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Abstract

Iterative block matrix inversion (IBMI) approximates the inverse of a symmetric
positive definite matrix through ordered block-inverse updates. We establish an
exact pre-iteration certificate for the asymptotic convergence factor of the full
inverse-error iteration. Each block update induces an energy-orthogonal projec-
tion, and a complete sweep admits a reduced cyclic return representation whose
spectral radius determines the inverse-error factor. We show that the return
matrix can be constructed entirely from the original matrix A through local
principal-block solves, yielding the exact factor ρ(MA)2 without forming A−1

or executing an IBMI sweep.
The return framework provides finite-termination criteria, perturbation bounds,
and a first-order sensitivity formula under a simple dominant-eigenvalue condi-
tion. For two update blocks, nested enlargement cannot increase the exact con-
vergence factor; an explicit rational SPD counterexample shows that this mono-
tonicity fails for three blocks. Nevertheless, a monotone canonical-correlation
envelope holds for arbitrary block counts, with a quantitative condition-number
contraction bound for separated adjacent complements.
For singleton complements, the exact factor reduces to a weighted Hamiltonian-
cycle product of inverse couplings. This characterization yields exact local
ordering comparisons, an NP-hardness result for unrestricted SPD instances,
and an explicit globally optimal ordering for exponential-line coupling struc-
tures. Numerical experiments on covariance models, public sparse SPD matrices,
and controlled ordering instances confirm the spectral identities to numerical
accuracy and demonstrate the matrix-dependent effects of overlap and ordering.

Keywords: iterative block matrix inversion, symmetric positive definite matrix,
overlapping block methods, return operator, subspace correction, matrix inverse
approximation
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1 Introduction

Iterative block matrix inversion (IBMI) [1] constructs an approximation to the inverse
of a symmetric positive definite (SPD) matrix by repeatedly applying exact block-
inverse identities. Its initial analysis addresses two nonoverlapping blocks, while
reported multi-block experiments indicate that both overlap and sweep ordering affect
convergence. These observations motivate a more precise question: given the matrix
and an ordered collection of update blocks, can the asymptotic inverse-error factor be
determined before the IBMI iteration is run?

Let A = A⊤ ≻ 0, H = A−1, and E = X − H denote the inverse error. Write
[n] = {1, . . . , n}, and let ES be the coordinate embedding for an index set S ⊆ [n]. For
a nonempty proper update block I ⊊ [n], with complement J = Ic, one IBMI update
has the exact error representation

E+ = QIEQ⊤I , QI = HEJH
−1
JJE

⊤
J ,

The matrix QI is an A-orthogonal projector. Consequently, an ordered sweep with
K ≥ 2 blocks has the form E+ = QEQ⊤, where Q = QIK · · ·QI1 . The connection to
products of energy projections and successive subspace correction is classical [2–4].

For an ordered cover I1, . . . , IK of [n], write Jk = Ick. The complement-space
structure of these projections yields a reduced cyclic return matrix M whose nonzero
eigenvalues, including algebraic multiplicities, coincide with those of Q. For the
induced linear operator L(E) = QEQ⊤ on symmetric inverse errors, this gives the
exact worst-case asymptotic spectral factor

ρ(L) = ρ(Q)2 = ρ(M)2.

A representation of M in terms of blocks of H, however, would require access to the
inverse that IBMI is intended to approximate.

Our central result makes the return matrix computable from A alone. For an
update block I, its complement J , and any target index set L, the transfer between
complementary coordinates satisfies

HLJH
−1
JJ = E⊤LEI(−A−1II AIJ) + E⊤LEJ . (1)

Thus, each transfer can be obtained by a principal-block solve with A; composing
the transfers around the ordered sweep produces a matrix MA that agrees exactly
with M . In particular, ρ(L) = ρ(MA)2 without forming A−1 or generating an IBMI
trajectory. The local block identity itself follows from standard block elimination. The
IBMI-specific consequence is that its cyclic composition recovers the exact spectral
factor of the full inverse-error operator. This is an asymptotic certificate, not a bound
on every finite-sweep error or a claim that certificate construction is cheaper than an
individual IBMI sweep.

The return representation has further consequences for overlap and ordering. For
two update blocks, the exact factor is governed by a largest canonical correlation and
cannot increase when either block is enlarged. This monotonicity fails for a three-block
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SPD example; for arbitrary block counts, a monotone product of adjacent canonical
correlations remains a valid, generally nonsharp upper bound. When at least one
cyclically adjacent pair of complements is disjoint, a Wielandt bound converts this
envelope into a strict A-computable contraction estimate involving Schur-complement
condition numbers. A dimension-independent rate follows for families with a uniformly
bounded condition number and at least one such separated pair. Nilpotent return
matrices also identify finite-sweep termination mechanisms.

For singleton complements, the exact factor becomes the product of normal-
ized inverse couplings along a Hamiltonian cycle. Its negative logarithm converts
rate-optimal ordering into a symmetric maximum-weight traveling-salesperson (Max-
TSP) objective. We establish an SPD realization of arbitrary finite nonnegative edge
weights up to an order-independent constant, a rational NP-hardness reduction, and
an exact four-coupling certificate for each admissible 2-opt exchange. Under a log-
metric assumption, an existing metric Max-TSP approximation guarantee [5] transfers
to the asymptotic contraction exponent. For exponential couplings on an ordered line,
where A is tridiagonal, classical longest-tour geometry [6] yields a globally optimal
ordering and its factor in closed form. For fixed general block collections, local graph
maps can instead be cached to evaluate different sweep orders without repeating the
principal-block factorizations.

Contributions and scope.

The principal contribution is the exact A-only return certificate for the full inverse-
error operator. Its accompanying results are (i) finite and first-order perturbation
bounds, including a Hölder spectral-radius estimate that does not assume diago-
nalizability; (ii) two-block overlap monotonicity, its three-block limitation, and a
quantitative multi-block contraction bound; (iii) singleton ordering geometry, its
realization and complexity consequences, exact local exchanges, and a solvable struc-
tured class; and (iv) reuse of local solves across permutations of a fixed block
collection. Numerical experiments with structured covariance matrices, public SPD
stiffness matrices, and controlled ordering instances assess the certificate and ordering
predictions, while also documenting finite-precision limitations.

Relation to prior work.

The use of energy projections, canonical correlations, and subspace correction is estab-
lished [2–4, 7]. Ordering effects in related sequential correction methods have also
been studied through greedy, randomized, and expected-rate analyses [8–11]. Likewise,
Hamiltonian-cycle optimization, 2-opt local search, and metric Max-TSP approxima-
tion are classical; the hardness argument uses the Hamiltonian-cycle problem [12].
Our contribution is not a new projection principle or combinatorial algorithm, but
the exact identification of the IBMI return factor with these geometric and order-
ing objects, together with its A-only construction and consequences. Related work
on Schwarz methods, selected and randomized inversion, and structured covariance
approximation [13–20] addresses different computational objectives or update mech-
anisms. The present results concern the exact asymptotic factor and ordering of the
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IBMI inverse-error iteration, rather than a general acceleration guarantee for matrix
inversion.

2 Energy Projections and Inverse-Error Dynamics

Throughout, let A ∈ Rn×n be symmetric positive definite (SPD), and set H = A−1.
For an index set S ⊆ [n] := {1, . . . , n}, let ES denote the coordinate embedding whose
columns are the standard basis vectors indexed by S. Thus, HST = E⊤S HET . We use
the energy norm ∥x∥A = (x⊤Ax)1/2 and write

VI := range(EI)

for the coordinate subspace supported on I.

2.1 One exact block update

Let I ⊊ [n] be nonempty and set J = Ic. After a simultaneous permutation of rows
and columns, partition

A =

[
AII AIJ

AJI AJJ

]
. (2)

An IBMI update retains the current approximation XJJ on the complementary prin-
cipal block and reconstructs the remaining blocks using the block-inverse identities
[1]. With

RI := A−1II AIJ ,

the update is

ΦI(XJJ ) =

[
A−1II + RIXJJR

⊤
I −RIXJJ

−XJJR
⊤
I XJJ

]
. (3)

Setting XJJ = HJJ recovers the exact inverse H.

Theorem 2.1 (IBMI inverse-error congruence). Let X be symmetric and let E =
X −H. One exact IBMI update on I satisfies

E+ = QIEQ⊤I , QI := HEJH
−1
JJE

⊤
J . (4)

Equivalently, defining

ZI =

[
−RI

I|J|

]

in the (I, J) ordering, we have

E+ = ZIEJJZ
⊤
I , QI = ZIE

⊤
J .

Proof Subtracting the exact block-inverse identity from (3) yields

E+ =

[
RIEJJR

⊤
I −RIEJJ

−EJJR
⊤
I EJJ

]
= ZIEJJZ

⊤
I .
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Since EJJ = E⊤J EEJ , it remains to identify ZIE
⊤
J . The (I, J) block of AH = In gives

AIIHIJ +AIJHJJ = 0.

As AII and HJJ are SPD,

HIJH
−1
JJ = −A−1II AIJ = −RI .

Consequently,

HEJH
−1
JJ =

[
HIJ

HJJ

]
H−1JJ =

[
−RI

I|J|

]
= ZI ,

which establishes (4). □

Theorem 2.1 expresses the full inverse-error update as a two-sided congruence
transformation. This identity allows the sweep dynamics to be analyzed through
products of energy projections.

2.2 Energy-projection structure

Proposition 2.2 (Energy projection). For every nonempty proper block I,

Q2
I = QI , Q⊤I A = AQI . (5)

Consequently, PI := In −QI is the A-orthogonal projector onto VI , whereas QI is the
A-orthogonal projector onto V ⊥A

I .

Proof Using E⊤J HEJ = HJJ gives

Q2
I = HEJH

−1
JJ (E

⊤
J HEJ )H

−1
JJE

⊤
J = QI .

Moreover,

AQI = EJH
−1
JJE

⊤
J ,

which is symmetric. Hence Q⊤I A = AQI , so QI is an A-orthogonal projector.

Since E⊤J EI = 0, we have VI ⊆ ker(QI). Also,

rank(QI) = |J |,

because HEJH
−1
JJ has full column rank and E⊤J has full row rank. Thus dimker(QI) = |I|,

and

ker(QI) = VI .

