)

where Θ ∈ R
p×r is the reduced sensing matrix, and Φr is the matrix of the retained

spatial modes. The reconstruction of the latent coefficients therefore corresponds to
the inverse problem of estimating a(tj) from the sparse measurement vector y(tj).
Three reconstruction strategies, providing both a latent estimate and an associated
uncertainty measure, are considered in this work: weighted least squares, regularized
least squares, and Bayesian ridge regression.

Weighted least squares

The weighted least squares (WLS) formulation accounts explicitly for the uncertainty
associated with the sensor measurements. The measurement-noise covariance is defined
as

Γy = diag
(
η̃21 , . . . , η̃

2
p

)
, (20)

where η̃s denotes the scaled uncertainty associated with the s-th selected sensor, with
s = 1, . . . , p. The uncertainties were estimated directly from the experimental data
using a clustering-based approach. First, the original snapshots were projected onto a
Principal Component Analysis (PCA) representation [25] retaining r = 6 components.
Then, the snapshots were grouped into 3 clusters using k-means [26] in the PCA
space, identifying groups of similar dynamical states. For a given cluster c, the effective

uncertainty at the s-th selected sensor, η
(c)
s , was computed from the original unscaled

data as:

η(c)s =

√
1

Nc

∑

j∈Cc

[
Xis,j −X

(c)

is

]2
, X

(c)

is =
1

Nc

∑

j∈Cc

Xis,j , (21)

where Cc denotes the set of snapshots assigned to cluster c, Nc is the number of
snapshots in that cluster, Xis,j denotes the chemiluminescence intensity at pixel is,

corresponding to the s-th selected sensor, in snapshot j. The quantity X
(c)

is is the mean

intensity at that pixel across the snapshots belonging to cluster c. Thus, η
(c)
s quantifies

the local intensity variability at the selected sensor location within cluster c. For the
subsequent analysis, the cluster exhibiting the lowest intra-cluster variability, namely,
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c = 1, was selected to define the sensor uncertainties. Since the sparse measurements
used in the WLS formulation are expressed in scaled coordinates, the uncertainties
estimated from the original data were scaled using the same scaling factors as those
applied to the measurement data. The resulting scaled uncertainties, denoted by η̃s,
are therefore consistent with the scaled measurement vector y(tj) (see Eq. 18) and
were used to construct the diagonal covariance matrix Γy in Eq. 20.

Using the measurement model in Eq. 19, the latent coefficients are estimated by
minimizing the weighted measurement residual,

âWLS(tj) = arg min
a

[y(tj) −Θa]
T
Γ−1
y [y(tj) −Θa] . (22)

Assuming that Θ has full column rank, which requires p ≥ r, Eq. 22 admits the unique
solution:

âWLS(tj) =
(
ΘTΓ−1

y Θ
)−1

ΘTΓ−1
y y(tj). (23)

For p > r the problem is overdetermined, whereas for p = r a unique solution exists
only if Θ is nonsingular. For p < r, the problem is undetermined and the inverse in
Eq. 23 is not defined, requiring additional regularization through the incorporation of
prior information.

Under the linear-Gaussian assumption, the corresponding covariance of the esti-
mated coefficients is

Γa,WLS =
(
ΘTΓ−1

y Θ
)−1

. (24)

Regularized least squares

The regularized least squares (RLS) formulation extends the WLS inverse problem in
Eq. 22 by introducing prior information on the expected magnitude of the reduced
coefficients [27, 28]. Specifically, a Gaussian prior is assumed for the latent coefficients,

a ∼ N
(
0,S2

)
, (25)

where S = diag(s1, . . . , sr) is a diagonal scale matrix defining the characteristic
magnitude of each reduced coefficient. Using the same measurement covariance Γy

introduced in Eq. 20, the corresponding maximum-a-posteriori estimate is obtained
by solving

âRLS(tj) = arg min
a

[
(y(tj) −Θa)

T
Γ−1
y (y(tj) −Θa) + aTS−2a

]
. (26)

Compared with the WLS formulation in Eq. 22, the additional term penalizes
solutions that are inconsistent with the prescribed coefficient scales. The resulting
analytical estimate is

âRLS(tj) = ARLSy(tj). (27)

with

ARLS =
(
S−2 + ΘTΓ−1

y Θ
)−1

ΘTΓ−1
y . (28)

The corresponding posterior covariance in the reduced space is
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Γa,RLS =
(
S−2 + ΘTΓ−1

y Θ
)−1

. (29)

Unlike WLS, the regularized formulation does not require Θ to have full column
rank. For p > r, regularization improves robustness when the overdetermined system
is ill-conditioned; for p = r, it stabilizes square sensing matrices that may be poorly
conditioned; and for p < r, the prior term converts an undetermined problem into a
well-posed one, allowing a stable estimate of the latent coefficient.

