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Abstract 030

Spiking neural networks (SNNs) with stochastic neurons provide a biologi- 031

cally grounded substrate for solving constraint satisfaction problems (CSPs): 032

connectivity encodes constraints, while spike dynamics support probabilistic 033

search. However, fixed-temperature dynamics can trap SNN-based solvers in local 034
minima, particularly on difficult problems. We address this limitation by inte-

. . . . . . 035
grating parallel tempering (PT) into a neural sampling solver. Multiple replicas

run at different inverse temperatures, balancing exploration against concentra- 036

tion around low-energy configurations, and periodically exchange temperatures. 037

Exchanging temperatures rather than network states preserves the intended sta- 038

tistical behavior while accommodating asynchronous spike-based computation. 039

We evaluate the solver on 1000 instances from the SATLIB uf20-91 benchmark 040

suite against four independent fixed-temperature solvers using equal computa- 041

tional resources. PT improves success probability on 332 instances and reduces 042

it on only five. Gains occur exclusively on hard instances for which independent 043

parallel solvers are insufficient. Analysis of constraint-violation trajectories shows 044

that temperature exchanges allow replicas to access energy regions inaccessible 045

to fixed-temperature dynamics, overcoming confinement within narrow basins. 046
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These results demonstrate that PT improves the computational effectiveness of
neural sampling on difficult CSP instances without requiring exchanges of net-
work states. To the best of our knowledge, this is the first integration of PT into
an SNN-based CSP solver.

Keywords: Spiking Neural Networks, Constraint Satisfaction Problems, Parallel
Tempering, Local Minima, Stochastic Search, Neuromorphic Computing

1 Introduction

Constraint satisfaction problems (CSPs) are mathematical problems in which values
must be assigned to variables so that a set of constraints is satisfied [1]. Many impor-
tant real-world decision-making tasks can be formulated as CSPs or closely related
constraint-based optimization problems, including digital circuit verification [2], vehi-
cle routing in logistics networks [3, 4], and resource allocation in cloud and data-center
infrastructures [5]. Despite this broad applicability, CSPs are often computationally
challenging. Many classes of CSPs are NP-complete, and practical search procedures
frequently become trapped in local minima or near-satisfying configurations that
hinder efficient discovery of valid solutions [6].

These challenges motivate the exploration of alternative search paradigms, par-
ticularly stochastic neural approaches that can support probabilistic exploration of
complex solution spaces [7]. In these approaches, constraints are encoded directly in
the network connectivity, and stochastic spike dynamics perform probabilistic search
through the space of configurations. The neural sampling framework [8] provides a
principled foundation for this approach, establishing conditions under which stochastic
spiking dynamics approximate sampling from an energy-based probability distribution
defined by the network structure. Within this framework, solving a CSP is equiva-
lent to searching for low-energy configurations in the resulting energy landscape, and
the stochastic dynamics naturally favor lower-energy regions while retaining some

probability of visiting higher-energy states.



However, this stochastic search process remains vulnerable to local-minimum
trapping. The network dynamics may spend substantial time in partially satisfying
assignments that impede progress toward a valid solution. This limitation becomes
increasingly severe as problem difficulty grows and is a major limitation on hard
instances. Escaping such configurations requires more than simply increasing stochas-
ticity, which can disrupt low-energy refinement; instead, it calls for a mechanism that
expands exploration while preserving the ability to exploit promising regions of the
search space.

A natural way to address this challenge is to regulate the degree of stochastic explo-
ration through a temperature parameter that controls the randomness of configuration
transitions [9]. Among the methods built on this principle, parallel tempering (PT),
also known as replica exchange Monte Carlo, has proven effective for navigating rugged
energy landscapes in classical optimization and sampling settings [10]. PT runs multi-
ple replicas of the system in parallel at different temperatures and periodically couples
them through exchange operations. High-temperature replicas explore the state space
broadly by more readily traversing high-energy regions, whereas low-temperature repli-
cas focus on refining promising low-energy configurations. By allowing replicas to
alternate between exploratory and exploitative regimes, PT enables the overall system
to escape basins that would otherwise trap fixed-temperature dynamics.

