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Abstract

The paper presents nonlinear steady-state vibrations of a cantilever beam with
a eccentric mass element attached to its free end. The Euler-Bernoulli beam the-
ory and the fractional Kelvin-Voigt model of the beam material are assumed. A
fractional Caputo derivative of an order of 0 < v < 0 is used to formulate a vis-
coelastic material law. The beam nonlinear equation of motion is derived using
Hamilton’s principle. The characteristic equation, modal frequencies, eigenfunc-
tion and orthogonality condition are obtained for the linear beam vibrations. The
multiple scales method is used to solve the equation of motion of the beam in the
vicinity of the first resonance. The first eigenfunction of linear vibrations is used
as an approximate solution for the nonlinear vibrations. The impact of order
of the fractional derivative on the beam vibrations is studied. The performed
analysis shows that the order of the fractional derivative affects the nonlinear
oscillation. An increase of the order of a fractional derivative decreases amplitude
of vibrations.

Keywords: Fractional Viscoelasticity, Beam Vibration, Nonlinear Vibrations, Method
of multiple scales

1 Introduction

In the engineering practice, a cantilever beam with a tip mass element is widely used
to model various engineering structures, such as moving cranes, masts, tall buildings,



offshore structures, energy harvesters, accelerometers, military airplane wings, Stock-
bridge dampers, turbine blades [1-6]. The analysis of a cantilever beam with a mass
element attached to its free end have been carried out in many studies [6-23]. In many
practical applications, the aforementioned structures require a detailed dynamic anal-
ysis. Unfortunately, many studies have omitted (neglected) some important problems,
such as the effects of material damping and eccentricity on system dynamics, especially
in the analysis of nonlinear vibration problems. Its commonly known, that viscoelas-
tic material properties may significantly change dynamics response oh the studied
system. Therefore, an appropriate viscoelastic material model should be employed in
a dynamic analysis. Many engineering materials show a low frequency dependence of
their damping properties within a wide frequency range [25, 26]. The description of
this property is complex and it is usually performed using integer order derivatives
[25]. In recent decades, fractional derivatives have been more often used for model-
ing viscoelastic material properties. [26-29]. These derivatives allows more accurate
modeling of viscoelastic material behavior in broad range of frequencies [25, 26]. Sim-
ilarly, eccentricity of a tip mass element may affect on the dynamics behavior of the
analyzed system, thus it is necessary to take the eccentricity into account in dynamic
analysis of the analyzed beam. [6, 13, 15, 17-20].

Therefore, in this work steady-state nonlinear vibrations of a fractional cantilever
beam with a rigid mass element attached at its free end, whose center of mass does not
coincide with the point of its attachment. The study is a continuation and extension
of the author’s earlier works [22-24]. The first two papers mentioned focused on linear
vibration of a fractional viscoelastic cantilever beam with end mass element, whose
center of gravity coincide with the point of its attachment. In the first mentioned work,
a fractional viscoelastic Kelvin-Voigt material model was used [22], whereas the second
work adopted a fractional viscoelastic Zener material model [23]. The third paper
deals with numerical analysis nonlinear transient vibrations of a fractional viscoelastic
cantilever beam with an eccentric end mass element.

2 Problem formulation

In this paper, nonlinear vibrations of homogeneous cantilever beam with a heavy mass
element attached to its free end are analyzed. The beam of length [ with tip element
of mass m, and moment of inertia I. is analyzed. The mass center of the mass element
does not coincide with the free end of the beam and there is an eccentricity of distance
r (Fig. 1). The analyzed beam has a uniform cross-section A and mass density p.
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Fig. 1 Schematic of the analyzed beam.

It is assumed that the viscoelastic properties of the beam material can be described
using a fractional Kelvin-Voigt model. This model is defined as below [26, 30, 31].

o(t) = B (e(t) + n, DO (e(1)) ) (1)

where o(t) and €(t) are the stress and strain functions of time, ;14 is a time constant
[31], E is the relaxed modulus, ¢ is time and D(Y)(-) is the Caputo fractional derivative
of the order v, formulated as 25, 32, 33|

i = & o L [ DU
D) = 5 1) = 7 / T )
where I'(p — 7) is the Euler gamma function [33], D®) (f()) = £ () is the p-th

derivative of a function f(-) with respect to time, p is a positive integer number
satisfying the inequality p — 1 < vy < p, and t > 0.