Bayesian ridge regression

An alternative reconstruction strategy is obtained with Bayesian Ridge Regression
(BRR) [29]. Rather than directly inverting the sensing model in Eq. 19, BRR learns
the mapping between sparse measurements and each temporal coefficient from the
training data:

Ytr = [y(t1), . . . ,y(tNtr
)] ∈ R

p×Ntr , (30)

where y denotes the sparse measurements available at each training snapshot. For
each mode i, the regression model is

ai,tr = YT
trwi + εi, (31)

where wi ∈ R
p contains the regression weights. A Gaussian prior is assigned to these

weights,

p(wi) = N
(
0, λ−1

i I
)
, (32)

while the residuals in Eq. 31 are assumed Gaussian with precision αi. The resulting
posterior covariance and mean of the regression weights are

Σwi
=

(
λiI + αiYtrY

T
tr

)−1
, (33)

wi = αiΣwi
Ytrai,tr, (34)

where αi and λi are inferred during model fitting. Once the mapping has been trained,
a new sparse measurement is projected into the latent space as

âBR,i(tj) = wT
i y(tj). (35)

The Bayesian formulation also provides a predictive uncertainty for each recon-
structed coefficient. For a new sparse measurement y(tj), the predictive distribution
is

aBR,i(tj) | y(tj),Di ∼ N (âBR,i(tj), γBR,i(tj)) , (36)

with

γBR,i(tj) = α−1
i + y(tj)

TΣwi
y(tj). (37)

Collecting the regression weights for all r modes into WBR ∈ R
r×p gives

âBR(tj) = WBRy(tj). (38)
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Since each modal coefficient is reconstructed independently, the corresponding
latent-state covariance is assembled as

ΓBR,j = diag (γBR,1(tj), . . . , γBR,r(tj)) . (39)

Consequently, WLS and RLS reconstruct the coefficients by solving the sparse
inverse problem defined by Θ, whereas BRR learns an inverse measurement-to-latent
mapping from paired training data. Although the three strategies produce the same
reduced-state quantity â, they represent distinct reconstruction approaches and are
therefore compared empirically in this work.

2.3.2 Uncertainty quantification

The uncertainty associated with both the latent-state prediction and the sparse-
sensing reconstruction enables the formulation of a probabilistic data-assimilation
framework.

At each time instant tj , the GPR model provides the predictive covariance ΓGPR,j

associated with the forecasted latent state. Each sparse reconstruction method also
provides an estimate of the uncertainty in the reconstructed latent state. The corre-
sponding baseline covariance is denoted as ΓSPS, and its specific expression depends
on the reconstruction method adopted, such as Eqs. 24, 29 and 39.

To introduce a time-dependent measure of reconstruction confidence, the baseline
covariance is inflated by a scalar factor λj ,

ΓSPS,j = λjΓSPS. (40)

The inflation factor is computed from the consistency between the available
measurements and their reconstruction from the estimated latent coefficients. The
measurement residual is

ej = y(tj) − ŷ(tj) = y(tj) −ΘâSPS(tj) (41)

A normalized residual statistic is then defined as

χ2
j =

1

p− r
eTj Γ

−1
y ej =

1

p− r

p∑

s=1

(
ej,s
ηs

)2

, p > r. (42)

The covariance inflation factor is chosen as

λj = max
(
1, χ2

j

)
(43)

Thus, snapshots exhibiting larger weighted reconstruction residuals are assigned
a larger reconstruction uncertainty, whereas snapshots consistent with the sparse
measurement model retain the baseline covariance. The resulting sparse latent-state
estimate is represented probabilistically as

aSPS(tj) ∼ N (âSPS(tj),ΓSPS,j) . (44)

The covariance inflation introduced above is used as an adaptive uncertainty model
and is not intended to represent an exact posterior covariance of the latent-state
reconstruction.
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2.3.3 Ensemble Kalman filter

The uncertainty estimates introduced in the previous section enable the GPR-based
forecast and the sparse latent-state reconstruction, to be combined through an Ensem-
ble Kalman Filter (EnKF) [30]. Data assimilation is performed directly in the reduced
space, where the stochastic GPR forecast propagates an ensemble of latent states
and the sparse sensing procedure provides probabilistic latent observations. In the
following, the superscripts f and a denote forecast and analysis states, respectively.