In this paper, we integrate PT into an SNN-based solver for CSPs with stochastic
neurons. We introduce temperature control into the neural sampling dynamics and
run multiple solver replicas in parallel at different inverse temperatures, which reg-
ulate the balance between broad exploration and concentration around low-energy
configurations. To respect the asynchronous spike-based dynamics of the network,
replica coupling is implemented through temperature exchange rather than explicit

state transfer. This design avoids moving internal dynamical variables between replicas
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while preserving the correct joint stationary distribution. To the best of our knowl-
edge, this is the first integration of PT into an SNN-based CSP solver with stochastic
neurons.

We evaluate the resulting method on the SATLIB benchmark suite [11] and analyze
its behavior at multiple levels. To ensure a fair comparison under equal computational
resources, we compare PT against a parallel baseline consisting of four independent
neural samplers running simultaneously at fixed temperature, thereby isolating the
effect of inter-replica coupling from parallelism alone. A large-scale study over 1000
problem instances quantifies per-instance improvements in success probability and
shows that the advantage of PT is concentrated on genuinely hard instances, where
local-minimum trapping is the main obstacle to solution discovery. Instance-level
cumulative analysis further shows that this benefit persists throughout runtime rather
than arising only from early exploratory behavior. Finally, trajectory-level analysis
of clause-violation dynamics reveals the mechanism directly: temperature exchange
enables replicas to reach energy regions that independent fixed-temperature solvers
fail to access. Together, these results show that PT improves the robustness of neural
sampling-based CSP solving precisely in the regime where independent parallelism is

insufficient.

2 Background

The proposed method builds on three key ideas: i) the representation of CSPs as
energy landscapes, ii) the use of SNNs with stochastic neurons for probabilistic search,
and iii) the observation that fixed-temperature neural dynamics can become trapped
in local minima. This section reviews each of these components in turn and thereby

establishes the basis for the parallel tempering framework introduced later.
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Fig. 1: Energy landscape and temperature-controlled sampling for a representa-
tive SAT problem. A) Analytical energy landscape for the SAT formula (z; V 22 V
x3) A (mxe V mxg V —xy). Each cell represents a configuration of the binary variables;
green crosses mark satisfying assignments. B) Boltzmann probability distribution over
the same configuration space at different inverse temperatures 8 = 1/7. Higher S
concentrates probability mass around low-energy configurations, illustrating how tem-
perature controls the progress of the stochastic search.

2.1 From CSPs to Energy Landscapes

Constraint satisfaction problems (CSPs) require assigning values to variables from dis-
crete domains such that all constraints are simultaneously satisfied. This formulation
captures a broad class of combinatorial search problems, for which the number of possi-
ble assignments typically grows exponentially with problem size. As a result, finding a
satisfying assignment, or even determining whether one exists, can be computationally
hard.

A useful way to study such problems is through an energy-based representation that
assigns each configuration z an energy value E(z). In this view, constraint violations
contribute energy penalties, so configurations satisfying more constraints lie in lower-
energy regions of the landscape. Solving the CSP is therefore equivalent to searching
for a zero-violation configuration, or more generally, for a global minimum of the

corresponding energy function.

185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230



231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276

In the context of SNN-based CSP solving, this representation is more than a con-
venient abstraction. By assigning a scalar energy to each configuration, it provides
a graded objective that distinguishes among partially satisfying states while ensur-
ing that satisfying assignments correspond to global minima. This makes the problem
well suited to stochastic neural dynamics, which can be interpreted as probabilistic
exploration of the resulting energy landscape rather than purely symbolic constraint
checking.

