
Tail-Accuracy Degradation and Optimal Block
Length for Block Self-Normalized Quantile
Empirical Saddlepoint Inference under Dependence
Yucheng Tao 

Guangxi Normal University https://orcid.org/0009-0009-6644-9779

Research Article

Keywords: self-normalization, empirical saddlepoint, quantile inference, α-mixing, optimal block length

Posted Date: October 14th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11352599/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Additional Declarations: The authors declare no competing interests.

https://doi.org/10.21203/rs.3.rs-11352599/v1
https://doi.org/10.21203/rs.3.rs-11352599/v1
https://orcid.org/0009-0009-6644-9779
https://doi.org/10.21203/rs.3.rs-11352599/v1
https://creativecommons.org/licenses/by/4.0/


Received:

Accepted:

Published:

Copyright: © 2026 by the author.

Submitted to Mathematics for possible

open access publication under the

terms and conditions of the Creative

Commons Attribution (CC BY) license.

Article

Tail-Accuracy Degradation and Optimal Block Length for Block
Self-Normalized Quantile Empirical Saddlepoint Inference
under Dependence

Yucheng Tao 1,*

1 School of Mathematics and Statistics, Guangxi Normal University, Guilin 541006, China;

YuchengTao2000@126.com

Abstract 1

Self-normalization combined with empirical saddlepoint approximation reaches higher- 2

order tail accuracy under independent sampling, but under dependence the degradation is 3

unquantified and the block length lacks a basis. This paper quantifies both for the block 4

self-normalized quantile pivot under strong (α-)mixing. Self-normalizing the block sums 5

by their own quadratic form frees the pivot from the marginal distribution, and expanding 6

its cumulants by multilinearity places the tail at the n−1/2 rather than the m−1/2 scale. The 7

relative tail error obeys an explicit law, err(ℓ) = −Ceff
1 n−1/2 + D(ℓ) + O(n−1), led by a 8

previously unnoticed variance-inflation floor E∞(ℓ) ∼ cΦ/ℓ that does not vanish with the 9

number of blocks but converges to a positive limit. Balancing that floor against a skewness 10

transient of the same order gives the optimal block length ℓ∗ ∝
√

n in closed form, with 11

an exponent independent of the dependence; no interior optimum exists when λ ≤ 0 or 12

τ ≥ 1/2. The lattice structure of the pivot also forces any continuous tail approximation 13

to err by at least Θ(m−1ℓ−3/2), a bound that is attained. The two main results combine 14

into an interval whose coverage error is O(n−1) near ℓ∗, turning the block length into a 15

computable quantity; coverage is 95% ± 0.15% over 16 configurations, against 60.1% for 16

the first-order baseline. 17

Keywords: self-normalization; empirical saddlepoint; quantile inference; α-mixing; optimal 18

block length 19

MSC: 62G20; 62E20; 62G09; 60F05 20

1. Introduction 21

Quantile inference underlies the standard risk measures, and it is constrained by a 22

structural difficulty: the asymptotic variance of the sample quantile is proportional to the 23

reciprocal of the density at the quantile, 1/ f (qτ), and estimating this reciprocal stably is 24

hard in small samples, in heavy tails, and at extreme quantiles. Interval procedures built 25

on a kernel estimate of that density, such as the Wald and Hall–Sheather intervals [1], are 26

therefore sensitive to bandwidth selection and show noticeable coverage fluctuations in 27

finite samples. 28

Frequentist procedures for quantiles under dependence fall into two families, and 29

each buys its validity with a sacrifice. The first allows dependence but gives up either 30

higher-order accuracy or density-freeness. HOGA and SCHULZ [2] use self-normalization 31

for time-series quantile and expected shortfall regressions, but their self-normalizer is built 32
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from an expanding window, their results are first-order only, and their assumptions require 33

a conditional density that exists and is Lipschitz near the origin, so the procedure is not 34

density-free. HOUNYO and LIN [3] treat two-way clustered quantile regression with a 35

sandwich-type cluster-robust variance rather than self-normalization; their bread is a kernel 36

density estimate, the results are again first-order Gaussian, and the authors acknowledge 37

that higher-order bandwidth optimization lies beyond their scope. EINMAHL and HE [4] 38

achieve density-freeness through a Galois connection, but only for independent heteroge- 39

neous data. The second family attains higher-order accuracy together with density-freeness, 40

by combining self-normalization, which replaces an explicit scale estimate by a quadratic 41

form internal to the statistic, with an empirical saddlepoint approximation of the tail 42

probability; under independent sampling the combination reaches O(n−3/2) tail accuracy. 43

SNQESA [5] belongs to this family: it self-normalizes the indicator score into a pivot and 44

evaluates the tail probability by a constrained saddlepoint approximation, without estimat- 45

ing f (qτ), but its theorems and simulations are all carried out under independent sampling, 46

and the mixing case appears in its discussion only as a feasible extension. The two families 47

have not been joined, and this paper occupies exactly their junction: SNQESA supplies 48

the engine for density-free higher-order accuracy on the quantile side and LAHIRI’s block 49

framework the expansion tools on the dependence side, and a degradation law with an 50

optimal block length can appear on the quantile side only once the two are combined. For 51

a fixed quantile level τ ∈ (0, 1), write gi(t) = 1{Xi ≤ t} − τ for the indicator score and 52

let ḡj(t) be its average over the j-th block of length ℓ. We study the block self-normalized 53

quantile pivot 54

Tn(t) =
∑

m
j=1 ḡj(t)

√

∑
m
j=1 ḡj(t)2

, m = ⌊n/ℓ⌋, 55

computed from a strongly (α-)mixing sample, with λ the lag-1 correlation of the indicator 56

process. 57

Two questions follow about this pivot, and neither has an answer once the sampling is 58

dependent. 59

(Q1) How much does the tail accuracy of Tn degrade, relative to the Gaussian 60

benchmark? 61

(Q2) How should the block length ℓ be chosen in response? 62

The first is quantitative: the Gaussian benchmark against which a self-normalized pivot is 63

usually read carries variance 1, whereas the block pivot carries a long-run variance that 64

dependence inflates. The second is a tuning problem which, in the quantile case, has no 65

existing answer. 66

What is already known about the degradation is confined to sums and means. 67

LAHIRI [6] gives three side-by-side error sources for studentized means and M-estimators, 68

arising from n−1/2, from the number of blocks through m−1/2, and from studentizing bias; 69

LAHIRI [7] gives an Edgeworth expansion for sums of block variables in which the error is 70

carried by two series, in n−1/2 and in [n/ℓ]−1/2; WANG and POLONIK [8] show that for 71

smooth functionals of the block empirical likelihood the coverage error drops from O(m−1) 72

to O(m−2). On the quantile side the closest work is LAHIRI and SUN [9], which has only a 73

first-order Berry–Esseen bound. On the block-method side, KUFFNER et al. [10] give an 74

optimal block length for the quantile block bootstrap, but that optimality is in the sense 75

of bootstrap convergence rates; it is neither an analytic relative error nor self-normalized. 76

Table 1 places these boundaries side by side. Dependence, quantiles and self-normalization 77

are pairwise studied, yet their intersection is empty: on the quantile side not even the 78

analytic form of the degradation or a closed form for the optimal block length is available. 79
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Table 1. Work directly related to this paper and the boundaries it leaves open.

Work Dependence Self-normalization Density-free Accuracy

SNQESA [5] Independent Scalar Sn/
√

Qn Yes Tail O(n−3/2)
Hoga–Schulz [2] α-mixing Expanding window No First-order CLT
Hounyo–Lin [3] Two-way clustering No (sandwich) No First-order Gaussian
Einmahl–He [4] Independent, heterog. Rank-type variance Yes First-order normal
Lahiri [6] Weak dependence N/A N/A Three-column structure
Lahiri–Sun [9] Polynomial mixing N/A N/A First-order Berry–Esseen
This paper α-mixing Block self-normalization Yes See Theorem 2

Dependence changes the picture entirely, and it is why neither family settles the 80

question. The variance of the score sum is no longer τ(1 − τ) but a long-run variance, and 81

the algebraic identity on which density-freeness rests no longer holds, so the two routes 82

lose their support at the same time. One further point has gone unnoticed: the block pivot 83

takes lattice values, so its tail function is a step function rather than a smooth one, and this 84

imposes a lower bound on the attainable uniform accuracy. 85

Our starting point is a pair of neglected quantities. Measuring the tail error against the 86