Many real materials exhibit properties such that the fractional derivative is often
in the range of 0 < v < 1 [25, 26], where v = 1.0 is in the case of integer order
derivative [32, 33].

A thin inextensible beam subjected to large deformation is analyzed and the Euler-
Bernoulli theory is applied. Therefore, the rotary inertia and shear deformation of the
beam are neglected. The motion of the beam is assumed to be only in the xz-plane
and that the gravitational force is perpendicular to this plane, thus the gravitational
force has no impact on the beam motion.
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Fig. 2 Deformation of an elementary beam segment.

The analysis of deformation of an elementary beam segment is shown in Fig. 2.
The analysis of deformation shows that

1 00 , . ow , L
. = — = — = S = — = = S 3
R-df =ds — F= o 0’ and sin 6 55 =V = 0 = arcsin(w’)  (3)

where R is a radius of curvature, - is a curvature.
Because the beam is assumed to be inextensible, therefore

u+ds+du—u ds + du 1+

cos 0+ o)ds Gtods (te)’ ore=0 cos +u (4)
and
k=0 = 9 (arcsin (w')) = (1 - (w’)z)_%w" ~w' 1+ ! (w')? (5)
0s 2

Based on the beam theory, the strain is

e(t) = —2k = — 2" (1 + % (w’)2> (6)

The extended Hamilton’s principle is used to derive the equation of motion [34]

/ " (5T — 61T 4 6L)dt = 0 (1)

ty

where: 6T and 6II- are the variations of total kinetic and potential energy of the
system, respectively, L is the total virtual work done by non-conservative forces.
The total kinetic energy of the system is the sum of the kinetic energy of a beam
and the end mass element. In the presented analysis, it is assumed that the effect of
the longitudinal velocity of the beam % on the total kinetic energy of the system is



small and can be neglected, thus the total system kinetic energy is expressed as

1t 1 ., 1. /:\2
T= 7/ man?dz + —myw + = Ic (90) 8)
2 J, 2 2

where over-dots () and () indicate first and second derivatives respect time, m is a
mass density per unit length of a beam, m,, is a mass of the end mass element, I¢ is
a moment of inertia of the end mass element respect its mass center, w is the velocity
of neutral beam axis point in z direction, wc is the velocity of the center of mass C'
of the end mass element, ¢ is the angular velocity of the end mass element (Fig. 1).

Substituting the derivative of angle 6 (Eq. (3)) with respect to time into equation
(8), the kinetic energy can be expressed as

2

1 /[ 1
Tzi/ mi?dx + —m,, | — —————tiyr - sinfp
0

’ (1~ (w,)?)

2 2 (9)
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Using the approximate relationship

1 1
- - 5 (W
(1)
The variation of the kinetic energy of the system is expressed as
L T A P
0T =6 5 [ mw ds—&—imp (0} + 2wpipr) | +
0
]. 2 L1 N\2 7 \2
6 (5 (mpr? + 1) (i) (1+ (wp)*) ) (10)

According to the assumptions made earlier, the total potential energy of the system
is the strain energy of the beam. Using expressions (5) and (6), the variation of the



beam strain energy is expressed as

1 ! 1 !
I, = 7// Ee?dAdr = f// E(2)? K?dAdz =
2 0 2 0
A A
(w"y’
(1 @)
1! "2 N2 2
5 5 EJ((w)—l—(w)(w))da:
0
where F is the Young’s modulus of a beam material, A is a cross-section area of the
beam, J is a beam cross-section moment of inertia respect the neutral beam axis.