At each assimilation time tj , the forecast ensemble is written as

A
f
j =

[
a
f,(1)
j , . . . ,a

f,(Ne)
j

]
∈ R

r×Ne , (45)

where Ne is the ensemble size and each a
f,(n)
j ∈ R

r represents one realization of the
stochastic GPR forecast. The ensemble mean is

a
f
j =

1

Ne

Ne∑

n=1

a
f,(n)
j , (46)

and the corresponding sample covariance is estimated from the ensemble as

Γens
GPR,j =

1

Ne − 1

Ne∑

n=1

(
a
f,(n)
j − a

f
j

)(
a
f,(n)
j − a

f
j

)T

. (47)

While ΓGPR,j denotes the predictive covariance provided directly by the indepen-
dent GPR models, as defined in Eq. 15, Γens

GPR,j represents the sample covariance of
the recursively propagated forecast ensemble. Although the GPR models are trained
independently, the recursive stochastic propagation can introduce cross-correlations
between the retained coefficients, which are captured by Γens

GPR,j .
As shown in Eq. 44, the sparse sensing procedure provides latent observations

characterized by its mean âSPS(tj) and covariance ΓSPS,j . Since the forecast and sparse
observations are expressed in the same reduced coordinate system, the observation
operator is the identity and the corresponding Kalman gain becomes

KDA,j = Γens
GPR,j

(
Γens
GPR,j + ΓSPS,j

)−1
. (48)

A stochastic, perturbed observation formulation of the EnKF is then employed.
For each ensemble member, an independent realization of the sparse latent observation
is drawn as

a
(n)
SPS,j = âSPS(tj) + ϵ

(n)
j , ϵ

(n)
j ∼ N (0,ΓSPS,j) , (49)

and each forecast ensemble member is updated according to

a
a,(n)
j = a

f,(n)
j + KDA,j

[
a
(n)
SPS,j − a

f,(n)
j

]
. (50)

The perturbed observations incorporate the sparse reconstruction uncertainty into
the ensemble update. The corrected latent state is represented by the analysis ensemble
mean,
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aaj =
1

Ne

Ne∑

n=1

a
a,(n)
j . (51)

Following each assimilation step, the analysis ensemble is propagated forward using
the stochastic GPR model until the next sparse observation becomes available. Finally,
the corrected physical state is reconstructed from the reduced basis as

x̂DA(tj) = Φra
a
j . (52)

2.4 Performance metrics

The prediction and reconstruction errors are quantified using the normalized root
mean squared error (NRMSE). For a reference signal y and its prediction ŷ, the RMSE
is defined as

RMSE =

⌜⃓
⎷⃓ 1

N

N∑

k=1

(ŷk − yk)
2
. (53)

To enable comparison among quantities with different amplitudes, the error is
normalized by the range of the reference signal,

NRMSE =
RMSE

max(y) − min(y)
. (54)

In cases where a single metric is required for the complete reduced state, the modal
errors are combined using their relative mPOD energy,

wi =
λi∑r
j=1 λj

, NRMSEw =

⌜⃓
⎷⃓

r∑

i=1

wi NRMSE 2
i . (55)

where λi denotes the energy of mode i and
∑r

i=1 wi = 1.

3 Datasets

The two datasets presented below provide distinct test cases, each offering challenges to
the proposed framework. The experimental dataset contains noisy images of a period-
ically forced flame in a combustion chamber and reflects practical sensing constraints,
whereas the numerical dataset involves a fully resolved reacting flow with a more com-
plex multi-frequency dynamics, allowing the assimilation of numerical measurements
with a controlled level of noise and the recovery of the complete thermo-chemical state.

3.1 Experimental dataset

The first dataset consists of time-resolved CH* chemiluminescence images obtained
inside the BIMER combustor, shown in Figure 1, which has been designed to study
a swirled two-stage injection strategy [31]. Air enters a cylindrical plenum and flows
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into a rectangular combustion chamber (500 × 150 × 150 mm3) with three water-
cooled walls (entrance, top, bottom) and two lateral quartz windows for optical access.
The injector has a central pilot stage, which produces a hollow cone of fuel droplets
(30◦ spray half-angle) and imposes a geometric swirl number of 0.6, and a multipoint
stage that injects fuel through ten 0.3 mm-diameter holes at the second swirler vanes
(swirl number of 1), creating jets in cross-flow to enhance mixing. The fuel is liquid
dodecane, acting as a surrogate for kerosene.

Fig. 1: View of the BIMER set-up.

The experimental sequence used in this study captures the time evolution of a
swirled flame subjected to a 100Hz modulation of the inlet air, while the dodecane
is injected only through the pilot stage. The dataset comprises 5458 snapshots corre-
sponding to approximately 1.09 s of flame evolution. Each image was spatially resized
from 512×512 to 64×64 pixels to reduce the spatial dimensionality and computational
cost of the reduced-order analysis, while retaining the dominant flame structures rele-
vant to the latent dynamics. The forcing frequency induces a strongly oscillatory flame
response, accompanied by experimental noise and additional dynamical components.
This dataset therefore provides an experimental benchmark for evaluating the capa-
bility of the ROM to forecast noisy combustion dynamics. The BIMER dataset has
previously been employed to assess a stochastic GPR-based ROM for the prediction
of noisy combustion dynamics [23].