The range of an A-orthogonal projector is the A-orthogonal complement of its kernel.
Therefore, range(QI) = V ⊥A

I , and PI = In −QI projects A-orthogonally onto VI . □

This projection interpretation connects IBMI with classical successive subspace-
correction theory [3, 4]. The additional structure used below comes from the coordinate
representation of QI .
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2.3 Ordered sweeps and fixed-cover convergence

Let I = (I1, . . . , IK) be an ordered family of nonempty proper blocks, and define
Q := QIK · · ·QI1 . One complete sweep propagates the inverse error according to

E(r+1) = QE(r)Q⊤. (6)

Repeated sweeps with the same ordering satisfy

E(r) = QrE(0)(Q⊤)r. (7)

Corollary 2.3 (General fixed-cover convergence). Suppose that

K⋃

k=1

Ik = [n]. (8)

Then,
∥Q∥A < 1, ρ(Q) < 1,

and the fixed-order IBMI iteration converges to H = A−1 for every symmetric initial
approximation X(0).

More precisely, with
∥E∥A,op := ∥A1/2EA1/2∥2,

the inverse error satisfies

∥E(r)∥A,op ≤ ∥Q∥2rA ∥E(0)∥A,op.

No disjointness assumption is required.

Proof Each QIk is an A-orthogonal projector and hence nonexpansive in the energy norm.
Suppose that ∥Qx∥A = ∥x∥A for some x ̸= 0. Then, every inequality in

∥QIK · · ·QI1x∥A ≤ · · · ≤ ∥QI1x∥A ≤ ∥x∥A

must be an equality.
Equality for an orthogonal projection holds precisely on its range. Applying this

observation successively shows that

x ∈
K⋂

k=1

V ⊥A

Ik
=

(
K∑

k=1

VIk

)⊥A

.

The cover condition implies
∑K

k=1 VIk = Rn, so the intersection is {0}, a contradiction.
Compactness of the A-unit sphere therefore gives ∥Q∥A < 1, and consequently, ρ(Q) < 1.
Finally,

∥E(r)∥A,op =
⃦⃦
⃦(A1/2QA−1/2)r(A1/2E(0)A1/2) ·

(
(A1/2QA−1/2)⊤

)r⃦⃦⃦
2

≤ ∥Q∥2rA ∥E(0)∥A,op,

which proves convergence. □

6



The cover condition gives a strict contraction for every fixed ordering, but the
bound ∥Q∥2A need not equal the asymptotic inverse-error factor. The latter is deter-
mined by the sweep spectrum and can depend substantially on the ordered block
geometry.

2.4 Transfer coordinates for ordered energy projections

We record a standard finite-dimensional factorization that will be used to reduce the
IBMI sweep dynamics. Let A = A⊤ ≻ 0, and consider K ≥ 2 A-orthogonal projectors

Pk = ZkG
−1
k Z⊤k A, Gk := Z⊤k AZk,

onto Wk = range(Zk), where each Zk has full column rank. Define the successive
transfer matrices

Tk+1,k := G−1k+1Z
⊤
k+1AZk, k = 1, . . . ,K − 1,

and the closing transfer
T1,K := G−11 Z⊤1 AZK .

Their cyclic product is the return matrix

MW := T1,KTK,K−1 · · ·T2,1.

Set
Q := PK · · ·P1, B := TK,K−1 · · ·T2,1.

Direct multiplication yields
Q = ZKBG−11 Z⊤1 A. (9)

Writing Q = UV ⊤, where

U := ZKB, V ⊤ := G−11 Z⊤1 A,

gives
V ⊤U = MW .

The standard UV ⊤–V ⊤U spectral identity therefore implies

σ(Q) \ {0} = σ(MW) \ {0}, ρ(Q) = ρ(MW). (10)

The nonzero eigenvalues agree with their algebraic multiplicities. Moreover, for every
integer s ≥ 1,

Qs = ZKBMs−1
W G−11 Z⊤1 A. (11)

Under changes of basis Zk ↦→ ZkSk, with each Sk invertible, the transfer matrices
transform as

Tk+1,k ↦→ S−1k+1Tk+1,kSk,

and consequently,
MW ↦→ S−11 MWS1.
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Thus, the return spectrum depends only on the ordered subspaces, not on their
chosen bases. In A-orthonormal coordinates, the transfers are cross-Gram matrices;
for two subspaces, their product recovers the classical squared-cosine principal-angle
spectrum.

This factorization is a standard consequence of projection coordinates and the
UV ⊤–V ⊤U identity, rather than a new result about products of projections [2–4, 7].
Its role here is to identify the return-coordinate mechanism. Section 4 exploits the
specific structure of IBMI to compute these transfers from local solves with A, without
forming A−1.

3 Return-operator spectral theory

The projection representation in Section 2 establishes convergence for a fixed ordered
cover. To determine the asymptotic inverse-error factor, we exploit the coordinate
structure of the IBMI projectors and reduce the nonzero sweep spectrum to a return
matrix acting on the complement of the first update block.

Let I = (I1, . . . , IK) be an ordered family of nonempty proper blocks, with K ≥ 2,
and set Jk = Ick. Write

Qk := QIk = HEJk
H−1JkJk

E⊤Jk
, Q := QK · · ·Q1.

Define the transfer product

B := H−1JKJK
HJKJK−1

H−1JK−1JK−1
· · ·

· · ·H−1J2J2
HJ2J1

H−1J1J1
.

(12)

Thus, B ∈ R|JK |×|J1|. The associated return matrix is

M := HJ1JK
B ∈ R|J1|×|J1|. (13)

The return matrix closes the sequence of transfers through J1, . . . , JK by mapping the
final complement coordinates back to those of J1.

Theorem 3.1 (Return factorization). For every ordered IBMI sweep with K ≥ 2,

Q = HEJK
BE⊤J1

. (14)

Set
U := HEJK

B, V := EJ1
.

Then, Q = UV ⊤, M = V ⊤U , and, for every integer s ≥ 1,

Qs = UMs−1V ⊤ = HEJK
BMs−1E⊤J1

. (15)

Moreover,
det(λIn −Q) = λn−|J1| det(λI|J1| −M). (16)
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Consequently,

σ(Q) \ {0} = σ(M) \ {0}, (17)

where nonzero eigenvalues agree with their algebraic multiplicities. In particular,

ρ(Q) = ρ(M). (18)

Proof For consecutive projectors,

Qk+1Qk = HEJk+1
H−1Jk+1Jk+1

HJk+1Jk
H−1JkJk

E⊤Jk
.

Successive multiplication yields (14) with B defined in (12). Hence, Q = UV ⊤, and

V ⊤U = E⊤J1
HEJK

B = HJ1JK
B = M.

Sylvester’s determinant identity gives, initially for λ ̸= 0,

det(λIn − UV ⊤) = λn det(I|J1| − λ−1V ⊤U) = λn−|J1| det(λI|J1| −M).

Both sides are polynomials in λ, so the identity holds for all λ. This proves (16), including
the assertion about algebraic multiplicities, and yields (17)–(18).

Finally, Q = UV ⊤ and V ⊤U = M imply

Qs+1 = UMs−1(V ⊤U)V ⊤ = UMsV ⊤,

which proves (15) by induction. □

Theorem 3.1 identifies an explicit complement-space return matrix for the ordered
IBMI sweep. The UV ⊤–V ⊤U spectral identity is classical; the IBMI-specific content
is the factorization (14) and the resulting return matrix (13). When |J1| ≪ n, this
representation substantially reduces the dimension of the spectral problem. The matrix
M is generally nonsymmetric, even though A and H are SPD.

3.1 Exact inverse-error dynamics and the square law

Let Sn denote the real symmetric matrices and define the linear inverse-error operator
L : Sn → Sn by

L(E) := QEQ⊤. (19)

The return factorization gives an exact representation of every repeated sweep.

Corollary 3.2 (Exact return dynamics). For every integer s ≥ 1 and every symmetric
initial error E(0),

E(s) = UMs−1V ⊤E(0)V (M⊤)s−1U⊤. (20)

Thus, the inverse-error dynamics after the first sweep are expressed entirely through
powers of M and M⊤, together with the fixed endpoint factors.

Proof Substitute (15) and its transpose into (7). □
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Theorem 3.3 (Full inverse-error square law). The spectral radius of L, restricted to
the real symmetric matrix space, satisfies

ρ(L) = ρ(Q)2 = ρ(M)2. (21)

Thus, ρ(M)2 is the exact asymptotic spectral factor of the full inverse-error operator.

Proof On the full matrix space, the vectorization identity gives

vec(QEQ⊤) = (Q⊗Q) vec(E).

The unrestricted operator therefore has spectral radius ρ(Q ⊗ Q) = ρ(Q)2. Since Sn is
invariant under L, the restriction satisfies

ρ(L) ≤ ρ(Q)2.

For the reverse inequality, complexify the symmetric matrix space. Choose an eigenvalue λ
of Q such that |λ| = ρ(Q), and let v ̸= 0 satisfy Qv = λv over C. The matrix vv⊤ is nonzero
and complex symmetric. Moreover,

LC(vv
⊤) = (Qv)(Qv)⊤ = λ2vv⊤.

Hence, λ2 belongs to the spectrum of the complexified restriction, giving

ρ(L) ≥ |λ|2 = ρ(Q)2.

The spectral radius is unchanged by complexification. Together with (18), this proves (21).
□

The square law is an operator-level statement. An individual initial error may
have no component in a dominant spectral mode and may therefore converge faster.
Furthermore, the spectral radius determines the asymptotic operator factor but does
not, by itself, bound finite-sweep amplification for a nonnormal return matrix.

3.2 Finite-time bounds and nonnormal return dynamics

The exact return dynamics also provide finite-sweep bounds that do not require
diagonalizability.

Proposition 3.4 (Finite-time return bound). For every integer s ≥ 1,

∥E(s)∥2 ≤ ∥U∥22∥M
s−1∥22∥E

(0)∥2. (22)

If M = XΛX−1 is diagonalizable over C, then

∥E(s)∥2 ≤ ∥U∥22κ2(X)2ρ(M)2(s−1)∥E(0)∥2. (23)

More generally, suppose that ρ(M) > 0, and let p be the largest size of a Jordan block
associated with an eigenvalue of modulus ρ(M). Then,

∥E(s)∥2 = O
(
s2(p−1)ρ(M)2s

)
(s → ∞), (24)

where the implicit constant may depend on M , U , and E(0), but not on s.
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Proof Since V = EJ1
has orthonormal columns, ∥V ∥2 = 1. Taking spectral norms in (20)

yields (22). If M = XΛX−1, then

∥Mk∥2 ≤ ∥X∥2∥X
−1∥2∥Λ

k∥2 = κ2(X)ρ(M)k.

Substitution with k = s− 1 proves (23).
For the general case, write M = XJX−1 in Jordan canonical form over C. A Jordan

block Jλ = λI +N of size m satisfies

Jk
λ =

m−1∑

j=0

(
k

j

)
λk−jNj ,

where terms with j > k are understood to vanish. For |λ| = ρ(M) > 0, the contribution
of such a block is O(km−1ρ(M)k). Blocks with |λ| < ρ(M) contribute terms that decay
exponentially relative to ρ(M)k, even when their Jordan sizes are larger. Consequently,

∥Mk∥2 = O(kp−1ρ(M)k).

