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ABSTRACT

Performance evaluation of fuzzy logic (FL) controller on urea reactors functions was studied. FL controller could be an
efficient and reliable controller in the process industries to control process variables and conditions to a desirable set
point value, suitable for optimum performance of the industrial reactors if introduced to the production process plant.
Two industrial reactors; the plug flow reactor (PFR) and continuous stirred tank reactor (CSTR) typically used in Notore
and Indorama plants respectively were considered in the study. The urea synthesis from the feed reactants of NHz and
CO2is an equilibrium reaction process that obeys Le Chatelier’s principle, must be controlled to maintain the conditions
and variables of the process. The rate expression model, the ordinary and partial differential fractional conversions
and temperatures models for the CSTR and PFR respectively describing the processes were developed. The kinetic
parameters optimization models were derived using the statistical nonlinear regression and FL controller mode for the
reactors were constructed based on the imputation of membership functions, the fuzzy rules, and the linearized
reactors’ models. Simulations of these models were carried out in Simulink/MATLAB version 8.0 using plant and
literature data with input conditions of flowrate (63.5 kgs™), temperature (184 °C), and pressure (160 kgcm2G). The
results showed that, the urea reactors were unstable, producing sinusoidal signals, indicating that a suitable controller
was needed to control the urea reactors. The validated models and kinetics with plant and literature values, gave
negligible root mean square errors of ranged 7.0e-4 to 8.5e-4 and 7.0e-3 ° C to 2.1e-1 ° C for conversion and
temperatures, and 2.0e-4 to 7.5e-4 [kJ/mol] and 1.4e-4 to 8.2e-4 [m®mol's?] for the activation energies, and pre-
exponential and rate constants respectively, evidenced that the reactors models are better describe the urea
processes. FL controller for PFR outperformed the CSTR as it gave lower settling time and minimum errors of 1.05 [s]
and 0.138 °C compared to 3.32 [s] and 0.147 °C. The turbulent nature of the PFR when conditions are changed (below
or above the setpoint values), showed better response of CSTR urea reactor to control due to minimum errors and
settling time. The results of the work proved that the controller enhanced performance and deal with imprecision,
irregularities and nonlinearity in complex control situations for both reactors, and should be recommended.
Keyword: Fuzzy logic controller, temperature, CSTR, PFR, kinetic parameters, optimization, and urea process.



GRAPHICAL ABSTRACT

Fuzzy Logic Controller for Temperature Stabilization in Urea Reactors
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1. Introduction

Urea, as an organic fertilizer, provides 46 % of N, in the soil for nitrification to generate nitrates, which
is an essential manure for improving soil fertility or nutrients to enhance crop productivity for subsistence
and commercial purposes [1]. The global demand for urea outnumbers the quantity of urea produced
worldwide, especially in Africa, as outlined vividly and clearly in the research conducted by Ojong et al.
[2]. Urea synthesis from ammonia and carbon (IV) oxide, as secondary raw materials for the commercial
production of the organic fertilizer, takes place in either tubular or continuous stirred tank reactors with
a complex equilibrium reaction [2] that must be properly controlled to maintain the optimal yield of the
product. Process variables such as temperature, pressure, flow rate, and ammonia-carbon dioxide ratio
are to be controlled at setpoint values to avoid downtime performance of the reactors and to obtain
maximum yield.

Ensuring that processes operate as intended in a safe and cost-effective manner is the goal of process
control, which is challenging because most processes are prone to numerous disturbances that
continuously cause the controlled variables to deviate from their intended values (or setpoints). This can
be avoided by adjusting other process inputs (or manipulated variables) to return the process to the
intended state [3, 4]. One class of technique well suited to handling such disturbances is fuzzy logic. Fuzzy
logic or models are soft computing techniques that use inexact information to make exact predictions or
inferences, taking into account the uncertainty in human decision-making to make certain predictions
with a remarkable ability of the human mind to reason and learn in an environment of uncertainty and
imprecision [5, 6]. Fuzzy logic control offers a flexible and robust approach to temperature regulation in
industrial plants, allowing for effective control even in the presence of uncertainty and complex nonlinear



reactors’ dynamics [7]. The key to success is a thorough understanding of the plant’s characteristics and
a well-designed fuzzy logic control system [8, 9].

This suitability warrants a closer look at the underlying framework. Fuzzy logic is a mathematical
framework useful in control systems and decision-making processes. The fuzzy logic algorithm consists of
several steps to process fuzzy inputs and produce fuzzy outputs [10], particularly useful when dealing with
systems or problems that involve ambiguity, imprecision, or subjectivity [5]. Fuzzy logic controllers have
been applied in various fields, including control systems, expert systems, decision support systems,
pattern recognition, and artificial intelligence. They are known for their ability to handle real-world
situations characterized by ambiguity and imprecision, where traditional binary logic may be insufficient
[11]. Fuzzy logic controllers are useful in situations where precise mathematical models are challenging to
develop or where human reasoning and expertise are essential [11, 12].

This ability rests on a specific conceptual foundation. Fuzzy logic conceptualizes the human mind’s
ability to reason uncertainty and inexactness in a manner that reasoning cannot be expressed precisely,
not even with statistical or probability methods [13]. Fuzzy logic is defined as a many-valued logic form,
in which variables can take any real number truth values between 0 and 1. Fuzzy logic (FL) algorithms help
solve problems by considering all available data and making the best possible decisions for the given
inputs. Though PID controllers are popular in the industry [14, 15], fuzzy logic controllers (FLC) are widely
used in practice as evidenced by the cited literature [15, 16].

To situate the present study within this body of work, several related studies on the use of fuzzy logic
and other controllers to control reactors or systems were reviewed, and the key findings are as follows:
Mahmoud et al. [17] applied adaptive model predictive, adaptive neural network model predictive, and
adaptive neuro-fuzzy sliding mode controllers to control ammonia and urea production processes aimed
at achieving stability of the outlet concentrations of ammonia and urea, stable reaction rates, increased
conversion of CO,, increased ammonia and urea production, maintenance of the NH3/CO, ratio of 3:1, and
reactor temperatures within suitable operating ranges in response to external disturbances or variations
in reactor parameters. The simulation on the developed models for the processes in terms of
concentrations and temperatures showed that the adaptive neuro-fuzzy sliding mode controller was more
effective than the others in handling external disturbances and parameter changes.

In a related effort, Manozca et al. [18] used model predictive control techniques to control the
synthesis section of a urea plant. Key variables, including the NH3/CO, ratio, reactor level, reactor
pressure, and reactor temperature, were stabilized to their design values or within the operating range,
thereby maximizing the load of the synthesis section via feed flows.

Beyond the synthesis reactor itself, fuzzy-logic-based control has also been extended to downstream
emission-control units associated with urea use. You et al. [19] investigated the urea dosage controller
design for two-cell selective catalytic reduction (SCR) systems. Models for the SCR of two cells were
developed, and the fuzzy logic urea dosage controller design procedure was carried out. Simulations and
comparisons for the fuzzy logic urea dosage controller and experimental results indicated that high
concentrations of NOx were reduced to the barest minimum.

Closer to the focus of this study, Nilesh et al. [20] developed a nonlinear CSTR model and type-2 FLC
built in MATLAB/Simulink to control the concentration instabilities within the reactor based on flow rate
adjustments within the plant. The analysis showed that type-2 FLCs are generally more robust than their
type-1 counterparts, as they successfully controlled disturbances and uncertainties by eliminating
oscillations.

Building on this CSTR-specific line of work, more recent studies have further advanced the stability and
control of the CSTR. Shi et al. [21] developed a nonlinear PID controller for a continuous stirred tank
reactor whose parameters were optimized using a radial basis function (RBF) neural network and reported
improved tracking accuracy and stronger robustness to parameter uncertainty than conventional PID



tuning. In a similar PID-based framework, Achu Govind et al. [22] designed a robust decentralized PID
controller for a benchmark CSTR system by combining nonlinear constraint optimization with Kharitonov-
Hurwitz stability analysis, achieving wider closed-loop stability margins under loop interactions than
classical decentralized designs.

Cui et al. [23] proposed an adaptive robust controller for a nonlinear constrained stirred-tank reactor
using a self-organizing fuzzy neural network together with time-varying integral barrier Lyapunov
functions, which kept the reactant concentration and mixture temperature within safe operating bounds
while guaranteeing closed-loop stability under strong nonlinearities and uncertainties.

While the CSTR has received considerable attention, the plug flow reactor (PFR) — the second reactor
type modelled in this study — has also been the subject of recent stability and control research. Liavoli et
al. [25] developed an Extended State-Dependent Differential Riccati Equation (ESDDRE) controller for a
non-isothermal plug-flow reactor governed by a time-delay partial differential equation, achieving sub-
optimal nonlinear stabilization despite the reactor’s inherent time-delay dynamics. Addressing a similar
class of delayed hyperbolic PDE systems but through a fuzzy-logic lens, Zhang et al. [26] designed a robust
non-fragile Heo fuzzy controller for uncertain nonlinear-delayed hyperbolic PDE systems representative of
plug-flow reactor dynamics, using a Takagi-Sugeno fuzzy PDE model and spatial linear matrix inequalities
to guarantee exponential stability under delay and parameter uncertainty.

Moving away from delay-compensating designs toward optimal control formulations, Yevgenieva et
al. [27] addressed the periodic optimal control of a plug flow reactor model under an isoperimetric
constraint, deriving bang-bang optimal control strategies for isothermal PFR systems with periodic flow-
rate inputs. Taking a data-driven approach to this same optimal control problem, Grancharova et al. [28]
proposed a Gaussian-process-based adaptive optimal control approach for a tubular reactor, using a
nonlinear autoregressive model with exogenous inputs (NARX) to capture the reactor’s distributed-
parameter dynamics and achieve robust control despite stochastic feed disturbances. The CSTR and PFR
specific studies confirm that both reactor types require robust, adaptive control strategies capable of
handling strong nonlinearities and distributed or time-delay dynamics, reinforcing the motivation for this
study’s application of FLC to both the CSTR and PFR urea reactors.

Beyond reactor-specific applications, fuzzy-logic-based approaches have also proven effective in
broader process safety and general process control problems, further illustrating the versatility of the
technique. Wright and Kravaris [29] applied a two-layer fuzzy inference system to control and implement
the root causes of a system hazard. The IF-THEN rules embedded in the inference engine, using real-time
measurement data, were used to compute numerical simulations, which demonstrated the feasibility of
the proposed approach.

Similarly, Mendel et al. [30] used a self-adaptive fuzzy logic controller for real-time pH normalization.
The suggested self-adaptive method used different scaling factors based on error and change in error
levels to update control parameters and the normalized universe of discourse of output fuzzy membership
functions. The self-adaptive scheme's real-time pH control performance demonstrated promising
outcomes. The controller was user-friendly and could be adopted by process engineers.

Despite this broad evidence of FLC's effectiveness across diverse control problems, the urea synthesis
process itself imposes strict requirements that few of the studies above address directly. These
requirements include ensuring that the reaction between NH; and CO; occurs with stoichiometric mole
ratios of 3:1 in equilibrium, obeying Le Chatelier’s principle, and maintaining temperature and reactor
pressure within the ranges of 180 °C to 184 °C and 160 atm to 180 atm, respectively. Minimum biuret
formation of 1.5 % by weight, an N/C ratio of 5:1, an H/C ratio of 3:1, and a residence time of 2 to 6 mins
must also be achieved. These principles and process conditions can only be achieved through the
application of a robust controller, as local system control cannot withstand external disturbances.



Over the years, PID and other controllers have been used to control the urea production process [31-
33]. However, these controllers are analog and struggle with handling imprecisions and nonlinearity in
complex control situations. Additionally, PID controllers wait until thermal irregularities, such as during
start-ups or system upsets, occur before executing control, which is not ideal as failure to control can
cause damage to the plant, humans, and finances. There is an urgent need for a more reliable, self-tuning,
artificial intelligence-based [34], and digital controller to minimize control errors, enhance performance
during irregularities, and quickly recover from start-ups or system upsets. Again, the process involves
excess of the green-house gas (CO2) which poses safety risks to the environment and the process; hence,
a better and reliable controller is needed to control such release to reduce the hazards and toxicity of the
process. Fuzzy logic controller (FLC) has proven to handle these challenges effectively and efficiently by
dynamically adjust PID gains in response to changing system conditions [35].

Again, optimized kinetic parameters will improve the performance of the controller since no literature
was stated on the optimization of the pre-exponential constants, activation energies, and rate constants
of the synthesized equilibrium reaction that gave urea product.

Thus, this study aimed to apply FLC to control temperature fluctuations in the CSTR and PFR urea
reactors, thereby reducing the excessiveness of the toxic gas by allowing the required amount needed for
the synthesis process. This is achieved after the kinetics of the process have been optimized using non
linear statistical regression search tool.

The objectives of the study are to apply the rate expression and the transient temperature models [2]
to develop uncontrolled, and optimize kinetic models, generate transfer functions for the two reactors,
design and integrate fuzzy inference mechanism, indicating the membership functions, use the fuzzy logic
rules in the fuzzy block to control temperature fluctuations to an acceptable range within the reactors,
and evaluate the effectiveness of the FLC on reactors’ types.

2. Methodology

The study entails the adoption of rate expression models for urea synthesis [2], the development of
the uncontrolled urea reactors mole fraction and temperature models [2], the derivation of optimal kinetic
models, the generation of the transfer functions for the temperature control, the validation of the
uncontrolled models results, and comparative performance of the FLC on temperature control of the urea
reactors.

2.1 Rate Expression and Transient Models for the Urea Process
The rate expression model for urea synthesis developed by Ojong et al. [2] is based on first principles
derivation from the equilibrium reaction of ammonia and carbon dioxide as indicated in model 1

d
% = (kz — k1)PPyiy: — k3Pry3 (1)

where, y;,y,y3 and y, are the mole fractions for ammonia, carbon dioxide, ammonium carbamate,
and urea respectively, Py is total pressure of the system, k¢, K,,and k3 are the rate constants for the
forward and backward equilibrium reaction of ammonia and carbon dioxide, and the forward rate constant

for the dissociation of the carbamate to give urea and water.
Interms of fractional conversion, modell was transformed to give model 2 as

% = Piy3o{(ky —k)(8 —X)*(1 - X)} — k36, PrX (2)



where, 0 is the ratio of the mole fraction of ammonia to that of carbon dioxide initially present, 04 is
the ratio of the mole fraction of carbamate to that of carbon dioxide initially present, X is the fractional
conversion w.r.t limiting reactant, and y, ¢ is the initial mole fraction of the limiting reactant, carbon
dioxide.

