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Abstract

This study examines the optimisation of sail or airfoil angles to generate torque in
circular motion, focussing on the interplay of lift and drag forces under constant
wind conditions. Motivated by potential application to wind energy production
and storage, the model considers a sail mounted on the surface of a rotating
flywheel and identifies optimal sail orientations to maximise torque, highlighting
dependence on the ratio of sail speed to wind speed. That is, when the sail travels
slower than the wind speed, there are positions where the sail can utilise drag
whilst travelling downwind; at higher speeds, this is not possible, and maximising
lift whilst mitigating drag is crucial.
We extend the model to a system with multiple evenly spaced sails, showing that
increasing the sail count reduces torque variance, ensuring more stable energy
production. Additionally, the analysis identifies a critical speed threshold above
which the sails hinder rotation, acting only to decelerate the flywheel. Further-
more, sail placement can influence system performance, where the sail radius
affects the torque generated and the optimal radius depends upon the rota-
tional speed. These findings underscore the importance of precise control over
sail parameters to enhance energy capture efficiency.

Keywords: Sail aerodynamics, Circular motion, Optimisation, Wind energy

1



1 Introduction

As society moves towards cleaner energy systems, significant challenges arise concern-
ing the reliability of renewable energy generation. One of the primary difficulties is the
variability in the output from weather-dependent technologies, such as wind, solar,
and tidal energy generation [1]. Addressing this variability requires the use of energy
storage systems that store surplus energy during periods of low demand and release
it when demand exceeds supply. For example, to achieve the national goal of net-zero
carbon emissions by 2050 [2], it is projected that the UK will need energy storage sys-
tems available to provide 29 GW of power to the national grid by 2030, and up to 51
GW by 2050. However, there is currently only capacity to provide 5 GW, and there-
fore supply and demand must be matched closely to reach such targets [3]. As such,
the development of more cost-effective and sustainable energy storage technologies is
vital [4].

One energy storage system being employed in large scales is pumped hydropower,
which pumps water to a higher elevation when there is excess energy, and harnesses
the gravitational potential energy available when in deficit. The largest single energy
storage facility in the UK is the Dinorwig Power Station, which has capacity to supply
1.7 GW for up to 5 hours [5]. Despite the advantages of high output and storage
capacity, pumped hydropower systems are expensive and geographically-constrained.
Another common energy storage facility, for both national grid storage as well as
on much smaller scales, is electrochemical batteries. These are relatively inexpensive
due to their high energy densities [6], but come with their own challenges including
degradation over time [7], fire risks [6, 8], and adverse effects on the environment [4, 9].
Many other systems are also currently being used in smaller scales, such as thermal
energy storage [10, 11], hydrogen electrolysis [12], and compressed air storage [13].
Whilst continuous improvement of existing technologies remains essential, innovative
approaches to energy storage should also be pursued to meet future demands.

One such possibility is a patented device termed a Gyrerg [14], being developed
by renewable energy company VerdErg Renewable Energy Limited [15]. It takes the
form of a concrete flywheel that floats on the surface of a body of water, and stores
energy mechanically by rotating. In order to store significant quantities of energy,
Gyrerg would have to be very large, potentially with a radius on the order of 1 km,
and would be partially supported by a pressurised air cushion beneath, reducing the
wetted surface area. A potential method to offset the losses due to hydrodynamic
drag is to place a number of sails on the surface of the flywheel. These sails would
be constrained to travel in circular motion and could potentially generate additional
torque. A conceptual design of Gyrerg with sails on top is shown in Figure 1, which
shows the potential scale of such a device.

Inspired by this industrial application, this paper presents a simplified two-
dimensional mathematical model regarding the potential torque generated from sails
atop the surface of a flywheel, with the aim of determining the optimal orientation
angle for a sail as it travels in circular motion. Unlike stationary sails, these could rotate
at high speeds, continuously adjusting their orientation in response to the wind, thus
creating a dynamic and complex environment for sail control. This scenario introduces
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Fig. 1: A conceptual design of Gyrerg with sails on top. Taken with permission from
[14].

the challenge of maintaining optimal alignment with constantly varying apparent wind
experienced in circular motion.

The dynamics of sail forces have been extensively studied in both steady-state and
dynamic sailing contexts. Previous research has highlighted the aerodynamic forces
acting on sails, including the lift and drag components, and their dependence on the
sail’s angle of attack and the relative wind speed [16–19]. The effect of dynamic sailing
conditions has also been considered for varying wind and sea conditions [20–22].

A similar concept to the present problem is that of vertical-axis wind turbines
(VAWTs), as both involve surfaces moving in circular motion through an ambient flow
with the goal of producing torque. In particular, Darrieus turbines and cycloturbines
experience continuously changing apparent wind conditions as the blades rotate, caus-
ing the angle of attack and aerodynamic forces to vary throughout the rotation cycle
[23]. As a result, considerable research has been devoted to understanding how blade
orientation affects the performance of these devices.

Traditional Darrieus turbines employ fixed-pitch blades, meaning that the blade
orientation is fixed relative to the rotor, and the angle of attack varies solely due to the
blade position around the rotation. Whilst mechanically simpler, fixed-pitch turbines
can suffer from poor starting characteristics and large variations in aerodynamic load-
ing. To overcome these limitations, variable-pitch configurations have been developed
in which the blade orientation changes throughout the rotation cycle. These systems,
often referred to as cycloturbines, have been shown to improve both starting torque
and aerodynamic efficiency compared with fixed-pitch designs [24].

The optimisation of blade pitch angles in vertical-axis wind turbines has been
widely studied using both numerical and experimental methods. For fixed-pitch config-
urations, optimisation is commonly carried out by introducing a constant pitch offset
and evaluating its influence on aerodynamic performance across a range of operating
conditions. This is typically implemented using blade-element or CFD-based frame-
works, where the power coefficient and torque characteristics are mapped as functions
of pitch angle and tip-speed ratio to identify favourable operating regimes [25, 26].
These studies show that the choice of fixed-pitch angle has a strong influence on stall
onset, torque fluctuations, and overall aerodynamic efficiency [26].
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Passive variable-pitch systems represent an intermediate class, in which the blade
is allowed to rotate relative to the rotor through purely mechanical constraints rather
than active control of the pitch angle. Such configurations have been shown to improve
starting behaviour and aerodynamic performance while maintaining relatively simple
mechanical design. Kirke and Paillard demonstrated that passive pitch mechanisms
can achieve performance improvements by reducing adverse angles of attack during
rotation [24]. These approaches retain the periodic nature of the aerodynamics but
modify the instantaneous blade incidence in a way that partially alleviates stall and
reduces cyclic loading. One such study, by Elkhoury et al, investigates the effect of
a passive variable-pitch design, where the pitch is prescribed by the mechanism, and
then is both experimentally and numerically tested to compare to the fixed-pitch case
[27]. Whilst improvements are seen, a passive control mechanism would not allow for
modified control strategies in changing wind conditions.