Applying (22) with k = s− 1 gives (24). □

The return matrix therefore serves two distinct purposes: its spectral radius gives
the exact asymptotic inverse-error factor, while the norms of its powers control finite-
sweep behavior. The latter distinction is examined numerically in Section 9.

4 An exact A-only return certificate

The return matrix in Section 3 is expressed through blocks of H = A−1. We next
construct the same matrix using local solves with A, without forming H or performing
an IBMI sweep.

For a nonempty proper block I, set J = Ic. For any index set L ⊆ [n], define the
transfer

RL←J := HLJH
−1
JJ . (25)

Theorem 4.1 (A-only local-transfer identity). For every nonempty proper I, with
J = Ic, and every L ⊆ [n],

RL←J = E⊤LEI(−A−1II AIJ) + E⊤LEJ . (26)

Thus, the transfer is obtained by solving a system with the SPD principal block AII

and restricting the resulting graph map to L.

Proof The (I, J) block equation in AH = In reads

AIIHIJ +AIJHJJ = 0.

Since AII and HJJ are invertible,

HIJH
−1
JJ = −A−1II AIJ .

Together with HJJH
−1
JJ = I|J|, this gives

HEJH
−1
JJ = EI(−A−1II AIJ ) + EJ .

Left multiplication by E⊤L proves the claim. □
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The local identity is a standard consequence of block elimination. Its role here is
to realize every transfer in the IBMI return cycle using the original matrix A.

Theorem 4.2 (Exact pre-iteration return certificate). Let I = (I1, . . . , IK) be an
ordered IBMI cover with K ≥ 2, and set Jk = Ick. Define

Rk+1,k := RJk+1←Jk
(k = 1, . . . ,K − 1), R1,K := RJ1←JK

,

with each transfer evaluated by (26). Then

MA := R1,KRK,K−1 · · ·R2,1 = M, (27)

where M is the return matrix in (13). Consequently, for the full symmetric inverse-
error sweep operator,

ρ(L) = ρ(MA)2. (28)

The right-hand side is determined by A and the ordered cover, without forming A−1

or running IBMI.

Proof By Theorem 4.1,

RJk+1←Jk
= HJk+1Jk

H−1JkJk
,

and the closing transfer has the analogous form. Their ordered product is exactly the matrix
M defined in (12)–(13). The square law (21) gives (28). □

Remark 4.3 (Scope of the certificate). The certificate is exact for the asymptotic
spectral factor of the full error operator, not necessarily for the rate of a particular
initial error. It does not bound finite-sweep transients from the spectral radius alone:
the bounds in Proposition 3.4 involve powers of MA. The term “pre-iteration” refers
to information availability, not to negligible construction cost.

4.1 Cost of the certificate

Let bk = |Ik| and rk = |Jk|. The local graph map

Tk := HEJk
H−1JkJk

= EIk(−A−1IkIk
AIkJk

) + EJk

can be computed by factoring AIkIk and solving for rk right-hand sides. For dense
Cholesky factorization and dense triangular solves, the leading arithmetic cost is

1

3
b3k + 2b2krk (29)

flops, excluding lower-order terms and data movement. The transfers are obtained by
restricting Tk to the required target coordinates; the return product and its spectral
radius entail additional reduced matrix multiplications and an eigenvalue computation.
These costs, and any sparse fill-in, are not included in (29).
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The construction avoids forming the full inverse, but it need not be cheaper than
one IBMI sweep. Small complements reduce the dimensions of the transfer matrices
while increasing the sizes of the factored principal blocks. The main computational
opportunity is therefore reuse: for a fixed collection of update blocks, the local graph
maps can be cached and the return matrices for different orderings assembled from
their restrictions.

5 Perturbation and sensitivity of the A-only

certificate

The certificate in Theorem 4.2 is exact for a fixed SPD matrix and ordered cover. We
now quantify its sensitivity to perturbations of A, keeping the index sets and their
ordering fixed. A finite perturbation bound requires no diagonalizability of the return
matrix; a first-order formula is available when the dominant eigenvalue is simple and
spectrally separated. The spectral-variation ingredients are classical [21, 22]. Their
application here follows the dependence of the IBMI return product on local principal-
block solves.

Fix a nonempty proper block I, set J = Ic, and write

B = AII , C = AIJ , F = −B−1C.

For a symmetric perturbation ∆A, define ∆B = (∆A)II and ∆C = (∆A)IJ .

Quantities associated with Ã = A + ∆A are denoted by tildes.

Lemma 5.1 (Local transfer perturbation). Suppose that

η := ∥B−1∥2∥∆B∥2 < 1.

Then, B̃ = B + ∆B is nonsingular and

∥F̃ − F∥2 ≤ δI :=
∥B−1∥2
1 − η

(∥∆B∥2∥F∥2 + ∥∆C∥2) . (30)

For every restriction set L,

∥R̃L←J −RL←J∥2 ≤ δI . (31)

Moreover, the local graph map is Fréchet differentiable, with

DF [A](∆A) = −B−1(∆B F + ∆C). (32)

Proof Since
(B +∆B)F̃ = −(C +∆C), BF = −C,

subtraction gives
(B +∆B)(F̃ − F ) = −(∆B F +∆C).
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Therefore,
F̃ − F = −(B +∆B)−1(∆B F +∆C).

The assumption η < 1 and the Banach perturbation lemma imply

∥(B +∆B)−1∥2 ≤
∥B−1∥2
1− η

,

which proves (30). By Theorem 4.1,

RL←J = E⊤LEIF + E⊤LEJ .

Since coordinate restriction matrices have operator norm at most one, (31) follows. Finally,
applying the preceding identity to A+ t∆A, dividing by t, and taking t → 0 gives (32). □

We next propagate these local estimates through the cyclic return product.
Enumerate the K transfers in multiplication order as R1, . . . , RK , so that

MA = RK · · ·R1.

Let aj = ∥Rj∥2, and let δj denote the bound (31) for the update block generating Rj .

Theorem 5.2 (Finite stability of the return certificate). Let A ≻ 0 and Ã = A+∆A ≻
0 share the same ordered IBMI cover. Suppose that the local smallness conditions in
Lemma 5.1 hold for every update block. Define

εM :=

K∑

j=1

δj

⎛
⎝

K∏

ℓ=j+1

(aℓ + δℓ)

⎞
⎠
(

j−1∏

ℓ=1

aℓ

)
. (33)

Then,
∥MÃ −MA∥2 ≤ εM . (34)

If r = |J1| is the return dimension, then

|ρ(MÃ) − ρ(MA)| ≤
(
∥MÃ∥2 + ∥MA∥2

)1−1/r
ε
1/r
M . (35)

Equivalently, for the full inverse-error sweep operators,

⃓⃓
⃓
√
ρ(LÃ) −

√
ρ(LA)

⃓⃓
⃓ ≤

(
∥MÃ∥2 + ∥MA∥2

)1−1/r
ε
1/r
M . (36)

These bounds require neither normality nor diagonalizability of the return matrices.

Proof Write
M

Ã
= R̃K · · · R̃1.

A telescoping expansion gives

M
Ã
−MA =

K∑

j=1

R̃K · · · R̃j+1(R̃j −Rj)Rj−1 · · ·R1.

14



Using ∥R̃j−Rj∥2 ≤ δj and ∥R̃j∥2 ≤ aj+δj proves (34). Elsner’s spectral-variation inequality
[21] gives

dH
(
σ(M

Ã
), σ(MA)

)
≤
(
∥M

Ã
∥2 + ∥MA∥2

)1−1/r
∥M

Ã
−MA∥

1/r
2 ,

where dH denotes the Hausdorff distance between the spectra. Since

|ρ(M
Ã
)− ρ(MA)| ≤ dH

(
σ(M

Ã
), σ(MA)

)
,

we obtain (35). The square law (28) applied to both matrices yields (36). □

The exponent 1/r is a worst-case spectral-variation exponent. Defective nonnormal
matrices can exhibit only Hölder-continuous eigenvalue variation under unrestricted
perturbations. A sharper local formula is available when one simple eigenvalue
uniquely determines the spectral radius.

Theorem 5.3 (First-order sensitivity of the convergence factor). Let A ≻ 0, and
suppose that MA has a simple eigenvalue λ⋆ ̸= 0 that uniquely attains ρ(MA). Let x
and y be corresponding right and left eigenvectors, normalized by y⊤x = 1.

For a symmetric direction ∆A, form the local transfer derivatives using (32), and
define

DMA[∆A] =

K∑

j=1

RK · · ·Rj+1 DRj [∆A]Rj−1 · · ·R1. (37)

Then, ρ(MA) is differentiable at A, and

Dρ(MA)[∆A] = sign(λ⋆) y⊤DMA[∆A]x. (38)

The full inverse-error factor γ(A) := ρ(LA) = ρ(MA)2 therefore satisfies

Dγ(A)[∆A] = 2|λ⋆| sign(λ⋆) y⊤DMA[∆A]x. (39)

In particular,
|Dγ(A)[∆A]| ≤ 2ρ(MA)∥x∥2∥y∥2∥DMA[∆A]∥2. (40)

Proof Because MA is real, its nonreal eigenvalues occur in conjugate pairs. The assumption
that λ⋆ uniquely attains the spectral radius therefore implies λ⋆ ∈ R.

The simplicity and strict spectral dominance of λ⋆ ensure that its eigenvalue branch
remains simple and dominant under sufficiently small real perturbations. Classical eigenvalue
perturbation theory [22] gives

Dλ⋆ = y⊤DMA[∆A]x.

Since λ⋆ ̸= 0, differentiating |λ⋆| proves (38). The square law gives (39), and Cauchy–Schwarz
yields (40). □

Theorems 5.2 and 5.3 describe complementary perturbation regimes. The finite
bound remains valid for defective return matrices, whereas the derivative identifies
the local conditioning of a simple dominant mode. Together with Remark 4.3, these
results distinguish sensitivity of the asymptotic spectral factor from finite-sweep effects
governed by powers of the return matrix.
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6 Finite and near-finite convergence

The return representation also characterizes exact finite termination of a fixed IBMI
sweep. We first relate nilpotency of the sweep and return matrices, then quantify the
behavior of return dynamics close to nilpotency.

6.1 Nilpotent return dynamics

For a nilpotent square matrix T , define its nilpotency index by

ν(T ) := min{m ≥ 1 : Tm = 0}.

For an initial inverse error E(0), define the trajectory termination index, when it exists,
by

ν(Q,E(0)) := min{m ≥ 1 : QmE(0)(Q⊤)m = 0}.