This representation also naturally supports stochastic search through a prob-
abilistic distribution over configurations. Rather than traversing the landscape
deterministically, the solver explores configurations by sampling from a Boltzmann

distribution,

p(x) < exp(—BE(z)) (1)
where [ denotes the inverse temperature (i.e., 1/T"). Small values of 8 reduce
the influence of energy differences and promote broad exploration, whereas large
values concentrate probability mass around low-energy configurations, encouraging
refinement toward promising solutions.

Figure 1 illustrates this relationship for a representative SAT instance. Figure 1A
shows the corresponding energy landscape, while Figure 1B shows how the probabil-
ity distribution becomes increasingly concentrated around low-energy configurations
as the inverse temperature § increases. These figures highlight the central trade-off
between broad exploration of the state space and concentration around favorable

configurations.

2.2 Neural Sampling for CSP Solving

Building on the energy-based formulation above, neural sampling approaches treat

CSP solving as probabilistic exploration of the configuration space.



The neural sampling framework for CSP solving was introduced by Jonke et al. [12],
who showed that stochastic SNN dynamics can be structured to sample from Boltz-
mann distributions over constraint-encoded energy landscapes. In neural sampling,
the stochastic search process is implemented by a recurrent network of spiking neu-
rons. Subsequent implementations on neuromorphic platforms further demonstrated
the viability of this approach [13-15]. The key idea is to interpret network activity over
a short temporal window as a binary configuration and to design the network so that
its stochastic dynamics sample from a target distribution over those configurations.

Let x = (21, 232,...,2N) denote the network configuration, where

1 if neuron 4 spikes in (t — 7, t]
i(t) = (2)

0 otherwise,
and 7 is the duration of the rectangular postsynaptic potential, taken equal to the
refractory period.

The membrane potential of neuron i is given by

ui(t) = b + Z wij x5 (t) (3)

where b; is the bias of neuron ¢ and w;; € R is the synaptic weight from neuron j to

neuron ¢. Spikes are generated stochastically at instantaneous rate

1
Ai(z) = = exp (ui(z)) (4)
Under the Neural Computability Condition [8], these spike-driven transitions define

a continuous-time Markov process whose stationary distribution is Boltzmann:

p(z) o exp(—E(x)) ()

For pairwise interactions, the corresponding network energy is
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1
Ey(z) = - Z bizi — 5 Z Wij Tid; (6)
7 i,
This baseline form captures only pairwise dependencies. To represent structured

CSP constraints, auxiliary circuit motifs can be added so that they contribute extra

energy terms [12]:

E(x) = En(z) + ) Uk(@) (7)
k

where Ey(z) denotes the baseline energy induced by pairwise interactions among
variable neurons, while each Uy (z) is an additional energy term contributed by an
auxiliary motif that encodes a higher-order constraint. Examples include Winner-Take-
All motifs, which enforce exclusivity among the possible values of a variable, and OR
motifs, which encode logical clause structure in SAT instances [12].

In this way, the network connectivity defines an energy landscape over candidate
assignments, and the stochastic spike dynamics realize a sampling-based search over
that landscape. The solver does not follow a fixed deterministic trajectory; instead, it
continually moves among configurations, favoring lower-energy regions while retaining
a nonzero probability of visiting higher-energy states. This probabilistic search mech-
anism is what makes neural sampling attractive for CSP solving, but it also gives rise

to the local-minimum trapping behavior discussed next.

2.3 Local Minima in Neural CSP Solvers

Although stochastic neural sampling can escape shallow energy barriers, fixed-
temperature dynamics may still become trapped in local minima corresponding to
near-satisfying assignments. Figure 2 illustrates this behavior for a representative
SATLIB instance (uf20-0192) in which pronounced trapping is observed within a 2

simulation budget.
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Fig. 2: Neural CSP solver trapped in local minima while solving a representative SAT
problem. A) the solver cycles among a small number of violation signatures, producing
a bouncing pattern between nearby near-solution configurations (HHI = 0.435, max
run = 44). B) the solver becomes trapped in a single dominant violation configuration
for nearly the entire runtime (HHI = 0.855, max run = 724). Such traps prevent the
dynamics from reaching a satisfying assignment.