Active pitch control strategies extend this concept by prescribing the blade pitch
as an explicit function of azimuth angle or operating state, and achieving these pitch
angles using on-board actuators. In this framework, optimisation is carried out by
tuning the pitch schedule to maximise aerodynamic performance or reduce unsteady
loads. CFD-based studies of H-rotor turbines show that optimised pitch profiles can
significantly enhance power extraction and improve flow attachment by mitigating
dynamic stall effects [28]. Sensitivity analyses further demonstrate that performance
is strongly dependent on the amplitude and phase of the pitch variation, indicating
that relatively small changes in the control law can have a large impact on turbine
behaviour [29]. Experimental and numerical investigations of actively controlled Dar-
rieus turbines similarly show improvements in both starting torque and steady-state
performance compared with fixed-pitch operation [30–33]. Delafin et al. use an active
control strategy in only the upstream part of the turbine, where the angle of attack
of the blades is bounded by a set angle, and this limiting angle is varied (6◦, 8◦, 10◦),
with all three limits leading to a significant increase in power coefficient [34]. They do
not consider the downstream part of the turbine, fixing the pitch angle at zero, since
their expression for the angle of attack is based on a number of assumptions that are
not valid for the downstream blades, overall requiring an undisturbed uniform velocity
field.

Despite the similarities between these systems and the present work, several impor-
tant differences remain. In the vertical-axis wind turbine literature, the primary
objective is typically to maximise power extraction from the flow or overall turbine
efficiency, which requires maximising the product of torque and angular velocity.
In contrast, the present study focuses on maximising the torque generated by sails
mounted on a large rotating flywheel, where the angular speed of the flywheel con-
strains the angular velocity of the sails. Furthermore, most modern investigations of
variable-pitch turbines rely on detailed numerical aerodynamic models that incorpo-
rate effects such as dynamic stall, wake interactions, and flow separation. Here, we
instead adopt a reduced-order quasi-steady model that enables analytical investiga-
tion of the optimal sail (or airfoil) orientation, under the assumption that the sails are
significantly more spaced than the blades of a VAWT and as a first approximation we
ignore wake interactions, turbulence, and downstream effects.
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Accordingly, the present work may be viewed as complementary to the variable-
pitch VAWT literature. Rather than providing a detailed numerical description of
a specific turbine configuration and active-control, the aim is to develop analytical
insight into the optimal orientation of a surface constrained to move along a circular
trajectory, at all positions and for higher ranges of angles of attack. This simplified
framework highlights how the optimal sail orientation depends on the relative mag-
nitudes of the wind speed and rotational speed, and clarifies the role of orientation
control in circular aerodynamic systems.

In this study, we therefore consider a simplified model of a sail moving along
a circular trajectory under steady background wind conditions. The objective is to
determine the optimal control of the sail’s orientation in response to the continuously
varying apparent wind experienced during rotation. Section 2 outlines the force model
and derives the optimal orientation for a single sail using simplified lift and drag coef-
ficients. Section 3 extends the analysis to multiple evenly spaced sails, then Section 4
uses experimental lift and drag coefficients from the NACA-0012 Airfoil [35] to com-
pare with the results from the simplified model. Finally, Section 5 discusses physical
considerations and limitations of the model.

2 Mathematical Formulation of the Problem

We characterise the sail by its angular position θ and its instantaneous velocity Vs.
As shown in Figure 2(a), we orient the coordinate axes such that the wind is blowing
down the y-axis with velocity Vw, and θ = 0 corresponds to the sail velocity Vs being
directly into the wind. That is, we have

Vw = −Vwj, (1)

Vs = Vs(− sin θi+ cos θj), (2)

where Vw and Vs represent the magnitude of the wind and sail velocities respectively.
Another important concept is that of ‘apparent wind’, which is the wind that a

moving object actually experiences. The apparent wind velocity is simply the wind
from the reference frame of the sail and can therefore be found by subtracting the sail
velocity from the wind velocity:

VA = Vw − Vs = Vs sin θi− (Vw + Vs cos θ)j. (3)

2.1 Forces on a Sail

In two dimensions, the force on the sail can be decomposed into its components per-
pendicular and parallel to the apparent wind, which are referred to as the lift force FL

and the drag force FD, respectively. These are shown in Figure 2(b), where we can see
that, depending on the sizes of the lift and drag forces, as well as the apparent wind
angle θA and sail offset angle σ, the resultant force from the wind FR = FL + FD

could have a positive component in the sail’s direction of travel, even if the sail is
moving partially into a headwind. This is similar to how a boat can sail upwind.
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Fig. 2: (a) Plan view of a sail characterised by its angular position θ and velocity Vs,
at a distance Rs from the centre of rotation. (b) Plan view schematic of the forces
on a sail, the apparent wind velocity VA at angle θA, sail offset angle σ, and angle of
attack α = θA − σ. (Oriented such that the sail velocity is directed upward.)