3.2 Numerical dataset

This dataset corresponds to high-fidelity simulations of an axisymmetric, time-
dependent, non-premixed laminar coflow methane flame, which was previously
targeted for reduced-order modelling of reacting flows by Corrochano et al. [32].
The simulations were performed with the detailed chemical mechanism GRI-Mech
3.0 [33]. In the present analysis, temperature and species fields are retained in order
to construct the reduced-order representation. The considered case is subjected to
a multi-frequency modulation of the fuel inlet, thereby producing a more complex
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temporal response than a single-frequency oscillation. The dataset contains 2000 snap-
shots, with a uniform time step of 0.5 ms and a total simulated interval of 1 s. The
numerical configuration is based on the laminar reacting-flow database described by
Corrochano et al. [34].

4 Results and discussion

4.1 Experimental case

Prior to the GPR training, mPOD was applied to the dataset to introduce a frequency-
band separation. The reduced representation was truncated at the first six modes,
retaining approximately 80% of the total variance. The corresponding spatial modes
and temporal coefficients are shown in Figure 2. The six retained coefficients exhibit
distinct dominant oscillatory scales. Since the BIMER combustor is forced at 100Hz,
coefficients a1 and a3 are mainly associated with the fundamental forcing frequency.
The reduced dynamics also contain higher-order harmonic contributions, which are
represented by a2 and a4 at approximately 200Hz and by a5 and a6 at 300Hz.

0 10

x (mm)

0

10

y
(m

m
)

Φ1

0 10

x (mm)

0

10

Φ2

0 10

x (mm)

0

10

Φ3

0 10

x (mm)

0

10

Φ4

0 10

x (mm)

0

10

Φ5

0 10

x (mm)

0

10

Φ6

0 0.05 0.1

time (s)

−50

0

50

a1

0 0.05 0.1

time (s)

−25

0

25

a2

0 0.05 0.1

time (s)

−25

0

25

a3

0 0.05 0.1

time (s)

−25

0

25

a4

0 0.05 0.1

time (s)

−20

0

20

a5

0 0.05 0.1

time (s)

−10

0

10

a6

−0.095 −0.055 −0.015 0.025 0.065

Fig. 2: First six mPOD modes retained for the BIMER dataset. The top row shows the
spatial modes Φi, while the bottom row shows the corresponding temporal coefficients
ai(t) over a representative 0.1 s interval.

4.1.1 GPR perfomance

This spectral organization is particularly suitable for the subsequent GPR modelling,
since the dominant frequency of each coefficient can be explicitly incorporated into the
temporal covariance kernel. The comparison among the different covariance functions
presented in Figure 3 shows that the kernel formulation has a significant impact on the
forecast of the temporal coefficients. Over the prediction horizon, the Periodic kernel
provides the most consistent agreement with the reference dynamics, particularly in
preserving the dominant oscillation frequency and phase. In contrast, the Cosine kernel
exhibits clear deviations for several coefficients, while Spectral Mixture kernel generally
provides an intermediate performance.
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Fig. 3: Forecast of the first 6 temporal coefficients from 0.2 to 0.25 s and from 1.0 to
1.05 s, using different GPR kernel formulations. The black curves represent the true
trajectories, the blue curves depict 100 trajectories predicted by GPR, and the red
dashed lines indicate the GPR ±2σ uncertainty.
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These observations are supported by the NRMSE values defined in Section 2.4 and
reported in Figure 4, which shows that the Periodic kernel consistently yields the low-
est error across the retained coefficients. The advantage of the Periodic formulation can
be attributed to its capacity to enforce the characteristic period of each mPOD coef-
ficient, while retaining some flexibility through its correlation length. By comparison,
the Cosine kernel imposes a more restrictive sinusoidal covariance structure, whereas
the additional flexibility of the Spectral Mixture kernel does not provide a system-
atic benefit for the relatively narrow-band latent dynamics produced by mPOD. The
findings suggest that the explicit incorporation of the dominant periodicity identified
from the training data provides a suitable representation of the BIMER dynamics in
the latent space.

Fig. 4: NRMSE of the temporal-coefficient forecasts for different GPR kernels.

The results indicate that the forecast accuracy therefore strongly depends on how
the kernel structure represents the temporal dynamics observed within the selected
training interval.

4.1.2 Sparse sensing

Three sensing configurations were considered to assess the influence of spatial
measurement availability on latent-state reconstruction:

(a) Window represents a limited field of view, as might occur in chemiluminescence
imaging, where measurements are only available within a continuous w×w pixels
region of the full system.
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(b) QR + Random assumes access to the entire spatial domain. Informative sensor
locations were first identified through QR-based selection using a number of sen-
sors equal to the number of retained modes [15], while additional measurements
were randomly distributed over the remaining domain.