Similarly, the urea reactors for the production of organic fertilizer commercially are mounted at Eleme
area of Port Harcourt, Rivers State, Nigeria [36, 37] are known as the Indorama and Notore reactors, which
are conventionally identified as continuous stirred tank reactor and tubular reactor as described [2]. The
transient fractional conversion and temperature models for these reactors were developed by applying
material and energy balance principles on the reactors to give the following equations [2].

The material and energy balance applied to the CSTR in series (see Fig. A in Appendix AA) gave ordinary
differential equations (ODEs) describing the production process interms of conversion and temperature as
in equations 3a and 3b.

X _1g4 é + P2yZo{(ky — kq)(0 —X)2(1 — X)} + k30, PrX (3a)

dt T1

where, X,, is mole fraction of nth reactor as nis 1, 2 and 3 for specifying the 3 reactors in series, 14 is
the space time interms of ammonia flow, and T, is the space time interms of carbon dioxide flow, defined

, \ \ . . .
mathematically as, t; = V—R, and T, = V—R, Vg is the volume or capacity of the reactor [m®], v, and v, is
1 2

the volumetric flow rate of the ammonia and carbon dioxide respectively [m3/s].

dT; 1 . .
& = = (To + Tc — 2T)) + jPy3 o{(kz — k1) (8 = X)2(1 — X)} + jk3PpByy 0X (3b)

where, j = (_pA—CHr) [m3K], T; is system temperature for either product formation (with i indicating CSTR
p

1. . . , i , UA
number 1, 2, and 3), ~Is space velocity or reciprocal of space time, defined mathematically: =2

pCoVR VR
Ty is the input temperature, T is the coolant temperature, UA is the product of the overall heat transfer
coefficient [kW/m?2.K] and surface area [m?] of the coolant system, pC, is the product of the density
[kg/m?3] and specific heat capacity [kJ/kg K] of the mixture stream, and v, is the volumetric flow rate of
the materials [m3/s].

Similarly, material and energy flow across the PFR as shown in Fig. B (see Appendix AA) was applied to
developed partial differential equations (PDEs) describing the conversion and temperature progression in
the reactor as shown in models 4a and 4b respectively.

ax _ ax
3 tV5, = k2 Piy35(0 — X)2(1 — X) — K1 Py3)(8 — X)%(1 — X) K3Pr01y; 0X (4a)

where, v is the fluidized velocity of the system.
oT oT . 3.2 2 . 1
5. T Vo, = i(kz —K)Pry3p(0 — X)*(1 = X) +jk3Pr0,y; 0X + — (T — Tyy) (4b)
2.2 Kinetic Optimization
Statistical non-linear regression analysis is applied to obtain the most suitable kinetics to control the

process. The rate constants, the energies of activation, and pre-exponential constants are optimized for
proper control and design [38]



The kinetics k; to be optimized, is defined mathematically for temperature process as,

k; = Kk exp (E;/RT), (5)
where, K; ¢ is the pre-exponential constants for reversible and irreversible reactions, E; is the energies of
activation for the reacting species i, (i = 1, 2, 3) in the equilibrium urea reaction process.

Numerically, the statistical search method is used to determine the optimal values of the rate
constants, Arrhenius constants and activation energies [39], which is a statistical search non-linear
regression method, that agreed with the convergence criterion “If F.;; > Fi,p” then, the values obtained
from the simulations of the statistical models converges and the kinetic parameters values at 5%
confidence interval fare optimal.

The optimization procedures followed the defined stated models as,
Mean of Square Erros

Foq = 6
€al ™ Mean of Square Mean (6)

where, F.,; is the calculated frequency distribution value. These square means are defined mathematically
as,
__ Sum of Square Mean

Mean of Square Erros = - (7a)
parameters involved

Sum of Square Error

Mean of Square Mean = (7b)

iteration number —parameters involved

The square means are defined as functions of fractional conversion and temperature obtained in the
reactors’ models reactors as,

Sum of Square Mean = Y3 {(Xi,cal - Xi,)z + (Tj,cal - Ti)z} (8)

2 2
Sum of Square Error = Y} {(Xi'cal —Xiptant) + (Tjcal — Toplant) } (9)

where, X, X; T cal, and T] are the simulated and mean conversions and simulated and mean

temperatures of the various runs generated respectively. Xj yjant and To plant are the plant data for the

conversion and temperature. The conversion and temperature means are defined as,
n
— i1 X
j=1 21

X = (10)

n

— !1= T;
T, = Zi=1 (12)

n

Suppose that the condition for acceptability of the parameters based on the criterion set as defined above
met for convergence, then, the optimal kinetics are thus computed as,

G+1) _ g
E/"V =E +aA (12)
AV = Al an (13)

where, Ei(]+1) and A?H) are the best values of energies of activation and pre-exponential constants

obtained, E; and A]i are the input or take off values for the energies of activation and pre-exponential
(Arrhenius) constants, o is a scalar constant defined as 0.35 < a < 0.95 [38, 39], and A is the delta value
determined mathematically as,

A=—(m) 1. [nXp] (14)



where, (m)‘1 is the matrix inverse, which comprises of the product of matrix and its transpose, and
[n X p] is matrix originated from the iteration number by parameters involved. Then the refined rate

constant is determined as,
G+1) g
K; = A; exp{— ™ } (15)
where, R is gas constant [J/mol. K]

2.3 Discretization of the Urea Reactors Models

The terms on the ODEs and PDEs models are non-linear; hence, Taylor’s series approach is applied to
linearized the non-linear terms on the right hand of the uncontrolled models 4 which powers of the
variables are product and not 1. Linearity is key for control of the process and this effectively generate
transfer functions for the processes and the loads. Higher powers of the variables in the series are
truncated as the errors are negligible, hence the series used for the implementation of the linear term is
shown in model 5.

f(X,T) = £(X, T;) + af(:;('T’)

(X-x;)+ % (X T)(T - T;) + - (16)

where, X; and T; are steady state values of the conversion and temperature.

Applying model 16 to linearized models 3 and 4 coupled together give models 17 and 18 interms of
deviation variables respectively (see detailed of discretization in Appendix A and B).

dax’

== -wo X' + w3 T’ +a,Ty + K3 (17a)
dT, ! 1 ! 4 1 ! ! !
e =wT + ;Ti + a1T0 + ;Tst +w X +K (17b)

where, w,, w3, a,, K3, w, a;, wy, and K’ are constants defined appropriately (see appendix A in the
supplementary document for clarity of the discretization method).

ox’ ox’

5 TVa = mX' + myT' —m; Ty +d’ (18a)
aal_[ + aalz = m11X' + mlzT, + ClT(; — %Tslt + dgl (18b)

where, m, m;, d, m;;, my,, C;, and d; are constants defined appropriately as shown in Appendix B in
the supplementary document.

2.4 Transfer Functions Generation for the Processes and Loads

The generation of the transfer functions for the urea reactors are obtained from the Laplace Transform
(LT) of the ODEs models for both reactors as the performance of the reactors must be based on same
geometry, hence, the assumption was made to convert the PDEs (model 18) to ODEs. This is so because,
control is time dependent, not distance. Thus, the differential terms approximate to zero (see Appendix C
for clarity). The LT of models 17 and 18 to give models 19 and 20 respectively as,

S ] =/ K}
(S + Wz)X(s) — W3T(S) = azTO(s) + ?1 (19a)
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Y T/ 14 T/
_W1X(S) + (S — W)T S = ;T i(s) + a1T O(S) + ? (19b)
— = = d’
(S — m)X’(S) — mlT(’S) = _mlTO(S) + ? (20a)
v/ =T 1 1=/ di,
my;X(s) + (s —myp) T = C1To) = “Tspes) + 5 (20b)

Detailed of the couple models 19 and 20 resolved are shown in appendix C in the supplementary
document.
Each coupled algebraic models (19 and 20) consist of the conversion and temperature variables, resolved
using Cramer’s rule based on matrix form: AX = b to give the transfer functions as shown respectively in
models 22 and 26 for both reactors.

_ _ </ (21)
(s) + alTo(s) + ?

Tt 1

_ — K’
w3 (s + Wz)] XI(S) _ aZT‘;(S) + Tl
(s—w) -w [Tyl |15

Model 21 is solved to give the transfer functions interms of conversion and temperature as,

(az(s+w)+ajwz) =/ (s+w) ,, . w3K’

v/ ﬂ—./

X = () T P(s) ORI sP(s) (22a)
mr _ (s+wp) =y (ag(s+wp)+a;w) =/ (s+w3) .,/ K'l_w

T = ™) T P To * sP(s) sP(s) (226)
where, P(q) is a polynomial of degree two (2), defined mathematically as,

P =s?—a's—w (23)

The transfer functions for the process and disturbance or load are obtained from models 22a and 22b as
shown in model 24, Table 1, and Fig.1.

—, T,
)E(S) _ [G11(s) G12(s) G13(S)] _1,(5) (24)
Ts) Gz1s) Gaz2cs)  Gas(s) KO(S)
©)
: ; Gz Gz Gi3] . . .
The transfer function matrix G(s) = ] is presented in Table 1 for the various
G21 Gz Gp3

components as,



Table 1Transfer Functions for the Indorama Urea Reactor (CSTR)

Output Input G;j(s) Element Transfer Function
X(s) Ti(s) Gi1 w3 /TP(s)
T (S) glz [az(s —w) +a;ws3]/Ps)
K(S) 13 w3 /sPs)
T(IS) Tis) 821 (s + wp)/TPs)
To(s) Gzz [a;(s — wy) +a,w] /P
23 s+ wy)/sP
Kls) ( 2)/sP(s)

The transfer function for the CSTR process is also shown in Fig. 1.

ey

Tis) ; Grre ’ E %!,
e )

T(;(S) E %Gn(s) — E
Gz2(s) \L

K | |

(s) i G13(S) j/ i
E Ga3(s) E T('S)

Fig. 1 Input-Output Transfer Functions for the CSTR Urea Process

Similarly, models 20a and 20b are resolved using Cramer’s rule give XES) and T('S) as,

o (25)

S — —m1 x(s) mlTO(s)
m11 m12 T(S) C,

T0(s) Tst(s) +

Using Cramer’s rule on model 25 provides the solutions as,



!
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X(s) = s (26a)
T, = (S_‘p)T(;(S)_%(S;ln(lz;fs’t(s)_(s"'(pl)% (26b)
where, P; (s) is a polynomial of degree 2 defined mathematically as,
P(s) =s?—fs+f; (27)

n, @, f, f;, and @, are constants defined accordingly as m;m;,, m + m;m; 4, (m;, + m), mm;, — mmy,
andm;; —m.

The transfer function matrix Gs), is obtained from model 9a and 9b, which serve as the transfer functions
for the urea process and the disturbance described by the PFR and stated as,

-, 'T(;
X(s) _ [Gll(s) Gi2s) G13(s) T ® (28)
Tl G210 Gz2s) Gaa)l| 1
d
| dq
(G G G
The transfer function matrix Gg = | .-+ 2 13] and the transfer functions for the input-output
G271 G2z Go3
model of PFR is displayed in Table 2 and Fig.

2 as,

Table 2 Transfer functions for the Notore Urea Reactor (PFR)
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Fig. 2 Input-Output Transfer Functions for the PFR Urea Reactor

2.5 Control of the Urea Reactors using Fuzzy Logic Controller

The control models are transfer functions obtained from the urea reactors developed models. The fuzzy
logic closed-loop system is built in such a way that the fuzzy logic controller controls the temperature
fluctuations within the urea reactors via the integration of the fuzzy inference mechanisms [35]. The fuzzy
block which is the replacement of the PID controller with the fuzzy mechanism (see Fig. 3), consist of fuzzy
rules and the membership functions to implement the controller’s objective as shown in the general block
diagram of the closed-loop temperatures control system.
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Fig.3 Generalized Fuzzy Logic Controller Block Diagram for a Closed-Loop Temperature Control of the

Urea Reactors

where, CV is the control valve, Gg(s), Gp(s), Gacs), and Gps) is the transfer function of the finite control
element, the process, the load, and measuring instrument called the thermocouple of the first order
function defined mathematically as,

T 1
_ “m(s) __
Gm(s) - 'f('s) - Tps+1 (29)

=/
o _ Ky
Cis) s+l

Ges) = (30)

Models 29 and 30 are obtained from the LT of the thermocouple model [40] and final control element

model [9]. Details of the developed models are shown in appendix D in the supplementary document.

The fuzzy rules are the most important design procedure of the fuzzy logic used to implement the fuzzy

logic controller strategy on temperature control. The fuzzy rules create the fuzzy instructions to carry out
the control function based on the membership functions of time and temperature.

The nine (9) fuzzy logic rules for the implementation of temperature control of the reactors [34, 41, 42]

are stated as thus:

If the input temperature is below the set point and time is moderate, then output temperature should
be boosted.

If the input temperature is below the set point and time is fast, then output temperature is boosted.
If the input temperature is below the set point and time is moderate then, output temperature is
boosted.

If the input temperature is accepted (at set point temperature) and time is slow, then output is control
temperature.

If the input temperature is accepted (set point temperature) and time is moderate, then output is
control temperature.

If the input temperature is accepted (at set point) and time is fast, then output is control temperature.
If the input temperature is over (above the set point temperature) and time is slow, then output is
normalizing temperature.

If the input temperature is over (above set point temperature) and time is moderate, then output is
normalizing temperature.

If the input temperature is over (above set point) and time is fast, then output is normalizing
temperature.

2.6 Input Data for Simulation

Tables 3 and 4 are input parameters from the CSTR and PFR Urea reactors respectively, which are

obtained from the plants. The computational data used for the simulation also are presented in appendix
E of the supplementary document. Table 5 present the literature data also used for the simulation process.
The possibility of getting the data from the plants is due to collaborative support the Rivers State University
have with the industries within the state, which was initiated by the Council for the Regulation of
Engineering in Nigeria (COREN) during the outcome-based Education (OBE) awareness as one of the main
criteria that the Engineering programs get partial or full accreditations by the body.