The magnitudes of the lift and drag forces on the sail have the same form, given by

FL =
1

2
ρcLAV

2
A, (4)

FD =
1

2
ρcDAV 2

A, (5)

where ρ is the density of the air, A is the cross-sectional area of the sail, VA is the
apparent wind speed, and cD, cL are the coefficients of drag and lift respectively. These
coefficients are dependent on the angle of attack α which, as shown in Figure 2(b),
is given by α = θA − σ. Note that, in this paper, we refer to the angle between the
apparent wind velocity and the sail velocity as the apparent wind angle (θA), and
the angle between the apparent wind velocity and the sail as the angle of attack
(α = θA − σ). The dependence of the lift and drag coefficients on the angle of attack
is empirical and would need to be determined for the specific sail or airfoil being
employed. However, some approximations are used later to explore the behaviour of
the sails, taking lift and drag data from a NACA airfoil [35]. The component of the
resultant force, FR, in the direction of the sail velocity is given by

Fs = FL sin θA − FD cos θA, (6)

where FL and FD are dependent on the angle of attack (α = θA − σ).
In the remainder of this section, we seek the optimal sail offset angle σ∗ for each

position θ that maximises the driving force in the direction of the sail velocity. This
is equivalent to maximising the torque provided by the sail. In doing this, we are
neglecting the effects of the perpendicular forces which may push the whole system
downwind, since these are not considered useful.
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2.1.1 Apparent Wind Angle

The first step to optimising the sail offset angle σ is to determine the apparent wind
angle θA at any angular position θ. Since θA is the angle between the apparent wind
and the sail velocity, we can determine θA using the cosine rule to get

cos θA =
(−VA) · Vs

|VA||Vs|
=

Vs + Vw cos θ

|VA|
=

Vs + Vw cos θ
√

V 2
s + V 2

w + 2VwVs cos θ
. (7)

Now, we need to consider when θA will be larger or smaller than π. Due to the wind
direction being fixed in the negative y-direction, we can determine that the sign of
θA − π depends on the sign of the x-component of the sail velocity (2). Therefore, we
determine that θA ∈ [0, π] when sin θ ≤ 0 (π ≤ θ ≤ 2π) and, conversely, θA ∈ (π, 2π)
when sin θ > 0 (0 < θ < π). As such, we can write the apparent wind angle explicitly
as

θA(Vr, θ) = arccos

(

Vr + cos θ
√

V 2
r + 1 + 2Vr cos θ

)

, π ≤ θ ≤ 2π, (8)

θA(Vr, θ) = 2π − arccos

(

Vr + cos θ
√

V 2
r + 1 + 2Vr cos θ

)

, 0 < θ < π, (9)

where Vr = Vs/Vw is the ratio of the sail speed to wind speed, and is often termed the
tip-speed ratio. We can see, therefore, that the apparent wind angle depends only on
the relative sizes of the two speeds as well as the angular position of the sail. Figure 3
shows θA as a function of θ for multiple Vr values.

Fig. 3: The apparent wind angle θA vs the sail’s angular position θ for multiple
Vr = Vs/Vw values.

Let us consider the limiting cases:
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• Vr ≪ 1: The sail speed is significantly lower than the wind speed. That is, the sail
and rotating surface are almost stationary compared to the wind. In this case

θA ∼ 2π − θ + Vr sin θ +O(V 2
r ).

In the limit Vr → 0, we have θA → 2π−θ, where the apparent wind and ‘true wind’
become the same.

• Vr → ∞: The wind speed is significantly lower than the sail speed. In this case

θA ∼

{

− sin θ

Vr

, π ≤ θ ≤ 2π,

2π − sin θ

Vr

, 0 < θ < π,
+O

(

V −2
r

)

.

Approximately, we have θA ≈ 0 or 2π, since the apparent wind is simply due to the
velocity of the sail itself, and therefore the sail will experience a headwind.

• Vr = 1: The wind speed and sail speed are equivalent.

θA =

{

π − θ

2
, π ≤ θ ≤ 2π,

2π − θ

2
, 0 < θ < π.

The apparent wind angle varies linearly with position, with a discontinuity at θ = π,
where the apparent wind vanishes and the angle jumps by 180◦. This is the only
non-trivial case where the magnitude of the apparent wind VA can be zero, occurring
only at θ = π.

From Equations (8) and (9), we can also determine when a sail moves downwind
with respect to the apparent wind, that is, when π/2 < θA < 3π/2. This will occur if
and only if the argument of the arccos expression is negative, which corresponds to

Vr < − cos θ. (10)

Hence, the apparent wind can only be behind the sail if 0 ≤ Vr < 1 and π

2
< θ < 3π

2
.

This can be seen in Figure 3, where for Vr > 1(Vr = 1.1, 10) θA is never in [π/2, 3π/2]
and thus the sail never experiences a tailwind. However, for Vr < 1(Vr = 0.1, 0.9) we
can see in the figure that there is a continuous interval for θ ∈ (π/2, 3π/2) where the
sail feels an apparent tailwind. The length of this interval for θ is dependent upon Vr,
where a lower Vr will have a longer interval experiencing a tailwind compared with a
higher Vr.

2.2 Effect of Asymmetry of Sail

The sails used could be either flexible (invertible) sails, similar to that on a boat where
the sails can bend with respect to the wind direction, or they could be rigid like an
airfoil, where the curvature is fixed. The type of sail is important as some will possess
180-degree rotational symmetry, like a rectangular sail or flat plate, whereas others will
not, such as most airfoils or even most sails used on sailing boats. This has an effect on
the continuity of the optimal σ values, which will be shown in Section 2.4. In order to
make progress, we will assume that the sail is not rotationally symmetric, but recognise
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that certain discontinuities in σ could be resolved with a rotationally symmetric sail.
It is important to note that it is rotational symmetry that is required to remove these
discontinuities; an airfoil with no camber (which has reflective symmetry) does not
have to be rotationally symmetric (for example, Figure 5(c)). The terms “symmetric”
and “asymmetric” from hereon refer to rotational symmetry.

In the next section, we find it necessary to place bounds on σ for an asymmetric
sail, since the approximate forms of the lift and drag coefficients we use are symmetric.
To do this, we impose that the lift force has a positive component in the direction
of the sail velocity and that the wind is always blowing into the same side of the
sail. This is shown diagrammatically in Figure 4, where the apparent wind is always
blowing into the concave side of the sail. We note that the figure shows a cambered
sail/airfoil, but these bounds would also apply to a zero-camber airfoil that does not
possess rotational symmetry (like Figure 5(c)). We can ascertain from Figure 4 the

Fig. 4: The minimum and maximum σ values in our optimisation constraint for both
(a) 0 ≤ θA ≤ π and (b) π ≤ θA < 2π.

following bounds:

0 ≤ σ ≤ θA, or θA +
3π

2
≤ σ ≤ 2π : 0 ≤ θA <

π

2
, (11)

θA −
π

2
≤ σ ≤ θA :

π

2
≤ θA ≤ π, (12)

θA − π ≤ σ ≤ θA −
π

2
: π < θA < 2π. (13)

These bounds are used in the numerical calculations to solve for the optimal σ, how-
ever, it is worth noting that with lift and drag coefficients for an asymmetric sail,
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these bounds would not need to be used as the asymmetrical lift and drag coefficients
should place the optimal σ within these bounds anyway.