Virtual work of non-conservative forces is a sum of work done by internal
dissipation forces and external forces acting on the beam, namely

! 1
0 Lpe = —/ /adisdsdA +/ qéwds =
0 0
A
Log

—E.J- /0 dd? (w” (1 + % (w’)2>> <1 + % (w’)2> § (w") ds (12)
_ E;J/Ol ddT: <w” <1 + % (w')2>) w'w'§ (w') ds + /Ol qéwds

Substituting expanded and transformed expression for variations of the kinetic
energy (Eq. (10)), the strain potential energy (Eq. (11)), and virtual work (Eq. (12))
into Hamilton’s extended principle Eq. (7), the following equation of motion and
boundary conditions of the analyzed system are obtained

1 /! 1 /!
f/ EJk*dz = 6, =6 7/ EJ de | ~ (11)
2 0 2 0

mw + EJw//// + EJ (w//// (w/)2 + 6w/lw///w/ + 3 (w//)3)
//)

3) : <1+ % (w’)2> (13)
q

P
+ E'/y‘]ddt,y (w/// <1 + % (w/)2> + (w//)2 w/) ww'! =

+ E! Jd—V w1+ 1 w"?) + 3w w"w + (w
T deY 2

The boundary conditions are established using Hamilton’s principle, and for s = 0, a
beam deflection and slope equals 0, thus

w=w =0 (14)



Whereas, boundary conditions for s = [ are as follows

— myiip — mpd')%?“ +EJ (w/// + ™ (w/)Q + 2w’ (U}N)2 . (w//)2 w/)
7 U " 1 "2 2, 1 N2y
+E7Jdt7 (w (1+2(w) + (w")"w 1—|—2(w) =0

— (mpr* + I¢) (w (1 + (w'p) ) +2 (W)’ wﬂg) — mppr — EJ (w” +w” (w')Q)

(o) ()

(15)
Introducing dimensionless parameters
— E‘]t_ t N_f N_g 7. = EJ %_ 2 N_E
Te\paplTet T W= =i g | S il 4= g
(16)
myp Ic r
=_P = Ll - _
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and next substituting them into equation (13), the following dimensionless equation
of motion is derived

¢v  on (00 (00\' | @ToTon (0T
or?  ort ozt \ o7 072 073 0T 07?2
+~ d” @ 1+1 dw ’ +3@@@+ @ 2@ 1+1 @/ ’
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Fr\am | a3 2 \ o7 02 ) oz ) oz oaz | ~ 1

(17)



with dimensionless boundary conditions for 7 =0, w = w’ = 0 and for 7 =1

. (a%m,f) 3%(1,7)) . (a%(m) L Pa(Lr) (aa(1,r)>2 L 0w (826(1,7)>2>
B

72 " or20x 3 7 97\ o2

(B (2 2 (B )) 2 (582))) -

e (2582 (14 (552)) o2 (%552) )
(5 s ()

o (o (T (e (T))) (s () )) =

(18)

In this work, the dynamic behavior of the system is investigated in the vicinity of
the first resonance. Therefore, the approximate solution is assumed to be in the form
of the first eigenfunction of the linearized nonlinear equation Eq. (17). Moreover,
the equation of motion is simplified, namely, only terms up to the third order are
considered. Thus, grouping linear and nonlinear terms, we obtain

?w  O*w d [0*w
~ e 1
orz o M (a%) FAL=q 19)
Where
4.~ ~\ 2 2.~ 35 97 2~ 3
g = 20 (0N (e () Swow g (07w (1 T)
ozt \ 01 0z2  0x3 0% 0x2
(@ (1% [ow\® _9*wdwow [9*w\° 4 (03w 0w 0*w
drr \ 2 0z oT 0x2 973 Ox oT drry \ ox or 01

(20)

The linearized equation (19) has a form

Pw (0w AT (TN (21)
orz " \ozr T Marm ozt )) T

with the following linear boundary conditions, viz for the clamped beam end Z = 0

_ ow(0,7)

@(0,7) = === =0 (22)



and for z =1

a(a%(m) ) 5%(1,7)) - (83@(1m> L 6”5375(1377)> _0

arz " or20x 973 Ydr T ox
(23)
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The solution to Egs (21)-(23) is sought in a form of a convergent series of the
dimensionless eigenfunctions of the beam

=Y & ()W, (@) (24)

where W, (Z) is n-th eigenfunction of the beam , &,(7) is the n-th time depended
generalized coordinate [34].