Theorem 6.1 (Finite termination through the return operator). For every integer
p ≥ 1,

Qp+1 = 0 ⇐⇒ BMp = 0. (41)

Consequently, if Mp = 0, then Qp+1 = 0, and IBMI is exact after at most p + 1
complete sweeps for every symmetric initial approximation:

E(p+1) = 0. (42)

If B has full column rank, then

Qp+1 = 0 ⇐⇒ Mp = 0. (43)

Moreover, for every integer s ≥ 1,

Ls = 0 on Sn ⇐⇒ Qs = 0. (44)

Proof By (15),

Qp+1 = HEJK
BMpE⊤J1

.

The matrix HEJK
has full column rank, whereas E⊤J1

has full row rank. Applying suitable
left and right inverses therefore gives

Qp+1 = 0 ⇐⇒ BMp = 0.

The stated consequences follow immediately, including the equivalence under the additional
full-column-rank assumption on B. If Qs = 0, then Ls = 0. Conversely, if Ls vanishes on all
symmetric matrices, applying it to In yields

Qs(Qs)⊤ = 0.

Hence, Qs = 0, proving (44). □
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The condition BMp = 0 is exact without a rank assumption on B. Nilpotency of
M is sufficient for finite termination, but the nilpotency indices of M and Q need not
coincide. Likewise, termination of the operator does not imply that every individual
trajectory first terminates at the same sweep. When Q is nilpotent,

ν(Q,E(0)) ≤ ν(Q),

and strict inequality may occur.
The simplest case is M = 0, which gives Q2 = 0. The factorization M = HJ1JK

B
yields a structural sufficient condition.

Corollary 6.2 (Endpoint inverse decoupling). If

HJ1JK
= 0, (45)

then M = 0, Q2 = 0, and
E(2) = 0

for every symmetric initial error.
If B ̸= 0, then Q ̸= 0 and Q2 = 0; thus the sweep operator has nilpotency index

exactly two.

Proof Equation (13) gives M = 0, and Theorem 6.1 then yields Q2 = 0.
If B ̸= 0, the full-column-rank property of HEJK

implies HEJK
B ̸= 0. Since E⊤J1

has
full row rank,

Q = HEJK
BE⊤J1

̸= 0.

Therefore, ν(Q) = 2. □

Since H ≻ 0, condition (45) necessarily implies J1∩JK = ∅: a shared index would
contribute a positive diagonal entry to HJ1JK

. The condition thus represents exact
decoupling of two disjoint complement sets in the inverse matrix H.

The corresponding two-sweep termination mechanism is specific to the ordered
IBMI return product. Section A examines its consequences for singleton complements.

6.2 Near-nilpotency and quadratic inverse-error collapse

We next quantify finite-sweep behavior when the return matrix is close to a nilpotent
matrix. The bound is nonasymptotic and does not require diagonalizability.

Theorem 6.3 (Near-nilpotent return bound). Suppose

M = N + ∆, Np = 0, ∥∆∥2 ≤ ε, (46)

and
max{∥M∥2, ∥N∥2} ≤ L. (47)

Then,
∥Mp∥2 ≤ pLp−1ε. (48)
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For every symmetric initial error,

∥E(p+1)∥2 ≤ ∥U∥22p
2L2p−2ε2∥E(0)∥2. (49)

Proof The telescoping identity gives

Mp −Np =

p−1∑

j=0

Mp−1−j(M −N)Nj .

Since Np = 0,

∥Mp∥2 ≤

p−1∑

j=0

Lp−1−jεLj

= pLp−1ε.

By Corollary 3.2,

E(p+1) = UMpV ⊤E(0)V (M⊤)pU⊤.

Using ∥V ∥2 = 1 and (48) proves (49). □

For a parameterized family, the O(ε2) interpretation requires ∥U∥2 and L to remain
uniformly bounded as ε → 0. Without this uniformity, the bound does not assert a
uniform quadratic collapse.

Corollary 6.4 (Approximate endpoint decoupling). Let

C := HJ1JK
, M = CB.

If ∥C∥2 ≤ ε, then

ρ(M) ≤ ∥M∥2 ≤ ε∥B∥2, (50)

and hence,

ρ(L) = ρ(M)2 ≤ ε2∥B∥22. (51)

Moreover,

∥E(2)∥2 ≤ ∥U∥22∥B∥22ε
2∥E(0)∥2. (52)

Proof Since M = CB, submultiplicativity gives

∥M∥2 ≤ ∥C∥2∥B∥2 ≤ ε∥B∥2.

The square law proves (51). Finally, the exact return dynamics at s = 2 give

E(2) = UMV ⊤E(0)VM⊤U⊤.

Taking spectral norms proves (52). □

The corollary identifies a quantitative near-finite regime. If the endpoint inverse
coupling is O(ε) and ∥B∥2 remains bounded, the return spectral radius is O(ε), while
the full inverse-error spectral factor is O(ε2). The two-sweep error bound is likewise
quadratic provided ∥U∥2 is uniformly bounded.
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For general multi-block covers, overlap changes both the endpoint coupling and the
intermediate transfer product. The exact ordering-dependent spectral factor remains

ρ
(
HJ1JK

H−1JKJK
HJKJK−1

· · ·H−1J2J2
HJ2J1

H−1J1J1

)2
. (53)

Thus, increasing overlap need not improve the convergence factor for an arbi-
trary ordered multi-block cover. This dependence motivates the matched-overlap
experiments in Section 9.

7 Overlap laws and their boundary

The A-only return certificate makes the dependence on an ordered block cover explicit.
We first establish monotonicity under nested enlargement of two update blocks, then
show by an exact three-block example that this law does not extend to arbitrary
ordered covers. A canonical-correlation envelope provides a monotone upper bound
for any number of blocks. The underlying principal-angle theory is classical [7]; its role
here is to characterize the IBMI inverse-error factor.

Theorem 7.1 (Two-block nested-overlap monotonicity). For a two-block sweep with
nonempty complements J1, J2, let

C := H
−1/2
J1J1

HJ1J2
H
−1/2
J2J2

. (54)

Then,

ρ(M) = ∥C∥22, ρ(L) = ∥C∥42. (55)

If the update blocks are enlarged to nonempty proper blocks Ik ⊆ I ′k for k = 1, 2,
equivalently J ′k ⊆ Jk, then

ρ(M ′) ≤ ρ(M), ρ(L′) ≤ ρ(L). (56)

Proof For K = 2, M = HJ1J2
H−1J2J2

HJ2J1
H−1J1J1

, which is similar to CC⊤ and proves (55).
For the monotonicity statement, define

Uk := H1/2EJk
H
−1/2
JkJk

.

The columns of Uk are orthonormal and U⊤1 U2 = C. Hence, ∥C∥2 is the largest canonical
correlation, equivalently the maximum absolute inner product between unit vectors in

Sk := range(H1/2EJk
).

If J ′k ⊆ Jk, then S′k ⊆ Sk. The variational domain defining the largest canonical correlation
therefore only shrinks:

max
x∈S′

1, y∈S
′

2

∥x∥2=∥y∥2=1

|x⊤y| ≤ max
x∈S1, y∈S2
∥x∥2=∥y∥2=1

|x⊤y|.

Thus, ∥C′∥2 ≤ ∥C∥2, and (56) follows. □
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This monotonicity concerns nested block enlargement, not arbitrary changes in
overlap percentage. It can fail already for a three-block ordered cover.

Theorem 7.2 (Three-block nonmonotonicity). There exists an SPD matrix and an
ordered three-block cover for which enlarging one update block strictly increases the
return spectral radius.

Proof Let

H =
1

100

⎡
⎢⎢⎢⎢⎢⎢⎣

784 −163 −265 −24 −357 −115
−163 598 192 101 −427 235
−265 192 260 34 5 159
−24 101 34 855 113 197
−357 −427 5 113 842 −17
−115 235 159 197 −17 217

⎤
⎥⎥⎥⎥⎥⎥⎦
.

Its leading principal minors are

196

25
,

442263

10000
,

30339667

500000
,

50841748123

108
,

4880230217611

5 · 109
,

232688511158651

1012
,

all positive, so H ≻ 0. Take

J1 = {1, 3}, J2 = {2, 3, 6}, J3 = {4, 5},

and enlarge the middle update block by replacing J2 with J ′2 = {2, 6} ⊂ J2. The associated
return matrices have the following characteristic polynomials, obtained by exact rational
arithmetic:

pbefore(x) =
167100723926068535x2 − 1338568090325562x+ 1688270156316

167100723926068535
,

whereas

pafter(x) =
2347659967233605x2 − 29322446429644x− 1266602954844

2347659967233605
.

The strict comparison can be certified without floating-point eigenvalues. Let the numerators
of the two displayed polynomials be qbefore and qafter. Direct integer arithmetic gives

qbefore(0) > 0, qbefore

(
1

500

)
< 0, qbefore

(
1

100

)
> 0.

Because qbefore is quadratic with positive leading coefficient, these two sign changes isolate
its two real roots in

(
0, 1

500

)
and

(
1

500 ,
1

100

)
, respectively. Hence, ρ(Mbefore) <

1
100 . For the

enlarged middle block,

qafter

(
−

1

50

)
> 0, qafter(0) < 0, qafter

(
1

50

)
< 0.

Since qafter has positive leading coefficient and negative constant term, it has one negative and
one positive root. The first two signs place the negative root in (−1/50, 0), while qafter(1/50) <
0 forces the positive root to lie in (1/50,∞). Therefore,

ρ(Mafter) >
1

50
>

1

100
> ρ(Mbefore).

Thus, enlarging the middle update block strictly worsens the exact return spectral radius.
Numerically,

ρ(Mbefore) ≈ 0.0064422599637, ρ(Mafter) ≈ 0.0302974317480.

□
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Remark 7.3. Theorem 7.2 establishes that the two-block monotonicity law can fail
already for K = 3. This example establishes failure for K = 3; it does not, by itself,
provide a counterexample for each larger value of K.

Theorem 7.4 (Multi-block canonical-correlation envelope). For an ordered K-block
IBMI sweep with K ≥ 2, define

Uk := H1/2EJk
H
−1/2
JkJk

, Ck+1,k := U⊤k+1Uk,

with cyclic indexing UK+1 = U1, and set ck+1,k := ∥Ck+1,k∥2. Then,

ρ(M) ≤
K∏

k=1

ck+1,k, ρ(L) ≤

(
K∏

k=1

ck+1,k

)2

. (57)

Each ck+1,k is the largest canonical correlation between Sk = range(H1/2EJk
) and

Sk+1 = range(H1/2EJk+1
). If one or more update blocks are enlarged, so that J ′k ⊆

Jk for the affected indices, the product of canonical correlations on the right-hand
side of (57) cannot increase. This does not imply monotonicity of the exact return
spectral radius for K ≥ 3. For K = 2 the first inequality is an equality and recovers
Theorem 7.1.