2.3 Determining the Optimal Sail Offset Angle

Let us denote the optimal sail offset angle by σ∗. We seek the optimal sail offset angle
by maximising Fs in (6), the force in the direction of the sail velocity. This is equivalent
to maximising the torque from the sail. Combining the expressions in Equations (4),
(5), and (6), we know that

Fs =
1

2
ρAV 2

A [cL(θA − σ) sin θA − cD(θA − σ) cos θA] , (14)

where cL(θA−σ), cD(θA−σ) are the lift and drag coefficients as functions of the angle
of attack, α = θA − σ.

Since θA is a function of θ and Vr, the optimal σ will depend not only on the
sail’s position but also the relative wind speed, as expected. The 1

2
ρAV 2

A
coefficient in

Equation (14) is always going to be a positive constant whose magnitude is indepen-
dent of σ (see (3)), and therefore we can focus on maximising the expression inside
the square brackets to determine σ∗. As such, we define the objective function

g(σ, Vr, θ) = cL(θA − σ) sin θA − cD(θA − σ) cos θA, (15)

where θA = θA(θ, Vr). Then, we solve the problem

σ∗(Vr, θ) = argmax
σ∈B

g(σ, Vr, θ), (16)

where B are the bounds for σ given in (11), (12) and (13).

2.3.1 Lift and Drag Coefficients

The calculations in the rest of this paper make use of the following expressions for the
lift and drag coefficients:

cL(α) = a sin 2α, (17)

cD(α) = b sin2 α+ d. (18)

These forms of lift and drag coefficients have π-periodicity and therefore it is important
that we use the bounds on σ stated previously.

To approximate lift and drag coefficients, we could consider elastic collisions
between the air molecules and a flat sail (or plate). In this case, the lift and drag
coefficients would be given by

cL(α) ∝ sin 2α, cD(α) ∝ sin2 α. (19)

In reality, the drag will never be zero even when the sail is aligned to be as stream-
lined as possible, which can be seen in various experimental results [35–37]. As such,
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the additive shift of the drag coefficient was included to arrive at (18). This elastic
collision model matches quite well with post-stall regimes such as those determined
experimentally by Sandia National Laboratory testing seven different (reflectively)
symmetrical NACA airfoil sections [35]. However, it does underestimate the lift at
smaller angles of attack. This may suggest that the optimal σ values calculated in this
section are slightly smaller than they should be. However, later in Section 4, we show
how to resolve this using experimental lift and drag coefficients.

A potential flow formulation was considered as a possible route to obtain analytical
lift expressions, however, such an approach leads to a lift behaviour that is qualita-
tively different at larger angles of attack from the experimentally observed coefficients
used in this work, in particular predicting a maximum lift magnitude near α = 90◦

[38], whereas experimental data (e.g. the NACA-0012 Airfoil in Figure 5) shows lift
decreases to zero at α = 90◦, as would be expected. In addition, while CFD could
provide further insight into the flow physics, accurately predicting separated flows
over the full range of angles of attack considered here would require a substantially
more detailed modelling approach. Since the focus of this work is the optimisation of
the sail motion and orientation rather than detailed flow prediction, we believe that
using experimentally measured lift and drag coefficients provides the most appropriate
balance between physical fidelity and model simplicity.

As an example, Figure 5 shows graphs of the lift and drag coefficients of the NACA-
0012 Airfoil, with data taken from [35], overlain with the approximating sinusoidal
lift and drag coefficients from (17), (18), taking a = 1, b = 1.7, d = 0.1. The NACA-

(a) (b)

(c)

Fig. 5: Experimental (a) lift and (b) drag coefficients for the NACA-0012 Airfoil [35],
with cL(α) = sin (2α) and cD(α) = 1.7 sin2 α+ 0.1 overlain in blue. The shape of the
NACA-0012 Airfoil is shown in (c).

0012 Airfoil is an example of an airfoil that has no camber and possesses reflective
symmetry along its long axis, yet does not have rotational symmetry. This can be seen
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in the experimental data in Figure 5(a) where the magnitude of the lift coefficient is
larger at α = π/4 compared to α = 3π/4. This is not captured by the sinusoidal lift
and drag coefficients, and hence why the bounds can be required for airfoils with no
camber, if they are not rotationally symmetric.

2.4 Results for a Single Sail

Using the lift and drag coefficients (17) and (18) within (16), the values for σ∗ were
calculated for varying θ and Vr values. These are shown in Figure 6. For Vr < 1, we
can see that there is a single discontinuity at θ = 0, 2π, which corresponds to the
point where the sail is travelling directly into the headwind. As mentioned previously,
this discontinuity does not exist for a rotationally symmetric sail and is therefore only
applicable for an asymmetric one. Additionally, as one might expect, we see that the
optimal sail offset angle is perpendicular to the wind at θ = π, where maximising
the drag force is most advantageous when sailing with a tailwind. In contrast, for

(a) (b)

Fig. 6: The optimal sail offset angles σ∗ for (a) Vr < 1 and (b) Vr > 1. The dashed
lines are given by σ∗ = θA/2 (35), which is the exact solution for 2a = b.

Vr > 1, there are two noticeable differences. The first is that the magnitudes of the sail
offset angles tend to 0 and π, as Vr increases. This is due to the apparent wind angle
decreasing as Vr increases, and therefore the sail offset also decreases to compensate.
The other difference is that there are two discontinuities in σ∗ for Vr > 1, at θ = 0
and θ = π. This extra discontinuity arises due to the sail now experiencing a headwind
instead of a tailwind as it passes through θ = π, in which case the behaviour is
similar to that at θ = 0. Therefore, in this model a symmetric sail would be preferred,
especially when rotating at higher speeds, in order to avoid these discontinuities.

Figures 7 and 8 show a single sail at its optimal offset angles at various positions
around the circle, effectively providing snapshots through time. For Vr < 1 (Figure
7), the sail follows a smooth rotation, with streamlined orientations on the windward
side (0 ≤ θ ≤ π/2 and 3π/2 ≤ θ ≤ 2π) and broader orientations on the leeward side,
consistent with the behaviour predicted by Figure 6. In contrast, for Vr > 1 (Figure
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(a) (b)

Fig. 7: A single sail at its optimal offset angles through snapshots in time for (a)
Vr = 0.1 and (b) Vr = 0.9.