The functions W, (T) can be obtained utilizing a well-known procedure, i.e. by solv-
ing Eq. (21) with its right-hand side equal to zero (homogeneous equation). Namely,
using of separation of variables method, the following equation can be derived

W (F) - K'W (3) =0 (25)
The solution to the equation (25) is sought in a form
W (Z) = Asin (l%%) + Bcos (l%%) + Csinh (l%%) + D cosh (1555) (26)

where A, B,C,D are arbitrary unknown constants.

Using the first two boundary conditions Eq. (22), the following relations between
constant may be found, namely, A = —C and B = —D. Next, using these relationships
and the second two boundary conditions Eq. (23), the following system of equations
for constants A and B is obtained

Ak (s (1) —sinh (1)) + ak?n (cos () — cosh (1)) — (cos (§) + cosh (£)))
18 (ak (cos () — comn () — i sin (#) +-snn (8)) — (sn () — sion (£))) =

A (sin (k) = sinh () ) + (an?® + 8) &* (cos (k) = cosh (&) ) + (sin () +sinn (%) ))
+ B (ank? (cos (k) — cosh (k) ) = (e + ) &* (sin (k) +sinh (£) ) + (cos (k) +cosh (%) )) =

(27)

The system of equations presented above (Eq. (27)) is satisfied if the determinant
of the coefficients matrix of the system of equations equals zero. Then, equating the



determinant of the system of equation Eq. (27) to zero, after tedious and compli-
cated mathematical transformations, the characteristic equation of the system can be
obtained

a5 (1= cos (i) cosh (R)) + 8% (9 12) - (cos (§) snh (&) +sin () cost (7))
+ 200 K2sin (k) sinh () — o~ (cos () cosh (k) — sin (k) cosh ()
o () o ()~ 10

(28)

The characteristic equation (28) has of a countable infinitive set of roots ky cor-
responding to the n-th natural undamped dimensionless frequency of the beam.
Then, substituting calculated roots into equations (25) and (27), the expression for
eigenfunctions can be formulated as

W (7) = A (o0 (Ro7) —sinh (1)) = (cos (Ra) —cosh (in7))) (29

where

o (ko (sin () = sinh (k) ) + ks (cos (i) = cosh () ) = (cos (n ) +cosh (in ) ) )
" (ako (cos (kn) — cosh (k) ) — ak2y (sin (F) +sinh () ) = (sin (ka ) = sinh (ka)))

The eigenfunctions (29) must satisfy the orthogonality condition. Using well-known
standard procedure (see e.g. [34]), it can be shown that the orthogonality condition
has a following form

/ Wi (2) W (2) 47 + (Wi (1) Wi (1) + W, (1) Wi (1) (30)

+an Wy ()W, (1) + (an® + B) Wy, (1) Wy, (1) = S

Utilizing the orthogonality condition Eq. (29) and eigenfunction Eq. (29), coefficients
A, in Eq. (29) can be calculated as

A, = ! (31)

VB W2 @+ a (2 (1) + 20, (0 7 (1) + (e + 8) T2 (1)

Because, the eigenfunction W,, are determined, thus the approximate solution to the
problem described by Eq. (19) can be obtained using linear mode approximation.
Assuming the first mode of vibrations, namely w (Z,7) = W1 (Z) & (7), the following
equation is obtained

10



WD) (1) + W6y + i, W'D (€0) + W6 (WiE)" + 6W/ & WL 6 WiEr +3 (W'6r)”

iy (D”) (QW{’”& (Wi&)" + 376w W6 + (W{’&)S) + DO (WY€) WiE W sl) -
(32)

where W7 is the first eigenfunction of the linearized nonlinear equation Eq. (17).
Next, multiplying both sides of Eq. (32) by Wi, substituting relationship (Eq
(25)) into it
W (F) = E*W (%)

and integrating from 0 to 1, we obtain equation of the generalized coordinate

D@ (&) + k¢ + i, k' DO (&) + as€d + b3fi, DO (€7) + boi, D (&) €1 = Q (33)

where
f k4W1 (Wl) dz + 6f0 W{’W{”W1W1dx+3f0 Wldx
az =
Jo WEdz
) 3 W{W wwydE
2 = )
[P wzdz
L (34)
b fo 1I<:4W1 Wl) dx+3f0 W{’W{”WlWldaj+f0 Wl” Whdz
3 = )
Jo WEdz
0= fo z,7) Whdz
fo Widx