Proof The columns of every Uk are orthonormal. The return matrix M is similar to the
normalized cyclic product

M̂ = C1,KCK,K−1 · · ·C2,1, M̂ = H
−1/2
J1J1

MH
1/2
J1J1

.

Consequently,

ρ(M) = ρ(M̂) ≤ ∥M̂∥2 ≤
K∏

k=1

∥Ck+1,k∥2,

and Theorem 3.3 yields the second bound. If J ′k ⊆ Jk, then S′k ⊆ Sk. The variational
characterization of largest canonical correlation implies that both adjacent factors ck,k−1
and ck+1,k cannot increase; all nonadjacent factors are unchanged. Repeating this argument
proves the monotonicity of the envelope. For K = 2, the two factors are transposes of one
another and their product is ∥C12∥

2
2 = ρ(M) by Theorem 7.1. □

Theorem 7.5 (A-only quantitative contraction from separated complements). For
an ordered cover with K ≥ 2, use cyclic indexing JK+1 = J1. For each adjacent pair
(Jk, Jk+1), let Sk := Jk ∪ Jk+1 and Tk := Sc

k. Whenever Jk ∩ Jk+1 = ∅, define the
Schur complement

Σk :=

{
ASkSk

−ASkTk
A−1TkTk

ATkSk
, Tk ̸= ∅,

A, Tk = ∅,
ϑk :=

κ2(Σk) − 1

κ2(Σk) + 1
.
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Let D := {k : Jk ∩ Jk+1 = ∅}, with cyclic indexing. Then

ρ(L) ≤
∏

k∈D

ϑ2
k ≤

(
κ2(A) − 1

κ2(A) + 1

)2|D|

. (58)

If D ≠ ∅, at least one separated adjacent complement pair gives the strict A-
computable bound ρ(L) < 1. When D = ∅, the empty product is one and this
envelope gives no strict contraction. If a family of problems satisfies |D| ≥ d0 ≥ 1 and
κ2(A) ≤ κ0 < ∞, then its IBMI factors obey the dimension-independent bound

ρ(L) ≤

(
κ0 − 1

κ0 + 1

)2d0

< 1. (59)

Proof Fix k ∈ D. Since Jk and Jk+1 are disjoint coordinate sets, every x ∈ range(EJk
)

and y ∈ range(EJk+1
) satisfy x⊤y = 0. By the variational characterization of canonical

correlation,

ck+1,k = sup
0 ̸=x∈range(EJk

), 0 ̸=y∈range(EJk+1
)

|x⊤Hy|

(x⊤Hx)1/2(y⊤Hy)1/2
.

Only the principal block HSkSk
enters this quotient. The classical Wielandt inequality for

an SPD matrix G and Euclidean-orthogonal vectors gives

|x⊤Gy|

(x⊤Gx)1/2(y⊤Gy)1/2
≤

κ2(G)− 1

κ2(G) + 1
;

see, for example, the matrix extensions discussed in [23]. Taking G = HSkSk
therefore yields

ck+1,k ≤ ϑk, because the block inverse identity gives

HSkSk
= Σ−1k , κ2(HSkSk

) = κ2(Σk).

For k /∈ D we use only ck+1,k ≤ 1. Theorem 7.4 now gives the first inequality in (58). Since
HSkSk

is a principal submatrix of H, eigenvalue interlacing implies κ2(Σk) = κ2(HSkSk
) ≤

κ2(H) = κ2(A), which proves the second inequality. Equation (59) follows immediately. □

Remark 7.6. If Jk ∩ Jk+1 ̸= ∅, then

H1/2 range(EJk∩Jk+1
) ⊆ Sk ∩ Sk+1.

Consequently, the largest canonical correlation satisfies ck+1,k = 1. Thus, shared
complement directions necessarily contribute a unit factor to the largest-canonical-
correlation envelope.

Theorem 7.5 identifies separated adjacent complements as the pairs that yield
explicit strict contraction factors through A-only Schur-complement bounds. For inter-
secting complements, strict contraction is governed by the geometry beyond their
common directions, which can be captured through quotient-space or Friedrichs-angle
analysis rather than the largest canonical correlation alone.
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Corollary 7.7 (Two-sweep criterion for multiple blocks). If ck+1,k = 0 for at least
one cyclic adjacent pair, then M = 0, Q2 = 0, and every inverse error is annihilated
after at most two complete sweeps.

Proof A zero factor means Ck+1,k = 0, so the cyclic product M̂ = 0. Since M is similar to

M̂ , M = 0. Equation (15) gives Q2 = 0, and hence E(2) = Q2E(0)(Q⊤)2 = 0. □

Theorem 7.2 and Theorem 7.4 identify a useful boundary of the overlap law.
Beyond two blocks, the exact spectral radius need not be monotone, because cyclic
alignment of the transfer factors can change. What survives for arbitrary K is a mono-
tone geometric upper envelope built from adjacent canonical correlations. Thus nested
block enlargement can worsen the exact rate while making the pairwise envelope no
larger. The distinction reflects the cyclic alignment of the transfer factors, which their
individual norms do not capture.

8 Ordering structure and certificate-guided design

For singleton complements, the return certificate reduces to a weighted cycle product.
Assume n ≥ 3 for the Hamiltonian-cycle statements, and let Ji = {i}, so Ii = [n]\{i}.

Theorem 8.1 (Singleton cycle formula). For an ordered sequence π = (i1, . . . , is) of
distinct indices,

Qπ =

∏s−1
r=1 hir+1ir∏s
r=1 hirir

Heise
⊤
i1 .

For a permutation of [n], the only possible nonzero eigenvalue is

λπ =
hi1in

∏n−1
r=1 hir+1ir∏n

r=1 hirir

, ρ(Lπ) = |λπ|
2. (60)

Equivalently, with cij = hij/
√
hiihjj,

|λπ| = |ci1in |
n−1∏

r=1

|cir+1ir |.

Proof For a singleton complement, Qi = Heie
⊤
i /hii. Successive multiplication produces one

factor e⊤j Hei = hji at each transition. Closing the rank-one product produces the endpoint
factor hi1in . □

Corollary 8.2 (Path–cycle dichotomy). If all consecutive couplings along π are
nonzero, then Qπ ̸= 0 and

Q2
π = 0 ⇐⇒ hi1in = 0.
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Thus, an ordered Hamiltonian path of nonzero couplings in the graph of H whose
endpoints are not adjacent yields genuine two-sweep exactness.

The singleton return space is one-dimensional. Hence, any finite-terminating
singleton-complement sweep has nilpotency depth at most two; higher finite-sweep
indices, if realizable, require a multidimensional return space.

8.1 Logarithmic inverse-coupling geometry

The cycle product in Theorem 8.1 exposes a useful additive coordinate system for
ordering. The logarithmic transformation itself is classical; for example, − log |ρij | is an
information distance in Gaussian latent-tree models and is additive on tree-structured
models [24]. Here, its role is different: it is induced by the exact IBMI convergence
factor.

For i ̸= j, set wij = |cij |. When wij > 0, define

dij := − logwij .

If wij = 0, use the extended value dij = +∞.

Theorem 8.3 (Exact log-cycle ordering geometry). For every singleton-complement
permutation π whose cycle uses only positive couplings,

ρ(Lπ) = exp{−2D(π)}, D(π) :=
∑

{i,j}∈Cπ

dij . (61)

Consequently, minimizing the exact IBMI asymptotic factor is equivalent to maximiz-
ing the symmetric Hamiltonian-cycle weight D(π). For two such orders π and π′, the
exact comparison is

ρ(Lπ′)

ρ(Lπ)
= exp{−2[D(π′) −D(π)]}. (62)

If a cycle contains a zero coupling, its factor is zero and the corresponding singleton
sweep is finite terminating.

Proof Theorem 8.1 gives ρ(Lπ) =
∏
{i,j}∈Cπ

w2
ij . Taking logarithms proves (61) and (62). A

zero factor gives ρ(Lπ) = 0 directly from the same product formula. □

Theorem 8.3 identifies the exact deterministic ordering objective with a maximum-
weight Hamiltonian cycle in the induced logarithmic couplings. This is an IBMI
consequence of the return formula, not a claim of a new Max-TSP formulation or
approximation algorithm.

Theorem 8.4 (SPD realization of arbitrary ordering geometry). Let n ≥ 3 and let
qij = qji ≥ 0 be arbitrary finite edge weights on the complete graph on n vertices.
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There exists an SPD matrix A and a constant κ independent of the permutation such
that its singleton-complement IBMI factors satisfy

−
1

2
log ρ(Lπ) = κ +

∑

{i,j}∈Cπ

qij for every π. (63)

Hence, arbitrary symmetric maximum-weight Hamiltonian-cycle ordering geometry
can be realized exactly by an SPD singleton-IBMI instance.

Proof Choose L > 0 sufficiently large that (n − 1)e−L < 1, and define a symmetric matrix
H by

hii = 1, hij = exp[−(L+ qij)], i ̸= j.

For every row,
∑

j ̸=i |hij | ≤ (n−1)e−L < 1; henceH is SPD by strict diagonal dominance. Set

A = H−1 ≻ 0. Since hii = 1, the normalized inverse couplings satisfy cij = hij = e−(L+qij),
so dij = L+ qij . Every Hamiltonian cycle has exactly n edges, and Theorem 8.3 yields

−
1

2
log ρ(Lπ) = nL+

∑

{i,j}∈Cπ

qij .

Thus, (63) holds with κ = nL. □

The realization theorem establishes the full expressive power of SPD singleton-
IBMI ordering. In particular, every symmetric Max-TSP instance can be embedded
into an SPD inverse-coupling matrix, with the resulting logarithmic cycle objec-
tive agreeing with the prescribed edge-weight objective up to an order-independent
constant. Thus, positive definiteness alone imposes no additional combinatorial restric-
tions on the ordering problem. Metric approximation guarantees become applicable
only when the induced logarithmic edge weights satisfy the corresponding metric
assumptions.

Theorem 8.5 (Exact 2-opt convergence certificate). Suppose a positive-coupling cycle
π contains nonadjacent boundary edges {a, b} and {c, d}. Let π′ be the 2-opt reversal
replacing them by {a, c} and {b, d}. If both new boundary couplings are positive, then

ρ(Lπ′)

ρ(Lπ)
=

(
wacwbd

wabwcd

)2

= e−2∆, (64)

where
∆ = dac + dbd − dab − dcd. (65)

Thus, when the new couplings are positive, the move strictly improves the exact asymp-
totic factor if and only if ∆ > 0. If either new boundary coupling vanishes, the new
order has factor zero and the logarithmic gain is not used.