(a) (b)

Fig. 8: A single sail at its optimal offset angles through snapshots in time for (a)
Vr = 1.1 and (b) Vr = 10.

8), the sail orientations tend to align more closely with the apparent wind for most of
the rotation, particularly on the leeward side (π/2 < θ < 3π/2), reflecting the reduced
optimal offset angles at higher speeds. The main difference between these two regimes
is that, for Vr < 1, the sail maximises drag near θ = π, whereas for Vr > 1 this effect
is diminished. What is not visible in these snapshots, but is evident in the graphs of
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σ∗ versus θ (Figure 6), are the discontinuities at θ = 0 and θ = π. As mentioned
earlier, these discontinuities arise from rotationally asymmetric sails, however, the
figures represent the sail as a straight line, effectively showing the smooth trajectory
corresponding to a rotationally symmetric sail.

Since the optimal sail offset angle, σ∗(Vr, θ), can be calculated at any position given
the sail and wind speeds, we can determine the optimal driving force, and therefore
torque, generated by a single sail as it rotates. Scaling the torque with the square
of the wind speed and other constant terms, we get the following expression for the
optimised dimensionless torque,

τ∗ =
2τ

ρAR1V 2
w

=
2RsFs(σ

∗)

ρAR1V 2
w

,

=
Rs

R1

(

V 2
r + 1 + 2Vr cos θ

)

(cL(θA − σ∗) sin θA − cD(θA − σ∗) cos θA) , (20)

where τ∗ = τ∗(Vr, θ) is the dimensionless optimised torque,R1 is a reference radius (for
example, the outer radius of the flywheel), and Rs is the radius at which the sails are
placed. R1 is used as the reference radius to allow for analysis of finding the optimal Rs

value. This is plotted against θ for multiple Vr values in Figure 9. We can see that the

Fig. 9: The dimensionless optimised torque generated by a single sail (with Rs = R1).

most effective positions are generally close to θ = π/2 and θ = 3π/2, which correspond
to where the sail is travelling perpendicular to the wind direction. This result is to
be expected given that the direction for sailing fastest in a boat is perpendicular to
the wind [39]. Additionally, we can see that the torque generated is symmetric about
θ = π. That is, the torque generated depends only on the x-coordinate of the sail,
since the wind is blowing directly down the y-axis.
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2.4.1 Further Analytical Progress

Here, we consider further analytical progress that can be made using sinusoidal lift
and drag coefficients given in (17) and (18), for arbitrary a, b, d. In particular, we
consider the relationship between σ∗ and θA in the asymptotic limit that the lift and
drag forces are imbalanced.

We seek a turning point of g(σ, Vr, θ) (in terms of σ), which satisfies

c′L(θA − σ∗) sin θA = c′D(θA − σ∗) cos θA. (21)

Using the lift and drag coefficients along with (21), we arrive at

2a

b
tan θA = tan (2 (θA − σ∗)), cos θA ̸= 0. (22)

If we consider the two specific θA values where the apparent wind velocity is
perpendicular to the sail velocity (and therefore cos θA = 0), we can determine that

σ∗

(

θA =
π

2

)

=
π

4
, (23)

σ∗

(

θA =
3π

2

)

=
3π

4
. (24)

These two values for σ∗ correspond to maximising the lift force without considering
the drag forces. This is because, in this model the forces perpendicular to the torque
are ignored, and cos θA = 0 corresponds to the drag being directly perpendicular to
the direction of travel of the sail.

We now consider the case when cos θA ̸= 0, and rearrange Equation (22) for σ∗ to
arrive at

σ∗ = θA +
kπ

2
−

1

2
arctan

(

2a

b
tan θA

)

, k ∈ Z. (25)

A complication herein lies with determining k as a function of θA such that the bounds
(11) - (13) are satisfied. The value that k(θA) takes is also dependent upon a and b.
Thus, we consider the asymptotic limits of the term inside the arctan argument where
k(θA) can be determined explicitly.

We first consider the case when the drag force is much larger than the lift force.
This can be either due to the relative size of b compared to a (b ≫ a), or the apparent
wind angle is close to a headwind or tailwind (θA → 0, π). In either case, we can take
an asymptotic approach and let

2a

b
tan θA = ϵ, |ϵ| ≪ 1. (26)
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This gives the asymptotic expansion

σ∗ ∼ θA +
kπ

2
−

a

b
tan θA +

4a3

3b3
tan3 θA +O

(

ϵ5
)

. (27)

Using σ∗ = θA + kπ

2
+O(ϵ) and the bounds (11), (12), (13), we can easily determine

that

k =

⎧

⎨

⎩

0, 0 ≤ θA < π

2
,

−1, π

2
≤ θA ≤ 3π

2
,

−2, 3π

2
≤ θA < 2π,

(28)

to give

σ∗ =

⎧

⎨

⎩

θA, 0 ≤ θA < π

2
,

θA − π

2
, π

2
≤ θA ≤ 3π

2
,

θA − π, 3π

2
≤ θA < 2π,

+O(ϵ), (29)

where the higher order terms are the same as in Equation (27). This simply tells us
that if drag forces are significantly more important than lift forces, then, if the sail is
travelling into the apparent wind (0 ≤ θA < π

2
or 3π

2
< θA < 2π), the sail should be

streamlined to minimise the drag by having the angle of attack (α = θA − σ) close
to zero. Conversely, if the sail is travelling with the apparent wind

(

π

2
≤ θA ≤ 3π

2

)

,
then the angle of attack should be close to π/2 so that the sail is perpendicular to the
apparent wind and can maximise the drag force.

We now consider the opposite case, where the lift force is significantly more impor-
tant than the drag force, either due to an imbalance in the size of b compared to a
(a ≫ b), or the apparent wind angle is close to perpendicular to the direction of travel
of the sail (θA → π/2, 3π/2). In this case, we also consider an asymptotic approach,
where we take

2a

b
tan θA =

1

ϵ
, |ϵ| ≪ 1. (30)

This gives the asymptotic expansion

σ∗ ∼ θA +
π

4
(2k − 1) +

b

4a
cot θA −

b3

48a3
cot3 θA +O(ϵ5). (31)

The values for k here, however, are different depending upon θA,

k =

{

0, 0 ≤ θA < π,
−1, π ≤ θA < 2π,

(32)

which gives

σ∗ =

{

θA − π

4
, 0 ≤ θA < π,

θA − 3π

4
, π ≤ θA < 2π,

+O(ϵ), (33)

where the higher order terms are the same as in Equation (31). This shows that the
sail will be maximising the lift force by being approximately 45 degrees offset to the
apparent wind.
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2.4.2 2a = b

The optimal sail offset angle simplifies greatly for the specific case when 2a = b. While
quite specific, this case is not too far from our approximation for the NACA-0012
airfoil shown in Figure 5, which we are approximating with a = 1, b = 1.7.