Table 3 Input parameters for the Indorama Plant ( CSTR) [32a]

S/N Parameter Value Unit
1. T (Temperature) 184 °C
2. P (Pressure) 155 [kg cm™. G]
3. NHs flow rate 93 [th
CO: flow rate 12 [th?4
Carbamate flow rate 122 [th?4
4, X (Conversion) 0.63 to 0.64 -
5. T (Time) 3.7 [Min]
6. N/C ratio 3.6 -
7. H/C ratio 0.5 -
8. Forward rate constant ki 0.691 [hr]
Backward rate constant kz 0.596 [hrY]
Forward rate constant ks 1.2212. [hrY]
9. E1l 15 [kJ mol!]
Energies of activation: E2 15
E3 17.5
10. Reactor length 12 M
11. Ay 0.694 [hrY]
Pre-exponential constants: Az 0.598 [hrY]
As 1.227 [hrY]
12. AH, (Heat of reaction) 131.1 [kJ mol!]
13. Amount produced 4000 [MTPD]
14, p (Density) 1323 kg m3]
15. Cp (Specific heat) 1.339 [kJ kg™
Table 4 Input or Plant data for Notore Plant (PFR) [33]
S/N Parameter Symbol Value Unit
1. Temperature. T To 183 °C
2. Pressure, P Po 160 [kg cm™2. G]
3. Flow rate, F F 61.23 [m3hr]
4, Conversion, C X 0.54 -
5. Residence Time to 2.50 [min]
6. Rate Constants ki, k2, & k3 0.691, 0.596, & 1.2212 [hr]
7. Activation Energy Ea1, En2, & Ens 15,15, & 17.5 [kJ mol}]
8. Arrhenius Constant AL & Ay & A3 0.694, 0.598, & 1.227 [hr]
9. Reactor Capacity \Y 1500 [MT]
10. Heat of Reaction AH: 131.1 [kJ mol Y]
11. Molar flow rate Cno 50.23 [Kmol m3]
12. Nitrogen Carbon ratio N/C 3 -
13. Hydrogen Carbon ratio H/C 3.1 -
14. Ammonia Pressure P1 210 [atm(g)]
15. Equilibrium constant Kp 115.94 -
16. | Carbon dioxide pressure P2 200 [atm(g)]




17. Density P 1323 [kg m3]
18. Specific heat Cr 1.339 [k) kgt.eC)
19. Gibbs Free Energy AG -197.15 [k) mol?]
20. Entropy AS -333.19 [kJ molteC]
21. Enthalpy AH 4.5 [kcal mol?]

Table 5 Literature Data for the Urea Production Process [32b]

S/N Parameter Symbol Value Unit
1. Feed Composition CO2, NH3s, H20, & (NH2).CO 31,43,21,&5 %

2. Temperature (°C) Ti 172-178 °C

3. Pressure Pi 200 [atm, g]
4, N2 Carbon ratio N/C 4 -

5. H2 Carbon ratio H/C 0.64 -

6. Conversion X 0.64 -

7 Molar Concentration CO2, NH3s, H20, & (NH2).CO 0.018, 0.023, [mol m3]

0.011, & 0.003

2.7 Solution Techniques

The uncontrolled models are the ODEs and PDEs developed which were numerically resolved with 4th
order Runge-Kutta (R-K) and the finite difference approximation techniques (FDAT) respectively as stated
clearly in the work of Ojong et al [2]. The kinetics parameters used for the simulation process were refined
for proper control functionality [2,43]. The simulation is numerically conducted based on
Simulink/MATLAB version 8.0 and it follows a clear flow chart shown in Fig.4.

Simulation of the system modelling design of the fuzzy inference system and then validation which
involves the introduction of simulated temperature fluctuations, including sudden drops, to evaluate the
controller’s robustness based on time (mins) and temperature (° C) membership functions of range [0:1:8]
and [84:250]. The Simulink/MATLAB of version 8.0 is the simulation environment for the implementation
of controller strategy to control temperature disturbances within the urea reactors.

The 4th order-K algorithm used to resolve the ODEs is written as,

Kln = hf(tl, Xijp; Tijp) (313)
where, p takes values 0,1, 2, 3, ... n, m stands for 1 and 2.
1 1 1
Kml=hf@i+5h;x¢p+5Ku;nM,+5Ku) (31b)
where, h is the step size for the iteration process.
1 1 1
Kan = hE(t + 205 Xy + 5 K5 Ty +5Ky5) (31c)
Kan = hf(t; + hg; Xijp + Ka1; Tijp + Kaz) (31d)
1
Xijp+1 = hi + = (K1q + 2Kpq + 2K31 + Kyy) (31e)
1
Tijp+1 = Tijp + 2 (Kiz + 2Kz + 2K35 + Kyp) (31f)
ti+1 = ti + h (31g)

The FDAT used for the resolution of the PDEs developed are the central and forward FDAT applied for
the time and the spatial domains of the functions respectively.

(a+ DXt D) = y(t+1,i) +ay(ti+ 1) —b (32)



where, a is defined as VA—AZt, and b is defined as (—r,)At
(1—-a+ayT(i)=aT(ti+ 1)+ T+ 1,i)—]Jb+b, (33)

where, byis defined as AtT¢
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2.8 Validation of the Models

The root means square error as the error analysis evaluation (rmse) displayed in model 34 [2, 38], is
key for validation of the models as,

model-plant/literature’ 2
rmse = \/ ( plant/ ) (34)

iteration number

3 Results and Discussion

3.1 Uncontrol Reactors Models

The simulated conversion and temperature models developed for the urea reactors with sinusoidal
inputs of 65.5sin (0.4t) and 184sin (0.4t), to ascertain the level of disturbance caused within the reactors,
if there is a need for controller or not. Figs. 5 to 6 clearly indicated that controller is needed for the urea
process.

Fractional Conversion
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Time (Minutes)

Fig.5a Effect of Sinusoidal Input on Fractional Conversion of CSTR urea process

The profile of fractional conversion against time generated when the model was simulated sinusoidally,
produces more disturbances at output response of the urea reactor shown in Fig.5a, which agrees with
literature trend [44, 45]. The profile has peak and trough values at 2.5 and 0 respectively and fluctuates in
succession as time increases, indicating that the fluctuations of the fractional conversion value within the
urea reactor is high and above the set point value of 1. This call for a proper and efficient controller
mechanism, able to effectively and qualitatively control the output fluctuations for better quality and more
urea produced.
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Fig.5b Effect of Sinusoidal Input on Temperature of CSTR urea process

The profile of temperature with time generated when the input parameter is sinusoidally disturbed the
CSTR urea reactor is shown in Fig.5b. The temperature wave profile has peak and trough at values + 200 °
C respectively and fluctuates in succession as time increases, indicating that the fluctuations of the heat
within the urea system is high and above the set point value of 184 °C. This call for a proper and efficient
controller mechanism, able to effectively and qualitatively control the temperature fluctuations for better
quality and more yield of urea in the reactor in line with literatures [46, 47]. The step change behaviour of
temperature input to the urea reactor makes no sense as there is sudden drop of temperature from the
set point to 166 °C.
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Fig.6a Effect of Sinusoidal Input on Fractional Conversion of PFR urea process

The fluctuations of the fractional conversion profile produced with time due to the variable input into
the PFR urea reactor is shown in Fig.6a. The profile has peak and trough at values 2.8 and - 0.4 respectively
and fluctuates in succession as time increases, indicating that the urea reactor is highly unstable with



values above the set point value of 1. The input fractional conversion variation correspondingly disturbs
the output values, causing the reactor not to perform optimally. This call for a proper and efficient
controller mechanism, able to effectively and qualitatively control the output fluctuations for better
quality and more yield of urea in the reactor.
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Fig.6b Effect of Sinusoidal Input on Temperature of PFR urea process

The sinusoidal temperature profile produced with time due to the variable input into the PFR urea
reactor is shown in Fig.6b.

The temperature wave profile has peak and trough at values 250 ° C and -150 ° C respectively and
fluctuates in succession with time increase, indicating that the fluctuations of the heat in the urea system
are much and above the set point value of 184 °C (i.e., above the process condition value).

The input temperature variation causes disturbance of the output values which lead to poor
performance of the reactor.

This call for a proper and efficient controller mechanism, able to effectively and qualitatively control
the temperature fluctuations for better quality and more urea obtained.

3.2 Validation of the Urea Reactors Models
Table 6 presents the validation of the uncontrolled models results with plant and literature values.

The error analysis for the urea reactors models’ results compared to plants and literature values gave
negligible values from 9.0E-04 [-] to 0.010[° C] and 7.0E04 [-] to 0.209 [° C] respectively for plant and
literature values, indicate that the developed ODEs and PDEs that described the Indorama and Notore
urea production process respectively can be reliable, good and should be acceptable.

This means that the models developed are good enough with minimal errors and assumptions made.



Table 6 Models Prediction and Performance Results

Urea Reactor Plant Value Literature Data Model Result
Fractional Conversion (X)
Indorama (CSTR) 0.63 0.64 0.683 ‘
RMSE absolute 0.0009 [-] 0.0007 [-] -
Notore (PFR) 0.543 0.64 0.589
RMSE absolute 0.0008 0.00085 -
Temperature (T)
Indorama (CSTR) 182°C 175°C 181.70°C ‘
RMSE absolute 0.007°C 0.163°C -
Notore (PFR) 184°C 175°C 183.57°C
RMSE absolute 0.010°C 0.209°C -

3.3 Optimized and Validation of the Kinetic Parameters

Inline with Wordu et al. [38] and Wordu et al. [39], the optimized kinetic parameters shown in Table 7
gave negligible root mean squares error values when validated with plant data.

The errors indicated that the statistical optimization models are suitable and acceptable to produce best
kinetic parameters, needed for the control and reactors design. |

t was observed that negligible errors showed a more robust and better models developed of the urea
reactors, for good prediction of the process and may improve the functionality of the intended controller.

Table 7: Kinetic Parameters Validation with Plant Values.

S/N Parameter Plant Value CSTR PFR RMSE Absolute
CSTR PFR
1 Activation Energy E, 15 15.029185 15.0309 7.12e-04 7.54e-04
(kJ/mol) E; 15 15.02566 15.02716 6.0e-04 7.0e-04
E317.5 17.506899 17.507305 2.0e-04 2.0e-04
2 Arrhenius Constant A, 0.694 0.68723 0.687178 1.65e-04 1.66e-04
(mémolls?) A, 0.598 0.592155 0.592123 1.42e-04 1.43e-04
A3 1.227 1.23038 1.21296 8.2e-05 3.4e-04
3 Rate Constant ki1 0.691 0.723185 0.724902 7.85e-04 8.26e-04
(m®molls?) k2 0.596 0.623655 0.625165 6.74e-04  7.11e-04

ks 1.2212 1.233899 1.234305 3.10e-04  3.20e-04



3.4 Simulation Results of Reactors with Fuzzy Logic Controller on Temperature Regulations and their
Performance on Control Elements

The implementation of the FLC on the control of temperature fluctuations within the Indorama and
Notore urea reactors via simulations and comparative performance of the controller strategy on both
reactors is discussed in Figs. 7 to 9, and in line with works of [5, 42].

3.4.1 Temperature Regulations on the CSTR Urea Process

Figs 7 (a, b & c) indicate the influence of FLC on the regulation of low, moderate and high temperatures
on urea synthesis within the CSTR considering other factors (such as flow rate, ratios of N/C & H/C, and
concentrations) being constant.

The result showed that it took just 1.5 [s] and error of 0.144 ° C to normalize the high temperature, while
a delayed time of 5.59 [s] and error of 0.848 °C was needed to boost the low temperature by the controller.
The moderate temperature of 184 °C takes 3.32 [s] with an error of 0.147 °C to be controlled for maximum
performance of the reactor.

Temperature = 125 Time = 5.59 IndoramaPlantOutput = 0.848
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Fig.7a FL Boosting of Low Temperature (125 ° C) Fluctuations within Indorama Urea Reactor to Setpoint

The input temperatures to the Indorama urea reactor are below (125°C) the set point value of 184°C
as shown in Fig.7a.

The FLC respond, by boosting the temperature to setpoint value via control action of the valve to allow
more heat into the reactor and delaying the time response to 5.59 [s] with errors of 0.848 °C.

That for low temperature input, the mechanism of the controller is placed to allow more heat into the
system to properly maintain the process conditions (such as temperature) to setpoint value as in this case
for stability, more production and quality of urea, which is in agreement with the work of Mendes et al.
[35].

The quick intervention of the FL controller boosts the temperature to setpoint at shortest possible time
of 5.59 [s] unlike the uncontrolled process, leading to less energy consumption and manpower as well as
high market demand due to high quality and more yield.



At low temperatures, the CSTR urea reactor is not efficient and not productive, hence the delay of time
to stabilized the temperatures to setpoint value. FL strategy is suited for this, to gave good performance,
effective control results leading to minimized energy wasted within the plant.
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Fig.7b Control of Setpoint Temperature value within the CSTR Urea Reactor by FLC

The FLC controlled the input temperature value to setpoint output value when the input temperature
to the CSTR is at setpoint value of moderated time 3.32 [s] and controller error of 0.147 °C.

The stability of the temperature occurs at shorter time of 3.32 [s] compared to low temperature as
shown in Fig.7a.

It is believed that at this setpoint, there is normalcy within the reactor and this could improve the
performance of the reactor to effectively and efficiently produce more and quality of the product since
this is the optimal equilibrium temperature of the synthesis process. In this case, minimum energy is
wasted within the plant, and also improves on the marketability of the product because of higher quality
and more yield obtained.

The controlled error is small compared to the controlled error obtained from low temperature due to
the temperature is the needed optimal process condition for the synthesis process. The error difference
of 0.701 °C, is quite high, that can cause havocs within the reactor, which is in line with works from Ismael
[9] where the fuzzy control system improved the control performance, reduced overshoot, adjustment
time, and increased the reliability of the CSTR system.
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Fig.7c Fuzzy Logic Temperature Control for Input Temperature (196 ° C) above the Setpoint Value of the
CSTR Urea System

The temperature of the Indorama urea reactor when it exceeds the accepted temperature of 184 °C,
(say 196°C) as shown in Fig.7c will be normalized at fast time of 1.5 [s] at temperature-controlled error of
0.144 °C. This implies that at such high temperatures, above the acceptable reactor temperature, the urea
reactor stabilizes at very short of 1.5 [s], thereby reducing wastage, product burn and improves on the
quality and yield of the organic fertilizer but more energy cost.