Here, we focus on configurations with at most three violated clauses, which rep-
resent near-solution regions of the search space. Because SAT is a decision problem,
these states are not approximate solutions in an optimization sense; rather, they are
trapping configurations from which the dynamics must escape in order to reach a
satisfying assignment. Each column in the visualization corresponds to one such con-
figuration, and each row indicates whether a particular OR clause in the SAT formula
is violated.

To characterize trapping behavior, we track the sequence of violation signatures,
defined as binary vectors indicating which clauses are violated at each near-solution
visit. For each run, N,e.. denotes the total number of time steps spent in near-
solution configurations, while unique counts the number of distinct violation signatures
observed. Max run records the longest consecutive streak of identical signatures, cap-
turing the persistence of a single trapping configuration. We also compute the average
Jaccard index between consecutive signatures, which measures how similar successive

near-solution states are, and the Herfindahl-Hirschman Index (HHI),

HHI = > pj, (8)
k

369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414



415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460

where pj is the observed frequency of the k-th unique violation signature. An HHI
of 1 indicates complete concentration on a single signature, whereas smaller values
indicate more distributed exploration across near-solution states.

Figure 2 highlights two characteristic trapping behaviors. In the first case (A), the
solver cycles among a small set of near-solution configurations. The violation pattern
is dominated by ORg4 throughout most of the run, with only brief excursions to
other signatures, indicating confinement to a narrow basin with limited variability
(unique: 17, max run: 44, HHI = 0.435). In the second case (B), the solver becomes
effectively trapped in a single dominant configuration early in the run. ORgg remains
the only violated clause for nearly the entire simulation, with almost no successful
escape attempts (unique: 6, max run: 724, HHI = 0.855).

These traces show that failure is not simply the result of random wandering through
a large search space. Instead, the solver enters near-solution basins that remain dynam-
ically stable under fixed-temperature sampling. This exposes a fundamental limitation
of single-temperature neural sampling: increasing stochasticity can improve escape
from such basins, but doing so also weakens concentration around promising low-
energy configurations. A more effective approach is therefore needed to combine broad
exploration with reliable refinement.

Temperature provides a natural mechanism for controlling this trade-off. Higher
temperatures reduce the influence of energy differences and promote exploration,
whereas lower temperatures concentrate probability mass around favorable configura-
tions and support refinement. This observation motivates the use of multiple replicas
evolving simultaneously at different temperatures, so that exploratory and exploitative
search modes can coexist within the same overall system. Parallel tempering provides
exactly this capability, and the next section describes how we integrate it into the

neural sampling framework.

10



3 Breaking Local-Minimum Traps via Parallel
Tempering

The analysis above motivates a search mechanism that can combine two competing
requirements: broad exploration to escape local minima and focused refinement within
promising low-energy regions. In this section, we show how these roles can be separated
and coordinated through temperature. We first introduce temperature control into
the neural sampling dynamics, thereby making the exploration/refinement trade-off
explicit. We then use this temperature-controlled formulation to construct a parallel
tempering method in which multiple replicas search simultaneously at different inverse

temperatures.

3.1 Temperature Control in Neural Sampling

To introduce explicit control over the exploration-refinement trade-off, we incorpo-
rate an inverse temperature parameter 8 = 1/7T into the neural sampling dynamics.
Specifically, 8 rescales the membrane potential in the instantaneous firing rate of each

neuron:

Ai(e) = T exp(Bue) )

This modification directly induces temperature dependence in the distribution
sampled by the network. Under the Neural Computability Condition [8], the mem-
brane potential u;(x) equals the conditional log-odds of neuron ¢ being active given the

current network state. Rescaling this quantity by § is therefore equivalent to replacing

the original energy function E(x) with SE(z) in the stationary distribution, yielding

pa(z) x exp(—BE(x)). (10)
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The effect of £ is intuitive. Small values of § reduce the influence of energy
differences, flatten the effective landscape, and promote broad exploration across
configurations. Large values sharpen the landscape, making low-energy states more
strongly preferred and concentrating the dynamics around promising configurations.
In this way, temperature provides a direct mechanism for controlling stochastic search
behavior without modifying the network architecture or the underlying constraint

encoding.