(c) Window-constrained combines limited spatial accessibility with a finite num-
ber of measurements. Sensor locations were restricted to the accessible w × w
region, allowing the effect of sensor sparsity and spatial constraints to be
evaluated simultaneously.

Fig. 5: Latent-state reconstruction and associated uncertainty for representative tem-
poral coefficients under different sensing strategies: (a) Window, (b) QR + Random,
and (c) Window-constrained. Both the red dots and the white stars represent sensor
locations. Red dots correspond to random locations while white stars represent opti-
mal positions according to the QR selection.

The three sensing strategies are shown in Figure 5 and they were implemented
through the Pysensors2.0 package [28]. For each strategy, the available measurements
were mapped into the latent space using the WLS, RLS and Bayesian ridge reconstruc-
tion approaches introduced in Section 2.3.1. The representative coefficients a1, a2, and
a5 are selected to illustrate the reconstruction of dynamics associated with the different
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frequency bands identified by mPOD. The comparison therefore highlights the com-
bined influence of spatial accessibility, sensor placement, and inverse reconstruction
method on both the estimated latent state and its associated uncertainty.

(a) Window-based sensing (b) QR + Random sensing

Fig. 6: NRMSE of the latent-state reconstruction for different sparse sensing config-
uration and inverse methods: (a) window-based sensing, where w is defined as a value
measured in pixels; and (b) QR-based placement complemented with random sensors.

The reconstruction accuracy depends strongly on both the sensing configura-
tion and the inverse method as shown in Figure 6. WLS is particularly sensitive to
restrictive sensing conditions. For the window-based configuration, its error increases
sharply as the accessible region is reduced, whereas Bayesian ridge and regularized
approaches remain considerably more stable. A similar trend is observed for the QR +
Random configuration: increasing the number of available sensors reduces the recon-
struction error, although the improvement is substantially more pronounced for WLS.
Bayesian ridge consistently provides the lowest NRMSE among the investigated meth-
ods, while the difference between the reconstruction approaches decreases as more
spatial information becomes available.
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Fig. 7: NRMSE of the latent-state reconstruction of the window-constrained method
as a function of window size, number of sensors, and reconstruction strategy, i.e., WLS,
RLS, and Bayesian ridge.

The window-constrained results in Fig. 7 further show that increasing the number
of sensors does not necessarily produce the same improvement for all reconstruction
methods. For WLS, the reconstruction remains strongly dependent on the window size
and exhibits a non-monotonic response to the number of measurements, indicating
that the spatial distribution and conditioning of the reduced sensing matrix are as
important as the number of sensors itself. In contrast, RLS is considerably less sensitive
to these variations, while Bayesian Ridge shows a more systematic reduction in error
as both the accessible region and the number of measurements increase. These results
demonstrate the stabilizing effect of regularization when measurements are spatially
restricted.

Based on the previous comparison, the window configuration with w = 40 pixel was
selected for the subsequent data assimilation analysis. This configuration provides a
suitable compromise between limited spatial accessibility and latent-state reconstruc-
tion accuracy, while remaining representative of the restricted field-of-view conditions
considered for the BIMER measurements. The corresponding sparse latent-state
estimates are therefore used as observations in the subsequent Kalman-filter-based
correction stage.

4.1.3 Data assimilation

The sparse latent-state estimates obtained from the selected 40×40 pixel window
were subsequently assimilated into the GPR forecast through the EnKF formulation
introduced in Section 2.3.3. Figure 8 shows the corrected trajectories obtained for
the Cosine, Periodic, and Spectral Mixture kernels using an assimilation interval of
50∆t = 0.01 s. Between consecutive updates, the latent state evolves according to the
GPR forecast, while the sparse sensing estimates periodically correct the predicted
trajectories according to their uncertainty.
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Fig. 8: EnKF correction of the six temporal coefficients with the different GPR ker-
nels. The red dots represent the observations assimilated every 50∆t = 0.01 s with
their uncertainty (black bars).
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The effect of data assimilation depends strongly on the accuracy of the underlying
GPR model and the quality of the sparse observations in the latent space. For the
Periodic kernel, which already provides the most accurate baseline forecast, the EnKF
introduces comparatively small improvements, such as a higher confidence (lower
uncertainty) in the forecast. In contrast, the Cosine kernel benefits more substantially
from assimilation, particularly for the temporal coefficients whose predicted trajecto-
ries exhibit amplitude or phase discrepancies relative to the reference. In this case,
assimilation also prevents the forecast from diverging over extended time horizons.