Gaussian benchmark, err(ℓ) = P(Tn ≥ x)/(1 − Φ(x))− 1, at a fixed block length it does 87

not vanish as the number of blocks grows; it converges to the positive limit E∞(ℓ) ∼ cΦ/ℓ, 88

with 89

cΦ =
xϕ(x)λ

(1 − Φ(x))(1 − λ2)
, 90

a variance-inflation floor that arises because the long-run variance of the block pivot is 91

inflated by dependence while the benchmark assumes variance 1. The transient on the other 92

side comes from bias and skewness. The bias term m1
σT

ϕ(x) is of order q1ϕ(x)/(2
√

n), and 93

because pred(λ, ℓ) ∼ p1/
√
ℓ with p1 = −2q1, the skewness term is likewise independent 94

of ℓ; together they give a transient that does not depend on ℓ. Balancing the floor against 95

this transient gives an interior optimum in ℓ. 96

Both questions have quantitative answers, and they are given by four results. The first 97

removes a nuisance: the pivot is density-free, in that the distribution of Tn(t) depends only 98

on the indicator process and not on F, so no density estimate and no bandwidth beyond 99

the block length itself enter what follows; a truncation construction shows that the setting 100

is nonempty. The second answers (Q1), by resolving the relative tail error into an explicit 101

two-term expansion, 102

err(ℓ) = −Ceff
1 (x, τ)√

n
+ D(ℓ) + O

(

n−1
)

, Ceff
1 (x, τ) =

q1(2x2 + 1)ϕ(x)
6(1 − Φ(x))

, 103

in which the first term collects the n−1/2-order bias and skewness contributions and the 104

second is that same floor, written D(ℓ), which takes one of three forms according to the 105

decay of the mixing coefficients. The third answers (Q2), since balancing the two terms 106

gives the interior-optimal block length 107

ℓ
∗ =

6xλ

(1 − λ2)(2x2 + 1)q1

√
n
(

1 + o(1)
)

, q1 =
(1 − 2τ)(1 + 4λ + λ2)

√

τ(1 − τ)(1 − λ)(1 + λ)3
, 108

proportional to
√

n with an exponent independent of λ. The fourth is separate from the 109

two questions: the lattice structure of the pivot forces the uniform error of any continuous 110

approximation of the tail to be at least of order Θ(m−1ℓ−3/2), and a piecewise-linear 111

construction attains it. Together the first three yield a usable procedure, which is the 112

form in which the answers are applied: inverting the tail probability gives a quantile 113

interval whose coverage error is O(n−1) when ℓ is chosen near ℓ∗, and reverts to O(n−1/2) 114
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otherwise. Numerically, the method attains coverage within 95% ± 0.15% across 16 (λ, ℓ) 115

configurations, whereas the first-order Gaussian baseline attains only 60.1% at λ = 0.8 and 116

ℓ = 2; the closed-form interval length is within 2% of the exact value, and the computational 117

cost is 0.0037 milliseconds per replication. 118

The rest of the paper is organized as follows. Section 2 (Materials and Methods) sets 119

out the problem, the block self-normalized pivot and the regularity assumptions, proves 120

density-freeness and gives the truncation construction. Section 3 (Results) collects the four 121

results: the tail-accuracy degradation law and the variance-inflation floor in Section 3.1, 122

the scaling law and leading-order constant for the optimal block length in Section 3.2, 123

the uniform-accuracy lower bound induced by the lattice structure and its attainability 124

in Section 3.3, and the simulation study in Section 3.4. Section 4 discusses the questions 125

that remain open and the limits of applicability, and Section 5 concludes. All proofs and 126

derivations are collected in Appendix A. 127

2. Materials and Methods 128

This section introduces the notation and the basic objects, and explains why the pivot 129

is independent of F at the true quantile. Let X1, . . . , Xn come from a strictly stationary 130

strong (α-)mixing process whose mixing coefficients satisfy α(k) ≤ Ck−β with β > 1 (for 131

the definition see [11]). Fix τ ∈ (0, 1), write qτ = F−1(τ), and define the indicator score 132

gi(t) = 1{Xi ≤ t} − τ, Egi(qτ) = 0. 133

Take a block length ℓ that diverges with n while satisfying ℓ/n → 0, and let the number 134

of blocks be m = ⌊n/ℓ⌋. Write the j-th block mean as ḡj(t) = 1
ℓ ∑i∈Bj

gi(t); the block 135

self-normalized pivot is 136

Tn(t) =
∑

m
j=1 ḡj(t)

√

∑
m
j=1 ḡj(t)2

. (1) 137

The goal of inference is to invert the tail probability of Tn into a confidence interval for qτ . 138

The scale is the within-block quadratic form ∑j ḡ2
j rather than a lag-covariance estimate of 139

the long-run variance as in LAHIRI [6]: the former is independent of F at t = qτ (Theorem 1), 140

and it requires no separate bandwidth for the variance. 141

Assumption 1. (A1) The process is strictly stationary with α(k) ≤ Ck−β and β > 1. (A2) F is 142

continuous in a neighbourhood of qτ and F(qτ) = τ. (A3) x ∈ [a, b] ⊂ (0, ∞). (A4) The cumulants 143

of the pivot satisfy, uniformly on [a, b], κ2(Tn) = S11 + O(m−1ℓ−1), κ3(Tn) = Λ111−3S11S12√
m

+ 144

O(n−1) and κ4(Tn) = O(n−1), and the resulting Edgeworth expansion has remainder O(n−1); 145

the block sums {Bt} satisfy a Bernstein-type deviation inequality. 146

(A4) is stronger than (A1); the trade-offs among its three regularities and the sufficient 147

condition for each are given in the two remarks that open Appendix A.2. 148

Theorem 1. The pivot Tn(t) is a function of the indicator process {1{Xi ≤ t}}, so its distribution 149

depends only on the joint law of that process and not on F. The constants in the degradation law, 150

Ceff
1 , Cκ and ℓ∗, are therefore also independent of F. 151

This conclusion is not vacuous. Given an arbitrary stationary binary sequence {Zi} 152

and independent uniform random variables Ui, set 153

Xi =







F−1(Uiτ), Zi = 1,

F−1
(

τ + Ui(1 − τ)
)

, Zi = 0.
154
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Then Xi has marginal distribution exactly F, and at the true quantile 1{Xi ≤ qτ} = Zi. 155

Hence any F and any dependence structure of the indicator process can be realized at 156

t = qτ , and the derivation of the degradation law needs to handle only the indicator 157

process, not the specific form of F. The scope of this statement should be noted: the 158

identity uses F(qτ) = τ and therefore holds only at t = qτ . The whole path of Tn(t) in a 159

neighbourhood of qτ , which is what interval inversion requires, still depends on F; the 160

density-free assertion of this paper applies to the distribution of the pivot at t = qτ alone. 161

3. Results 162

3.1. Tail-Accuracy Degradation Law 163

For a two-state Markov indicator process, the long-run variance and the third cumulant 164

of the block sums are available in closed form. Let λ denote the lag-1 correlation of the 165

indicator process, set σ2 = τ(1 − τ), and let λ3 = κ3(Tn)/κ2(Tn)3/2 be the standardized 166

skewness. Then 167

√
m λ3(Tn) =

Λ111 − 3S11S12

S3/2
11

+ O(m−1), S11 = 1 +
2λ(1 − λℓ)

(1 − λ)2R2(ℓ)
, (2) 168

where R2(ℓ) = ℓ+ 2 ∑d≥1(ℓ− d)λd. These three quantities enter only through the second 169

and third cumulants of the indicator process, so they hold for any stationary binary pro- 170

cess. Block averaging suppresses the skewness of the block sums by a factor
√
ℓ, that is, 171

S12, Λ111 = O(ℓ−1/2), whence κ3(Tn) = O(n−1/2) and κ4(Tn) = O(n−1) (Lemma A4). The 172

natural expansion scale of the degradation law is therefore n−1/2, not the m−1/2 suggested 173

by the number of blocks. 174

Theorem 2. Under Assumption 1, 175

P(Tn(t) ≥ x)
1 − Φ(x)

− 1 = −Ceff
1 (x, τ)√

n
+ D(ℓ) + O

(

n−1
)

, 176

where D(ℓ) is the variance-inflation floor; under geometric mixing D(ℓ) ∼ Cκ/ℓ with Cκ = 177

λxϕ(x)/[(1 − λ2)Φ(−x)]. Here Ceff
1 (x, τ) = q1(2x2+1)ϕ(x)

6(1−Φ(x)) collects all n−1/2-order skewness 178

and bias contributions, with q1 given in Lemma 2. Under general mixing, D(ℓ) splits into three 179

branches according to the decay rate α(k) ≤ Ck−β, 180

D(ℓ) ∼















C/ℓ, β > 2,

C ℓ−1 log ℓ, β = 2,

C ℓ1−β, 1 < β < 2.