The FLC strategy performs better, effectively and reliable, by normalizing the input temperature to
setpoint value, thereby maintaining stability for optimal productivity. The work of Cheng et al. [48] made
claims that fuzzy logic system was able to maintained a more stable temperature than a traditional PID
control system at higher temperature.

3.4.2 Temperature Control of Notore (PFR) Urea Reactor using Fuzzy Logic Control

The production of urea within the PFR considering other factors (such as flow rate, ratios of N/C & H/C,
and concentrations) being constant is dependent on the stability of the reactor, which is based on the
controlling power of the controller to reduce the fluctuations of the temperature.

The result showed that it took 6.5 [s] and error of 0.50 ° C to normalize the high temperature, while 5
[s] and error of 0.138 ° C was needed to boost the low temperature to setpoint. The setpoint temperature
of 184 °C was controlled in very less time of 1.05 [s] with an error of 0.138 ° C for maximum performance
of the reactor.
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Fig.8a Fuzzy Logic Temperature Control Response to Low temperature (125 °C) Inputs into the PFR Urea
System

Fig.8a displayed the output temperature response of the Notore urea reactor based on low input
temperatures, shows that FLC strategy boosted the output value to setpoint at time of 5 [s] and controller
errors of 0.5°C, compared to same low temperature within the CSTR.

The mechanism of boosting the temperature to desired setpoint value for efficient functioning of the
reactor is due to the self-tuning and digital regulation with FLC. FLC gave better boost to the setpoint value
for the Notore reactor than the Indorama reactor in less time and controlled error as achieved [49]. This
mean that the PFR model developed and transformed into control models better describe the process
compared to CSTR urea process.
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Fig.8b FLC Normalization of Low Temperature (196 ° C) Changes in Notre Urea Reactor to Setpoint Value



The FLC strategy was able to normalize the high input temperatures (196 ° C) of the PFR urea reactor to
accepted temperature of 184 ° C within the time of 6.05 [s] with errors of 0.847 °C shown in Fig.8b, since
at this temperature, the reactor becomes more turbulent compared to the CSTR urea reactor, hence much
time is needed for normalization to setpoint.

The tendency to promptly regulate high temperature inputs within the reactor to optimal conditions
of the process variables to avoid damages, gave the FLC an advantage over other controllers like the PID,
in line with literature [50]. This study agrees with the literature result where the fuzzy logic controller
system improved the energy efficiency of a heating process.
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Fig.8c Fuzzy Logic Temperature Control Response for Input Temperature at Setpoint into the PFR Urea
System

The FLC controls the input temperature within the PFR urea reactor at setpoint to stabilize it, by
maintaining the setpoint value of 184 °C at 1.05 [s] with a controlled error of 0.138 °C, compared to the
Indorama plant in Fig.8c where more time of 3.32 [s] and error of 0.147 °C is needed for the same process.

FLC strategy was able and successfully controlled the temperature response of the Notore urea reactor
within the acceptable temperature value at the shortest time of 1.05 [s] with controller error of 0.138 °C
[10, 51] compared to the Indorama reactor, indicating a better reactor capable of describing the urea
process better.

FLC is the best controller which is reliable, acceptable and give desired values at the reactor
temperature of 184 °C. It should be noted and recommended that FLC is suitable for a PFR, since it takes
shortest time and minimum error to stabilize the temperature fluctuations overall compared to CSTR. This
is possible because the reactor models developed for the urea process were better than the CSTR urea
system that described the process after being truncated to the same geometry for the control process.



3.4.3 Comparison of the Performance of FLC on the Urea Reactors

The comparison of the efficiency and effectiveness of the FLC on the control of temperatures
disturbance within the CSTR and the PFR are shown in Fig. 9

Table 8 presents the PFR and CSTR settling time and temperature controlled-errors as a result of FLC to
control the input temperatures values to setpoint value of 184 °C. Normalisation of temperatures to set
point value takes more time for the PFR than the CSTR, while booting the temperature takes less time for
the PFR compared to the CSTR. Controlling the input temperature at setpoint value to set point for the
PFR is very fast and less error compared to CSTR. Overall, FLC performs effectively and efficiently for the
PFR than the CSTR. This may be due to the process model and the level of disturbances produced for each
reactor type.

Table 8: FLC Errors and Settling Time for PFR and CSTR Urea Reactors

Temp. (°C) PFR Error (°C) PFR Time (s) CSTR Error (°C) CSTR Time (s)
184 0.138 1.05 0.147 3.32
153 0.420 441 0.442 4.50
196 0.147 6.05 0.144 1.50
125 0.500 5.00 0.848 5.59
201 0.142 6.50 0.148 2.20
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Fig.9a Effects of Temperature on the Control Errors within the Urea reactors due to Temperature
Fluctuations
The temperature-controlled errors against the temperature for the urea reactors in Fig. 9a showed that
higher errors are produced at lower temperatures (below the setpoint value), lower errors are obtained
at setpoint and lower input temperatures when FLC controller is applied to control the temperature
fluctuations within the reactors. Errors generally are minimized when the developed model is linear as this
is evidence on the reactors models developed and discretized with CSTR model being more linear



compared to PFR (see the coefficient of determination values of 0.946 > 0.932). Hence, the errors are
lower for CSTR compared to PFR, in agreement with works by Karasakal et al. [34] and Mendes et al. [35].
This is because the model for the PFR developed produces more turbulence at lower or higher
temperatures from setpoint, which could be the reason for low linearity.
The lower the errors, the sensitive the controller properties for effective and efficient control of
temperature response within the urea reactor. However, the temperature-controlled error from the
Notore urea reactor at setpoint is smaller to that of the value for the Indorama urea reactor.
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Fig.9b Comparative effect on stabilizing temperature using FLC as a function of time

The temperature regulation within the urea reactor using fuzzy logic controller is dependent on time. As
shown in Fig.9b, PFR gave lowest time of 1.05 [s] at setpoint temperature of 184 °C compared to CSTR
while at higher temperatures, it normalizes the temperature almost the same settling time for the reactors.
Though, the errors obtained from the CSTR are almost linearly related compared to PFR due to the highly
turbulent nature of the reactor compared to CSTR. This agrees with literatures studies [52, 53]. Generally,
the settling time values are relatively lower for the PFR compared to CSTR, due to FLC response to
temperature control for PFR better compared to CSTR urea process of similar geometry.

4, Conclusion

(i) The fractional conversion and temperature responses from the reactors simulations were unstable and
gave damped oscillations (exponential fluctuations of the profiles), an indication that the two systems
are uncontrolled and unstable due to external disturbances. Hence, the need of an appropriate
controller to regulate the urea reactors for better and quality urea product.

(i) The validation of the reactors models’ results with plant and literature values gave negligible root mean
square errors ranged 7.0e-04 to 8.5e-04 and 7.0e-03 °C to 2.1e-01 ° C for both reactors, an indication
that the models are properly developed and good for the study of the urea production process.

(iii) The kinetic parameters optimization and validation showed that negligible root mean square errors
of ranged 2.0e-4 to 7.5e-4 kl/mol, 1.43e-4 to 8.2e-4 m®mol's? and 3.1e-4 to 8.3e-4 m®Pmolis?
respectively for activation energies, pre-exponential constants and rate constants are as a result of a
better optimal kinetic parameters obtained for the controlling process.



(iv)The Fuzzy Logic Controller functions on the CSTR and PFR urea reactors as practicalized in the Indorama
and Notore plants stabilize the temperatures fluctuations within the reactors to setpoint value of 184
°C with smaller temperature-controlled errors and settling time values 0.147 °Cand 3.32 [s], and 0.138
°C and 1.05 [s] respectively. The FLC on the Notore plant is more efficient and effective compared to
the Indorama plant due to smaller settling time and temperature-controlled errors.

(v) The controller responds to PFR urea model better than CSTR urea model with same geometry, as
evidenced in smaller temperature controlled-errors and settling time values for the former to the later
urea process. But as conditions are below and above the operating limits, the CSTR process responds
better with the controller, since the PFR become more turbulent and unpredictable behavoiur than
the CSTR.
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Appendix AA: Schematics Diagrams for CSTR and PFR urea reactors as applicable in Indorama and Notore
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Appendix A: Discretization of the ODEs (Models 3a and 3b)
The ODE model 3b which has a non-linear term in the right-hand side (RHS) of model A1l is discretized
using Taylor’s series as shown below

ar, 1 . )
7o = 7 (To + T — 2T}) +iPiy;s o{ (K2 — k1) (0 —X)2(1 — X)} + jK3Pr01y, X (A1)

Model Al contains rate constants expressed interms of Arrhenius equation for non-isothermal condition
in A2.

‘;—I = %(TO +T¢ — 2T) +jPiy3, {kzoexp( ) kloexp( )} (0; —X)*(1-X)
+ % (Tse — T) + aexp (ﬁ) X (A2)

Further expansion and arrangement give,

ar 1

7 = (To + Tc — 2T) + jPiy; okzoeXp( ) (0 —X)*(1 - X) —jPfy; 0k1oeXP( )(9 X)2(1 -
X) + % (Tt — T) + aexp (—) X (A3)

where, fio1_ VA, _ (A ;and a = 0,y,0Prksg

vV 1t pCpV’ pCp
Taylor’s approximation technique is applied to model A3 to linearize the non-linear term as given as

£(X,T) = £(XoTo) +af(x° To) (X — X,) + 25 (X0 To)(T = To) + - (Ad)
Hence, the terms * exp( )(6 X)2(1 —X)” and ”exp( )(6 X)2(1 — X)” are non-linear

discretized to give

exp (2 )(e X)2(1 — X)_exp( )(e Xo)2(1 — Xo) (X — XO){exp( )ze( DA -X,) +
exp (32) (0 — X (-1} +(T - Ty) {gexp (52) (0 — Xo)*(1 ~ Xo)}

+ (T—To){ o (RT2>exp (;_iﬁ)} (A5)

+(X — Xp)aexp (;—EZ)
Initial conversion X, = 0, then, model A5 is resolved to give
(X, T) = exp (522) (0)(1) + X {exp (52) (-20) — 0%exp (Z2)} + (T - Ty) (RTZ exp (2)0 ) (A6)

Defining the terms,
K= exp( )62 Kg = exp( )(29) Kp = RTZexp( )92 Ko = (-)Zexp( )
then, equation (A6) gives,



f(X, T) = X(—2Kg — Kg) + (T — To) (K1) + Ky (A7)

f(X, T) = KyX + Ky (T — Tp) + Ko (A8)
where, 2Ky — Kg = Kj
Similarly,

exp () (8 — X)?(1 — X) = X(~2(K1g — K1p)) + (T — To) (Kry) + K1o (A9)

E;
where, Kjg = exp( ) (20); Ky = exp( )92 andKp; = w2 €XP (RTO) 0?
Substituting equations (B3.9) and (B3.10) into equation (B3.4) gives,

T _ 1 :
7o = - (To + Tc — 2T) + jPy3 ok o {X(—2Kp — Kg) + (T — To)Kr + Ko}

. I} 1 —-E
—iPFy3 ok10{(~2Kip — Kio)X + (T = To)Kry + Kyo} + 1 (To = T) +aexp (Z2) X (AL0)

j—f=%(T0+TC—2T)—K(,’X+K’T(T—TO)+K’9+K”X —K71(T—To) +Kijp + - (T —T) (A11)

where, Kg = jPRy3 oky0(2Kg + Ko); Kt = jPRy3 oka0Kr; Ko = jPRY3 okzoKap ;
1o = ]PTYZ ok10(2Kig + Kig); K7y = ]PTYZ ok10Kr1; Kog = ]PTY2 oK10K1g;and K, = anp( )

= (Kp =3/t =K )T+ 2T + (K — Kb +2) Ty + 2 Ty + (K{p + Ky — Ka)X + Kp + Kfg

daT

== WT+-T; +a; Ty + - Tys) + wiX + K (A12)

where, w = K — 3/0 — Kfy; a4 = Koy — Kp + %; wy = K{g + Kg —Ka; and K = K + K

Model A12 is the discretized temperature model for non-isothermal process in a CSTR which is to be
resolved analytically with Laplace Transform (LT). Before the equation is resolved with LT, it is
transformed to deviation variables as,

At steady-state,

1 1
0= WTS + ;TI(S) + alTo(s) + ;Tst(s) + W1XS + KS (A13)

Subtracting equation (A14.) from equation (A15) in-terms of deviation variables give,

d 1

T (T-Ty) =w(T-T,) + ;(Ti - Ti(s)) + al(TO - TO(S)) +wi(X—X,) + (K—Ky)

where, T—Tg = T"; T; — Tys) = T}, Tst — Tsres) = Tst,To — Toes) = To, X — Xs =X',and K—Kg =K’

Suppose w = Kip — 3/r — Kipy; a; = Kipy — Khy wy = Kis — Ky + Ka; K = K — K], then Temperature
ODE model interms of deviation variable becomes,



!
o =WI' 4T +a Ty + Ty + wiX + K’ (A14)

The ODE model 3a describing the conversion process within the Indorama urea reactor is shown in model
A15

X 1 1

rrimial Ry PiyZo{(kz —k1)(0 —X)2(1 — X)} + k30, P;X (A15)

Model (Al) is a non-linear non-isothermal ODE fractional conversion, which is linearized by applying model
A4 as,

dX 1 1
primul by P7y3 0K20{(2Kg + Kg)X + K1 (T — Tp) + Ko}
/ -E
Py} ok1o{~(2Kig + K1o)X + Kr, (T — To) + Ko} + bexp (572) X (A16)

X_ 1, 1
at =5 975~ 22X+ Krpa(T — To) + Koz + 211X —Kraa (T~ To) — Kegg +bsX  (A17)

I 1 1
where, a;, = P2yZ kq0(2Kg + Kg); Kr12 = PRyZ okooKr; Koy = PRy2 0kpoKe + ;9 + iy

’ -E
a1y = PRy3okio(2Kie + Kie); Kr11 = Pfy3 okioKr1; K11 = Pfy3okioKie: by = b exp (R—TZ);
and b = 8;1y,0Prkso

x_ _
dt

1
(; +apz —ag — b1)x + (K112 — K110 T + (K111 + K112) T + K2 — Kg11 (A18)

- . 1
Defining the constants in model A18, w, = —tag;—ag - by; w3 = K12 — K115 22 = Kpqq + Kpa2;

and  K; = Kg; — Kgq1, then, model become,

& = —wpX + w3 T +2,To + Ky (A19)