In the specific case that 2a = b, we have from (25) that

σ∗ =
θA
2

+
kπ

2
, k ∈ Z, (34)

where using the bounds (11) - (13) determines k = 0, for all θA. That is, the optimal
sail angle in the case that 2a = b is simply half the apparent wind angle:

σ∗ =
θA
2
. (35)

This is plotted in Figure 6 as the dashed lines, where we see quite close agreement to
the numerical results with a = 1, b = 1.7.

3 Multiple Sails

Next, we consider a generalisation to the case of multiple sails. For simplicity, we con-
sider evenly spaced sails around a circle and make the key assumption that the sails
do not interact or interfere with each other and can therefore be optimised indepen-
dently. Therefore, a number of evenly spaced sails optimised individually at a single
moment in time would appear the same as for a single sail at different moments in
time. That is, Figures 7 and 8 are equivalent to the orientation of 40 evenly spaced
sails at a particular moment in time.

In reality, with ‘closely’ spaced sails, the interaction between the sails would cause
this model to break down. This interaction between closely spaced sails is considered
in [40] for two sails on the same ship, and in [41] for two ships sailing close to each
other. As the upwind sails ‘shield’ the sails that are further downwind, the downwind
sails would be heading more into a headwind due to their velocity, and therefore those
sails would need to have a smaller σ value than calculated for a single sail, and overall
would be less advantageous to generating torque. Additionally, the wind would be
more turbulent for the downwind sails, affecting their performance as well. This is
a common problem with wind turbines as well. For example, a spacing of 10 rotor
diameters can decrease power output by more than twenty-percent, with still a ten-
percent decrease in power output at 28 rotor diameters apart [42, 43]. The distance
D between N evenly spaced sails is given by

D = 2RS sin
π

N
≈

2πRS

N
, N ≫ 1. (36)

Thus, the number of sails must be carefully chosen dependent with respect to their
size and shape in order to limit the effects between them. For instance, if we bound
(36) by n sail widths (D > nDS), then we find N < 2πRS/nDS .
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The total (dimensionless) torque produced by N evenly spaced sails is given by

τTOT(Vr, θ) =
N−1
∑

k=0

τ∗(Vr, θ +
2πk

N
), (37)

where θ denotes the angular position of any one sail—due to the uniform spacing, the
total torque is independent of which sail is chosen as the reference. By numerically
calculating τTOT over θ ∈ [0, 2π], we can determine how variable the wind power is
depending on N , where we expect the total torque to be periodic over a range of
2π/N . The plots in Figure 10 show τTOT for both four and twelve sails, at different
relative rotational speeds. We can see that, not only does the periodicity reduce as N

(a) (b)

Fig. 10: The (dimensionless) torque (37) generated by (a) N = 4 and (b) N = 12
sails for multiple Vr values.

increases, but so too does the variance of the total torque produced. The variance is
almost imperceptible for N = 12 in relation to the magnitude of the torque, and we
can accurately approximate the total torque by its average value. As the number of
sails increases, the sum over the sails approaches the number of sails multiplied by the
average output of each sail over a whole rotation. That is, we can approximate the
dimensionless torque from N sails as

τ̄TOT(Vr) ≈
N

2π

∫ 2π

0

τ∗(Vr, θ) dθ. (38)

3.1 Dependence on Angular Velocity

We may also be interested in the dependence of the wind torque on the angular velocity
of the sails (and flywheel) ω. This establishes itself in the dependence on Vr, since, for
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a given wind speed and sail radius, the angular velocity is proportional to Vr:

Vr =
Vs

Vw

=
ωRs

Vw

. (39)

Figure 11 shows the dependence of the torque on Vr, where we can see that not only is
the torque proportional to N , but also that the sails start counteracting the rotation
of the device at some critical value Vr0, which is approximately 1.5 in this case. This
suggests that the operational angular velocity should not often exceed 1.5 times the
wind velocity divided by the sail radius. However, this value of Vr0 at which the sails
become a hindrance is sensitive to the lift and drag coefficients.

Fig. 11: The dimensionless mean torque (τ̄TOT) (38) scaled by N , as a function of Vr,
given the sail radius is constant. Since the sails are assumed to be non-interacting, the
mean total torque from N sails divided by N is simply the average torque produced
from one sail over a full revolution.

In fact, increasing the drag coefficient will result in a decrease in the value of Vr0.
This is shown in Figure 12, where Vr0 is plotted against b and d with cD = b sin2 α+d.
In both cases, an increase in the drag coefficient results in a decrease in Vr0. For d = 0,
the torque is always positive as the drag can always be reduced to zero, and thus the
sails never become a hindrance (i.e. Vr0 → ∞). However, for d > 0, this is not possible
as the hindrance due to the drag can never be completely removed, and at high enough
speeds the detrimental drag will dominate any gains from lift. Thus, accurate lift and
drag coefficients are important in determining the operating limits for useful sails.
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(a) (b)

Fig. 12: The critical rotation speed Vr0 versus (a) b for cD(α) = b sin2 α+ 0.1, (b) d
for cD(α) = 1.7 sin2 α+ d.

3.2 Dependence on Sail Radius

The previous work assumes that the sails are at some sail radius Rs from the centre of
rotation. The choice of Rs is restricted by the size and shape of the setup. However, for
a given angular velocity and wind speed, the dependence of Fs on Rs (14) is the same
as the dependence on Vr given in Section 3.1, since Vr = ωRs/Vw. Therefore, the force
will be a monotonically decreasing function of Rs, which may at first suggest to have
the sails as close to the inner edge as possible. This is true for maximising the force
provided by the sails, since it reduces the tangential velocity of the sails. However, the
torque is proportional to the product of the sail radius and the force. Therefore, it is
not trivial that the sails should be placed at either the innermost or outermost edge.
In fact, we find there is a single radius that maximises torque for a given ω > 0.