3.2 Parallel Tempering

PT addresses the exploration/refinement trade-off by running multiple replicas of the
same SNN-based solver simultaneously at different inverse temperatures. All replicas
share the same network architecture, synaptic weights, biases, and constraint encoding;
they differ only in their assigned inverse temperature f3,.. As a result, replica r inde-
pendently samples from exp(—03,E(x)). In this work, we use an inverse-temperature
ladder ranging from colder to hotter replicas, enabling a balance between low-energy
refinement and broad exploration.

To couple these complementary search regimes, exchange attempts are performed
every Atlswap = 0.05s of simulation time. At each exchange checkpoint, swaps are
proposed between neighboring replicas in the temperature ladder using the standard
Metropolis acceptance rule [16]. Let (z,,05,) and (zs,[s) denote the configurations
and inverse temperatures of two adjacent replicas. The proposed exchange is accepted

with probability

Pywap = min(1, exp((8; — Bs) (E(zr) — E(x5)))) - (11)

This acceptance criteria ensures that the correct joint distribution over replica

configurations and temperatures remains invariant under the exchange dynamics.

12



A key design choice in our setting is how exchanges are implemented. In con-
ventional PT, one may view the algorithm as exchanging configurations between
temperatures. However, the SNN solver evolves through asynchronous spike events in
continuous time, so its instantaneous state is not just a static binary assignment, but
also includes ongoing internal dynamical variables associated with spike timing and
refractory activity. Explicitly transferring full network states between replicas would
therefore require moving these internal dynamical variables across processes, intro-
ducing substantial implementation complexity and potentially disrupting the ongoing
spiking dynamics. To avoid this difficulty, we implement replica coupling through
temperature exchange: the inverse temperature parameters (5, and (s are swapped,
while each replica’s internal neural state is left untouched. This is not only a practical
simplification. Hukushima and Nemoto [10] showed that configuration exchange and
temperature exchange are statistically equivalent in PT, in the sense that they yield
identical canonical expectation values for observables. In the present spiking-network
setting, this equivalence allows us to preserve the correct joint stationary distribution
while respecting the asynchronous nature of the neural dynamics.

Finally, exchange proposals follow an odd-even schedule, in which neighboring pairs
are considered in two alternating rounds. This ensures that every adjacent temperature
pair is periodically evaluated while avoiding conflicting simultaneous proposals, which

would otherwise arise in ladders with more than two replicas.

4 Results

We evaluate the proposed PT-based neural sampler along three complementary dimen-
sions. First, we measure per-instance success probability across the full benchmark
suite to determine whether PT improves solver effectiveness overall. Second, we focus

on the subset of hard instances where the parallel baseline fails more frequently, in
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Fig. 3: Per-instance success probability: PT versus parallel baseline across all 1000
SATLIB uf20-91 instances. Blue points indicate instances where the baseline achieves
> 0.95 success probability; red points indicate harder instances. Points above the
diagonal indicate PT improvement. The asymmetry (332 improved, 5 worsened)
demonstrates that temperature exchange consistently benefits instances where inde-
pendent parallel solvers are insufficient.

order to assess whether PT’s advantage is concentrated in the regime where local-

minimum trapping is most severe. Third, we analyze runtime violation dynamics on

representative hard instances to identify the mechanism by which PT alters the search

process.
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4.1 Evaluation Setup

To evaluate the proposed approach, we consider Boolean satisfiability (SAT), one of
the canonical NP-complete constraint satisfaction problems. SAT has been extensively
studied in both classical and neuromorphic optimization literature and serves as a
standard benchmark for evaluating stochastic search algorithms.