Interms of deviation variables, model A19 is transformed to,
At steady state,

0= —wWX(s) + w3T + aZTO(S) + Ky (A20)
Subtracting the steady state model A20 from the dynamic model A19 to give,
d ’
2 X=X = —wp(X—X) + w3T' + C12(To — Togs)) + (K1 — Kygs)) (A21)

Defining the deviation variables terms in model A21 as,



X'=X=Xs, T =T-Ts, Tg = Ty — Ty(s), and Kj = K; — Ky, then, model A21 becomes,

S = —wpX + wsT +2, T + K} (A22)

Appendix B: Discretization of the PDEs (Models 4a and 4b)
The fractional conversion model 4a describing the urea production process in the Notore urea reactor is
shown in B1

). ).
TV, = Ky Piy30(0 — X)?(1 — X) — k{P{y3(8 — X)?(1 — X) +k3P10;y; 0X (B1)
Discretization of model B1 using Taylor series expansion model A4

X | _oxX
%tV = P{y3ok20{—(2Kg + Ko)X + K (T — Ty) + Ko} —PfyZoK1o{—(2Kjg + K1g)X +

—E
Kr1(T — To) + K1} + Kzo€Xp ( 3/RTO) X

ox ox

3. T Vo, = “b1X+ b (T —To) + Kyg +b13X = by (T —Tp) — Ky + bysX (B2)
aX | _dX
5. T Vo, = (bis +byz — by )X+ (byp —byg)(T - Tp) + Kyq — Ky (B3)

where, byy = PRy3ok,0(2Kg + Kg); b1z = PRy3okaoKr; K11 = PRy3oka0Ke
—E
bys = PRy3ok10(2Kig + Kig); b1y = PRyZokioKry; bys = k30exp( 3/RT0) Pry206,,and

Kip = P’?Y%okloKle-
Defining the constants m = by + by3 —b;1; m; = by, —bq,; d = K41 — Kj,, then model B3 becomes,

—+v—Z=mX+m1T—m1T0+d (B4)

Interms of deviation variables, the steady state of model B5 is subtracted from model B4 to give,
At steady state,

voX
+ (a—z)(s) = mX, + m; T, — m; Ty + d (85)

Subtracting model B5 from model B4, defined the deviation variable PDE model as,

! !
%+vaaiz= mX' + m;T' —m;Ty +d’ (B6)



where,d’' =d —d(

The temperature model 4b describing the urea synthesis in a PFR is a PDE model shown as model B7
which the non-linear terms in the RHS of the model are discretized to give,

oT aT . . 1
5 T V3, =ik — k)PFyZ(8; — X)?(1 = X) + jKsX + — (T — Tep) (87)

Applying the discretization of the non-linear terms form in the RHS of the temperature model gives,

oT oT . ’
5. T V3, = ik20Pfy2e(—X(2Kj + Kg) + K (T — To) + Ko}

. : “E 1
—jk10PfyZo{—(2K1p + K10)X + K11 (T — Top) + Ky} + jksoexp (R—Tj) X+-(T—=Ts) + Cqy

(B8)

oT aT 1
3. T Vo, = ~C11iX+ Ci2(T = To) + Cy3 + C14X = C45(T — To) + C16X + _ (T = T) — Cyqy

oT oT 1 1

7TV, = (C14 —C11 + Cip)X + (Clz —Ci5+ ;) T + (Cy5 — C12)Tp — ;Tst + (C13 — Cq7)
T aT 1

a‘l‘Va: m11X+m12T+C1T0—;TSt+d1 (Bg)

where, Cy; = J'kzop"?ygo(ZK’e +Kp); Ci2 = jkzop'?Y%oKT} Ciz = jkzop'?Y%OKeJ
. . . -E
Cis = ]kIOP’I3‘Y§O(2K/19 +K10); Ci5 = ]klop'?y%oKTﬁ C16 = Jk3p€XP (R_Tz) Pry,001;

. 1
Ci7 = Jk10PT3Y%0K19l my; = Cy4 — Cqq + Cy; myp = Cyp — Cys + p C;y =Cy5 —Cyp;anddy = Cy3—
Ci7

Interms of deviation variables, model B10 is transformed to model B11 as
At steady state, model B9 becomes,

oT

1
0+v (E)S = mq X5 + My T + €1 Toes) — - Tses) + dags) (B10)

Subtracting model B10 from model B9 and defining in-terms of deviation variables gives,

oT’ | aT’ 1
a9t + oz = m11X' + leT' + CIT(’) - ;Ts’t + d’1 (Bll)

Appendix C: Analytical Integration of the Discretized Models

Model (A14) is resolved analytically using LT to give the transfer functions as,

daT’ ’ 1 ' ' 1 ’ ’ ’
£(5) = WELT'} + 2 L{T{} + ay £ {Tg} + T £{Tye} + wi £{X'} + K'£{1}



T/ ro_ T/ 1= T/ 1=, v K’
sT S — T(O) =wT (S) + ;T i(s) + alT O(S) + ;T st(s) + WIX(S) + ?

= v  _1lm = K’
(s — W)T’(S) - W1X(s) = ;T i(s) +a;T 0(s) + 5 (C1)
Model C1 is algebraic s-domain linear equation with variables T’ 5y and Xs)
where, T(g) = T’St(s)
LT on the model A22 and further simplification gives,
L (‘%) = —WoL{X'} + W3 L{T'} + a,.L {T}} + K| L{1}
v v m/ m/ K,
SX’(S) — X’(()) = _szl(s) + W3T(s) + azTO(S) + ?1
But XEO) = 0, further re-arranging gives,
m/ v/ m/ K’
—W3T(S) + (S + WZ)X(s) = azTO(S) + ?1 (CZ)
LT of model B6 to resolved the PDE to simple linear s-domain algebraic model as,
ox’ X' _ ' ' 1 '
£(30) +ve{S} = mex'y + my LT} — my £{T3} + d'£{1)
dX/ — — — d’
(s _
SX’(S) + V—':lZ = mXES) + mlT('S) + mlTé(S) + ? (C3)
: . dXES.Z) —
For control strategy implementation, —== =
— — — d’
(S — m)XES) - mlT('S) = —mlT(')(s) + ? (C4)

Model C4 is algebraic s-domain linear equation obtained from the resolution of linearized PDE model B6.

LT of model B11 gives,
T’ oT’ I I ’ 1 li ’
L+ ve{TH) = myg LX) + myp £(T'} + CL{Tg) — T £(Tye} + i £(1)

/!

=1 ’ dT v/ =1 =1 1~/ d;
ST(S) — T(O) + VI = mIIX(S) + mlzT(S) + ClTO(S) — ;Tst(s) + ?1

dT,
But % = 0, for control

!

X/ T/ T/ 1= d;
M1 X + (8 = mi)Tey) = CiTo) = Toes +5 (C5)



Appendix D: Thermocouple and Final Control Element Models and Related Transfer Functions
The transient thermocouple model is developed based on the energy balance taking place in Fig.D1

Thermocouple Twu

Q

|/

Thermowell T

Thermocouple wall Ty

Fig. D1 Thermocouple Arrangement used as Temperature Sensor
The thermocouple shown in Fig. D1 is modelled as a first order system based on the energy balance model

D1 applied to give the ODE.

Rate of Accummulation } ~ {Rate of Inflow of energy

) of energy from
into the thermocouple &Y

the thermocouple

of energy within the
thermocouple
Rate of Consumption
of energy within the
thermocouple due to
Chemical Reaction

} { Rate of Outflow }

Energy into the
thermocouple system

Rate of addition of
+ { } (D1)

Model D1 is analyzed mathematically and the thermocouple process is a physical and a measuring
instrument to give the first order model of a thermocouple as,

dT,
ViCope 5, = Vo CpPeT — Vo, Cpp T (D2)
where, Vi is the volume of the thermocouple, Cp,p; is the product of the specific capacity at constant
pressure and the density of the thermocouple, Ty, is the measured temperature, known as the output
temperature, vy . is the volumetric flow rate of the thermocouple, and T is the input temperature into the

thermocouple.

Further simplification of model D2 gives the thermocouple model as,

dT,,
Tp at + Tm =T (D3)
where, Tp is the time constant defined mathematically as,
A

T = s (D4)



Model D4 is an ODE model of the thermocouple, resolved analytically using Laplace Transform interms of
deviation variables to give the s-domain algebraic model of the measuring device as,

dTlgl ! !
L { ) + LT = £(T) (DS)
where, Ty, and T’ the deviation variables of the measured variable and the temperature is defined
mathematically as,

Tiy = Ty — Tms and T/ = T — Ty

%STmes) = Tm@) + Tmes») = T
(D6)
where Ty, ) = 0

(Tps + I)Tlln(s) = T(,S) (D7)
_Tae _ 1
Gm(s) = T(s) T TS+l

(D8)

Model D8 is the transfer function of the thermocouple (measuring device) for the first-order system (Jean-
Pierre, 2018).

Transfer Function for the Control Valve (Final Control Element)

The transfer function of the final control element (FCE) depends on the type of the actuating signals,
adjustable according to the manipulated variable value. The pneumatic valve is the most common FCE,
modelled as in D9 (Stephanopoulos, 2008; Ismael, 2020)

F = Kf(x)\/gP (D9)

where, F is the flow rate [m3/s], AP is pressure drop across the pneumatic valve, K is constant depending
on the valve size, G is the specific gravity of the flowing liquid (relative to water), and f(x) is the valve flow
characteristic curve.

Assuming the control valve have a transfer function after linearization and substitution from D10 as,

F/, K,

_ & _
Grs) = 77, = et (D10)

where, Ggs) is the transfer function for the FCE, K is the control value constant, and T, is the time
constant of the valve.



APPENDIX E: Computational Data used for the Simulation Process

Table Ela Calculated or Derived Constants and their Values

S/N

W 0 N AWM e

N N NNRRRRRRRRP R
WNEPE O WL N WNO

Constant
\
(S
J
Ke, Kie
Ko K1e
Kr=Kn1
T
K5, Kl
K',I" K',I‘l
Kby Ko
W, W1
ai, a2
K, Ka
B
d, d12
Kr12, K
Ke11, Ke2
a, K

Kr11

b1

Value
0.0013
1.265
0.074
0.0520, 0.0352
0.035, 0.0519
0.000304
3.7
0.00059, 0.00078
1.48e-6, 1.71e-6
2.53E-4, 1.986e-4
-0.0134, 3.80e-4
0.0042, 1.394e-4
0.026, 1.886e-4
0.018
0.0189, 0.0128
6.453e-5, 0.0522
8.658e-3, 0.0322
0.0342, 0.0522
7.485e-5
1.887e-4
-0.0358
-1.032e-5

Unit
m/s
m3.K.mol?
m3.K.mol*hr?
m3.K.mol*hr?

m3.K.mol*hr?

min?
m3Khr?
hrt

°Khrt
°kKmol™ hr?
°kmol? hrt
hrt
°Khr?
°kmol? hrt
hrt
°kmol? hrt
hrt
molKthr?



Table E1b Calculated or Derived Constants and their Values

S/N
24,
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.

Constant

d,f

Value
0.00266, 0.0166
1.981e-4
0.0255
0.0063
0.0021
0.00238
8.877e-4
0.00276
0.00276
1.407e-5
-3.44e-5
3.244e-5
0.008
0.0282
0.1382,0.0322
0.0372
0.0374
1.901e-4

Table Elc Calculated or Derived Constants and their Values

S/N
42.
43.
44,
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.

Constant

Pis)

d;
K1

31
3

Value
0.00914
-0.00516
1.903e-4
0.0004
0.240, 0.0182
0.01638
s? + 0.0492s — 0.0005
s?2 —0.0166s + 0.0002
0.012
1.394e-4
0.0235
-0.0492
4.799e-4
0.1602 or 0.1973
0.3204 or 0.3946
0.00934

Unit

[°Kkhr?]
[°Kmol?t hr?]
[hr], [m.s]

[hr]

[hr]
[molKthr?]
[molKthrt

[hr]

[hr]

[°Kmol™t hrl]




   G  11  ( s )


     T -  0  ( s ) ′


  ∆   = −    ( 𝐦 )  − 𝟏 . [ 𝐧   𝐗   𝐩 ]


     ( 𝐦 )  − 𝟏


  [ 𝐧   𝐗   𝐩 ]


    𝐤  𝐣 =   𝐀  𝐢  ( j + 1 ) 𝐞 𝐱 𝐩  { ⁡ −     𝐄  𝐢   ( j + 1 )  𝐑 𝐓 }


  𝐟  ( 𝐗 , 𝐓 ) = 𝐟  (   𝐗  𝐣 ,   𝐓  𝐣 ) +   𝛛 𝐟  (   𝐗  𝐣 ,   𝐓  𝐣 )  𝛛 𝐗  ( 𝐗 −   𝐗  𝐣 ) +   𝛛 𝐟  𝛛 𝐓  (   𝐗  𝐣 ,   𝐓  𝐣 )  ( 𝐓 −   𝐓  𝐣 ) + …


    𝐗  𝐣 , 𝐚 𝐧 𝐝     𝐓  𝐣


    𝐝   𝐗 ′  𝐝 𝛕 = −   𝐰  𝟐   𝐗 ′ +   𝐰  𝟑   𝐓 ′ +   𝐚  𝟐   𝐓  𝟎 ′ +   𝐊  𝟏 ′


    𝐝   𝐓 ′  𝐝 𝛕 = 𝐰   𝐓 ′ +   𝟏  𝝉   𝐓  𝐢 ′ +   𝐚  𝟏   𝐓  𝟎 ′ +   𝟏  𝛕   𝐓  𝐬 𝐭 ′ +   𝐰  𝟏   𝐗 ′ +   𝐊 ′


   w 2 ,    w 3 ,


   a 2 ,


   K   ( s ) ′


    𝐊  𝟏 ′ ,


  w ,


   a 1 ,


   w 1 ,


    𝐊 ′


    𝛛   𝐗 ′  𝛛 𝛕 + 𝐯   𝛛   𝐗 ′  𝛛 𝐳 = 𝐦   𝐗 ′ +   𝐦  𝟏   𝐓 ′ −   𝐦  𝟏   𝐓  𝟎 ′ +   𝐝 ′