181

Equivalently, err(ℓ) =
∣

∣−Ceff
1 /

√
n + D(ℓ)

∣

∣(1 + o(1)). When λ > 0 we have Cκ > 0 and the 182

floor is positive; when λ ≤ 0 we have Cκ < 0 and the floor becomes a ceiling (see Remark 1). 183

The scale variable of the degradation law is the sample size n, not the number of 184

blocks m: the leading term comes from standardized skewness and bias, is of order n−1/2, 185

has a coefficient proportional to 1 − 2τ, and vanishes at τ = 1/2. The floor D(ℓ), which 186

depends on ℓ, gives the second layer of the structure. This two-layer structure for sums 187

and means was established by LAHIRI [6]; the contribution of this paper is to carry it over 188

to quantile inference, indicator scores and self-normalization. The derivation of Theorem 2 189

is given in Appendix A.3. 190
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3.2. Optimal Block Length 191

The second term D(ℓ) of Theorem 2 varies with ℓ and, in earlier analyses, was treated 192

as a negligible higher-order term. With the Gaussian as benchmark, the leading term of the 193

error in the ℓ direction is the variance-inflation floor 194

E∞(ℓ) =
1 − Φ

(

x/
√

S11(ℓ)
)

1 − Φ(x)
− 1 ∼ cΦ

ℓ
, cΦ =

xϕ(x)λ
(1 − Φ(x))(1 − λ2)

, (3) 195

which decreases as ℓ grows but does not vanish as the number of blocks grows. The next 196

lemma writes this limit in explicit form. 197

Lemma 1. For fixed ℓ, as m → ∞ the error err(ℓ) converges to E∞(ℓ), and as ℓ → ∞ we have 198

E∞(ℓ) ∼ cΦ/ℓ. When λ > 0, cΦ > 0 and the limit is positive. 199

Remark 1. The sign of the floor is determined by the sign of λ. Since S11(ℓ)− 1 ∼ 2λ
1−λ2 · 1

ℓ
, when 200

λ < 0 we have S11(ℓ) < 1: the long-run variance of the block pivot is smaller than 1, E∞(ℓ) < 0, 201

and the floor degenerates into a ceiling. The sign of the transient changes accordingly, the two terms 202

no longer cancel, and the closed form for ℓ∗ does not apply when λ ≤ 0. The optimal-block-length 203

results of this paper are therefore confined to λ > 0. 204

The transient on the other side comes from bias and skewness. The large-ℓ limit of (2) 205

gives pred(λ, ℓ) ∼ p1/
√
ℓ and S12(λ, ℓ) ∼ q1/

√
ℓ with p1 = −2q1, so the transient does 206

not depend on ℓ. 207

Lemma 2. The transient due to bias and skewness satisfies 208

tr(ℓ, n) =
m1

σT
ϕ(x) +

λ3

6
(x2 − 1)ϕ(x) ∼ − q1(2x2 + 1)ϕ(x)

6
√

n
, 209

where 210

q1 =
(1 − 2τ)(1 + 4λ + λ2)

√

τ(1 − τ)(1 − λ)(1 + λ)3
, 211

which does not involve ℓ. 212

The floor decreases with ℓ while the transient does not depend on ℓ, and the point 213

where the two are equal is the interior optimum for the block length. 214

Theorem 3. Under the conventions of Theorem 2 (that is, λ > 0 and τ < 1/2), the interior-optimal 215

block length for tail accuracy is 216

ℓ
∗ =

6 x λ

(1 − λ2)(2x2 + 1) q1

√
n
(

1 + o(1)
)

. (4) 217

Proofs of Lemma 1, Lemma 2 and Theorem 3 are given in Appendix A.4. The constant 218

has three directly checkable properties. It is proportional to λ/(1 − λ2), so stronger depen- 219

dence shifts the block length to the right. It is proportional to 1/(1 − 2τ), so as τ → 1/2 220

the transient vanishes, the floor has nothing to cancel against, and no interior optimum 221

exists; for τ > 1/2 we have q1 < 0 and the closed form returns a negative block length, 222

which shows that this range likewise falls outside the analysis. The exponent of n does not 223

depend on λ, which enters only the constant. Figure 1 sketches the mechanism. 224
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ℓ

err

E∞(ℓ)

tr(ℓ, n)

err(ℓ)
ℓ∗

Figure 1. The variance-inflation floor E∞(ℓ) decreases with ℓ while the transient tr(ℓ, n) does not

depend on ℓ; the two curves cross at ℓ∗, hence ℓ∗ ∝
√

n.

Inverting the tail probability yields a quantile interval. For each t, the two-sided 225

p-value for testing H0 : F(t) = τ is 226

p(t) = 2 min
{

P0

(

Tn(t) ≥ Tobs
n (t)

)

, P0

(

Tn(t) ≤ Tobs
n (t)

)}

, 227

where P0 denotes the distribution of the pivot under H0, which is independent of F by 228

Theorem 1, and Tobs
n (t) is computed from the sample. The confidence interval of level 1− α 229

is Îα = {t : p(t) ≥ α}, with endpoints obtained from p(t) = α. 230

Its coverage order follows from the degradation law. At ℓ ≍ √
n the relative error 231

of the tail probability is
∣

∣−Ceff
1 /

√
n + D(ℓ)

∣

∣, and the two terms have opposite signs (for 232

τ < 1/2 we have Ceff
1 > 0, so the first term is negative, while D(ℓ) > 0 for λ > 0). Taking 233

ℓ = ℓ∗ makes them cancel exactly, the error drops to O(n−1), and the coverage error of Îα is 234

therefore O(n−1), that is, second-order coverage. When the block length departs from ℓ∗ 235

the two terms no longer cancel and the coverage error reverts to O(n−1/2); this is precisely 236

the role of the block length. Numerically (analytic tail, λ = 0.5, x = 2), at ℓ = ℓ∗(n) we 237

obtain n err = 16 to 31 for n = 210, . . . , 230, a bounded quantity, consistent with O(n−1). 238

3.3. Uniform-Accuracy Lower Bound Induced by the Lattice Structure 239

The block pivot takes lattice values. The pair (Sii, Qii,jj) lives on an integer lattice and 240

Tii,jj = Sii/
√

Qii,jj, so the tail function Pex(x) = P(Tn ≥ x) is an exact step function whose 241

jumps occur at xii,jj = Sii/
√

Qii,jj, with jump size equal to the sum of dp over all lattice 242

points falling at that x. Different pairs (ii, jj) can give the same x; in that case the jump size 243

is their sum and need not equal a single dp[ii, jj]. 244

Theorem 4. Let B[a, b] be the set of lattice points whose jumps fall in [a, b], let w(x) be the jump 245

size at a jump point x, and let wmax = maxx∈[a,b] w(x). Then for any continuous function h, 246

sup
x∈[a,b]

∣

∣Pex(x)− h(x)
∣

∣ ≥ 1
2 wmax. 247

Under a local central limit theorem wmax = Θ(m−1ℓ−3/2), and therefore 248

inf
h∈C0

sup
x∈[a,b]

∣

∣Pex(x)− h(x)
∣

∣ = Θ
(

m−1
ℓ
−3/2

)

. 249

The proof of Theorem 4 is given in Appendix A.5. This lower bound shows that 250

continuous corrections such as the area-fraction correction or the Euler–Maclaurin correc- 251

tion cannot push the uniform accuracy below m−1ℓ−3/2. Its relation to Theorem 3 should 252

be stated: what is bounded here is the uniform absolute approximation error of the tail 253

function by a continuous function, whereas err(ℓ) is a fixed-point relative error. The two 254
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Table 2. Coverage (%) and average interval length, λ = 0.6, τ = 0.3; lengths use B = 2000 replications

and coverage uses B = 4 × 104. Lor is the ratio of the ESA-an length to the oracle length.