We perform experiments on instances from the standard SATLIB benchmark suite
[11]. SATLIB provides widely used benchmark problems designed to test the perfor-
mance of SAT solvers near the phase transition region, where problem instances are
known to be computationally challenging. In particular, we evaluate our solver on
the uf20-91 dataset, which contains randomly generated 3-SAT instances with 20
variables and 91 clauses.

All experiments were run on a custom event-based simulator written in Python
3.6.8. The simulator follows a similar methodology to NEVESIM [17], and maintains
a central event heap and repeatedly processes the earliest event, either distributing an
outgoing spike or releasing a refractory neuron; to reduce heap overhead, spike events
use version-based invalidation with periodic cleanup. Simulations were run on a single
node with an AMD EPYC 7763 (128 cores, 512 GB DDR4) under Linux 4.18.0. The
Metropolis criterion is evaluated in Python using the number of unsatisfied constraints
as an energy proxy, read from each replica’s most recently recorded configuration. A
replica-exchange step therefore consists of a constant number of such reads followed
by the Metropolis test, which is negligible compared to the per-event neural updates.
This exchange logic is external to the neural dynamics and does not advance the
simulated clock, so it does not affect the reported timing results.

For each instance, we run 100 independent trials under a fixed simulation time
budget. A trial is considered successful if any replica reaches a satisfying assignment
within the simulation time budget of 2s. To ensure a fair comparison under equal com-

putational resources, the baseline consists of 4 independent neural samplers running
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simultaneously at § = 1 with no temperature exchange, where a trial is considered
successful if any of the 4 solvers finds a satisfying assignment. PT likewise runs 4
replicas at temperatures 8 € {1.25,1.0,0.75,0.5} with periodic replica exchange. This
design ensures that any observed advantage of PT reflects the benefit of inter-replica
temperature exchange rather than parallelism alone.

As the underlying neural CSP solver, we use the neural sampling architecture of
Jonke et al. [12]. We adopt the same network structure, neuron model, and constraint-
encoding motifs, including OR-circuit weights Wor1 = 7.5 and principal-neuron bias
bwra = 0. Our implementation preserves the original network dynamics and augments

them only with the PT mechanism introduced in Section 3.

4.2 Benchmark-Level Performance

We compare per-instance success probability for PT and the parallel baseline across
all 1000 benchmark instances. Figure 3 summarizes this comparison. The majority of
instances, 856 out of 1000, are solved reliably by both methods at rates at or near
1.0, forming a dense cluster in the upper-right corner of the plot. These instances
correspond to the easy regime, in which both methods already achieve near-ceiling
performance and temperature exchange provides little additional benefit.

Across all 1000 instances, PT improves success probability in 332 cases while wors-
ening only 5, a strongly asymmetric outcome that is unlikely to be explained by
random variation alone. The remaining difference is concentrated in the hard regime,
and the magnitude of improvement grows as baseline success probability falls, so the
largest gains occur precisely on the instances that are hardest for the fixed-temperature
parallel baseline.

To verify that these improvements are not artifacts of the finite trial count, we
quantified per-instance uncertainty and tested each instance individually. We first

computed Wilson score intervals on the per-instance success rates. On easy instances
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(baseline rate > 0.95) the interval half-width is at most +0.02, so sampling noise is
negligible and there is no room for a detectable effect. On the 144 hard instances
(baseline < 0.95) the half-width reaches £0.10, setting the scale of noise relevant to
the comparison. We then applied a two-sided Fisher’s exact test to each instance’s
success counts at n = 100, with Benjamini-Hochberg correction (o = 0.05) applied
across all tested instances. Of the 144 hard instances, 89 (62%) show a statistically
significant improvement under PT, while the single hard instance on which PT is
empirically worse does not reach significance. The significant cases lie entirely in the
hard regime, exactly where the Wilson intervals leave room for a real effect.