Proof Because wij = wji, reversing the interior path preserves every interior edge factor.
Only the two boundary factors change. Cancelling the common product in Theorem 8.1 gives
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(64); taking logarithms gives (65). The zero-coupling case follows directly from the cycle
product and is stated separately to avoid a zero denominator. □

Corollary 8.6 (Finite monotone certificate-guided 2-opt). Starting from any sin-
gleton order with positive factor, repeatedly accepting strict positive-coupling 2-opt
improvements terminates after finitely many moves. If the accepted gains are
∆0, . . . ,∆m−1 > 0, then

ρ(Lπm
) = ρ(Lπ0

) exp

(
−2

m−1∑

t=0

∆t

)
. (66)

At a terminal order for this positive-coupling search, no admissible positive-coupling
2-opt move has ∆ > 0. A move introducing a zero coupling can instead be accepted as
an immediate zero-factor termination. Once the dij are cached, each positive-coupling
candidate gain requires only four edge weights.

Proof Theorem 8.5 gives strict decrease at every accepted move and (66) by multiplication.
There are finitely many cyclic orders, so strict descent cannot continue indefinitely. The
terminal condition and constant-size gain evaluation are immediate. □

Corollary 8.7 (Structured metric guarantee). Assume all couplings are positive and
the induced logarithmic weights satisfy

dij ≤ dik + dkj for all distinct i, j, k, (67)

equivalently |cij | ≥ |cik||ckj |. Let π⋆ minimize the IBMI factor. A deterministic 7/8-
approximation algorithm for metric Max-TSP [5] returns an order π̂ satisfying

− log ρ(Lπ̂) ≥
7

8
[− log ρ(Lπ⋆

)], ρ(Lπ̂) ≤ ρ(Lπ⋆
)7/8. (68)

The guarantee concerns the asymptotic contraction exponent; it is not a uniform finite-
sweep bound in the presence of nonnormal transients.

Proof Condition (67), together with positivity of dij for distinct indices (which follows from
H ≻ 0), makes d a metric. The cited metric Max-TSP algorithm gives D(π̂) ≥ (7/8)D(π⋆).
Apply Theorem 8.3 and exponentiate. The final qualification follows from Proposition 3.4. □

Theorem 8.8 (Exact global ordering for exponential line couplings). Let x1 < · · · <
xn, β > 0, and let

H = DCD, Cij = exp(−β|xi − xj |),

where D is any positive diagonal matrix. Then H ≻ 0, and the singleton-complement
IBMI ordering problem has the exact objective dij = β|xi−xj |. Writing gk = xk+1−xk,
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its globally optimal log-cycle value is

D⋆ = 2β
n−1∑

k=1

min{k, n− k} gk, (69)

and the globally minimal inverse-error factor is

ρ⋆ = exp

(
−4β

n−1∑

k=1

min{k, n− k} gk

)
. (70)

An optimal order is obtained by alternating the lower and upper halves. For n = 2m
one may take

π⋆ = (1,m + 1, 2,m + 2, . . . ,m, 2m),

and for n = 2m + 1 one may take

π⋆ = (1,m + 2, 2,m + 3, . . . ,m, 2m + 1,m + 1).

Moreover, A = H−1 is tridiagonal. Thus this is an exactly solvable IBMI ordering
class with a sparse tridiagonal input matrix A.

Proof Put rk = exp(−βgk) ∈ (0, 1). The Gaussian Markov recursion

z1 = ε1, zk+1 = rkzk +
√

1− r2k εk+1,

with independent standard normal εk has covariance Cov(zi, zj) = exp(−β|xi − xj |) = Cij .

Hence, C ≻ 0. The quadratic form of the joint density is a sum of terms (zk+1− rkzk)
2/(1−

r2k), so C−1 is tridiagonal. Positive diagonal congruence gives H ≻ 0 and A = D−1C−1D−1,
which is again tridiagonal. The normalized couplings are cij = Cij , and therefore dij =
β|xi − xj |.

For a Hamiltonian cycle π, let Nk(π) be the number of tour edges crossing the cut
{1, . . . , k} | {k + 1, . . . , n}. Decomposing every line distance over the gaps gives

D(π) = β

n−1∑

k=1

Nk(π)gk.

A cycle has degree two at every vertex, so Nk(π) ≤ 2min{k, n−k}. The displayed alternating-
half orders attain equality simultaneously for every cut k. They therefore attain the upper
bound for every choice of positive gaps, proving (69). Equation (70) follows from Theorem 8.3.

□

Remark 8.9. The underlying longest-tour structure for this one-dimensional distance
geometry is classical and belongs to the Supnick family [6]. The new point here is
its exact transfer through the IBMI return certificate: Theorem 8.8 identifies a nat-
ural sparse precision class for which both the globally rate-optimal sweep order and
its optimal contraction factor are available in closed form. This provides a positive
structured counterpart to the unrestricted SPD hardness result below.
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The preceding realization theorem uses real exponential weights. The next result
has a different purpose: it gives a polynomial-size rational encoding suitable for a
complexity-theoretic reduction. Hamiltonian Circuit remains NP-complete even under
strong graph restrictions [12]; we use it only as the source problem.

Theorem 8.10 (NP-hard exact singleton ordering). Consider the decision problem
whose input is a rational SPD matrix A and a rational threshold τ > 0, and which asks
whether some singleton-complement sweep order π satisfies ρ(Lπ) ≤ τ . This problem is
NP-hard, even on instances for which the inverse matrix H = A−1 has unit diagonal.

Proof Reduce from undirected Hamiltonian Cycle. Given G = (V,E) with n = |V |, set
ε = 1/(4n) and define the rational unit-diagonal matrix

hij =

{
ε, {i, j} ∈ E,

2ε, {i, j} /∈ E,
i ̸= j.

The off-diagonal absolute row sum is at most 2ε(n − 1) = (n − 1)/(2n) < 1, so H is SPD
by strict diagonal dominance. Its entries have O(log n) bits. Set A = H−1. By the adjugate
formula (equivalently, exact rational Gaussian elimination), every entry of A is a ratio of
determinants of rational matrices of order at most n; standard determinant bit bounds there-
fore give a representation of A with polynomial encoding length, computable in polynomial
time.

Because hii = 1, the full inverse-error factor is

ρ(Lπ) = |λπ|
2 =

∏

{i,j} on the cycle induced by π

h2ij .

If G has a Hamiltonian cycle, its corresponding order has factor exactly ε2n. Conversely, if
the induced cycle contains a nonedge, its factor is at least

(2ε)2ε2(n−1) = 4ε2n.

Set the rational threshold τ = ε2n. Its encoding length is O(n log n). The constructed IBMI
instance is therefore a YES instance if and only if G has a Hamiltonian cycle, giving a
polynomial-time many-one reduction. □

Theorem 8.10 concerns the ordering problem induced specifically by the IBMI sin-
gleton return cycle. Ordering effects, adaptive strategies, and randomized reorderings
are well established in the literature on multiplicative Schwarz, subspace-correction,
SOR, and related methods [8–11]. The contribution here is the exact inverse-coupling
cycle objective arising from the IBMI return representation and the complexity
characterization of its rate-optimal ordering problem.

8.2 Factor once, score many

For a fixed block collection, Theorem 4.1 permits reuse of local factorizations across
candidate orderings.

Proposition 8.11 (Cached order scoring). Fix update blocks {I1, . . . , IK} and form
once

Tk = EIk(−A−1IkIk
AIkJk

) + EJk
.
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For any permutation π of the fixed blocks,

RJπr+1
←Jπr

= E⊤Jπr+1
Tπr

.

Hence, after the K local graph maps are available, an arbitrary permutation can
be scored through reduced restrictions, products, and a numerical evaluation of
ρ(MA), with no additional solve involving AIkIk . The resulting score equals the exact
asymptotic factor in exact arithmetic; numerical eigenvalue errors remain possible.

Proof Apply Theorem 4.1 with source complement Jπr and target L = Jπr+1 . □

We refer to budgeted search over these cached exact scores as certificate-guided
sweep ordering (CGSO). The NP-hardness and realization theorems preclude inter-
preting a generic local search as an exact global optimizer. For singleton complements,
Theorem 8.5 provides the sharper alternative: local proposals can be evaluated from
four cached logarithmic inverse couplings with an exact algebraic change in the IBMI
asymptotic factor.

9 Numerical experiments

The numerical study examines three consequences of the return-operator theory. First,
the reduced A-only certificate must reproduce the spectrum of an independently
assembled complete-sweep operator. Second, its asymptotic factor should explain
the observed inverse-error trajectories, while remaining distinct from finite-sweep
behavior. Third, overlap and ordering should affect convergence through the transfer
geometry identified by the theory, rather than through block size or permutation alone.
We distinguish these questions using covariance models, public SPD matrices, and
deliberately structured inverse-coupling ensembles. All reported numerical values are
drawn from the consolidated experimental records. Failed evaluations and duplicate
matrix inputs are explicitly identified rather than silently excluded.

9.1 Covariance models: independent validation of the spectral

certificate

We consider EXP, RBF, inverse-quadratic, Matérn-3/2, and Matérn-5/2 covari-
ance families, following [1]. The experiment comprises 30 configurations with n =
64, 128, 256 in one dimension and n = 64, 144, 256 on two-dimensional grids, using
four update blocks and nominal 5% overlap.

The condition-aware implementation successfully evaluates the certificate in 25
configurations. The remaining five encounter numerical nonpositive failures: all three
two-dimensional RBF configurations and the two-dimensional inverse-quadratic con-
figurations at n = 144, 256. No nugget regularization is applied. These outcomes
identify the numerical SPD admissibility of covariance discretizations as an important
consideration when applying the certificate in floating-point arithmetic.

We independently assemble the complete-sweep operator for 20 designated smaller
configurations, obtaining 17 successful comparisons. Across these comparisons, the
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Fig. 1 Independent spectral-identity check on the 17 successful covariance configurations. The A-
only certificate is compared with the spectral factor of the separately assembled sweep operator (both
axes logarithmic); the dashed line denotes equality.

maximum absolute discrepancy between the logarithmic spectral factors is 4.9434 ×
10−10, as illustrated in Fig. 1. The close agreement between the independently
assembled sweep operator and the A-only local-transfer construction provides direct
numerical validation of the spectral identity in Theorem 4.2. In particular, the
reduced certificate reproduces the persistent sweep spectrum to the reported numerical
accuracy without explicitly forming the full inverse.