An approximate solution to equation Eq. (33) can be obtained using the method of
multiple scales [36, 37]. Rossikhin and Shitikova presented an approximated solution
to a similar equation in [38]. First, we introduce a small nondimensional parameter e
as a formal small parameter, and rewrite equation (33) as

. . NG .
0%+ eped®€) 4 ¢ <agg3 + byepie (53) + eugbzgmg?) —eqe (35

where it is assumed that g, = eue, @ = €qe, ¢ = qcosQr, & = l%Q, Qis a
dimensionless excitation frequency.

The approximate solution of equation (35) for small vibrations can be expressed
by expansion with different time scales, as presented below

§(te) = &o (To, Th) + €&1 (To, T1) + -+ (36)

where

T,=¢"1 (n=0,1,2,3...) (37)

11



are new independent variables, € is a formal small parameter, Ty = 7 is the fast
timescale and Ty, T5 ... T, are slow timescale

Next, utilizing the chain rule, the integer order derivatives can be expanded in
series of a small parameter ¢

d

E:DO+ED1+62D2+... (38a)
d2
= D2 + 2¢DgD; + €2(D? 4 2DgDy) + ... (38b)

The fractional order derivative can be expanded into a series of a small parameter, as
it has been proposed by Rossikhin and Shitikova [28, 39, 40]

4 2 Y
DWZW:(DO+€D1+€D2+...) =
’ (39)

1
D + ey D} 'Ds + 5ty ((7 —1)D]72D? + 2Dg’1D2)

where D{, Dg_l, Dg_Q are the Caputo fractional derivatives with respect to time Tj.

Substituting relationships (36)-(39) into (35) and comparing terms standing at
the equal powers of the small parameter ¢ and limiting the approximate solution by
terms of €', a following system of recurrent equations is obtained

for €0
Diéo +w?o =0 (40)
for et
D261 + w261 = geos QT — 2DD; &) — pe? D&y — aséy (41)
whrere, instead of @ is used w for convenience.
The solution to Eq. (40) is

&0 = A(Ty)ewTo 4 A(Ty) e w0 (42)

where A (T7) is an arbitrary complex function of time scale 77 and overbar denotes a
complex conjugate function. Since further in the current analysis the expansions for
general coordinate ¢ is limited by the expressions (41) of order €', thus it is assumed
that the amplitude &; is a function of time T only.

Substituting solution of the first approximation Eq. (42) into second approximation
Eq. (41), and using fractional derivatives of exponential function in a form presented
by Caputo and afterwards by Rossikhin and Shitikova [39, 41]

. . 3 o) v—1
DT = (iw)” 7 + jw ) / Y vy (43)
™ 0

12



the following equation can be obtained

1 . ) . ) |
D2¢) + w?é = 34 (elQTo + e—IQTo) — 2Dy (D1 (A(Ty)) T + D, (A (T1)) e_”’T‘))
_ M§w2 (A (T1) (iw)” owTo 4 4 (T}) (—iw)? efino)

: o] y—1 _ . [e’e] y—1
— pew? (A (Th) iw STy / Y —e “du— A(T)) o 2T / 4 - e_“tdu>
™ 0 UuU+w ™ 0 U—1lw
— a3 (A® (T1) €370 4 A (Ty) e 370 + 3A% (T1) A (Ty) €7 + 3A (Ty) A% (Th) e 970)
(44)

The improper integrals in the Eq. (44) can be neglected in certain circumstances
[41], e.g. for sufficient large values of 7. In further analysis, it is assumed that improper
integrals can be omitted.

In the presented analysis, we assume that vibrations occurs in the vicinity of the
first natural frequency w, namely

Q=w+eo (45)

where o is a detuning parameter.

The solvability condition of Eq. (44) requires the elimination of secular terms. The
secular terms are produced by functions e**70. Therefore, secular terms vanish in
Eq. (44) if

1 . . . _ .