The Spectral Mixture kernel exhibits a different behaviour. Although data assim-
ilation reduces the uncertainty associated with the predictions, it does not improve
their accuracy and can even slightly degrade the forecast. Before assimilation, the
uncertainty bounds encompass the true trajectory, whereas the reduced uncertainty
after assimilation makes the discrepancy between the predicted and true trajectories
more apparent. This suggests that, in this case, the EnKF correction increases confi-
dence in the forecast without a corresponding improvement in its accuracy, resulting
in a somewhat overconfident prediction.

Figure 9 compares the NRMSE of the six temporal coefficients before and after
data assimilation, while Table 1 reports the corresponding reconstruction errors in the
physical fields. The influence of the assimilation frequency was evaluated by comparing
steps of 10∆t, 50∆t and 100∆t. The results confirm a marked reduction in error
for the Cosine kernel, whereas assimilation has a comparatively limited effect on the
performance of the Periodic and Spectral Mixture kernels.

Fig. 9: NRMSE of the temporal-coefficient forecasts before and after data assimilation
for the Cosine, Periodic, and Spectral Mixture GPR kernels using assimilation steps
of 10∆t, 50∆t, and 100∆t.

In general, reducing the assimilation interval from 50∆t to 10∆t does not lead
to a systematic reduction in NRMSE. Indeed, for certain coefficients, the error even
increases slightly. Conversely, increasing the interval to 100∆t results in only a mod-
erate degradation of the forecast, most notably for the Cosine kernel. These results
highlight a trade-off between correcting the accumulation of forecast errors and incor-
porating new latent-space observations. More frequent updates may provide limited
additional benefits when successive observations contain highly correlated information,
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particularly in the presence of measurement uncertainty. Conversely, longer assimila-
tion intervals allow forecast errors to accumulate over more extended periods before
correction.

Table 1: NRMSE of the reconstructed physical fields from GPR forecast.

Kernel Without DA DA: 10∆t DA: 50∆t DA: 100∆t

Cosine 0.073 0.038 0.038 0.040
Periodic 0.040 0.040 0.040 0.040
S.Mixture 0.053 0.050 0.052 0.053

The reconstruction errors reported in Table 1 further confirm the limited sensitivity
of the physical-field predictions to the assimilation interval for Periodic and Spectral
Mixture GPR-based predictions. The Periodic kernel exhibits virtually unchanged
reconstruction errors, remaining at approximately 0.04, while the Spectral Mixture
kernel shows similarly minor variations, with NRMSE values between 0.050 and 0.053.
For the Cosine kernel, EnKF assimilation reduces the reconstructed-field NRMSE
from 0.073 to approximately 0.038, with values ranging from 0.038 to 0.040 across the
different assimilation intervals. Hence, the Cosine kernel with assimilation performs
as well as the Periodic kernel.

4.2 Numerical case

Following the methodology applied to the BIMER dataset, the laminar flame dataset
was projected onto the mPOD basis, retaining six coefficients that describe the domi-
nant temporal evolution of the system as they capture 94% of the total variance. The
multi-frequency modulation imposed at the fuel inlet gives rise to multiple character-
istic oscillatory scales, rather than a single dominant periodic response. The mPOD
decomposition organizes these contributions into distinct latent trajectories, reducing
the mixing of different temporal scales. These six coefficients therefore provided a com-
pact, frequency-resolved representation of the flame dynamics and were subsequently
used for the GPR forecasting and sparse-sensing analyses.

4.2.1 GPR perfomance

As for the BIMER case, the influence of the GPR kernel on the prediction of the
mPOD temporal coefficients was assessed. As shown in Figure 10, the Periodic kernel
accurately reproduces the temporal evolution of the six coefficients, preserving both
the phase and amplitude throughout the forecast interval. In contrast, the Cosine
kernel is primarily affected by an increasing phase mismatch, particularly for the
higher-order coefficients, whereas the Spectral Mixture kernel generally captures the
oscillatory timing more accurately but progressively underestimates the oscillation
amplitude. These different forecasting behaviours are reported in Figure 11, where the
Periodic kernel consistently yields the lowest NRMSE for all coefficients, followed by
the Spectral Mixture kernel and finally by the Cosine kernel.
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Fig. 10: Forecast of the first 6 temporal coefficients using different GPR kernel
formulations. The GPRs were trained from 0.1 to 0.4 s.
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Fig. 11: NRMSE of the temporal-coefficient forecasts for different GPR kernels.

Table 2: NRMSE of the reconstructed physical fields from GPR forecast.