Per-instance tests are necessarily underpowered at n = 100, but the aggregate
direction is highly consistent: of the 144 hard instances, 143 favor PT and only 1 favors
the baseline, and that single case lies within its noise margin. A directional split of
this magnitude is not plausibly produced by chance, indicating that PT’s advantage
is systematic rather than incidental.

We also compared mean time-to-solution on instances that both methods solve reli-
ably. The resulting distributions overlap substantially, indicating that the two methods
derive similar speed benefits from the parallelism they share. The main distinction is
therefore not raw speed on easy instances, but coverage of hard instances that the

baseline fails to solve consistently.

4.3 Isolating the Role of Temperature Exchange

The parallel baseline shares PT’s replica count but holds all replicas at 5 = 1, so
it controls for parallelism but not for temperature diversity. A natural concern is
therefore whether PT’s advantage stems from inter-replica exchange specifically, or
merely from running replicas at different temperatures. To separate these two effects,
we add a diversity-only control: four replicas at the same varied temperatures as PT

(8 € {1.25,1.0,0.75,0.5}) but with no exchange between them. Comparing PT against
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this control isolates the contribution of the exchange mechanism itself, since the two
configurations differ only in whether replicas are allowed to swap temperatures. We
ran this control on the 144 hard instances, where any exchange effect is most likely to
be observable.

Across these 144 instances, PT outperforms the diversity-only control on 100, the
control outperforms PT on 18, and the two are tied at a success probability of 1.0
on the remaining 26. The per-instance gaps are small enough that no single instance
reaches Fisher significance, as expected: the difference between PT and diversity-only
is inherently narrower than that between PT and the fixed-temperature baseline. The
directional split, however, is decisive: among the 118 instances that are not tied, a
two-sided sign test rejects the hypothesis of no exchange effect at p < 1071°. Temper-
ature diversity alone therefore closes part of the gap to PT, but inter-replica exchange
contributes a further, directionally consistent improvement that diversity alone does

not account for.

4.4 Focused Analysis on Hard Instances

Although Figure 3 establishes that PT is most beneficial in the hard regime, it does not
show how this advantage develops over time. To examine the temporal behavior more
closely, Figure 4 reports cumulative success counts for the three hardest instances, as
determined by baseline performance.

Across all three instances, the parallel baseline accumulates successful trials slowly
and irregularly, with extended flat regions indicating periods during which all four
independent samplers remain trapped and make no progress. PT, in contrast, accu-
mulates successful trials at a substantially higher and more consistent rate, with the
solid curves remaining well above their dashed counterparts from early in the runtime
onward. This persistent separation shows that the benefit of PT is not the result of

a single fortunate escape event. Rather, it reflects a sustained improvement in search
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Fig. 4: Cumulative solved trials over time for the three hardest benchmark instances.
Solid lines denote PT; dashed lines denote the parallel baseline. PT accumulates solu-
tions more rapidly and consistently over time, while the parallel baseline exhibits
extended stalling periods where all independent solvers are simultaneously trapped in
local minima.

effectiveness over the full runtime, consistent with repeated relief from local-minimum

trapping through temperature exchange.

4.5 Mechanism Analysis via Violation Dynamics

To understand the mechanism behind this performance difference, Figure 5 examines
the runtime dynamics of both solvers on instance uf20-0192, the hardest instance in the
benchmark for the parallel baseline. Specifically, Figure 5 shows violated OR clauses
over time.

In the baseline run, the solver repeatedly revisits a small set of violated clauses
over extended periods. This manifests as long horizontal segments in the clause visu-
alization. The summary statistics quantify the trapping precisely: 795 near-solution

configurations are observed but with only 10 unique violation signatures, a maximum
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Fig. 5: Evolution of violated clauses for the hardest benchmark instance, uf20-0192,
over time. Horizontal rows correspond to OR clauses; colored segments indicate vio-
lation intervals. The parallel baseline is trapped in a local minimum, manifesting as
persistent violation patterns (HHI = 0.921, max run = 297). PT escapes through tem-
perature exchange, shows diverse violation patterns (HHI = 0.241, max run = 11),
and reaches a satisfying assignment earlier.

consecutive run of 297 identical configurations, and a high concentration Herfindahl-
Hirschman index of HHI = 0.921. The dynamics are confined to a narrow basin of the
energy landscape from which independent solvers at fixed temperature cannot escape.