ℓ m ESA-an SN-N MBB-pct MBB-t BEL LESAan Lor

4 16 95.31 86.56 81.40 84.20 81.30 .3513 1.011
4 64 95.00 86.89 83.55 84.20 83.65 .1887 1.001
8 64 94.86 91.24 90.40 91.00 88.65 .1387 1.002
16 64 95.05 93.47 91.45 92.40 89.65 .1011 1.002

conventions differ, and the lower bound does not directly constrain the quantity being 255

optimized. At the interior optimum ℓ∗ ≍ √
n we have m−1ℓ−3/2 ≍ n−5/4, far below n−1/2, 256

so it is not binding there either. What it characterizes is the intrinsic limitation of continuous 257

approximations at a given ℓ. 258

In the opposite direction, the contribution of the lattice structure to the fixed-point tail 259

error is controlled by the same order. 260

Corollary 1. Under the local limit conditions of Theorem 4, the difference between the continuous 261

Edgeworth tail ΦEE and the exact step function satisfies 262

sup
x∈[a,b]

∣

∣Pex(x)− ΦEE(x)
∣

∣ ≤ 2wmax + O(n−1) = O(n−1), 263

where the lattice term satisfies 2wmax = O(m−1ℓ−3/2), which at the interior optimum ℓ∗ ≍ √
n is 264

O(n−5/4) = o(n−1). The lattice structure therefore contributes only an oscillation term below the 265

remainder of the continuous part; the leading term remains the O(n−1) of (A4), and the lattice case 266

introduces no additional assumption. 267

3.4. Simulation Study 268

The experiments take F = U(0, 1) together with several general F, with a two-state 269

Markov chain as the indicator process and τ = 0.3; all computations are carried out on a 270

GPU. The coverage curves fix the number of blocks at m = 64 and vary the block length 271

ℓ ∈ {2, 4, 8} and the dependence strength λ ∈ [0, 0.8], corresponding to n = 128, 256, 512. 272

The joint comparison of coverage and interval length is carried out at λ = 0.6, with 273

B = 2000 replications for lengths and B = 4 × 104 for coverage; computational cost is 274

benchmarked at n = 1024. Five methods are compared: an oracle given by the exact FFT 275

joint law, the procedure of this paper (ESA-an), which uses the closed-form Edgeworth 276

tail, the first-order normal-critical-value method (SN-N), the percentile and studentized 277

versions of the moving block bootstrap [12,13], and the block empirical likelihood [14]. 278

Figure 2 reports exact coverage, computed directly from the FFT joint law and therefore 279

free of Monte Carlo error. The curve for ESA-an hugs 95% for all λ ∈ [0, 0.8] and ℓ ∈ {2, 4, 8}, 280

with a range within ±0.15%. The first-order Gaussian baseline deteriorates rapidly as 281

dependence strengthens, and the smaller the block length the worse it becomes: at λ = 0.8, 282

ℓ = 8 still holds 84.7%, ℓ = 4 falls to 74.5%, and ℓ = 2 is down to 60.1%. 283

Table 2 compares coverage and average interval length at λ = 0.6. The interval length 284

of ESA-an is within 2% of the exact oracle. All three baselines substantially undercover: 285

SN-N lies between 86.6% and 93.5%, the percentile version of the moving block bootstrap 286

between 81.4% and 91.5%, its studentized version slightly better at 84.2% to 92.4%, and 287

the block empirical likelihood between 81.3% and 89.7%. These baselines in fact produce 288

shorter intervals; at ℓ = 16, for instance, the studentized bootstrap gives 0.0927 against 289

0.1011 for ESA-an. 290

On computational cost, the critical value of ESA-an comes from a single closed-form 291

evaluation and the interval inversion is an integer bisection, so each replication takes about 292
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Figure 2. Coverage as a function of the dependence strength λ (exact values, τ = 0.3, m = 64).

ESA-an hugs 95% for every λ and ℓ; the first-order N(0, 1) baseline deteriorates as λ grows, and the

smaller the block length the more severe the deterioration.
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Figure 3. Computational cost (n = 1024, GPU, per replication, logarithmic vertical axis). ESA-an is of

the same order as the moving block bootstrap and about 170 times faster than the block empirical

likelihood.

0.0037 milliseconds, the same order as the moving block bootstrap and roughly 170 times 293

faster than the block empirical likelihood, with no resampling required; see Figure 3. 294

The scaling law for the optimal block length is shown in Figure 4. In the left panel, 295

ℓ∗/
√

n decreases monotonically in n towards the closed-form constant c, with 0.2727, 0.4875 296

and 0.7575 for λ = 0.3, 0.6, 0.8, matching the analytic values at n = 230 to 10−4. The right 297

panel shows the local slope on a logarithmic scale, which rises from 0.42 at n = 210 to 0.4999 298

at n = 230 but stays within 0.42 to 0.46 throughout the window n ≤ 1024. 299

4. Discussion 300

The results answer the two questions raised in Section 2. Under dependence the tail 301

accuracy of the block self-normalized pivot does not degrade along the scale suggested by 302

the number of blocks: the relative error splits into a bias-and-skewness term of order n−1/2
303

and a floor that decays only with the block length, and the block length at which the two 304

balance is proportional to
√

n. The Gaussian benchmark is therefore not merely slightly 305

inaccurate; its failure grows with the dependence and is worst when the blocks are short. 306

The floor is the finding we regard as most consequential, since it runs against the 307

intuition that adding blocks increases accuracy. Dependence inflates the long-run variance 308
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Figure 4. Scaling law for the optimal block length, λ = 0.6, analytically extrapolated to n = 230. Left:

ℓ∗/
√

n converges to the closed-form constant 0.4875. Right: the local slope on a logarithmic scale

rises from 0.42 to 0.4999, so the asymptotic exponent is 1/2 and the 1/3 seen in a finite window is a

spurious exponent.

of the pivot while the benchmark assumes variance one, so no refinement of the number 309

of blocks removes the inflation; the error converges to a limit set by the block length 310

alone. This is why the first-order methods fail exactly where dependence is strong and 311

blocks are short, and why that failure is not a finite-sample artifact that more data repairs. 312

The degradation law is consistent with the three-column error structure that LAHIRI [6] 313

established for sums and means, and it places the quantile case on the n−1/2 rather than 314

the m−1/2 scale; the ingredient specific to the quantile side is the lattice structure of the 315

pivot, which bounds any continuous approximation of its tail. The scaling exponent should 316

likewise be read with care: a local fit over the accessible sample sizes would suggest an 317

exponent near one third, which the extrapolated analytic slope shows to be spurious. 318

The results above leave several questions open, and they hold under restrictions that 319

should be stated explicitly. Quantile regression has been listed by [5] as future work, and 320

we treat it only as a natural corollary of the present method rather than a contribution in its 321

own right. The within-block dependence term and the block-length bias term in Theorem 2 322

cannot be separated in the independent case, and each requires real dependence to be 323

injected before it can be calibrated on its own. When F is discontinuous at qτ or has a flat 324

density there, the form of the degradation law is not yet determined. 325

The limits of applicability should also be stated clearly. The optimal block length is 326

confined to the sign region λ > 0 and τ < 1/2: for λ ≤ 0 the floor becomes a ceiling, 327

and for τ ≥ 1/2 the transient and the floor have the same sign, so both cases require 328

separate treatment. The exponential deviation inequality in Assumption (A4) is stronger 329

than polynomial mixing (A1), and for 1 < β ≤ 2 the error control of the degradation 330

law still has a gap. The closed-form constant in ℓ∗ is the leading-order value obtained 331

by balancing the floor against the transient; the omitted terms of the same order are all 332

pushed down to O(n−1) by block averaging and are already absorbed into the remainder 333

of Theorem 2, so they do not alter the scaling law ℓ∗ ≍ √
n. 334

The practical consequence is that the block length ceases to be a free tuning parameter. 335

The closed form evaluates it from the sample size and the fitted dependence, and near 336

that value the coverage error falls from O(n−1/2) to O(n−1) without a bandwidth beyond 337

the block length itself. This is what the procedure offers the risk measures that motivated 338

the problem, where the block length would otherwise be set by rule of thumb; the same 339
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self-normalization extends to other statistics whose scale can be written as a within-block 340

quadratic form. 341

5. Conclusions 342

Under strong mixing, the block self-normalized quantile pivot has an explicit tail- 343

accuracy degradation law and a basis for its block length. The relative tail error is the sum 344

of a bias-and-skewness term of order n−1/2 and a variance-inflation floor E∞(ℓ) ∼ cΦ/ℓ: 345

the leading correction is fixed by the sample size, while the only term that survives as 346

the number of blocks grows is the one set by the block length. Balancing the two gives 347

the interior optimum ℓ∗ ∝
√

n, with a constant that increases with the dependence and 348

diverges as τ → 1/2; when λ ≤ 0 the floor becomes a ceiling and no interior optimum 349

exists, which delimits the range of validity. The pivot is lattice-valued, so any continuous 350

approximation of its tail is uniformly off by at least Θ(m−1ℓ−3/2), a bound that a piecewise- 351

linear construction attains. At ℓ ≍ ℓ∗ the inverted quantile interval has coverage error 352

O(n−1), and in the simulation it holds 95% ± 0.15% over sixteen configurations, against 353