Kernels

Feature Cosine Periodic S. Mixture

Temperature 0.023 0.014 0.017
CH4 0.013 0.010 0.011
CO 0.034 0.027 0.030
CO2 0.022 0.014 0.017
H2 0.028 0.021 0.024
H2O 0.020 0.011 0.014
N2 0.012 0.009 0.010
O2 0.020 0.013 0.016
OH 0.036 0.030 0.033

The differences observed in the temporal coefficients are also reflected in the recon-
struction of the physical fields. Table 2 summarizes the NRMSE obtained for the
reconstructed variables across the test dataset. Among the models, the GPR with
Periodic kernel provides the lowest reconstruction error for all the variables, while the
Spectral Mixture kernel yields intermediate errors that are generally close to those of
the Periodic kernel. The Cosine kernel delivers the largest reconstruction errors for all
variables. Interestingly, the differences among the kernels are less pronounced in the
reconstructed physical fields than for some of the higher-order temporal coefficients.
This can be explained by the different contribution of the mPOD modes to the recon-
struction: the dominant low-order modes contain most of the retained energy and are
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predicted relatively well by all three kernels, whereas the larger errors observed for
the higher-order modes have a smaller impact on the reconstructed fields.

Figure 12 illustrates the reconstructions for temperature, CH4 and OH at t =
0.90 s, well beyond the training interval, showing that the main flame structure and
spatial features of the reacting fields are accurately captured by the Periodic GPR,
indicating as well that the accuracy achieved in reduced space is effectively transferred
to the high-dimensional representations.

Fig. 12: Comparison between the reference and GPR-reconstructed fields at t = 0.90 s
using the Periodic kernel GPR.

4.2.2 Sparse sensing and data assimilation

To evaluate the data assimilation framework under a more restrictive sensing scenario,
only six values were selected at optimal locations provided by using QR pivoting. These
locations were constrained to numerical measurements of temperature only through
the Pysensors2.0 package [28], as in the BIMER case. In addition, a synthetic measure-
ment noise was introduced by adding independent zero-mean Gaussian perturbations
to the temperature observations. The noise standard deviation was set to 30% of the
standard deviation of temperature values in the test dataset (where data assimilation
was performed), corresponding to approximately 174 K.
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Fig. 13: Latent-state reconstruction error using six temperature values at optimal
sensor locations and different inversion methods.
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Fig. 14: EnKF correction of the Cosine kernel GPR forecast using sparse latent
observations. The observations are assimilated every 50∆t = 0.025 s.

As Figure 13 shows, the sparse and noisy temperature measurements provided
sufficient information to estimate the corresponding latent state, despite the absence
of samples from the other physical variables. The accuracy of the latent-state recon-
struction depends on the inverse method used. Weighted least squares exhibits the
largest errors particularly for the higher-error coefficients, whereas the regularized
least squares and Bayesian ridge approaches provides substantially more accurate and
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stable reconstructions. Among them, Bayesian ridge leads to the lowest overall error,
indicating a greater robustness to measurement noise and limited sensing information.

Table 3: NRMSE of the reconstructed physical fields from GPR forecast.

Cosine

Feature Without DA DA: 10∆t DA: 50∆t DA: 100∆t

Temperature 0.023 0.065 0.019 0.026
CH4 0.013 0.024 0.012 0.014
CO 0.034 0.082 0.031 0.038
CO2 0.022 0.062 0.019 0.025
H2 0.028 0.073 0.025 0.032
H2O 0.020 0.061 0.016 0.023
N2 0.012 0.023 0.011 0.013
O2 0.020 0.061 0.017 0.023
OH 0.036 0.068 0.034 0.039

The latent observations reconstructed by Bayesian ridge were then assimilated
into the Cosine kernel GPR forecast, which corresponds to the least accurate baseline
model among the tested kernels. Figure 14 shows that the EnKF correction improves
the predicted latent coefficients when assimilation is performed every 50∆t = 0.025 s,
reducing both the prediction uncertainty and the discrepancies in amplitude and phase
over the forecast horizon.

The improvement in the predicted coefficients is also reflected in the reconstructed
physical fields. Table 3 reports the NRMSE of the reconstructed physical fields from
the Cosine kernel GPR forecast before and after the EnKF correction at different
assimilation intervals. Among these values, 50∆t provides the best overall performance,
consistently reducing the reconstruction error across all the variables, despite tempera-
ture being the only observed quantity. Unlike the experimental case, the reconstruction
accuracy exhibits a clear dependence on the assimilation interval. This stronger sensi-
tivity can be related to the more restrictive observation scenario considered here, where
only six noisy temperature measurements are used to reconstruct the latent state,
whereas the BIMER case relies on a spatially extended observation window. Conse-
quently, the balance between forecast-error accumulation and observation uncertainty
becomes more dependent on the assimilation frequency.