The PT run exhibits qualitatively different behavior. Violated clauses change fre-
quently, long stationary segments are absent, and the solver reaches a satisfying
assignment substantially earlier. The corresponding statistics confirm this: 57 near-
solution configurations with 10 unique violation signatures, a maximum consecutive
run of only 11, and HHI = 0.241. These results indicate that PT substantially reduces
trapping persistence and promotes transitions across a broader set of low-energy
regions.

Taken together, these observations identify the mechanism underlying PT’s advan-
tage. Temperature exchange enables replicas to access energy regions that independent
fixed-temperature solvers do not reach, thereby reducing the local-minimum trapping

that limits baseline performance on hard instances.
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5 Discussion

The results show that the benefit of parallel tempering (PT) is highly structured rather
than uniform across the benchmark suite. On the majority of instances, both PT and
the parallel baseline achieve near-ceiling performance, indicating that temperature
exchange provides little added value when fixed-temperature sampling is already suf-
ficient. The advantage of PT emerges primarily on the hard subset of instances, where
independent fixed-temperature solvers fail more frequently. This distinction is impor-
tant because it shows that PT does not merely add redundant parallelism. Instead, it
specifically addresses a limitation under independent multi-replica execution.

The runtime analyses clarify the source of this advantage. On hard instances,
baseline trajectories repeatedly revisit the same near-solution configurations, indi-
cating confinement to narrow basins of the energy landscape. This behavior is
reflected in high concentration values and long consecutive runs of identical violation
signatures. PT disrupts this cycle by coupling replicas across temperatures. Higher-
temperature dynamics make barrier crossing more likely, while lower-temperature
dynamics preserve concentration around promising regions. Through replica exchange,
these complementary modes of search are combined within a single solver, producing
more diverse exploration and more reliable escape from local minima.

An important practical observation is that this improvement comes with very little
additional computational cost. The PT mechanism requires only periodic exchange
decisions based on scalar energy values for neighboring replicas. Relative to the cost
of spike-based simulation, this overhead is negligible. Moreover, because the exchange
logic is external to the neural dynamics, it can be handled by a conventional co-
processor in neuromorphic systems without interfering with the operation of the SNN
itself. This makes PT not only effective in principle, but also realistic to deploy in

hybrid neuromorphic platforms.
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More broadly, these findings suggest that simply running multiple independent
neural samplers in parallel is not sufficient for robust performance on hard CSP
instances. The key limitation is not lack of parallelism, but lack of coordinated escape
from structured local-minimum traps. PT provides a principled way to introduce such
coordination while preserving the original neural sampling formulation. This makes
temperature-coupled neural sampling a compelling extension of existing neuromorphic

CSP solvers when reliability on hard instances is the primary objective.

6 Conclusion

In this paper, we introduced parallel tempering into an SNN-based neural sam-
pling solver for constraint satisfaction problems. By incorporating temperature control
into the neural dynamics and coupling replicas through temperature exchange, the
proposed method improves robustness on hard SAT instances beyond what can
be achieved by a baseline (under equal computational resources) of independent
fixed-temperature samplers.

Across the SATLIB benchmark suite, the benefit of PT is concentrated on the
subset of difficult instances where local-minimum trapping is the dominant limita-
tion. Runtime analyses further showed that PT reduces this trapping by enabling
access to energy regions that independent fixed-temperature dynamics fail to reach.
Together, these results demonstrate that parallel tempering is a practical and effective

mechanism for strengthening neural sampling-based CSP solving on hard instances.
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