60.1% for the first-order Gaussian baseline at λ = 0.8, ℓ = 2. Because the constants enter 354

only through the second and third cumulants of the indicator process, the results are free 355

of F: this carries the two-layer structure that LAHIRI [6] established for sums and means 356

into dependent quantile self-normalization, where the density-free higher-order accuracy 357

proved by SNQESA [5] for independent sampling carries over, and the lattice bound is 358

specific to the quantile side. The form of the degradation law is not yet determined when F 359

is discontinuous at qτ , and the exponential deviation inequality assumed in (A4) is stronger 360

than polynomial mixing; both are left to subsequent work. 361
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Appendix A. Proofs and Derivations 373

Appendix A.1. Proof of Density-Freeness 374

Proof. Since gi = ξi − τ, the pivot Tn is a deterministic function of {ξi}, and the joint law 375

of {ξi} does not involve F; hence the distribution of Tn is independent of F. 376

For the truncation construction, Uiτ ∼ U(0, τ) and τ + Ui(1 − τ) ∼ U(τ, 1). Hence 377

for any x, 378

P(Xi ≤ x) = τ · min{F(x), τ}
τ

+ (1 − τ) · max{F(x)− τ, 0}
1 − τ

= min{F(x), τ}+ max{F(x)− τ, 0} = F(x),
379

so the marginal distribution is indeed F. Turning to the indicators, take t = qτ , so that 380

F(t) = τ. If Zi = 1 then Xi = F−1(Uiτ) and 381

Xi ≤ qτ ⇐⇒ Uiτ ≤ F(qτ) = τ ⇐⇒ Ui ≤ 1, 382
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which always holds, so 1{Xi ≤ qτ} = 1 = Zi. If Zi = 0 then Xi = F−1(τ + Ui(1 − τ)) and 383

Xi ≤ qτ ⇐⇒ τ + Ui(1 − τ) ≤ τ ⇐⇒ Ui ≤ 0, 384

which never holds, so 1{Xi ≤ qτ} = 0 = Zi. For t ̸= qτ the identity fails, which is the scope 385

stated in Section 2. 386

Appendix A.2. Block-Level Cumulants and the Third Moments of the Pivot 387

Assumption 1(A4) is stronger than the usual mixing conditions; the trade-offs and the 388

sufficient condition for each part are as follows. 389

Remark A1. (A4) is stronger than (A1) and contains three regularities that must be assumed 390

independently. First, the orders of κ3 and κ4 are given by Lemma A4, but determining the transient 391

coefficient requires their sharp remainders: Lemma A3 gives only a remainder O(m−1) for κ3, 392

which at ℓ ≍ m ≍ √
n equals the n−1/2 order of κ3 itself and is therefore too coarse to determine 393

the coefficient, so (A4) requires the remainder to drop to O(n−1). Second, the variance sharpness 394

κ2(Tn) = S11 + O(m−1ℓ−1), verified against the exact joint law in Appendix A.2 and Table A1. 395

Third, the uniform Edgeworth remainder together with a Bernstein-type deviation inequality. The 396

statement κ4(Tn) = O(n−1) is an asymptotic order as ℓ → ∞ with λ fixed; when λ approaches 397

1 the correlation length ∼ (1 − λ)−1 becomes comparable to ℓ, the decay is numerically slow 398

and the constant is large, but its tail contribution κ4/κ2
2

24 (x3 − 3x)ϕ(x) stays at the order 10−3
399

throughout the measurable range, far below n−1/2. Bernstein-type inequalities are stronger than 400

polynomial mixing: α(k) ≤ Ck−β generally yields only polynomial concentration, and exponential 401

concentration requires either β > 2 together with a Cramér-type condition or geometric (strong) 402

mixing; for 1 < β ≤ 2 the error control of the degradation law must be handled separately, and the 403

regular case of this paper assumes geometric mixing. Finally, Tn is lattice-valued, so its Edgeworth 404

expansion carries an oscillatory correction; we use the continuous expansion in Theorem 2 and defer 405

the explicit form of the oscillation to Section 3.3. 406

Remark A2 (Sufficient Conditions). The three parts of (A4) are guaranteed by a single set of 407

conditions: {Xt} is strongly mixing with geometric rate α(k) ≤ Cρk, a moment condition of order 408

4+ δ holds, and the block variables Vj = (ḡj, ḡ2
j ) satisfy the Cramér condition sup|t|≥c |EeitV1 | < 1. 409

The block-variable sequence then has mixing coefficients αV(k) ≤ Cρ(k−1)ℓ, and all the prerequisites 410

of the weakly dependent Edgeworth expansion are met [7,15]. Since Tn =
√

m g(V̄) is a smooth 411

functional of the block-mean vector (g(z, w) = z/
√

w), and since LAHIRI [6] treats exactly this 412

structure (the smooth function model) under strong mixing and shows that its expansion is a 413

superposition of three series, in powers of n−1/2, of [n/ℓ]−1/2 from the number of blocks, and 414

of the studentizing bias, the sharp κ3 remainder and the Edgeworth remainder of (A4) follow; 415

the block-scale suppression S12, Λ111 = O(ℓ−1/2) then tightens the remainder from O(m−1) to 416

Θ(m−3/2ℓ−1/2). The variance sharpness of κ2 also falls within this expansion: under geometric 417

mixing the correlation between nonadjacent blocks decays like ρℓ and the resolvent expansion of 418

E[T2
n ],

E[A2]
m − E[A2C]

m2 + · · · , converges absolutely, with its m−1 coefficient given by adjacent- 419

block cumulants and equal to O(ℓ−1) (the term-by-term estimates in Appendix A.2; numerical 420

verification in Table A1). The Bernstein-type deviation inequality is supplied by MERLEVÈDE, 421

PELIGRAD and RIO [16]; it is also available under polynomial mixing α(k) ≤ Ck−β with β > 2, 422

while β ≤ 2 requires an additional truncated moment condition. It should be noted that these 423

sufficient conditions refer to the non-lattice version of the block variables. In the present problem 424

Vj = (ḡj, ḡ2
j ) is always lattice-valued, with lim sup|t|→∞ |µ̂V(t)| = 1, so the Cramér condition 425

fails and one must instead use a lattice Edgeworth expansion with oscillatory terms [17]. The 426

lattice branch nevertheless reduces to the non-lattice one: for the smoothed pivot Ts
n = Tn − δV 427
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with δ equal to one cell width and V ∼ U(0, 1) independent, the Cramér condition holds and the 428

expansion applies, while the difference between the exact step function and the smoothed tail is 429

at most 2wmax = O(m−1ℓ−3/2) = o(n−1) (Corollary 1). The O(n−1) remainder in the lattice 430

case is thus given jointly by (A4) and the upper bound on the lattice oscillation, and no additional 431

assumption is introduced. 432

We first record two preliminary facts. Write ψi = Zi − τ, b2 = τ(1 − τ) and b3 = 433

b2(1 − 2τ). 434

Lemma A1. For a two-state Markov indicator process, 435

κ2(ψa, ψb) = b2λ|a−b|, κ3(ψa, ψb, ψc) = b3λmax(a,b,c)−min(a,b,c). 436

Proof. Write p01 = τ(1 − λ) and p10 = (1 − τ)(1 − λ); the transition matrix P has eigen- 437

values 1 and λ. Decompose P = Π + Q, where every row of Π equals the stationary 438

distribution π = (τ, 1 − τ) and Q = P − Π. From ΠP = PΠ = Π and Π2 = Π we get 439

Q2 = P2 − PΠ − ΠP + Π2 = P2 − Π = λ(P − Π) = λQ, 440

so that Pu = Π + λu−1Q for u ≥ 1. Take e1 = (0, 1)⊤; then Zi = e⊤1 ξi and diag(π)e1 = τe1, 441

so that 442

(Pu)11 = the first coordinate of π⊤Pue1 = τ + λu−1(P11 − τ) = τ + λu(1 − τ), 443

where we used P11 = 1 − p01 and P11 − τ = (1 − τ)λ. Hence 444

E[ZaZa+u] = τ (Pu)11 = τ2 + b2λu, so κ2(ψa, ψa+u) = E[ψaψa+u] = b2λu. 445

For a < b < c, multiplying the transition probabilities segment by segment gives 446

E[ZaZbZc] = τ (Pb−a)11(Pc−b)11 = τ3 + τ2(1 − τ)
(

λb−a + λc−b)+ τ(1 − τ)2λc−a. 447

Substituting this together with 448

τ
(

E[ZaZb] +E[ZaZc] +E[ZbZc]
)

= 3τ3 + τb2

(

λb−a + λc−a + λc−b)
449

into the third joint cumulant κ3(Za, Zb, Zc) = E[ZaZbZc] − τ(· · · ) + 2τ3, the constant 450

term gives τ3 − 3τ3 + 2τ3 = 0, and the coefficients of λb−a and λc−b both reduce to 451