    𝛛   𝐓 ′  𝛛 𝛕 +   𝛛   𝐓 ′  𝛛 𝐳 =   𝐦  𝟏 𝟏   𝐗 ′ +   𝐦  𝟏 𝟐   𝐓 ′ +   𝐂  𝟏   𝐓  𝟎 ′ −   𝟏  𝛕   𝐓  𝐬 𝐭 ′ +   𝐝  𝟏 ′


   m 1


   m 11


   m 12


   G  11  ( s )


   C 1


   d 1


   ( 𝐬 +   𝐰  𝟐 )     𝐗 -   ( 𝐬 ) ′ −   𝐰  𝟑     𝐓 -   ( 𝐬 ) ′ =   𝐚  𝟐     𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐊  𝟏 ′  𝐒


  −   𝐰  𝟏     𝐗 -   ( 𝐬 ) +  ( 𝐬 − 𝐰 )       𝐓 - ′   ( 𝐒 ) =   𝟏  𝛕         𝐓 - ′  𝐢   ( 𝐬 ) +   𝐚  𝟏         𝐓 - ′  𝟎   ( 𝐬 ) +     𝐊 ′  𝐬


   ( 𝐬 − 𝐦 )     𝐗 -   ( 𝐬 ) ′ −   𝐦  𝟏     𝐓 -   ( 𝐬 ) ′ = −   𝐦  𝟏     𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐝 ′  𝐒


    𝐦  𝟏 𝟏     𝐗 -   ( 𝐬 ) ′ +  ( 𝐬 −   𝐦  𝟏 𝟐 )     𝐓 -   ( 𝐬 ) ′ =   𝐂  𝟏     𝐓 -  𝟎  ( 𝐬 ) ′ =   𝟏  𝛕     𝐓 -  𝐬 𝐭  ( 𝐬 ) ′ +     𝐝  𝐢 ′  𝐒


   [      𝐰  𝟑   ( 𝐬 +   𝐰  𝟐 )    ( 𝐬 − 𝐰 )  − 𝐰 ]  [        𝐗 -   ( 𝐬 ) ′       𝐓 -   ( 𝐬 ) ′ ] =  [        𝐚  𝟐   𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐊  𝟏 ′  𝐬     𝟏  𝛕     𝐓 -  𝐢  ( 𝐬 ) ′ +     𝐚  𝟏   𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐊 ′  𝐬 ]


      𝐗 -   ( 𝐬 ) ′ =     𝐰  𝟑  𝛕   𝐏   ( 𝐬 )     𝐓 -  𝐢  ( 𝐬 ) ′ +    (   𝐚  𝟐  ( 𝐬 + 𝐰 ) +   𝐚  𝟏   𝐰  𝟑 )    𝐏   ( 𝐬 )     𝐓 -  𝟎  ( 𝐬 ) ′ +    ( 𝐬 + 𝐰 )  𝐬   𝐏   ( 𝐬 )   𝐊 ′ +     𝐰  𝟑   𝐊 ′  𝐬   𝐏   ( 𝐒 )


      𝐓 -   ( 𝐬 ) ′ =    ( 𝐬 +   𝐰  𝟐 )  𝛕   𝐏   ( 𝐬 )     𝐓 -  𝐢  ( 𝐬 ) ′ +    (   𝐚  𝟏  ( 𝐬 +   𝐰  𝟐 ) +   𝐚  𝟏 𝐰 )    𝐏   ( 𝐬 )     𝐓 -  𝟎  ( 𝐬 ) ′ +    ( 𝐬 +   𝐰  𝟐 )  𝐬   𝐏   ( 𝐬 )   𝐊 ′ +     𝐊  𝟏 ′ 𝐰  𝐬   𝐏   ( 𝐬 )


   P   ( s )


   G  21  ( s )


   P   ( s ) =  s 2 −  a ′ s −  w ′


   [       X -   ( S ) ′      T -   ( S ) ′ ] =  [     G  11  ( S )   G  12  ( S )   G  13  ( S )    G  21  ( S )   G  22  ( S )   G  23  ( S ) ]  [       T -  i  ( s ) ′      T -  0  ( s ) ′    K   ( S ) ]


   G   ( S ) =  [     G 11   G 12   G 13    G 21   G 22   G 23 ]


    𝐆  𝐢 𝐣 ( 𝐬 )


      𝐗 -   ( 𝐒 ) ′


      𝐓 -   ( 𝐒 ) ′


     T -  i  ( S ) ′  


     T -  0    ( S ) ′


     T -  0    ( S ) ′


   K   ( S ) ′


   G  12  ( s )


   K   ( S ) ′


     T -  i  ( S ) ′


     T -  0  ( S ) ′


     T -  0  ( S ) ′


   K   ( S ) ′


   K   ( S ) ′


   G 11


   G 12


   G 12


   G 13


   G  22  ( s )


   G 13


   G 21


   G 22


   G 22


   G 23


   G 23


   w 3 / τ  P   ( S )


   [  a 2  ( s − w ) +  a 1  w 3 ] /  P   ( S )


   [  a 2  ( s − w ) +  a 1  w 3 ] /  P   ( S )


   w 3 / s  P   ( S )


   G  13  ( s )


   w 3 / s  P   ( S )


   ( s +  w 2 ) / τ  P   ( S )


   [  a 1  ( s −  w 2 ) +  a 2 w ] /  P   ( S )


   [  a 1  ( s −  w 2 ) +  a 2 w ] /  P   ( S )


   ( s +  w 2 ) / s  P   ( S )


   ( s +  w 2 ) / s  P   ( S )


     X -   ( s ) ′


     T -   ( s ) ′


   [    𝐬 − 𝐦  −   𝐦  𝟏   −   𝐦  𝟏 𝟏  𝐬 −   𝐦  𝟏 𝟐 ]  [        𝐗 -   ( 𝐬 ) ′       𝐓 -   ( 𝐬 ) ′ ] =  [        𝐝 ′  𝐒 −     𝐦  𝟏   𝐓 -  𝟎  ( 𝐬 ) ′       𝐂  𝟏   𝐓 -  𝟎  ( 𝐬 ) ′ −   𝟏  𝛕     𝐓 -  𝐬 𝐭  ( 𝐬 ) ′ +     𝐝  𝐢 ′  𝐒   ]


      𝐗 -   ( 𝐬 ) ′ =    (   𝐦 ′ −   𝐦  𝟏 𝐬   )     𝐓 -  𝟎  ( 𝐬 ) ′ −     𝐦  𝟏  𝛕     𝐓 -  𝐬 𝐭  ( 𝐬 ) ′ +  ( 𝐬 + 𝐧 )     𝐝  𝟏 ′  𝐬    𝐏  𝟏  ( 𝐬 )


     T -  0  ( s ) ′


      𝐓 -   ( 𝐬 ) ′ =    ( 𝐬 − 𝛗 )     𝐓 -  𝟎  ( 𝐬 ) ′ −   𝟏  𝛕  ( 𝐬 − 𝐦 )     𝐓 -  𝐬 𝐭  ( 𝐬 ) ′ −  ( 𝐬 +   𝛗  𝟏 )     𝐝  𝟏 ′  𝐬    𝐏  𝟏  ( 𝐬 )


   P 1  ( s )


   P 1  ( s ) =  s 2 − fs +  f 1


  φ


   f 1


   φ 1


   m 1  m 12 ,  


  m +  m 1  m 11 ,


   (  m 12 + m )


  m  m 12 − m  m 11


     T -  st  ( s ) ′


   m 11 − m


   [        𝐗 -   ( 𝐬 ) ′       𝐓 -   ( 𝐬 ) ′ ] =  [      𝐆  𝟏 𝟏  ( 𝐬 )    𝐆  𝟏 𝟐  ( 𝐬 )    𝐆  𝟏 𝟑  ( 𝐬 )     𝐆  𝟐 𝟏  ( 𝐬 )    𝐆  𝟐 𝟐  ( 𝐬 )    𝐆  𝟐 𝟑  ( 𝐬 ) ]  [        𝐓 -  𝟎  ( 𝐬 ) ′       𝐓 -  𝐬 𝐭  ( 𝐬 ) ′     𝐝  𝟏 ′ ]


  =  [     G 11   G 12   G 13    G 21   G 22   G 23 ]


    𝐆  𝐢 𝐣  ( 𝐬 )


      𝐗 -   ( 𝐒 ) ′


      𝐓 -   ( 𝐒 ) ′


     T -  0  ( S ) ′  


     T -  st    ( S ) ′


     T -  st    ( S ) ′


   d  1  ( S ) ′


   d  1  ( s ) ′


   d  1  ( S ) ′


     T -  0  ( S ) ′


     T -  st  ( S ) ′


     T -  st  ( S ) ′


   d  1  ( S ) ′


   d  1  ( S ) ′


   G 11


   G 12


   G 12


   G 13


   G  21  ( s )


   G  23  ( s )


   G 13


   G 21


   G 22


   G 22


   G 23


   G 23


   (  m ′ −  m 1 s ) /  P  1  ( S )


  −    m 1 τ  P  1  ( S )


  −    m 1 τ  P  1  ( S )


   ( s + n ) / s  P  1  ( S )


     T -  st  ( s ) "


   ( s + n ) / s  P  1  ( S )


   ( s + φ ) /  P  1  ( S )


   ( s − m ) /  P  1  ( S )


   ( s − m ) /  P  1  ( S )


  −  ( s +  φ 1 ) / s  P  1  ( S )


  −  ( s +  φ 1 ) / s  P  1  ( S )


     X -   ( s ) ′


     T -   ( s ) ′


   G  m  ( s )


   G  f  ( s )


     T -   ( s ) ′


   G  d  ( s )


   G  P  ( s )


   G  f  ( s )


   G  P  ( s )


   G  d  ( s )


   G  m  ( s )


    𝐆  𝐦  ( 𝐬 ) =       𝐓 -  𝐦  ( 𝐬 ) ′      𝐓 -   ( 𝐬 ) ′ =   𝟏    𝛕  𝐩 𝐬 + 𝟏


    𝐆  𝐟  ( 𝐒 ) =       𝐅 -   ( 𝐒 ) ′      𝐂 -   ( 𝐒 ) ′ =     𝐊  𝐯    𝛕  𝐯 𝐬 + 𝟏


  ∆  H r


   K  1 n = hf  (  t i ;    X ijp ;    T ijp )


     T -  sp  ( s ) ′


   K  2 n = hf  (  t i +  1 2 h ;    X  ij , p +  1 2  K 11 ;    T  ij , p +  1 2  K 12 )


  h


   K  3 n = hf  (  t i +  1 2 h ;    X  ij , p +  1 2  K 21 ;    T  ij , p +  1 2  K 22 )


   K  4 n = hf  (  τ i +  h s ;    X  ij , p +  K 31 ;    T  ij , p +  K 32 )


   X  ij , p + 1 =  h i +  1 6  (  K 11 + 2  K 21 +   2 K 31 +  K 41 )


   T  ij , p + 1 =  T  ij , p +  1 6  (  K 12 + 2  K 22 +   2 K 32 +  K 42 )


   t  i + 1 =  t i + h


   ( a + 1 ) X  ( t , i ) = y  ( t + 1 , i ) + ay  ( t , i + 1 ) − b


    v ∆ t  ∆ z


   ( −  r 4 ) ∆ t


     ∈ -   ( s ) ′


   ( 1 − a +  a 1 ) T  ( t , i ) = aT  ( t , i + 1 ) + T  ( t + 1 , i ) − Jb +  b 1


   b 1


  ∆ t  T C


  rmse =     (   model − plant / literature  iteration   number ) 2


    𝐝   𝐓  𝐢  𝐝 𝛕 =   𝟏  𝛕  (   𝐓  𝟎 +   𝐓  𝐂 −   𝟐 𝐓  𝐢 )


  + j   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 3  {  (   𝐤  𝟐 −   𝐤  𝟏 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) } +   𝐣   𝐤  𝟑 𝐏  𝐓   𝛉  𝟏   𝐲  𝟐 , 𝟎 𝐗


    𝐝 𝐓  𝐝 𝛕 =   𝟏  𝛕  (   𝐓  𝟎 +   𝐓  𝐂 − 𝟐 𝐓 ) + 𝐣   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 3  {   𝐤  𝟐 𝟎 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑 𝐓 ) −   𝐤  𝟏 𝟎 𝐞 𝐱 𝐩  (   −   𝐄  𝟏  𝐑 𝐓 ) }    (   𝛉  𝟏 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 )


  +   𝐈  𝛕  (   𝐓  𝐬 𝐭 − 𝐓 ) + 𝐚   𝐞 𝐱 𝐩  (   −   𝐄  𝟑  𝐑 𝐓 ) 𝐗


    𝐝 𝐓  𝐝 𝛕 =   𝟏  𝛕  (   𝐓  𝟎 +   𝐓  𝐂 − 𝟐 𝐓 ) + 𝐣   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 3   𝐤  𝟐 𝟎 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑 𝐓 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 )


  − 𝐣   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 3   𝐤  𝟏 𝟎 𝐞 𝐱 𝐩  (   −   𝐄  𝟏  𝐑 𝐓 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) +   𝟏  𝛕  (   𝐓  𝐬 𝐭 − 𝐓 ) + 𝐚 𝐞 𝐱 𝐩  (   −   𝐄  𝟑  𝐑 𝐓 ) 𝐗


     T -   ( s ) ′


     F i V =  1 τ =   U  A t  ρ  C P V


  j =    ( − ∆  H r )  ρ  C P


  a =    θ 1 y 20  P T  k 30


  𝐟  ( 𝐗 , 𝐓 ) = 𝐟  (   𝐗  𝟎 ,   𝐓  𝟎 ) +   𝛛 𝐟  (   𝐗  𝟎 ,   𝐓  𝟎 )  𝛛 𝐗  ( 𝐗 −   𝐗  𝟎 ) +   𝛛 𝐟  𝛛 𝐓  (   𝐗  𝟎 ,   𝐓  𝟎 )  ( 𝐓 −   𝐓  𝟎 ) + …


  exp  (   −  E 2 RT )    ( θ − X ) 2  ( 1 − X )


  exp  (   −  E I RT )    ( θ − X ) 2  ( 1 − X )


  𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑 𝐓 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) ≡ 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑 𝐓 )    ( 𝛉 −   𝐗  𝟎 )  𝟐  ( 𝟏 −   𝐗  𝟎 )