5(] (61(w+eU)TO + e—1(w+eo)To) _9 (Dl (A (Tl)) iwemTo -Dy (A (Tl)) iwe_“"TO)

— pew? (A(Th) (iw)” T + A(Ty) (—iw)” e @T0) (46)
— a3 (342 (Th) A (Ty) e + 3A (Ty) A? (Ty) e o) =0

Next, omitting secular terms and improper integrals, the equation (44) has the
following form

D(Q)gl —+ w2€1 = —das (A3 (Tl) eiW3TO + AB‘ (Tl) eiiWSTO) (47)
The solution to Eq. (47) consists of homogeneous and particular parts, namely
&1n = B(Ty) ™0 + B (Ty) e w70 (48a)
Gip = C (Th) 310 4+ C (Ty) e 19370 (48b)
Functions B (T}) and B (T}) may be determined employing initial conditions to Eq.

(47), whereas functions C (T1) and C (T}) can be obtained using demand that the
particular solution Eq. (48b) must fulfill Eq. (47).

13



~ Substituting the particular solution Eq. (48b) into Eq. (47), functions C'(71) and
C' (T1) can be determined as

)= é’ffTi? C(Tl):m (19)
Consequently, the solution to Eq. (47) may be expressed as
& = B(T1) ™™ + B (T1) e T
+ (gwgi?)_l) (A3 (Ty) e3To 4 A3 (Ty) e 13T0) (50)

The function A(7T}) can be found solving Eq. (46). We assume that functions A(71)
and A(T)) are expressed as

1 - 1 .
A(Ty) = iare‘w, A(Th) = §are_”/’ (51)

where the amplitude a, is a function of time T7.
Substituting expression (51) into Eq. (46) and noting that time T = €Ty, a
following equation is derived

%qei(“Tl_w) —iwad', +w a — %ugw(%‘warei% - a3§a3 = (52)
where " /" denotes derivative D;.
In order to remove terms containing explicit time 77, a new variable is introduced,
namely
S=cT —VV=>tp=0T1—-d=¢y =09 (53)
Substituting expression (53) into Eq. (52) and separating real and imaginary parts
of Eq. (52), the following system of equation can be obtained

2qcos (P) +wa, (o — ') — 2pew® a, cos T — agdad =0 (54)
1gsin (@) —wa', — 2pew®Va, sin T = 0
For a steady-state vibrations, we can assume that a. = 0 and ®' = 0, then
1gcos (@) + a, (wo — 2pew®T) cos T ) — azdad =0 (55)
1gsin (@) — $pew®Ha, sin L =0

By squaring both sides of Eq. (55) and adding, the following equation for amplitude
a, can be obtained

9 1
TGCL%“? +4a? <W2‘72 + iﬂng(ym) — opew®t) cos ﬂ;)

1
— 3azay <wa — §u§w(2+”) cos W;) —¢*=0

14



The equation above is a polynomial with respect to a? as shown below
Apud + Byu? + Cyu, + D, =0 (57)

where

9 1

u. = a2, Ap = —a3, B, =3a3 *ﬂgw(2+7) cos = — wo )
16 2 2

(58)

1
C, =4 <w202 + i/%2&]2(2+w) _ ngw(3+7) cos ﬂ;) , D, = —¢*

The equation above may have one, two or three real roots. The number of the roots
depends on value of the equation discriminant. If the discriminant is greater than 0,
the equation (57) has three distinct real roots, and if the discriminant is less than 0,
equation (57) has one real root.

Therefore, solving Eq. (57) amplitudes a, can be calculated if real roots of Eq.
(57) are greater than zero, and then a phase angle ® can be determined as

; ] (59)

249) g;
® = arctan MEW( 7 sin 3
3aza? — 2 (wo — pe w7 cos )

Thus, if Eq. (57) has at least one positive real root, thus amplitudes a, and phase
angles ® may be determined. Therefore, the approximated value of the generalized
coordinate £ (Egs (35) and (36)) can be determined for each instant of dimensionless
time 7.