τ2(1 − τ)− τb2 = 0 after subtraction, leaving only 452

τ(1 − τ)2λc−a − τb2λc−a = τ(1 − τ)
[

(1 − τ)− τ
]

λc−a = b3λc−a. 453

Finally, since ψi = Zi − τ and joint cumulants are invariant under shifts, κ3(ψa, ψb, ψc) = 454

b3λmax−min. 455

Lemma A2. Let It = {tℓ+ 1, . . . , tℓ+ ℓ} be the index set of block t and Bt = ∑i∈It
ψi. Then 456

cum
(

Bt1
, Bt2 , Bt3

)

= ∑
i1∈It1

∑
i2∈It2

∑
i3∈It3

κ3

(

i2 − i1, i3 − i1
)

, 457

and the second-order case follows on replacing κ3 by κ2. 458
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Proof. A joint cumulant is linear in each of its arguments, so expanding Bt over its indices 459

and taking cumulants term by term gives the claim. Neither independence of the Bt nor 460

any condition beyond a possibly nonzero mean of Bt is required. 461

Substituting Lemma A1 into Lemma A2 and summing over positions gives 462

S11 =
1

σ2 ∑
k∈Z

C2(0, k), S12 =
1

σ3 ∑
k∈Z

C3(0, k, k), Λ111 =
1

σ3 ∑
a,b∈Z

C3(0, a, b), 463

where C2 and C3 denote the sums on the right-hand side of Lemma A2, and σ2 = b2R2(ℓ) 464

with R2(ℓ) = ℓ+ 2 ∑d≥1(ℓ− d)λd. Hence 465

S11 = 1 +
2λ(1 − λℓ)

(1 − λ)2R2(ℓ)
, S12 =

b3

σ3

[

R3(ℓ) +
2M1(ℓ)

1 − λ

]

, 466

467

Λ111 =
b3

σ3

[

R3(ℓ) +
6M1(ℓ)

1 − λ
+

6ℓλℓ+1

(1 − λ)2

]

, 468

where R3(ℓ) = ℓ+ 6 ∑d≥1 d(ℓ− d)λd and M1(ℓ) = ∑
ℓ
r=1(2r − 1)λr. 469

Lemma A3. Write Vj = ḡj, W =
√

m (V1, . . . , Vm)⊤ and ε = m−1/2. From 470

Tn =
√

m g(V̄1, V̄2), g(z, w) = z(1 + w)−1/2, 471

expand Tn = W1 − ε
2 W1W2 + · · · in δ-fashion and compute term by term. Then 472

κ2(Tn) = S11 + O(m−1
ℓ
−1), κ3(Tn) =

Λ111 − 3S11S12√
m

+ O(m−1). 473

Proof. Write ε = m−1/2, Zt = Bt/σ and V̄2 = 1 + εW2. Since (1 + w)−1/2 = 1 − 1
2 w + 474

3
8 w2 + O(w3), 475

Tn =
√

m g(V̄1, V̄2) = W1 −
ε

2
W1W2 +

3ε2

8
W1W2

2 + OP(ε
3). 476

For the second order we have exactly 477

E[T2
n ] =

E[A2]

m
− 1

m
E
[ A2C

m + C

]

, A =
m

∑
t=1

Zt, C =
m

∑
t=1

(Z2
t − 1). 478

The first term is given by Lemma A2 as 479

E[A2]

m
=

1

m ∑
t,s

Γ11
t−s = S11 −

B
m

+ O(m−2), B = ∑
k
|k|Γ11

k . 480

The inter-block correlation of Z decays like λℓ except between adjacent blocks, and the 481

boundary correlation between adjacent blocks is Γ11
1 = λ

(1−λ)2R2(ℓ)
= O(ℓ−1), so B = 2Γ11

1 + 482

O(λ2ℓ) = O(ℓ−1). The second term is the source of all O(m−1) corrections: expanding it in 483

powers of C/m as
E[A2C]

m2 − E[A2C2]
m3 + · · · , each order satisfies

E[A2Ck ]
mk+1 = Θ(m−1), and the 484

O(1) coefficients of adjacent orders are balanced by the identity 485

E[Z2] = 1 =⇒ E[Z2(Z2 − 1)] = E[(Z2 − 1)2] 486
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together with the adjacent-block correlations, so that alternating cancellation leaves a kernel 487

of order O(m−1ℓ−1). Hence 488

κ2(Tn) = S11 + O(m−1
ℓ
−1), 489

and for ℓ = O(
√

n) this remainder is O(n−1), far below the n−1/2 order of the floor and the 490

transient. This variance sharpness is recorded as Assumption 1(A4); its order is verified 491

pointwise against the exact joint law: Table A1 reports ℓm(κ2 − S11) for ℓ = 2, 4, 8 and 492

m ≤ 512 (at ℓ = 16, m = 64 the values are 1.79/3.87/8.12), which rises slowly with m but 493

tends to a finite value, consistent with O(n−1). 494

When the blocks are independent (λ = 0) the expression can be evaluated completely. 495

From E[Z1Z2] = E[Z1Z2C] = 0 and E[Z1Z2C2] = 2E[Z3]2 (term-by-term computation of 496

the connected sums for k ≤ 3), 497

E[T2
n ] = 1 +

2E[Z3]2

m
+ O(m−2), m2

1 =
E[Z3]2

4m
+ O(m−2), 498

so κ2(Tn) − 1 = 7E[Z3]2

4m + O(m−2). Since E[Z3] = O(ℓ−1/2), the coefficient is O(ℓ−1), 499

consistent with (A4). The exact joint law at λ = 0 gives m(κ2 − 1) = 0.31, 0.32, 0.33 for ℓ = 4 500

and m = 128, 256, 512, and 0.15 for ℓ = 8 and m = 128; these differ from 7
4 E[Z3]2 by at most 501

10% (for ℓ = 4 the three cases give 7.9%, 4.0%, 2.0% and for ℓ = 8, 9.2%), converging as m 502

grows and halving whenever ℓ doubles. In the dependent case the additional adjacent-block 503

cross sums decay like λℓ, or like ρℓ under geometric mixing, and do not change the order. 504

For the third order, write Tn = W1 + εA1 + OP(ε
2) with A1 = − 1

2 W1W2. By the 505

multilinearity of κ3 in each argument, 506

κ3(Tn) = κ3(W1) + 3ε cum(W1, W1, A1) + O(ε2). 507

Segment-by-segment summation gives 508

κ3(W1) = m−1/2Λ111, cum(W1, W1, W1W2) = 2 S11S12, 509

where Λ111 = ∑a,b cum(Z0, Za, Zb), Γ12
k = E[Z0(Z2

k − 1)] and S12 = ∑k Γ12
k . The second 510

identity comes from the connected expansion of W1W2 = (∑i Vi)(∑j V2
j ): pairing one block 511

of W2 with one W1 and the remaining two blocks with each other gives S12 · S11, and the 512

coefficient in the trilinear expansion is 2. Substituting and taking out ε = m−1/2 gives 513

κ3(Tn) =
Λ111 − 3S11S12√

m
+ O(m−1). 514

For the fourth order and for skewness suppression, Lemma A4 gives κ3(Tn) = 515

O(n−1/2) and κ4(Tn) = O(n−1). Hence both the fourth-order Edgeworth term
κ4(Tn)

24 (x3 − 516

3x)ϕ(x) and the squared-skewness term
λ2

3
72 (x5 − 10x3 + 15x)ϕ(x) are O(n−1), far below 517

n−1/2 at ℓ = O(
√

n), and both may be absorbed into the remainder of (A4). 518

Lemma A4. Write Zt = Bt/σ. Then S12 = O(ℓ−1/2) and Λ111 = O(ℓ−1/2), and consequently 519

κ3(Tn) = O(n−1/2), κ4(Tn) = O(n−1). 520

That is, block averaging suppresses the skewness of the pivot by a factor
√
ℓ. 521

Proof. Zt is a linear combination of ℓ bounded indicators divided by σ = Θ(ℓ1/2). By 522

Lemma A1 and Lemma A2, the sums defining S12 and Λ111 are led by R3(ℓ) = O(ℓ) 523
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Table A1. Numerical verification of the variance sharpness (exact joint law, τ = 0.3). The quantity

ℓm(κ2 − S11) rises with m but at a decreasing rate, tending to a finite value (the three blocks λ =

0.3/0.6/0.8 tend to about 2/6/24), so κ2(Tn) = S11 + O(m−1ℓ−1) = S11 + O(n−1), consistent with

(A4).