9.2 Public SPD matrices: predictive accuracy and overlap

effects

We evaluate the spectral certificate on eight named entries HB/bcsstk01–HB/bcsstk08
from the SuiteSparse Matrix Collection [25]. The experiments use diagonal congru-
ence scaling, four update blocks, overlap levels 0%, 5%, 10%, 20%, and three sweep
orderings: native, fixed random, and certificate-minimizing. Since bcsstk07 duplicates
bcsstk06, the 96 archived trajectories correspond to seven distinct matrix inputs.
Both named entries are retained for reproducibility.

Across the 96 trajectories, the median absolute discrepancy between the certificate
and the observed pre-floor propagation factor is 5.884 × 10−7, with a 90th-percentile
discrepancy of 6.317 × 10−5. These results demonstrate close agreement between the
pre-iteration spectral certificate and the contraction factors estimated from the actual
inverse-error trajectories. The agreement supports the predictive relevance of the
return spectrum for persistent convergence behavior. Finite-sweep transients remain
governed by the powers of the sweep operator, as characterized in Proposition 3.4.

Table 1 reveals a pronounced dependence of overlap effectiveness on the underlying
matrix. The native-order certificate is nonincreasing across the four tested overlap
levels for every named entry, but the magnitude of improvement varies substantially.
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Table 1 Native-order spectral certificate γA for scaled
SuiteSparse entries. The last column is γA(0%)/γA(20%), a
ratio of asymptotic factors rather than a runtime speedup. The
entries bcsstk06 and bcsstk07 are duplicate inputs.

Matrix 0% 5% 10% 20% Ratio

bcsstk01 .993623 .993467 .993467 .993467 1.000
bcsstk02 .986422 .978287 .971695 .940730 1.049
bcsstk03 .983275 .891011 .678239 .048749 20.170
bcsstk04 .985801 .980258 .974219 .937667 1.051
bcsstk05 .987576 .977014 .959700 .914594 1.080
bcsstk06 .996790 .994596 .991774 .986704 1.010
bcsstk07 .996790 .994596 .991774 .986704 1.010
bcsstk08 .996312 .995799 .989490 .970852 1.026

For bcsstk01, increasing overlap from 0% to 20% changes the certificate only from
0.993623 to 0.993467. In contrast, the same overlap increase reduces the certificate for
bcsstk03 from 0.983275 to 0.048749, a ratio of 20.170.

This contrast illustrates a central implication of the transfer-space analysis: the
convergence effect of overlap depends on the geometry of the complementary sub-
spaces and their ordered interactions, rather than on the nominal overlap percentage
alone. The observed improvements are consistent with the canonical-correlation frame-
work, while the three-block counterexample in Theorem 7.2 establishes that monotonic
improvement of the exact spectral factor does not hold for arbitrary overlapping
sweeps.

The corresponding bcsstk03 trajectories provide an iteration-level interpretation
of this spectral contrast. Under native ordering, the archived 0%-overlap run reaches
the 300-sweep cap, while the 5%, 10%, 20% runs stop after 150, 45, and 7 sweeps,
respectively (Fig. 2). The direction of the observed change agrees with the large reduc-
tion in the certificate. The factor ratio of 20.170 should not, however, be interpreted
as a 20.170-fold reduction in iteration count: spectral factors, stopping tolerances,
initial-error components, and finite-sweep transients enter differently.

This observed monotonicity across the tested public configurations is not a gen-
eral overlap theorem. Theorem 7.1 guarantees monotonicity in the two-block setting,
whereas Theorem 7.2 constructs an SPD three-block enlargement that worsens the
exact factor. The experiments and the counterexample therefore have complementary
roles: the former identifies cases where overlap is beneficial, and the latter establishes
why that benefit cannot be inferred from enlargement alone.

9.3 Ordering sensitivity and inverse-coupling geometry

The public SPD experiments exhibit limited ordering sensitivity. Across the 32 matrix–
overlap pairs, the median native/best certificate ratio is 1.000000, with a maximum of
1.000517. These records include the documented duplicate matrix input. Thus, for the
tested public matrices and block configurations, optimizing the sweep order produces
only marginal improvements in the asymptotic spectral factor.
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Fig. 2 Archived relative inverse-error trajectories for bcsstk03 under native ordering. The marked
change in observed convergence across the four overlap levels is consistent with the corresponding
spectral certificates in Table 1.

To examine the ordering mechanism under more heterogeneous coupling structures,
we construct a controlled ensemble by prescribing SPD inverse-coupling matrices H
and setting A = H−1. Each instance has dimension n = 48 and a fixed collection
of K = 6 update blocks. We exhaustively evaluate all 6! = 720 sweep orders for 20
instances in each of three inverse-coupling regimes: dense, heterogeneous, and sparse.

The median native/best certificate ratios are 6.7645, 19.6567, and 31.0891 in
the three regimes, respectively, with a maximum of 115.7565 across all 60 instances
(Fig. 3). Since the update blocks remain fixed within each instance, these differences
arise solely from their ordering. In particular, changing the permutation can sub-
stantially alter the persistent convergence factor without changing the matrix or the
collection of local update spaces.

The contrast between the two experiment families highlights the geometric nature
of ordering sensitivity. The spectral effect of a permutation depends on the ordered
composition of local transfers, which is determined by the inverse-coupling structure
and the selected block complements. This is precisely the dependence captured by
the return operator in Theorem 4.2. The exact A-only certificate therefore provides
a principled criterion for comparing sweep orders before iteration. The controlled
instances establish that substantial ordering effects are attainable within SPD IBMI,
while the public-matrix results show that such effects need not be pronounced in every
application setting.

The singleton-complement experiments further connect this numerical observation
to the cycle formula in Section 8. At n = 8, the archived exhaustive search evaluates
all 8! = 40320 permutations, corresponding to 2520 distinct unoriented Hamiltonian
cycles. The dense and heterogeneous regimes have median native/optimal certificate
ratios of 1.579 × 104 and 2.712 × 108, respectively. These ratios can be large because
the certificates themselves may be extremely small; they are not iteration-count or
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Fig. 3 Native/best spectral-certificate ratios for the 60 general fixed-block ordering instances,
grouped by inverse-coupling regime. The block collection is unchanged across permutations within
each instance.

wall-clock speedup factors. Zero products in the sparse regime correspond to the exact
finite-termination mechanism and are excluded from positive-ratio summaries. This
behavior is precisely what the weighted-cycle characterization predicts: order selection
changes the return product, and missing cycle edges annihilate it.

Exhaustive search also supplies a useful check on optimization claims. The targeted
n = 8 instance in Appendix B.1 has a 2-opt factor 2.32277 times the global optimum.
Hence exact local 2-opt gain formulas certify the effect of a proposed exchange, but
they do not convert local search into a globally optimal ordering method. This is
consistent with the unrestricted Max-TSP realization and NP-hardness results.

9.4 Theorem diagnostics and computational implications

We complement the convergence experiments with numerical checks of the contraction
bounds and first-order sensitivity formula. In four tested instances, the computed
quantities satisfy

γA ≤ bcanonical ≤ blocal ≤ bglobal.

These results confirm the predicted hierarchy of the exact spectral factor and its
successive upper bounds in the tested configurations. The hierarchy also illustrates
the distinction between the exact return certificate and more readily computable
contraction estimates, whose sharpness depends on the underlying subspace geometry.

The sensitivity experiment examines the first-order approximation of the spectral
factor under matrix perturbations. For

t = 10−2, 3 × 10−3, 10−3, 3 × 10−4,

the absolute Taylor residual normalized by t2 remains between 0.03391 and 0.03393.
The stable normalized residual is consistent with a quadratic remainder in the
tested simple-dominant-eigenvalue regime, supporting the local sensitivity formula
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in Theorem 5.3. This behavior is a local numerical observation; the differentiability
assumptions remain essential near dominant-eigenvalue crossings or multiplicities.

We also evaluate the computational benefit of reusing local factorizations during
certificate-based ordering comparisons. Across three repeated timing measurements of
24 order evaluations at n = 40, the median cached-scoring speedup is 2.960×, while the
median amortized speedup is 2.738×. These measurements demonstrate a reduction
in the cost of evaluating multiple sweep orders within the tested implementation.

The computational implication is specific: once the local block data have been
constructed, alternative orderings can be compared through their reduced return oper-
ators without independently rebuilding the full sweep operator for every permutation.
The reported timing gains concern certificate evaluation and do not represent end-to-
end acceleration of the IBMI iteration, which also depends on ordering-search overhead
and the number of sweeps required. Additional ordering and finite-termination
diagnostics are reported in Appendix B.

Synthesis.

The numerical results establish a consistent connection between the return-operator
theory and the observed behavior of overlapping IBMI. Independent operator com-
parisons validate the reduced A-only spectral identity to the reported numerical
accuracy, while inverse-error trajectories demonstrate the predictive value of the spec-
tral certificate for persistent convergence. The overlap experiments reveal substantial
matrix-dependent differences in convergence improvement, and the controlled ordering
experiments show that permutations of a fixed block collection can produce markedly
different asymptotic factors.

Together, these findings demonstrate the practical relevance of the exact return
certificate for analyzing convergence and comparing sweep designs. They also identify
the geometric dependence underlying these effects: neither the magnitude of overlap
nor the choice of ordering alone determines the convergence factor independently of
the matrix and its associated transfer operators.

Reproducibility.

The supplementary experiment archive provides the merged raw CSV files and 96
inverse-error trajectory files underlying the reported numerical results. The implemen-
tation is publicly available at the project repository. Together, these resources support
independent inspection of the numerical evidence and verification of the reported
certificate comparisons, convergence trajectories, and ordering statistics.

9.5 Discussion

The return-operator representation connects exact convergence analysis with the
design of overlapping IBMI sweeps. Theorem 4.2 expresses the asymptotic spectral
factor entirely in terms of the original SPD matrix A and the ordered block cover. The
resulting certificate can be evaluated before performing an IBMI sweep, using local
principal-block solves and a reduced spectral computation, without explicitly forming
A−1. This separates the assessment of asymptotic convergence from the execution of
the inverse iteration itself. For a fixed block collection, the local transfer data can also
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be reused across candidate orderings, making the return representation suitable for
repeated sweep comparisons.

A central distinction is that the exact spectral factor and the available contrac-
tion bounds describe different levels of geometric information. The return certificate
captures the complete ordered interaction of the complementary subspaces, whereas
the canonical-correlation envelope and its A-only Schur-complement bounds control
this interaction through pairwise quantities. Separated adjacent complements yield
explicit strict contraction factors, and uniformly conditioned matrix families admit
dimension-independent estimates under the stated separation assumptions. When
adjacent complement spaces intersect, the largest canonical correlation equals one,
and the pairwise envelope may lose information about contraction in directions out-
side their intersection. This explains why a valid a priori bound can be substantially
less informative than the exact return spectrum.