3 Numerical calculations and discussion

The performed numerical calculation demonstrate impact of the order of a fractional
derivative and an eccentricity parameter 1 on nonlinear vibrations of the analyzed
beam. Sample calculations of dependence of amplitudes a, (Eq. (51)) and the order
of a fractional derivative v are performed (Eq. (2)). The relationships obtained in the
preceding section are used to study the impact of the fractional derivative order and
other parameters of the system on its forced vibrations.

The relationship between the order of a fractional derivative vy and detuning param-
eter o for varied values of the order of a fractional derivative v and for two different
parameters 7 are performed. The relationship is obtained solving numerically Eq. (57).
The solution is calculated using procedure 'roots’ of the 'Matlab’ computer program.
Because the detuning parameter o changes the excitation frequency Q2 (Eq. (45)), the
relationship between the amplitude a, and the detuning parameter o describes the
frequency response curve for the amplitude a,. on the excitation frequency Q2 (e.g. [36]).

15
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Fig. 3 Dependence of the amplitude a, on the parameter o for different orders of the fractional
derivative v, pg = 0.008, n = 0.05

The calculations are performed for load g¢ = 0.0454. The results obtained for
different values of the order of a fractional derivative v and eccentricity parameter
7 = 0.05 are presented in Figs 3 and 4, whereas results obtained for n = 0.15 are
presented in Figs 5 and 6. It can be seen from figures mentioned earlier that the
relationship between vibration amplitude and excitation frequency is such as for the
nonlinear Duffing oscillator with soft characteristic of the nonlinear stiffness [36].
Therefore, more than one steady-state system response may occur for one excitation
frequency. The response that occurs is determined by the initial conditions imposed
on the system [36].

Curves shown in Figs 3- 6, indicate that the increase in the order of a fractional
derivative decreases vibration amplitudes a,. Comparing curves presented in Figs 3
and 4 or curves presented in Figs 5 and 6, it can be noticed that the decrease in
amplitude a, is grater for the larger damping coefficient p¢. Thus, the impact of
the order of a fractional derivative v on amplitudes a, is greater for higher value of
damping coefficient ;.
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Fig. 4 Dependence of the amplitude a, on the parameter o for different orders of the fractional
derivative v, pe = 0.016, n = 0.05.

The obtained calculation results show that curves for the eccentricity coefficient
n = 0.15 (Figs 5 and 6) are more bent then curves for the eccentricity coefficient
n = 0.05 (Figs 3 and 4). Similarly, amplitudes a, calculated for the given detuning
parameter o are grater for the eccentricity coefficient n = 0.15 then calculated for the
eccentricity parameter 7 = 0.05. Furthermore, comparing curves calculated for the
eccentricity parameter n = 0.05 (Figs 3 and 4) and eccentricity parameter n = 0.15
(Figs 5 and 6), we can notice that the point of inflection of the concave portion of the
curves for eccentricity parameter n = 0.15 (Figs 5 and 6) occurs for smaller value of
the detunig parameter o then for it occurs for eccentricity parameter n = 0.05 (Figs
3 and 4).
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4 Conclusions

In this paper, the study nonlinear steady-state vibrations of a fractional cantilever
beam with an eccentric mass element is presented. The fractional Kelvin-Voigt vis-
coelastic material model is assumed as a beam material. The equation of motion of
a cantilever beam with an eccentric tip mass is derived using the Hamilton’s princi-
ple. The characteristic equation, modal frequencies, eigenfunction and orthogonality
condition are obtained for the linear beam vibrations.

The nonlinear equation for generalized coordinate of the sytem is solved with
the help of method of multiple scales. From the first order approximation, expres-
sion for approximated values the generalized coordinate is obtained, which allows the
calculation of the nonlinear forced vibrations of the analyzed beam in the steady-state.

The analysis shows that the order of the fractional derivative affects the nonlinear
vibrations. An increase in the order of the fractional derivative decreases the amplitude
of oscillation. The decrease is greater for the larger damping coefficient pe. More-
over, the value of the eccentricity parameter 7 affects nonlinear forced vibrations in
the steady state. Namely, vibration amplitudes are greater for the larger eccentricity
parameter 77 and the amplitude-frequency curves are more bent for larger eccentricity
coeflicient 7.
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