λ ℓ m = 64 m = 128 m = 256 m = 512

0.3 2 1.98 2.13 2.19 2.22
0.3 4 1.85 2.06 2.16 2.21
0.3 8 1.82 2.11 — —

0.6 2 4.67 5.33 5.64 5.79
0.6 4 3.83 4.34 4.58 4.70
0.6 8 3.71 4.24 — —

0.8 2 12.59 17.99 20.43 21.54
0.8 4 10.27 12.52 13.58 14.09
0.8 8 8.43 9.77 — —

and, upon division by σ3 = (b2R2(ℓ))
3/2 = Θ(ℓ3/2), give S12, Λ111 = O(ℓ−1/2) (the 524

large-ℓ limits S12

√
ℓ → q1 and Λ111

√
ℓ → q1 are in Appendix A.4). Also S11 = 525

1 + O(ℓ−1), so Λ111 − 3S11S12 = O(ℓ−1/2), and substituting into Lemma A3 gives 526

κ3(Tn) = O
(

(
√
ℓ
√

m)−1
)

= O(n−1/2). For the fourth order, κ4(Tn) = m−2κ4(∑t Zt), and 527

the connected quadruple sum grows only like m/ℓ, so κ4(Tn) = O(m−1ℓ−1) = O(n−1). 528

The same verification yields the true remainder of κ3. Multiplying |κex
3 − κlead

3 | 529

by m3/2ℓ1/2 gives values between 24 and 30, approximately constant, on (λ, ℓ, m) = 530

(0.5, 4, 64 . . . 512) and (0.5, 8, 64, 128); the remainder is therefore Θ(m−3/2ℓ−1/2), which 531

at the balance scale ℓ ≍ m ≍ √
n is O(n−1), better than the O(m−1) stated in Lemma A3. 532

This sharpening is exactly what is needed to determine the transient coefficient, and it has 533

been incorporated into (A4). 534

The conclusion of Lemma A3 can also be written in purely cumulant form. By 535

Lemma A2, the quantities S11, S12, Λ111 enter only through (κ2, κ3) and are independent 536

of F and of the specific structure of the chain. The geometric specialization to a two-state 537

Markov chain is the closed form above; for a general stationary binary process, once (κ2, κ3) 538

is known the three constants can be evaluated by the same summation. 539

Appendix A.3. Derivation of the Degradation Law 540

Derivation of Theorem 2. By Lemma A3 and the standard Edgeworth expansion, 541

P(Tn ≥ x) = 1 − Φ(z) +
λ3

6
(z2 − 1)ϕ(z) + O(n−1), z =

x − m1

σT
, 542

where m1 = −S12/(2
√

m), σT =
√

κ2(Tn) =
√

S11 (1 + O(m−1ℓ−1)) and λ3 = 543

κ3(Tn)/κ2(Tn)3/2 is the standardized skewness. The leading term is of order n−1/2 and 544

its coefficient carries the factor b3 = b2(1 − 2τ), so the whole term vanishes at τ = 1/2. 545

This is the expression in Theorem 2, in which Ceff
1 is the leading coefficient relative to the 546

1 − Φ benchmark and the O(n−1) remainder comes from the fourth cumulant and the 547

squared-skewness term omitted in Lemma A3. 548

The uniformity of the remainder is the content of (A4). Its verification proceeds in 549

two steps: write the difference between the distribution function of Tn and the normal 550

benchmark as an expansion of the characteristic function of W near the origin; then use the 551

Bernstein-type deviation inequality for the block sums to suppress the part of the range 552

in which V̄2 leaves an m−1/2 neighbourhood of 1, and expand in Taylor series inside that 553
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neighbourhood, so that the remainder is uniformly O(n−1) for x ∈ [a, b]. This exponential 554

deviation inequality is precisely the part of (A4) that is stronger than (A1). 555

It remains to derive the three branches of D(ℓ). The leading term of D(ℓ) is determined 556

by the lag-1 autocorrelation of the block sums Yj = ∑r∈Bj
ψr. Using κ2(ψr, ψr′) = b2λ|r−r′ |

557

from Lemma A1, 558

Var(Y1) = b2

ℓ

∑
r,r′=1

λ|r−r′ | = b2

[

ℓ+ 2
ℓ−1

∑
d=1

(ℓ− d)λd
]

= b2R2(ℓ), 559

560

cov(Y1, Y2) = b2

ℓ

∑
r=1

ℓ

∑
s=1

λℓ+s−r = b2λℓ
( ℓ

∑
r=1

λ−r
)( ℓ

∑
s=1

λs
)

= b2λ
(1 − λℓ

1 − λ

)2
. 561

Dividing the two and using R2(ℓ) = ℓ(1 + o(1)) 1+λ
1−λ , 562

ρY(1) =
cov(Y1, Y2)

Var(Y1)
=

λ (1 − λℓ)2

(1 − λ)2R2(ℓ)
∼ λ

ℓ(1 − λ2)
∼ C

ℓ
, 563

that is, D(ℓ) ∼ C/ℓ. When the autocovariance of the block sums decays like f (k) ∼ k−β, 564

the same computation gives ρY(1) ∼ Cℓ−(β−1) for 1 < β < 2 and ρY(1) ∼ C/ℓ for 565

β > 2; at β = 2 the sum ∑k k f (k) diverges logarithmically, adding a factor log ℓ, so 566

ρY(1) ∼ Cℓ−1 log ℓ. The three branches combine into the D(ℓ) of Theorem 2, and for β ≤ 1 567

the autocovariance is not absolutely summable and D(ℓ) = O(1). These branches give 568

orders only; the constant C is determined by the specific mixing structure, and under 569

geometric mixing it takes the form λxϕ(x)/[(1 − λ2)Φ(−x)] of Lemma 1. The closed-form 570

constant in this paper holds for geometric mixing only. 571

Appendix A.4. Derivation of the Optimal Block Length 572

Proof of Lemma 1. When the block-sum sequence is stationary and mixing, m → ∞ makes 573

Tn converge in distribution to N(0, S11(ℓ)), where S11(ℓ) is the normalized long-run vari- 574

ance of the block sums. The Gaussian benchmark sets the variance equal to 1, and the 575

discrepancy between the two is E∞(ℓ). When λ > 0 dependence makes S11(ℓ) > 1 and 576

E∞(ℓ) > 0; when λ < 0 we have S11(ℓ) < 1 and E∞(ℓ) < 0 (Remark 1). Also, from 577

R2(ℓ) = ℓ(1 + o(1)) 1+λ
1−λ , 578

S11(ℓ)− 1 =
2λ(1 − λℓ)

(1 − λ)2R2(ℓ)
=

2λ

1 − λ2
· 1

ℓ

(

1 + o(1)
)

. 579

Expanding 1− Φ
(

x/
√

1 + δ
)

= 1− Φ(x) + x
2 δ ϕ(x) +O(δ2) for small inflation δ = S11 − 1 580

and substituting into the numerator of (3) gives E∞(ℓ) ∼ cΦ/ℓ. 581

Proof of Lemma 2. Take the large-ℓ limit of the closed forms above. Using ∑d≥1 dλd = 582

λ
(1−λ)2 and ∑d≥1 d2λd = λ(1+λ)

(1−λ)3 , 583

R2(ℓ)

ℓ
→ 1 + λ

1 − λ
,

R3(ℓ)

ℓ
→ 1 + 6

λ

(1 − λ)2
=

1 + 4λ + λ2

(1 − λ)2
, M1(ℓ) →

λ(1 + λ)

(1 − λ)2
. 584

Hence σ3 = (b2R2(ℓ))
3/2 = Θ(ℓ3/2), while the brackets in S12 and Λ111 are both led by 585

ℓ
1+4λ+λ2

(1−λ)2 (the terms M1 and ℓλℓ+1 are O(1) and hence of lower order), so 586

S12

√
ℓ → b3

b3/2
2

(1 − λ

1 + λ

)3/2 1 + 4λ + λ2

(1 − λ)2
=

1 − 2τ
√

τ(1 − τ)
· 1 + 4λ + λ2

√

(1 − λ)(1 + λ)3
= q1, 587
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and similarly Λ111
√
ℓ → q1. Hence 588

pred(λ, ℓ) =
Λ111 − 3S11S12

S3/2
11

−→
(

q1 − 3q1

)

ℓ
−1/2 = −2q1ℓ

−1/2, 589

that is, p1 = −2q1. Substituting into m1 and λ3, and using
√

m =
√

n/ℓ, 590

m1 = − S12

2
√

m
= − q1

2
√

n
, λ3 =

pred√
m

=
p1√

n
= − 2q1√

n
, 591

neither of which depends on ℓ. The transient is the sum of the bias and skewness terms (tr 592

is the absolute increment of the relative tail deviation, recorded under the same convention 593

in Section 3.2), 594

tr =
m1

σT
ϕ(x)+

λ3

6
(x2 − 1)ϕ(x)