The overlap results identify a corresponding limitation of block-size-based reason-
ing. For two-block sweeps, nested enlargement improves or preserves the exact spectral
factor. For three blocks, however, an explicit SPD construction shows that enlarg-
ing one update block can increase the asymptotic factor. The monotonicity of the
canonical-correlation envelope therefore cannot be transferred to the exact factor for
general multi-block sweeps. The decisive quantity is the ordered composition of the
local transfer operators, rather than overlap cardinality alone. This distinction pro-
vides a mathematical explanation for the strongly matrix-dependent overlap effects
observed in the public SPD experiments.

Ordering introduces a separate but related geometric design problem. The public
SPD instances exhibit limited sensitivity to block permutations, while the controlled
inverse-coupling ensembles produce substantial differences in the exact spectral factor
with the matrix and block collection held fixed. These findings show that ordering
effects can be significant without being uniformly pronounced across problem families.
The return certificate makes this dependence explicit and provides an exact criterion
for comparing candidate orders.

The singleton-complement theory further characterizes the combinatorial struc-
ture behind ordering. The spectral factor reduces to a weighted Hamiltonian-cycle
product, whose logarithmic form yields a symmetric Max-TSP objective. The SPD
realization theorem shows that positive definiteness alone does not restrict the com-
binatorial expressivity of this objective, and the associated optimization problem
is NP-hard. Consequently, efficient ordering guarantees require additional structure.
Metric logarithmic couplings permit the transfer of appropriate Max-TSP approxima-
tion guarantees to the contraction exponent, while exponential-line couplings admit
an explicit globally optimal ordering. The exact 2-opt exchange formula supports
inexpensive local improvements, without guaranteeing global optimality.

The perturbation theory complements these structural results by quantifying the
response of the spectral certificate to changes in A. The return spectrum admits a
worst-case Hölder perturbation bound, while a simple, uniquely dominant nonzero
return eigenvalue yields an explicit first-order sensitivity formula. These statements
concern the asymptotic spectral factor. Finite-sweep behavior also depends on powers
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of the generally nonnormal return operator, so asymptotic ordering comparisons need
not predict every transient trajectory.

From a computational perspective, the principal opportunity is certificate-guided
comparison of alternative sweep designs. The numerical experiments demonstrate
agreement between independently constructed spectral factors, correspondence with
observed persistent inverse-error behavior, and measurable savings from caching local
factorizations during repeated ordering evaluations. The certificate is nevertheless not
a cost-free convergence predictor: its construction requires local solves and a reduced
eigenvalue computation. The reported timing improvements concern certificate scoring
rather than the total cost of computing an approximate inverse. End-to-end benefits
depend on the balance between preprocessing, ordering search, and the reduction in
subsequent iteration cost.

Taken together, the results establish the return certificate as a framework for distin-
guishing exact asymptotic convergence, computable geometric bounds, and the effects
of overlap and ordering. Its main contribution is to make these properties mathe-
matically explicit and accessible from the original SPD matrix, while identifying the
structural assumptions under which stronger convergence or ordering guarantees are
available.

10 Conclusion

We developed an exact spectral framework for analyzing the convergence of overlap-
ping iterative block matrix inversion. The inverse-error dynamics admit a structured
congruence representation, and their asymptotic convergence factor is determined by
a reduced return operator. An explicit A-only construction evaluates this factor as
ρ(MA)2 using local principal-block solves, without forming the full inverse or executing
an IBMI sweep.

The return-operator framework also yields finite-termination criteria, perturba-
tion bounds, and a first-order sensitivity formula under a simple dominant-eigenvalue
condition. For overlapping sweeps, it establishes exact two-block monotonicity, iden-
tifies the failure of general monotonicity in three-block systems, and provides
canonical-correlation contraction bounds with an A-only specialization for separated
complements. These results distinguish exact convergence behavior from the geometric
bounds available before iteration.

The framework further exposes the combinatorial structure of sweep order-
ing. For singleton complements, the exact spectral factor reduces to a weighted
Hamiltonian-cycle objective, leading to explicit local exchange formulas, NP-hardness
for unrestricted SPD instances, and a globally optimal ordering for exponential-line
coupling structures. For general fixed block collections, reusable local transfer data
enable repeated exact evaluation of candidate orders.

The numerical experiments support the spectral identities and demonstrate their
relevance to observed inverse-error convergence. They also show that the effects of
overlap and ordering depend strongly on the underlying matrix geometry. Together,
the theoretical and numerical results establish the return operator as a basis for exact
convergence certification and structure-aware sweep design in overlapping IBMI.
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cholesky factorization of dense kernel matrices by greedy conditional selec-
tion. SIAM/ASA Journal on Uncertainty Quantification 13(3), 1649–1679 (2025)
https://doi.org/10.1137/23M1606253

[21] Elsner, L.: An optimal bound for the spectral variation of two matrices. Lin-
ear Algebra and its Applications 71, 77–80 (1985) https://doi.org/10.1016/
0024-3795(85)90236-8

[22] Stewart, G.W., Sun, J.-g.: Matrix Perturbation Theory. Academic Press, Boston
(1990)

[23] Wu, J., Yi, W.: Matrix spectral norm wielandt inequalities with statistical
applications. Journal of Inequalities and Applications 2014, 110 (2014) https:
//doi.org/10.1186/1029-242X-2014-110

[24] Choi, M.J., Tan, V.Y.F., Anandkumar, A., Willsky, A.S.: Learning latent tree
graphical models. Journal of Machine Learning Research 12, 1771–1812 (2011)

[25] Davis, T.A., Hu, Y.: The university of florida sparse matrix collection. ACM
Transactions on Mathematical Software 38(1), 1–25 (2011) https://doi.org/10.
1145/2049662.2049663

[26] Dempster, A.P.: Covariance selection. Biometrics 28(1), 157–175 (1972) https:
//doi.org/10.2307/2528966

Appendix A Inverse-coupling graph consequences

for finite termination

The singleton cycle formula and the path–cycle dichotomy in Section 8 connect finite
termination to the sparsity pattern of H = A−1. Classical relationships between
matrix sparsity and inverse structure are discussed, for example, in [26]. For singleton-
complement IBMI, the decisive feature is whether the ordered sequence of nonzero
inverse couplings forms a closed cycle.

A.1 An arbitrary-dimensional exact family

The path–cycle criterion yields an explicit family of genuine two-sweep termination
examples in every dimension n ≥ 3.

Corollary A.1 (An arbitrary-dimensional two-sweep family). Let n ≥ 3, and let
H ∈ Rn×n be an SPD tridiagonal matrix with nonzero first sub- and super-diagonal
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entries:

H =

⎡
⎢⎢⎢⎢⎢⎢⎣

d1 a1
a1 d2 a2

a2
. . .

. . .

. . . dn−1 an−1
an−1 dn

⎤
⎥⎥⎥⎥⎥⎥⎦
≻ 0, ar ̸= 0. (A1)

Set A = H−1 and consider the singleton-complement update blocks

Ir = [n] \ {r}, r = 1, . . . , n,

in the order 1, 2, . . . , n. Then the complete-sweep propagator satisfies

Q ̸= 0, Q2 = 0. (A2)

Consequently, the inverse-error operator has nilpotency index exactly two: every sym-
metric initial inverse error is annihilated after at most two complete sweeps, but not
every initial error is annihilated after one sweep.

Proof For singleton complements, the complete-sweep propagator admits the rank-one return
representation

Q = uv⊤, Q2 = (v⊤u)Q,

where the scalar return coefficient is

v⊤u =

n∏

r=1

hr+1,r

hrr
, r + 1 interpreted modulo n.

The tridiagonal structure gives hr+1,r = ar ̸= 0 for r = 1, . . . , n− 1, while h1n = 0 because

n ≥ 3. Therefore, v⊤u = 0 and Q2 = 0. The rank-one factorization of Q contains the product
of the n − 1 nonzero consecutive couplings a1, . . . , an−1, together with invertible diagonal
scaling factors. Hence, Q ̸= 0.

Finally, for the inverse-error operator L(E) = QEQ⊤,

L(In) = QQ⊤ ̸= 0, L2(E) = Q2E(Q⊤)2 = 0.

Thus, L has nilpotency index exactly two. □

The mechanism in Corollary A.1 is determined by the ordered inverse-coupling
pattern, not by chordality alone. The path graph of a tridiagonal matrix is chordal, but
a complete graph is also chordal and has no missing endpoint coupling. What matters
here is a sequence of nonzero consecutive couplings whose closing edge vanishes.

More generally, the cycle formula (60) separates the roles of sparsity and coupling
strength. A missing edge in the ordered return cycle produces a zero spectral factor and
finite termination. When every cycle edge is nonzero, the magnitudes of the normalized
couplings determine the asymptotic factor.

For singleton complements, the reduced return matrix is scalar. If finite termination
occurs, its return coefficient must vanish, and the rank-one sweep representation then
gives Q2 = 0. Thus, every finitely terminating singleton-complement sweep terminates
in at most two complete sweeps. Higher nilpotency indices, if realizable within the
IBMI framework, require a return space of dimension greater than one.
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Appendix B Additional numerical diagnostics

This appendix provides additional ordering and finite-termination diagnostics sup-
porting Section 9. The reported results are drawn from archived experiment outputs.
The targeted ordering examples and finite-termination diagnostics use different
experimental configurations and are interpreted separately.

B.1 Targeted ordering

We consider a synthetic SPD inverse-coupling instance with n = 8 (seed 111). Exhaus-
tive enumeration gives a native-to-optimal spectral-factor ratio of 1.41905 × 105. The
archived 2-opt procedure produces a factor 2.32277 times the global optimum.

Table B1 reports the corresponding spectral certificates. The example establishes
that exact evaluation of local 2-opt exchanges does not guarantee a globally optimal
ordering. The ratios compare asymptotic spectral factors rather than iteration counts
or execution times.

Table B1 Targeted ordering diagnostic
for an SPD inverse-coupling instance
(n = 8, seed 111). All reported factors are
spectral certificates.

Quantity Value

λmin(H) 0.868124
Native factor 1.00924× 10−21

Exact optimal factor 7.11209× 10−27

2-opt factor 1.65198× 10−26

Native/optimal 1.41905× 105

2-opt/optimal 2.32277

B.2 Finite-precision scope

In experiments, we use the dimensions n = 8, 16, 32. For the larger instances, the
recorded inverse errors after the first sweep are already close to floating-point roundoff.
Consequently, these trajectories do not reliably distinguish the predicted two-sweep
termination from the effects of finite precision.

Exact finite termination follows from the algebraic return-operator identities and
does not depend on numerical evidence. The experiments illustrate the correspond-
ing behavior in floating-point arithmetic. Additional historical examples, including
the tree log-metric instance, are documented separately because their independent
reproduction was not established in the consolidated experimental study.
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