   ( 𝐗 −   𝐗  𝟎 )  { 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑 𝐓 ) 𝟐 𝛉  ( − 𝟏 )  ( 𝟏 −   𝐗  𝟎 ) + 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )    ( 𝛉 −   𝐗  𝟎 )  𝟐  ( − 𝟏 ) }


  +  ( 𝐓 −   𝐓  𝟎 )  {     𝐄  𝟐  𝐑   𝐓  𝟎  𝟐 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )    ( 𝛉 −   𝐗  𝟎 )  𝟐  ( 𝟏 −   𝐗  𝟎 ) }  


  +  (  ( 𝐓 −   𝐓  𝟎 )  {    𝐚   𝐗  𝟎  (   −   𝐄  𝟑  𝐑   𝐓  𝟎  𝟐 ) 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )   +  ( 𝐗 −   𝐗  𝟎 ) 𝐚 𝐞 𝐱 𝐩  (   −   𝐄  𝟑  𝐑   𝐓  𝟎 ) } )


   F iO


   X 0 = 0 ,  


  𝐟  ( 𝐗 , 𝐓 ) = 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )  (   𝛉  𝟐 )  ( 𝟏 ) + 𝐗    { 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )  ( − 𝟐 𝛉 ) −   𝛉  𝟐 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 ) }


  +


   ( 𝐓 −   𝐓  𝟎 )  (     𝐄  𝟐  𝐑   𝐓  𝟎  𝟐 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )   𝛉  𝟐 )


  K = exp  (   −  E 2  R  T 0 )   𝛉  𝟐


      K θ ′ = exp  (   −  E 2  R  T 0 )  ( 2 θ )


   K T =    E 2  R  T 0 2 exp  (   −  E 2  R  T 0 )   𝛉  𝟐


    𝐊  𝛉 =   𝛉  𝟐 𝐞 𝐱 𝐩  (   −   𝐄  𝟐  𝐑   𝐓  𝟎 )


  𝐟  ( 𝐗 , 𝐓 ) = 𝐗  ( − 𝟐   𝐊  𝛉 ′ −   𝐊  𝛉 ) +  ( 𝐓 −   𝐓  𝟎 )  (   𝐊  𝐓 ) +   𝐊  𝛉  


  𝐟  ( 𝐗 , 𝐓 ) =   𝐊  𝛉  ′ ′ 𝐗 +   𝐊  𝐓  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝛉


    𝜈  O ,


  2  K θ ′ −  K θ =  K θ  ′ ′


  𝐞 𝐱 𝐩  (   −   𝐄  𝐈  𝐑 𝐓 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) ≡ 𝐗  ( − 𝟐  (   𝐊  𝟏 𝛉 ′ −   𝐊  𝟏 𝛉 ) ) +  ( 𝐓 −   𝐓  𝟎 )  (   𝐊  𝐓 𝟏 ) +   𝐊  𝟏 𝛉


   K  1 θ ′ = exp  (   −  E 1  R  T 0 )  ( 2 θ )


   K  1 θ = exp  (   −  E 1  R  T 0 )   𝛉  𝟐


   K  T 1 =    E 1  R  T 0 2 exp  (   −  E 1  R  T 0 )   𝛉  𝟐


   dT  d τ =  1 τ  (  T 0 +  T C − 2 T ) + j  P T 3  y  2 , 0 3  k  2 , 0  { X  ( −   2 K θ ′ −  K θ ) +  ( T −  T 0 )  K T +  K θ }


  − j  P T 3  y  2 , 0 3  k 10  {  ( −   2 K  1 θ ′ −  K  1 θ ) X +  ( T −  T 0 )  K  T 1 +  K  1 θ } +  1 τ  (  T st − T ) + aexp  (   −  E 3  R  T 0 ) X


   dT  d τ =  1 τ  (  T 0 +  T C − 2 T ) −  K θ  ′ ′ X +  K T ′  ( T −  T 0 ) +  K θ ′ +  K  1 θ  ′ ′ X


  −  K  T 1 ′  ( T −  T 0 ) +  K  1 θ ′ +  1 τ  (  T st − T )


   K θ  ′ ′ = j  P T 3  y  2 , 0 3  k 20  ( 2  K θ ′ +  K θ )


   C iO


   K T ′ =   j  P T 3  y  2 , 0 3  k 20  K T


   K θ ′ = j  P T 3  y  2 , 0 3  k 20  K  θ  


   K  1 θ  ′ ′ = j  P T 3  y  2 , 0 3  k 10  ( 2  K  1 θ ′ +  K  1 θ )


   K  T 1 ′ =   j  P T 3  y  2 , 0 3  k 10  K  T 1


   K  2 θ ′ = j  P T 3  y  2 , 0 3  k 10  K  1 θ   ;


   K a = a  exp ⁡   (   −  E 3  R  T 0 )


   dT  d τ =  (  K T ′ −  3 τ −  K  T 1 ′ ) T +  1 τ  T i +  (  K  T 1 ′ −  K T ′ +  1 τ )  T 0 +  1  𝜏  T st +  (  K  1 θ  ′ ′ +  K θ  ′ ′ − Ka ) X +  K θ ′ +  K  1 θ ′


    𝐝 𝐓  𝐝 𝛕 = 𝐰 𝐓 +   𝟏  𝛕   𝐓  𝐢 +   𝐚  𝟏   𝐓  𝟎 +   𝟏  𝛕   𝐓  𝐬 𝐭 ( 𝐬 ) +   𝐰  𝟏 𝐗 + 𝐊


  𝐰 =  K T ′ −  3 τ −  K  T 1 ′


    𝐚  𝟏 =  K  T 1 ′ −  K T ′ +  1 τ


   T i


    𝐰  𝟏 =  K  1 θ  ′ ′ +  K θ  ′ ′ − Ka


  𝐊 =  K θ ′ +  K  1 θ ′


    𝟎 = 𝐰   𝐓  𝐬 +   𝟏  𝛕   𝐓  𝐢 ( 𝐒 ) +   𝐚  𝟏   𝐓  𝟎  ( 𝐬 ) +   𝟏  𝛕   𝐓  𝐬 𝐭 ( 𝐬 ) +   𝐰  𝟏 𝐗  𝐬 +   𝐊  𝐬


    𝐝  𝐝 𝐭  ( 𝐓 −   𝐓  𝐬 ) = 𝐰  ( 𝐓 −   𝐓  𝐬 ) +   𝟏  𝝉  (   𝐓  𝐢 −   𝐓  𝐢 ( 𝐬 ) ) +   𝐚  𝟏  (   𝐓  𝟎 −   𝐓  𝟎 ( 𝐬 ) ) +   𝐰  𝟏  ( 𝐗 −   𝐗  𝐬 ) +  ( 𝐊 −   𝐊  𝐬 )


  T −  T s =  T ′


   T i −  T  i  ( S ) =  T i ′


   T St −  T  st  ( S ) =  T st ′


   T 0 −  T  0  ( S ) =  T 0 ′


    X − X s =  X ′


    K − K s =  K ′


   G  12  ( s )


   C  i , z


  w =  K T ′ −  3 τ −  K  T 1 ′


   a 1 =  K  T 1 ′ −  K T ′


   w 1 =  K  1 θ  ′ ′ −  K θ  ′ ′ + Ka


  K =  K θ ′ −  K  1 θ ′


    𝐝   𝐓 ′  𝐝 𝛕 = 𝐰   𝐓 ′ +   𝟏  𝝉   𝐓  𝐢 ′ +   𝐚  𝟏   𝐓  𝟎 ′ +   𝟏  𝛕   𝐓  𝐬 𝐭 ′ +   𝐰  𝟏   𝐗 ′ +   𝐊 ′


    𝐝 𝐗  𝐝 𝐭 =   𝟏    𝛕  𝟏 𝛉 +   𝟏    𝛕  𝟐 +   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 2  {  (   𝐤  𝟐 −   𝐤  𝟏 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) } +     𝐤  𝟑   𝛉  𝟏 𝐏  𝐓 𝐗


    𝐝 𝐗  𝐝 𝐭 =   𝟏    𝛕  𝟏 𝛉 +   𝟏    𝛕  𝟐 +   𝐏  𝐓  𝟑   𝐲  𝟐 , 𝟎  𝟐   𝐤  𝟐 𝟎  {  ( 𝟐   𝐊  𝛉 ′ +   𝐊  𝛉 ) 𝐗 +   𝐊  𝐓  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝛉 }


  −   𝐏  𝐓  𝟑   𝐲  𝟐 , 𝟎  𝟐   𝐤  𝟏 𝟎  { −  ( 𝟐   𝐊  𝟏 𝛉 ′ +   𝐊  𝟏 𝛉 ) 𝐗 +   𝐊    𝐓  𝟏  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝛉 } + 𝐛 𝐞 𝐱 𝐩  (   −   𝐄  𝟑  𝐑   𝐓  𝟎 ) 𝐗


    𝐝 𝐗  𝐝 𝐭 =   𝟏    𝛕  𝟏 𝛉 +   𝟏    𝛕  𝟐 −   𝐚  𝟏 𝟐 𝐗 +   𝐊  𝐓 𝟏 𝟐  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝛉 𝟐 +   𝐚  𝟏 𝟏 𝐗


  −   𝐊  𝐓 𝟏 𝟏  ( 𝐓 −   𝐓  𝟎 ) −   𝐊  𝛉 𝟏 𝟏 +   𝐛  𝟏 𝐗


     T i t


   a 12 =  P T 3  y  2 , 0 2  k 10  ( 2  K θ ′ +  K θ )


   K  T 12 =  P T 3  y  2 , 0 2  k 20  K T


   K  θ 2 =  P T 3  y  2 , 0 2  k 20  K θ +   𝟏    𝛕  𝟏 𝛉 +   𝟏    𝛕  𝟐


   a 11 =  P T 3  y  2 , 0 2  k 10  ( 2  K  1 θ ′ +  K  1 θ )


   K  T 11 =  P T 3  y  2 , 0 2  k 10  K  T 1


   K  θ 11 =  P T 3  y  2 , 0 2  k 10  K  1 θ


   b 1 = b   exp  (   −  E 3  R  T 0 )


  b =    θ 1 y 20  P T  k 30


    𝐝 𝐗  𝐝 𝛕 = −  (   𝟏  𝛕 +   𝐚  𝟏 𝟐 −   𝐚  𝟏 𝟏 −   𝐛  𝟏 ) 𝐗 +  (   𝐊  𝐓 𝟏 𝟐 −   𝐊  𝐓 𝟏 𝟏 ) 𝐓 +  (   𝐊  𝐓 𝟏 𝟏 +   𝐊  𝐓 𝟏 𝟐 )   𝐓  𝟎 +   𝐊  𝛉 𝟐 −   𝐊  𝛉 𝟏 𝟏


   w 2 =


   C  i , z + ∆ z


   1 τ +  a 12 −  a 11 −  b 1


   w 3 =  K  T 12 −  K  T 11


   a 2 =  K  T 11 +  K  T 12


   K 1 =  K  θ 2 −  K  θ 11


    𝐝 𝐗  𝐝 𝛕 = −   𝐰  𝟐 𝐗 +   𝐰  𝟑 𝐓 +   𝐚  𝟐   𝐓  𝟎 +   𝐊  𝟏


  𝟎 = −   𝐰  𝟐   𝐗   ( 𝐬 ) +   𝐰  𝟑   𝐓  𝐬 +   𝐚  𝟐   𝐓  𝟎 ( 𝐬 ) +   𝐊  𝟏  ( 𝐬 )


    𝐝  𝐝 𝛕  ( 𝐗 −   𝐗  𝐬 ) = −   𝐰  𝟐  ( 𝐗 −   𝐗  𝐬 ) +   𝐰  𝟑   𝐓 ′ +   𝐂  𝟏 𝟐  (   𝐓  𝟎 −   𝐓  𝟎 ( 𝐬 ) ) +  (   𝐊  𝟏 −   𝐊  𝟏 ( 𝐬 ) )


   X ′ = X −  X s


   T ′ = T −  T s


   T 0 ′ =  T 0 −  T  0 ( s )


   T i  t + ∆ t


   K 1 ′ =  K 1 −  K  1 s


    𝐝   𝐗 ′  𝐝 𝐭 = −   𝐰  𝟐   𝐗 ′ +   𝐰  𝟑   𝐓 ′ +   𝐚  𝟐   𝐓  𝟎 ′ +   𝐊  𝟏 ′


    𝛛 𝐗  𝛛 𝛕 + 𝐯   𝛛 𝐗  𝛛 𝐳 =     𝐤  𝟐 𝐏  𝐓  𝟑   𝐲  𝟐 𝟎  𝟐    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) −     𝐤  𝟏 𝐏  𝐓  𝟑   𝐲  𝟐 𝟎  𝟐    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 )


  +     𝐤  𝟑 𝐏  𝐓   𝛉  𝟏   𝐲  𝟐 , 𝟎 𝐗


    𝛛 𝐗  𝛛 𝛕 + 𝐯   𝛛 𝐗  𝛛 𝐳 =   𝐏  𝐓  𝟐   𝐲  𝟐 , 𝟎  𝟐   𝐤  𝟐 𝟎  { −  ( 𝟐   𝐊  𝛉 ′ +   𝐊  𝛉 ) 𝐗 +   𝐊  𝐓  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝛉 }


  −   𝐏  𝐓  𝟐   𝐲  𝟐 𝟎  𝟐   𝐤  𝟏 𝟎  { −  ( 𝟐   𝐊  𝟏 𝛉 ′ +   𝐊  𝟏 𝛉 ) 𝐗 +   𝐊  𝐓 𝟏  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝟏 𝛉 } +   𝐤  𝟑 𝟎 𝐞 𝐱 𝐩  (   −   𝐄  𝟑  𝐑   𝐓  𝟎 ) 𝐗


    𝛛 𝐗  𝛛 𝛕 + 𝐯   𝛛 𝐗  𝛛 𝐳 = −   𝐛  𝟏 𝟏 𝐗 +   𝐛  𝟏 𝟐  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝟏 𝟏 +   𝐛  𝟏 𝟑 𝐗 −   𝐛  𝟏 𝟒  ( 𝐓 −   𝐓  𝟎 ) −   𝐊  𝟏 𝟐 +   𝐛  𝟏 𝟓 𝐗