∣

∣

∣

σT→1
= − q1ϕ(x)

2
√

n
− 2q1(x2 − 1)ϕ(x)

6
√

n
= − q1(2x2 + 1)ϕ(x)

6
√

n
. 595

596

Proof of Theorem 3. The floor E∞(ℓ) is a relative quantity while the transient tr is an 597

absolute one, so the two must be placed on a common footing before they can cancel: 598

setting E∞(ℓ∗) + tr(ℓ∗, n)/(1 − Φ(x)) = 0 and substituting the two expressions, 599

xϕ(x)λ
(1 − Φ(x))(1 − λ2) ℓ∗

=
q1(2x2 + 1)ϕ(x)
6
√

n (1 − Φ(x))
. 600

The factor (1 − Φ(x)) appears on both sides and cancels, as does ϕ(x), giving 601

ℓ
∗ =

6xλ

(1 − λ2)(2x2 + 1)q1

√
n. 602

For τ = 1/2 we have q1 = 0 and the equation has no solution; for τ > 1/2 we have q1 < 0 603

and the closed form returns a negative block length; and for λ ≤ 0 the floor has the opposite 604

sign. All three cases correspond to a transient and a floor that cannot cancel, so no interior 605

optimum exists, and the proof is confined to λ > 0, τ < 1/2. 606

The constant in Theorem 3 is the ℓ → ∞ limit of the transient coefficient. Subtract- 607

ing the floor E∞(ℓ) from the relative error of the analytic tail gives the transient, whose 608

coefficient we define as 609

Ceff
1 (ℓ) = −

[

erran(ℓ, m)− E∞(ℓ)
]√

n. 610

Table A2 reports the case λ = 0.5, x = 2, τ = 0.3: the quantity Ceff
1 (ℓ) decreases monotoni- 611

cally in ℓ towards the closed-form value 7.774, with the deviation vanishing at rate O(ℓ−1), 612

at the same speed as S12

√
ℓ → q1 and pred

√
ℓ → p1. The exact joint law at ℓ = 4, m = 512 613

gives Ceff
1 = 8.459, differing from the analytic tail by only 0.3%. This comparison shows 614

that the closed-form constant is the limit of the exact pivot and not merely an identity 615

internal to the analytic model. 616

Appendix A.5. Proof of the Lattice Lower Bound 617

Lemma A5. Write Sii = ii − mℓτ and Qii,jj = jj − 2ℓτ ii + m(ℓτ)2, and set 618

ϕx(ii) =
S2

ii
x2

+ 2ℓτ ii − m(ℓτ)2, j0(ii) =
⌊

2ℓτ ii − m(ℓτ)2
⌋

+ 1. 619
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Table A2. Convergence of the transient coefficient to the closed-form constant (λ = 0.5, x = 2, τ = 0.3,

analytic tail). The closed form is C1 = q1(2x2 + 1)ϕ(x)/[6(1 − Φ(x))] = 7.774.

ℓ 4 16 64 256 512 2048

S12

√
ℓ 2.247 2.201 2.189 2.185 2.184 2.184

pred
√
ℓ −3.406 −4.139 −4.314 −4.354 −4.361 −4.366

Ceff
1 (ℓ) 8.533 8.110 7.867 7.798 7.786 7.777

Then for x > 0, 620

Pex(x) =
mℓ

∑
ii=0

⌊ϕx(ii)⌋
∑

jj=j0(ii)

dp[ii, jj]. 621

Proof. Since Qii,jj = jj −
(

2ℓτ ii − m(ℓτ)2
)

, when Sii > 0 we have 622

Sii ≥ x
√

Qii,jj ⇐⇒ Qii,jj ≤
S2

ii
x2

⇐⇒ jj ≤ ϕx(ii), 623

while for Sii ≤ 0 the condition can never hold and the contribution is zero. The lower limit 624

j0(ii) ensures Qii,jj > 0. Summing column by column gives the claim. 625

It follows that ϕx(ii) is continuous and strictly decreasing in x, while the inner sum 626

is a step function of jj; hence Pex is a nonincreasing right-continuous step function whose 627

jumps occur at xii,jj = Sii/
√

Qii,jj, with jump size 628

w(x) = ∑
{(ii,jj): xii,jj=x}

dp[ii, jj], 629

that is, the sum of dp over all lattice points falling at that x. Different pairs (ii, jj) can give 630

the same x, in which case w(x) is not a single dp[ii, jj]. 631

Lemma A6. Let w be the largest jump size in [a, b] and let x∗ be the corresponding jump point. 632

Then for any h ∈ C0([a, b]), 633

sup
x∈[a,b]

|Pex(x)− h(x)| ≥ 1
2 w. 634

Proof. By right continuity and the existence of the left limit, Pex(x∗−) − Pex(x∗+) ≥ w. 635

Since h is continuous at x∗, 636

w ≤
∣

∣Pex(x∗−)− h(x∗)
∣

∣+
∣

∣Pex(x∗+)− h(x∗)
∣

∣ ≤ 2 sup
[a,b]

|Pex − h|. 637

638

Proof of Theorem 4. Sharpness is provided by a piecewise-linear construction. Let the 639

jump points in the window be x1 < · · · < xN with jump sizes wi, and take 640

h(x) =
xi+1 − x
xi+1 − xi

(

Pex(x+i ) + 1
2 wi

)

+
x − xi

xi+1 − xi

(

Pex(x+i+1) +
1
2 wi+1

)

, x ∈ [xi, xi+1], 641

constant on [a, x1] and on [xN , b]. This h is continuous. Between jump points Pex is constant 642

while h interpolates linearly, and the deviations at the two ends are 1
2 wi and 1

2 wi+1, so 643

|Pex(x)− h(x)| ≤ 1
2 max{wi, wi+1}, 644
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which together with Lemma A6 yields equality. 645

It remains to determine the order. The dominant jump sizes are given by the probability 646

mass of individual lattice points, and dp[ii, jj] has peak value 1/(2πσSσQ) by the two- 647

dimensional local central limit theorem; coincidences can only make wmax larger and do 648

not change the direction of the lower bound. Let Y = K − ℓτ with K ∼ Bin(ℓ, τ) and 649

σ2 = τ(1 − τ); then 650

E[Y2] = ℓσ2, E[Y4] = ℓσ2
[

1 + 3(ℓ− 2)σ2
]

, 651

so σ2
S = mℓσ2 and Var(Q) = mℓσ2[1 + (2ℓ− 6)σ2]. Hence 652

1

2πσSσQ
= Θ

(

m−1
ℓ
−3/2

)

, 653

while the boundary curve passes through a region of O(1) relative density inside [a, b], so 654

wmax = Θ(m−1ℓ−3/2) and the theorem follows. 655

Proof of Corollary 1. Let δ be the width of one lattice cell and take the smoothed pivot 656

Ts
n = Tn − δV with V ∼ U(0, 1) independent of the data, whose tail function we denote 657

by Ps. Then Ps(x) = 1
δ

∫ x
x−δ Pex(u) du, the average of Pex over one cell width. Since Pex is a 658

nonincreasing step function, this average differs from Pex(x) by at most the total mass of 659

the cells crossed, which is ≤ 2wmax, so 660

|Pex(x)− Ps(x)| ≤ 2wmax. 661

On the other hand Ts
n is no longer lattice-valued, the Cramér condition holds, and the 662

continuous Edgeworth expansion supplied by (A4) applies to it: 663

|Ps(x)− ΦEE(x)| = O(n−1). 664

Adding the two gives |Pex(x)− ΦEE(x)| ≤ 2wmax + O(n−1) = O(n−1). The lattice term 665

2wmax ≍ m−1ℓ−3/2 ≍ n−5/4 = o(n−1) lies below the remainder of the continuous part, 666

so the lattice case has the same order as the continuous case, with only an absorbable 667

oscillatory term in addition. 668

Numerically (λ = 0.5, τ = 0.3, x ∈ [1.6, 2.4], m ≤ 512), sup |Pex − ΦEE|/n−1 = 669

0.38, 0.40, 0.42 for ℓ = 4 and 0.41 for ℓ = 8, a constant times n−1, consistent with a 670

leading term given by the continuous Edgeworth remainder; the lattice term satisfies 671

wmax/n−1 = 0.18, 0.19, 0.22, 0.10, indeed one order below. The binomial moment formulas 672

used to determine the order in Theorem 4, E[Y2] = ℓτ(1 − τ) and E[Y4] = ℓτ(1 − τ)[1 + 673

3(ℓ − 2)τ(1 − τ)], were verified term by term from the moment generating function of 674

K ∼ Bin(ℓ, τ). 675
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