Increasing the assimilation interval to 100∆t results in errors higher than the
baseline values for all the variables, indicating that the longer intervals between suc-
cessive corrections allow prediction errors in the GPR forecast to accumulate. On the
other hand, reducing the interval to 10∆t leads to even worse predictions, with the
NRMSE values approximately twice those of the baseline case. This suggest that,
under the relatively large measurement noise considered here, a more frequent assim-
ilation repeatedly propagates uncertainty from the sparse latent observations into the
forecast. Consequently, the correction may be influenced by measurements noise before
the GPR forecast has accumulated sufficient error to benefit from a new update. These
results indicate that the effectiveness of the correction depends on an appropriate
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balance between limiting the accumulation of forecast error and avoiding excessively
frequent updates from uncertain sparse observation.

Figure 15 further illustrates the effect of data assimilation in the reconstructed
physical space. The corrected Cosine kernel GPR recovers the main features of the
temperature, CH4, and OH fields, achieving a reconstruction quality comparable to
that obtained with the Periodic kernel, as shown in Figure 12.

Despite the relatively large synthetic temperature perturbations (σnoise ≈ 174 K),
assimilating every 50∆t still improves the reconstruction of the complete thermo-
chemical state, indicating that the proposed framework can remain effective under
substantial random measurement noise. Although this noise level should not be directly
equated with thermocouple measurement uncertainty, it provides a stringent test of
the framework under degraded sensing conditions.

Fig. 15: Comparison between the reference and the reconstructed fields at t = 0.90s
using the GPR with the Cosine kernel corrected through data assimilation every 50∆t.

Although the assimilated Cosine GPR model does not fully outperform the Periodic
one in terms of global reconstruction error, its performance becomes considerably
closer. This result demonstrates that the proposed data assimilation strategy can
partially compensate for deficiencies in the prior GPR forecast, even when only sparse
and noisy temperature measurements are available. Overall, these results support that,
even when the prior forecast is generated by a suboptimal kernel, sparse and optimally
located observations of a single physical variable can be assimilated to improve the
prediction, approaching the results of the best-performing forecast model.
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5 Conclusions

This work presented an uncertainty-aware reduced-order modelling framework com-
bining mPOD, Gaussian Process Regression (GPR), sparse sensing, and Ensemble
Kalman filtering (EnKF) for forecasting combustion dynamics. The framework prop-
agates uncertainty through the reduced-order prediction and assimilation processes,
accounting for the confidence in both the probabilistic GPR forecast and the latent-
state estimates obtained from sparse observations. Across the two test cases, the
Periodic kernel in the GPR model provided the most accurate and robust forecast,
highlighting the benefits of incorporating prior information about the characteris-
tic oscillatory dynamics into the temporal covariance structure of the GPR model.
For the pulsated laminar flame, the mPOD-based representation enabled accurate
GPR forecasting of the latent dynamics despite the presence of multiple characteristic
frequencies, by separating their contributions into distinct modes.

A systematic assessment of sparse-sensing configurations, inverse reconstruction
methods, and assimilation frequency further clarified the respective roles of these
components in the overall prediction performance. The BIMER results demonstrated
that sparse-sensing performance depends not only on the number of observations but
also on their spatial distribution, accessibility, and the conditioning of the inverse
reconstruction problem. Restricting the sensing domain to a finite observation win-
dow increased the sensitivity to sensor placement and reconstruction method, with
weighted least squares exhibiting the largest variations across configurations. Regu-
larized least squares and Bayesian ridge regression provided more stable latent-state
estimates under these constraints, while the selected 40×40 window offered a suitable
compromise between spatial accessibility and reconstruction accuracy. Furthermore,
increasing the number of available observations or the assimilation frequency did not
systematically improve the forecast. These findings emphasize that the information
content of the observations and their compatibility with the underlying forecast are
more important than the quantity of observational data alone.

For the pulsed laminar flame, assimilating temperature values sampled at only six
optimally selected sensor locations from the numerical solution, with substantial added
noise, corrected the inaccurate prior forecast of the Cosine GPR model, and enabled
reconstruction of the full thermo-chemical state with an accuracy approaching that
obtained using the best-performing Periodic GPR model. Notably, the error reduc-
tion was comparable across the reconstructed thermo-chemical variables, even though
only temperature was assimilated. This demonstrates how an appropriate reduced-
order representation can exploit the coupling between state variables to propagate
information from sparse temperature observations to the broader thermo-chemical
state.

The present framework still presents some limitations. Data assimilation corrects
the latent state but does not modify the underlying GPR dynamics trained offline.
Consequently, dynamics insufficiently represented during training may still lead to
forecast degradation between assimilation events. Future work will therefore focus on
online adaptation of the reduced dynamical model, together with adaptive sensing
strategies and validation under previously unseen forcing conditions. These develop-
ments will pave the way towards adaptive combustion digital twins that combine
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efficient reduced-order prediction with data-driven correction and continuous learning
from sparse observations.
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