    𝛛 𝐗  𝛛 𝛕 + 𝐯   𝛛 𝐗  𝛛 𝐳 =  (   𝐛  𝟏 𝟓 +   𝐛  𝟏 𝟑 −   𝐛  𝟏 𝟏 ) 𝐗 +  (   𝐛  𝟏 𝟐 −   𝐛  𝟏 𝟒 )  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝟏 𝟏 −   𝐊  𝟏 𝟐


   b 11 =  P T 3  y 20 2  k 20  ( 2  K θ ′ +  K θ )


   b 12 =  P T 3  y 20 2  k 20  K T


   C i


   K 11 =  P T 3  y 20 2  k 20  K θ


   b 13 =  P T 3  y 20 2  k 10  ( 2  K  1 θ ′ +  K  1 θ )


   b 14 =  P T 3  y 20 2  k 10  K  T 1


   b 15 =  k 30 exp  (   −  E 3  R  T 0 )  P T  y 20  θ 1


   K 12 =  P T 3  y 20 2  k 10  K  1 θ


    m = b 15 +  b 13 −  b 11


   m 1 =  b 12 −  b 14


  d =  K 11 −  K 12


    𝛛 𝐗  𝛛 𝛕 + 𝐯   𝛛 𝐗  𝛛 𝐳 = 𝐦 𝐗 +   𝐦  𝟏 𝐓 −   𝐦  𝟏   𝐓  𝟎 + 𝐝


  𝟎 +    (   𝐯 𝛛 𝐗  𝛛 𝐳 )   ( 𝐒 ) = 𝐦   𝐗  𝐬 +   𝐦  𝟏   𝐓  𝐬 −   𝐦  𝟏   𝐓  𝟎  ( 𝐬 ) + 𝐝


  T


    𝛛   𝐗 ′  𝛛 𝛕 + 𝐯   𝛛   𝐗 ′  𝛛 𝐳 = 𝐦   𝐗 ′ +   𝐦  𝟏   𝐓 ′ −   𝐦  𝟏   𝐓  𝟎 ′ +   𝐝 ′


   d ′ = d −  d   ( s )


    𝛛 𝐓  𝛛 𝛕 + 𝐯   𝛛 𝐓  𝛛 𝐳 = 𝐣  (   𝐤  𝟐 −   𝐤  𝟏 )   𝐏  𝐓  𝟐   𝐲  𝟐 𝟎  𝟐    (   𝛉  𝟏 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) + 𝐣   𝐤  𝟑 𝐗 +   𝟏  𝛕  ( 𝐓 −   𝐓  𝐬 𝐭 )


    𝛛 𝐓  𝛛 𝛕 + 𝐯   𝛛 𝐓  𝛛 𝐳 = 𝐣   𝐤  𝟐 𝟎   𝐏  𝐓  𝟐   𝐲  𝟐 𝟎  𝟐  { − 𝐗  ( 𝟐   𝐊  𝛉 ′ +   𝐊  𝛉 ) +   𝐊  𝐓  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝛉 }


  − 𝐣   𝐤  𝟏 𝟎   𝐏  𝐓  𝟐   𝐲  𝟐 𝟎  𝟐  { −  ( 𝟐   𝐊  𝟏 𝛉 ′ +   𝐊  𝟏 𝛉 ) 𝐗 +   𝐊  𝐓 𝟏  ( 𝐓 −   𝐓  𝟎 ) +   𝐊  𝟏 𝛉 } + 𝐣   𝐤  𝟑 𝟎 𝐞 𝐱 𝐩  (   −   𝐄  𝟑  𝐑   𝐓  𝟎 ) × +   𝟏  𝛕  ( 𝐓 −   𝐓  𝐬 𝐭 ) +   𝐂  𝟏 𝟕


    𝛛 𝐓  𝛛 𝛕 + 𝐯   𝛛 𝐓  𝛛 𝐳 = −   𝐂  𝟏 𝟏 𝐗 +   𝐂  𝟏 𝟐  ( 𝐓 −   𝐓  𝟎 ) +   𝐂  𝟏 𝟑 +   𝐂  𝟏 𝟒 𝐗 −   𝐂  𝟏 𝟓  ( 𝐓 −   𝐓  𝟎 ) +   𝐂  𝟏 𝟔 𝐗 +   𝟏  𝛕  (   𝐓  𝐬 𝐭 − 𝐓 ) −   𝐂  𝟏 𝟕


    ∂ T  ∂ τ + v   ∂ T  ∂ z =  (  C 14 −  C 11 +  C 16 ) X +  (  C 12 −  C 15 +  1 τ ) T +  (  C 15 −  C 12 )  T 0 −  1 τ  T st +  (  C 13 −  C 17 )


    𝛛 𝐓  𝛛 𝛕 + 𝐯   𝛛 𝐓  𝛛 𝐳 =   𝐦  𝟏 𝟏 𝐗 +   𝐦  𝟏 𝟐 𝐓 +   𝐂  𝟏   𝐓  𝟎 −   𝟏  𝛕   𝐓  𝐬 𝐭 +   𝐝  𝟏


   C 11 = j  k 20  P T 3  y 20 2  ( 2  K θ ′ +  K θ )


   C 12 = j  k 20  P T 3  y 20 2  K T


    𝜐  o


   C 13 = j  k 20  P T 3  y 20 2  K θ


   C 14 = j  k 10  P T 3  y 20 2  ( 2  K  1 θ ′ +  K  1 θ )


   C 15 = j  k 10  P T 3  y 20 2  K  T 1


   C 16 = j  k 30 exp  (   −  E 3  R  T 0 )  P T  y 20  θ 1


   C 17 = j  k 10  P T 3  y 20 2  K  1 θ


     m 11 = C 14 −  C 11 +  C 16


     m 12 = C 12 −  C 15 +  1 τ


   C 1 =  C 15 −  C 12


   d 1 =  C 13 −  C 17


  𝟎 + 𝐯    (   𝛛 𝐓  𝛛 𝛕 )  𝐬 =   𝐦  𝟏 𝟏   𝐗  𝐬 +   𝐦  𝟏 𝟐   𝐓  𝐬 +   𝐂  𝟏   𝐓  𝟎  ( 𝐒 ) −   𝟏  𝛕   𝐓  𝐬 𝐭  ( 𝐬 ) +   𝐝  𝟏  ( 𝐬 )


   (   − r i ) Δ V


    𝛛   𝐓 ′  𝛛 𝛕 +   𝛛   𝐓 ′  𝛛 𝐳 =   𝐦  𝟏 𝟏   𝐗 ′ +   𝐦  𝟏 𝟐   𝐓 ′ +   𝐂  𝟏   𝐓  𝟎 ′ −   𝟏  𝛕   𝐓  𝐬 𝐭 ′ +   𝐝  𝟏 ′


  𝓛  (   𝐝   𝐓 ′  𝐝 𝛕 ) = 𝐰 𝓛  {   𝐓 ′ } +   𝟏  𝝉 𝓛  {   𝐓  𝐢 ′ } +   𝐚  𝟏 𝓛    {   𝐓  𝟎 ′ } +   𝟏  𝛕 𝓛  {   𝐓  𝐬 𝐭 ′ } +   𝐰  𝟏 𝓛  {   𝐗 ′ } +   𝐊 ′ 𝓛  { 𝟏 }


  𝐬       𝐓 - ′   ( 𝐒 ) −   𝐓   ( 𝟎 ) ′ = 𝐰       𝐓 - ′   ( 𝐒 ) +   𝟏  𝛕         𝐓 - ′  𝐢   ( 𝐬 ) +   𝐚  𝟏         𝐓 - ′  𝟎   ( 𝐬 ) +   𝟏  𝛕         𝐓 - ′  𝐬 𝐭   ( 𝐬 ) +   𝐰  𝟏       𝐗 -   ( 𝐬 ) +     𝐊 ′  𝐬 ´


   ( 𝐬 − 𝐰 )       𝐓 - ′   ( 𝐒 ) −   𝐰  𝟏     𝐗 -   ( 𝐬 ) =   𝟏  𝛕         𝐓 - ′  𝐢   ( 𝐬 ) +   𝐚  𝟏         𝐓 - ′  𝟎   ( 𝐬 ) +     𝐊 ′  𝐬


        𝐓 - ′   ( 𝐒 )


      𝐗 -   ( 𝐬 )


   T   ( 0 ) ′ =        T - ′ st   ( s )


  𝓛  (   𝐝   𝐗 ′  𝐝 𝐭 ) = −   𝐰  𝟐 𝓛  {   𝐗 ′ } +   𝐰  𝟑 𝓛  {   𝐓 ′ } +   𝐚  𝟐 𝓛    {   𝐓  𝟎 ′ } +   𝐊  𝟏 ′ 𝓛  { 𝟏 }


  𝐬     𝐗 -   ( 𝐬 ) ′ −   𝐗   ( 𝟎 ) ′ = −   𝐰  𝟐     𝐗 -   ( 𝐬 ) ′ +   𝐰  𝟑     𝐓 -   ( 𝐬 ) ′ +   𝐚  𝟐     𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐊  𝟏 ′  𝐒


   X   ( 0 ) ′ = 0 ,  


   ( −  r i ) V


  −   𝐰  𝟑     𝐓 -   ( 𝐬 ) ′ +  ( 𝐬 +   𝐰  𝟐 )     𝐗 -   ( 𝐬 ) ′ =   𝐚  𝟐     𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐊  𝟏 ′  𝐒


  𝓛  (   𝛛   𝐗 ′  𝛛 𝛕 ) + 𝐯 𝓛  {   𝛛   𝐗 ′  𝛛 𝐳 } = 𝐦 𝓛  {   𝐗 ′ } +   𝐦  𝟏 𝓛  {   𝐓 ′ } −   𝐦  𝟏 𝓛  {   𝐓  𝟎  𝟏 } +   𝐝 ′ 𝓛  { 𝟏 }


  𝐬   𝐗   ( 𝐒 ) ′ + 𝐯   𝐝     𝐗 -   ( 𝐬 ) ′  𝐝 𝐳 = 𝐦     𝐗 -   ( 𝐬 ) ′ +   𝐦  𝟏     𝐓 -   ( 𝐬 ) ′ +   𝐦  𝟏     𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐝 ′  𝐒


    d    X -   ( s , z ) ′ dz = 0


   ( 𝐬 − 𝐦 )     𝐗 -   ( 𝐬 ) ′ −   𝐦  𝟏     𝐓 -   ( 𝐬 ) ′ = −   𝐦  𝟏     𝐓 -  𝟎  ( 𝐬 ) ′ +     𝐝 ′  𝐒


  𝓛  {   𝛛   𝐓 ′  𝛛 𝛕 } + 𝐯 𝓛  {   𝛛   𝐓 ′  𝛛 𝐳 } =   𝐦  𝟏 𝟏 𝓛  {   𝐗 ′ } +   𝐦  𝟏 𝟐 𝓛  {   𝐓 ′ } +   𝐂  𝟏 𝓛  {   𝐓  𝟎 ′ } −   𝟏  𝛕 𝓛  {   𝐓  𝐬 𝐭 ′ } +   𝐝  𝟏 ′ 𝓛  ( 𝟏 )


    𝐒   𝐓 -   ( 𝐬 ) ′ −   𝐓   ( 𝟎 ) ′ + 𝐯   𝐝     𝐓 - ′  𝐝 ᵼ =   𝐦  𝟏 𝟏     𝐗 -   ( 𝐬 ) ′ +   𝐦  𝟏 𝟐     𝐓 -   ( 𝐬 ) ′ +   𝐂  𝟏     𝐓 -  𝟎  ( 𝐬 ) ′ −   𝟏  𝛕     𝐓 -  𝐬 𝐭  ( 𝐬 ) ′ +     𝐝  𝟏 ′  𝐒


    d    T -   ( s , z ) ′  d ᵶ = 0 ,  


    𝐦  𝟏 𝟏     𝐗 -   ( 𝐬 ) ′ +  ( 𝐬 −   𝐦  𝟏 𝟐 )     𝐓 -   ( 𝐬 ) ′ =   𝐂  𝟏     𝐓 -  𝟎  ( 𝐬 ) ′ =   𝟏  𝛕     𝐓 -  𝐬 𝐭  ( 𝐬 ) ′ +     𝐝  𝐢 ′  𝐒


   {    Rate   of   Accummulation     of   energy   within   the     thermocouple } =  {    Rate   of   Inflow   of   energy   into   the   thermocouple } −  {    Rate   of   Outflow   of   energy   from     the   thermocouple }


   ( −  r i ) V


  −  {    Rate   of   Consumption   of   energy   within   the     thermocouple   due   to   Chemical   Reaction } +  {    Rate   of   addition   of   Energy   into   the   thermocouple   system }


    𝐕  𝐭     𝐂  𝐩 𝛒  𝐭   𝐝   𝐓  𝐦  𝐝 𝐭 =   𝐯  𝟎 , 𝐭     𝐂  𝐩 𝛒  𝐭 𝐓 −   𝐯  𝟎 , 𝐭     𝐂  𝐩 𝛒  𝐭   𝐓  𝐦
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    𝐝 𝐗  𝐝 𝐭 =   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 2  {  (   𝐤  𝟐 −   𝐤  𝟏 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) } −     𝐤  𝟑   𝛉  𝟏 𝐏  𝐓 𝐗
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  𝛉


    𝛉  𝟏


    𝐲  𝟐 , 𝟎


    𝐝   𝐗  𝐧  𝐝 𝐭 =   𝟏    𝛕  𝟏 𝛉 +   𝟏    𝛕  𝟐 +   𝐏  𝐓 3   𝐲  𝟐 , 𝟎 2  {  (   𝐤  𝟐 −   𝐤  𝟏 )    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) } +     𝐤  𝟑   𝛉  𝟏 𝐏  𝐓 𝐗
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    𝛛 𝐗  𝛛 𝛕 + 𝐯   𝛛 𝐗  𝛛 𝐳 =     𝐤  𝟐 𝐏  𝐓  𝟑   𝐲  𝟐 𝟎  𝟐    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 ) −     𝐤  𝟏 𝐏  𝐓  𝟑   𝐲  𝟐 𝟎  𝟐    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 )
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  𝐯


    𝛛 𝐓  𝛛 𝛕 + 𝐯   𝛛 𝐓  𝛛 𝐳 = 𝐣  (   𝐤  𝟐 −   𝐤  𝟏 )   𝐏  𝐓  𝟑   𝐲  𝟐 𝟎  𝟐    ( 𝛉 − 𝐗 )  𝟐  ( 𝟏 − 𝐗 )
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