Figure 13 shows the dimensionless torque produced from 12 sails as a function of
Rs/R1. Each curve represents a different ratio of angular velocity to wind velocity,
where ωR1/Vw = VrR1/Rs is an analogue to Vr but for a constant reference radius
R1—the outer radius of the flywheel—since Rs is being varied. We can see that for
higher operating angular velocities, the maximum torque will come from a smaller
Rs, whereas, conversely, for lower angular velocities, the sails would be more effective
placed closer to the outer edge.

If we consider the mean torque as a function of just the sail radius and angular
velocity, with all other parameters held constant, we can write

τ(ω,Rs) = RsF (Vr(ω,Rs)), Vr =
ωRs

Vw

,

where the force F (Vr) is a monotonically decreasing function of the tip-speed ratio Vr.
In Section 3.1, it was seen that the torque is a decreasing function of ω for a constant
sail radius, which naturally holds since the torque is a constant multiple of the force
given a constant sail radius. If we instead consider a constant angular velocity, then
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Fig. 13: The dimensionless mean torque (38) scaled by N , as a function of the dimen-
sionless sail radius.

the optimal sail radius R∗

s gives

∂τ

∂Rs

⃓

⃓

⃓

⃓

Rs=R∗

s

= F (V ∗

r ) + V ∗

r F
′(V ∗

r ) = 0, (40)

where V ∗

r = ωR∗

s/Vw is the optimal tip-speed ratio. Since V ∗

r is solved for implicitly
through (40), with no explicit dependence on either the sail radius or angular velocity,
this optimal tip-speed ratio is true for any angular velocity, with the optimal sail
radius given by

R∗

s = min

{

VwV
∗

r

ω
,R1

}

.

This constrains the sail to being placed on the flywheel, since R1 is the outer radius
of the flywheel. Hence, the optimal sail radius is inversely proportional to the angular
velocity, limited by R1. This is seen in Figure 14. The particular value of V ∗

r that
solves (40) in this case is approximately V ∗

r ≈ 0.566.

3.3 Radial Forces

So far, we have only discussed the component of force in the direction of the sail
velocity, as this is the component that will provide the torque we wish to maximise.
However, each sail will also provide a component of force that is perpendicular to the
rotation and acting radially with respect to the rotating device. The magnitude of this
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Fig. 14: Dimensionless plot of the optimal sail radius R∗

s as a function of angular
velocity ω. The dashed black line represents inversely proportional behaviour.

radial force is given by

FRAD = FL cos θA + FD sin θA,

=
1

2
ρAV 2

A (cL(θA − σ∗) cos θA + cD(θA − σ∗) sin θA) , (41)

or, nondimensionalising,

F̂RAD =
2FRAD

ρAV 2
w

= (V 2
r + 1 + 2Vr cos θ) (cL(θA − σ∗) cos θA + cD(θA − σ∗) sin θA) ,

(42)

where F̂RAD is a dimensionless force term and the direction of this radial force is 90
degrees clockwise of the sail velocity. Therefore, the radial force from a single sail is
in the direction cos θi+ sin θj.

The magnitude of the radial force as a function of θ is shown in Figure 15(a). The
force reaches its largest magnitude when the sail moves approximately perpendicular
to the wind (θ ≈ π/2, 3π/2). This behaviour is consistent with expectations when
maximising the torque: when the sail travels directly with or against the wind, the
drag force is either maximised or minimised, causing the radial component—the lift
force—to vanish.

From this figure, we also observe that F̂RAD is an odd function about θ = π. The
force in the x-direction—perpendicular to the wind—is given by F̂RAD cos θ, which
is likewise odd about θ = π. Consequently, the net force in the x-direction from a
sufficient number of evenly spaced sails would cancel out. In contrast, the force in
the wind direction is given by F̂RAD sin θ, shown in Figure 15(b). This component is
even about θ = π, meaning that the net force from multiple sails (or the total output
from a single sail completing a full rotation at constant angular velocity) acts to push
the flywheel downwind. This resultant downwind force would therefore need to be
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(a) (b)

Fig. 15: (a) The magnitude of the radial force from a single sail F̂RAD (42) and (b)
the component of the radial force from a single sail that is in the direction of the wind,
F̂RAD sin θ.

counterbalanced by another mechanism to hold the device in position if required—such
as with Gyrerg.

4 Results With Experimental Coefficients

In this section, we show the results for σ∗ using a cubic spline interpolation of
the experimental data for lift and drag coefficients. The interpolants are shown in
Figure 16.

Fig. 16: The experimental data for lift and drag coefficients of the NACA-0012 Airfoil
[35], with cubic spline interpolants overlain.

We seek to understand and emphasise the differences between the optimal sail
offset angles using the experimental data compared to those calculated using the
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Fig. 17: The optimal sail offset angle σ∗ vs position θ using the experimental lift and
drag coefficients, with the simple sinusoidal model result shown as the dashed line.
(Left) Vr = 0, (Right) Vr = 0.5.

simple sinusoidal model already presented. Comparing the lift and drag coefficients (in
Figure 5), the main difference is at small angles of attack, where the simple sinusoid
significantly underestimates the lift coefficient in the pre-stall region. Just from this
observation, we expect that when the sail is travelling into the wind, where lift is to be
maximised and drag minimised, that the optimal sail offset angle will place the angle
of attack in the pre-stall region. Conversely, when the sail is experiencing a tailwind,
and drag is to be maximised, we expect σ∗ to place the angle of attack in the post-stall
region, where the simple sinusoid captures this behaviour much better.

Figure 17 shows the optimal sail offset angle with respect to position for Vr = 0
and Vr = 0.5, both of which are regimes where the sail will experience both a tailwind
and headwind at different points around the circular trajectory. We see in both cases
that there are sections where the simple sinusoidal model closely matches the results
using the experimental data, which corresponds to the drag-maximising, tailwind part
of the sail’s path. As expected, however, when the sail experiences a headwind (θ close
to 0, 2π), there is a much larger discrepancy with the simple model.

When the sail never experiences a tailwind (Vr > 1), we see a qualitative but
not quantitative agreement between the models, since the angle of attack remains
within the pre-stall region. This is shown in Figure 18. In this situation, where the
sails are never expected to experience a high angle of attack, we may want to make
a different simple approximation for the lift coefficient, only taking into account the
pre-stall behaviour. The pre-stall region of the NACA-0012 airfoil lift coefficient is
approximated well by cL ≈ sin 6α, which for small angles of attack approximately
agrees with the classic thin airfoil result cL ≈ 2πα [44]. Using this alternative simple
approximation for the lift coefficient, Figure 19 compares the resulting optimal sail
offset angle with that obtained from the interpolated experimental data for Vr = 1.5.
The close agreement between the two curves demonstrates that, when the sail operates
entirely within the pre-stall regime, a simple approximation based solely on the small-
angle lift characteristics is sufficient to reproduce the optimal sail orientation. We
emphasise that we only changed the lift coefficient to approximate the pre-stall regime,
and kept the drag coefficient the same, since the previous lift coefficient approximation
was significantly less accurate at small angles of attack.
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Fig. 18: The optimal sail offset angle σ∗ vs position θ using the experimental lift and
drag coefficients, with the simple sinusoidal model result shown as the dashed line.
(Left) Vr = 1.1, (Right) Vr = 1.5.

Fig. 19: The optimal sail offset angles σ∗ for Vr = 1.5, using the experimental data
interpolants (dotted) and a pre-stall approximation for the lift coefficient cL(α) =
sin 6α (dashed).

5 Physical Considerations and Limitations

The analysis presented has assumed an idealised mathematical framework to opti-
mise sail-driven circular motion. However, real-world applications introduce several
additional complexities that could influence both the accuracy of the model and the
feasibility of implementation. This section outlines key physical considerations that
must be addressed to bridge the gap between theoretical predictions and practical
performance.

5.1 Sail Aerodynamics

The model assumes simple sinusoidal approximations for the lift and drag coefficients,
but in reality, sail performance is highly dependent on aerodynamic factors. Curved
sails, similar to asymmetric airfoils, generate lift more efficiently than flat plates,
particularly at moderate angles of attack. At high angles of attack, flow separation
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increases drag and reduces lift, leading to aerodynamic stall. Additionally, the aspect
ratio of the sail influences vortex shedding and overall aerodynamic efficiency. Fur-
thermore, rapid changes in sail orientation can induce transient flow phenomena that
deviate from steady-state assumptions. In configurations with multiple sails, wake
interactions become a significant factor, as downstream sails experience altered flow
conditions due to turbulence generated by upstream sails. The brief investigation into
using interpolants of experimental lift and drag coefficients takes into account some
of these effects for a single sail, however, a more refined analysis should incorporate
effects between sails.

5.2 Mechanical Constraints

The theoretical model assumes that sail orientation can be adjusted instantaneously;
however, practical implementations are subject to mechanical limitations. Actuation
systems introduce response delays, while high rotational speeds induce mechanical
stresses that can restrict sail size and adjustability. Additionally, dynamic sail posi-
tioning requires active control mechanisms, which add complexity to the system’s
operation. These factors constrain the ability of the system to respond optimally to
variations in wind speed and direction, reducing overall efficiency.

5.3 Wind Variability

The present model assumes a constant wind speed and direction, yet real-world
wind conditions are highly variable. Fluctuations in wind speed and turbulence intro-
duce additional challenges in maintaining optimal sail orientation. Rapid changes in
wind direction may require continuous adjustments to sail angles, which could intro-
duce inefficiencies if the response time of the adjustment mechanism is insufficient.
Additionally, gusts can lead to sudden variations in aerodynamic forces, potentially
affecting system stability. Future studies could consider incorporating stochastic wind
models or real-time adaptive control strategies to account for these variations and
improve robustness in dynamic environments.

5.4 Limitations of a Two-Dimensional Model

The current analysis is restricted to a two-dimensional framework, which simplifies the
mathematical formulation but does not fully capture the three-dimensional nature of
sail aerodynamics. In reality, sails experience complex three-dimensional flow patterns,
including spanwise flow effects and induced drag, which are not accounted for in this
model. Additionally, vertical wind shear and variations in aerodynamic forces across
the height of a sail may significantly influence performance. Future extensions of this
work could incorporate three-dimensional effects to improve applicability to real-world
systems.

5.5 Implications for Future Research

To enhance the applicability of this model to real-world sail-driven energy systems,
future research should focus on conducting CFD simulations to examine unsteady
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aerodynamic effects between multiple sails, and developing control strategies for real-
time sail adjustment. By including these considerations, the theoretical framework
presented in this study can be further developed into a viable design tool for optimising
sail-driven energy storage and propulsion systems.

6 Summary

This study developed a model to determine the optimal sail angle for generating torque
in circular motion. By analysing the forces involved, including lift and drag under
varying wind conditions and sail orientations, the model demonstrated that positive
torque could be generated throughout most of the sail’s circular path, except where
headwind effects limit performance.

Key insights include the sensitivity of the optimal sail angle to the relative speeds
of wind and sail. When the sail speed is lower than the wind speed, the sail encounters
favourable tailwind effects on part of its path, allowing for higher torque generation
due to drag. Conversely, when the sail speed exceeds the wind speed, the sail con-
tinuously faces partial headwinds, making it more advantageous to minimise drag by
aligning the sail more closely with the apparent wind direction, and using lift forces to
generate advantageous torque. These findings underscore the importance of managing
sail angles dynamically to maximise power generation.

The analysis was extended to multiple sails, revealing that increasing the number
of sails reduces torque variance over a rotation cycle. This suggests that in practical
applications, with a sufficient number of sails, torque output would remain almost
steady, promoting stable energy generation for a given wind speed and rotational
velocity. However, as the system’s rotational velocity increases, the sails begin to
counteract the device’s rotation due to headwind forces, highlighting a rotational speed
threshold beyond which the sails may hinder rather than aid the system’s performance.

Further research should focus on accurately determining the lift and drag coeffi-
cients for the specific sails to be used in practice, as the model’s predictions are highly
sensitive to these factors. Additionally, engineering considerations should evaluate the
benefits of positioning the sails at varying radii, as the optimal placement may shift
depending on operational speeds and system constraints. Practical implementation
will also require assessing and mitigating potential interference between multiple sails
and addressing the effects of downwind forces on the overall structure.

In conclusion, this study provides a foundational model for sail-driven torque opti-
misation in rotating wind systems. With targeted adjustments, Gyrerg and similar
systems could leverage these insights to enhance their wind energy capture capabilities,
potentially contributing to more sustainable and efficient energy storage solutions.
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