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Abstract 11 

Non-Fickian breakthrough curves in porous media can be produced by spatially correlated velocity 12 

heterogeneity or by mass transfer to immobile regions, and a single breakthrough curve generally 13 

cannot tell these mechanisms apart. We show that a mobile–immobile model calibrated on the 14 

breakthrough curve of a strongly heterogeneous field (𝜎ln௄2 = 4) at eight correlation lengths 15 

reproduces it over six orders of magnitude, yet mispredicts arrival-time densities by a factor of 16 

about two at 64 correlation lengths, while its fitted dispersivity and exchange rate drift with 17 

distance. We then exploit a property shared by all spatially Markovian transport models 18 

(advection–dispersion, mobile–immobile, multirate and uncorrelated continuous time random 19 

walk models): for flux-weighted injection, the breakthrough curve at distance 2݀ equals the self-20 

convolution of the curve at ݀, so that all travel-time cumulants grow linearly with distance. 21 

Violations of this identity are a model-free signature of spatially variable transport. Using two-22 

dimensional particle-tracking simulations, we construct a self-convolution test with controlled 23 

false-alarm rate and quantify its power for particle data and for noisy, censored concentration 24 

curves. We complement it with a flow-rate test based on the contraction of the scaled late-time tail 25 

expected when exchange is diffusion-controlled. Combined, the two tests classify heterogeneity-26 

only, exchange-only and mixed regimes correctly in 86% of cases on average with 3000 samples 27 

per curve over a sweep of log-conductivity variance and capacity ratio. The results support the 28 

design of multi-distance, multi-rate tracer tests for mechanism identification. 29 

Keywords: Non-Fickian transport, Breakthrough curves, Spatial Markov property, Mobile–30 

immobile mass transfer, Model identifiability, Particle tracking 31 
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Article Highlights 32 

• One tracer curve can look the same whether delays come from uneven flow paths or from 33 

solute trapped in stagnant zones 34 

• Comparing curves at two distances reveals uneven flow paths without fitting any 35 

transport model 36 

• Repeating the test at a lower flow rate reveals trapping, so both causes can be told apart 37 

in most cases 38 

1 Introduction 39 

Breakthrough curves (BTCs) measured in heterogeneous porous media are routinely non-Fickian: 40 

they show early arrivals, long late-time tails and spatial moments that do not grow linearly with 41 

travel distance (Gelhar et al. 1992; Berkowitz et al. 2006; Neuman and Tartakovsky 2009). Two 42 

physical mechanisms are usually invoked. The first is the heterogeneity of the advective velocity 43 

field, whose spatial correlation produces persistent fast and slow pathways (Dagan 1989; Le 44 

Borgne et al. 2008; Comolli et al. 2019). The second is mass transfer between mobile and immobile 45 

(or poorly connected) regions, in which solute is temporarily withdrawn from the flow by diffusion 46 

(Coats and Smith 1964; van Genuchten and Wierenga 1976; Haggerty and Gorelick 1995). Both 47 

mechanisms are present in most natural media, and experiments that visualise them directly show 48 

that they act jointly (Zinn et al. 2004; Gouze et al. 2008; Gjetvaj et al. 2015). 49 

The macroscopic models used to interpret BTCs do not map one-to-one onto these mechanisms. 50 

The advection–dispersion equation (ADE), mobile–immobile (MIM) and multirate mass transfer 51 

(MRMT) models and the continuous time random walk (CTRW) are closely related: MRMT and 52 

CTRW are equivalent for a broad class of memory functions (Dentz and Berkowitz 2003), MIM 53 

is a special case of both, and upscaled heterogeneous advection can be represented by the same 54 

memory functions (Berkowitz et al. 2006; Willmann et al. 2008). A good fit of one of these models 55 

therefore says little about the mechanism. Different models can reproduce the same tail with 56 

different predictive skill (Pedretti and Bianchi 2018), and model selection can quantify whether 57 

data justify a model’s complexity (Schöniger et al. 2015) but not which physical process is at work. 58 

The combined effect of both mechanisms has been analysed within a CTRW framework (Comolli 59 

et al. 2016), and non-Fickian signatures have been related to medium statistics (Bijeljic and Blunt 60 

2006; Hansen et al. 2018; Pescimoro et al. 2022). The inverse question—which mechanism can 61 

be inferred from a limited set of observed BTCs, and with what confidence—has received less 62 

attention. 63 
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Measurements at several distances are an obvious source of additional information. Spatial 64 

Markov models (SMMs) describe particle transit times between equidistant control planes as a 65 

correlated Markov chain (Le Borgne et al. 2008; Kang et al. 2011, 2015) and have been extended 66 

to three-dimensional media and advective–diffusive transport (Cirpka et al. 2022; Stettler et al. 67 

2026); Sherman et al. (2018) calibrated an inverse SMM on BTCs at two upstream ports of a 68 

column and improved the prediction at a downstream port compared with an uncorrelated CTRW. 69 

These studies use the spatial Markov structure to model transport; here we use it to test a 70 

hypothesis. If transport is spatially Markovian and stationary at the scale of the observation planes, 71 

the BTC at 2݀ must equal the self-convolution of the BTC at ݀, for any ADE, MIM, MRMT or 72 

uncorrelated CTRW model and any parameters, whereas correlated velocities and spatially non-73 

stationary transport violate it. This yields a model-free criterion that requires no model calibration 74 

or comparison. 75 

The objectives are to (i) show with controlled numerical experiments that a single BTC cannot 76 

discriminate heterogeneity from mass transfer even when the fit is excellent; (ii) derive two 77 

physically grounded signatures, the spatial Markov (self-convolution) property and the flow-rate 78 

scaling of the late-time tail; (iii) quantify the power and false-alarm rate of the corresponding tests 79 

for particle and noisy concentration data; and (iv) map the regimes in which heterogeneity, 80 

exchange or both can be identified. 81 

2 Theory 82 

2.1 Fine-scale transport model 83 

We consider steady, incompressible Darcy flow in a heterogeneous, isotropic hydraulic 84 

conductivity field 85 ,(ܠ)ܭ 

 ∇ ⋅ ܙ = ܙ  ,0 =  ℎ, (1) 86∇(ܠ)ܭ−

and solute transport by advection with the pore velocity ܞ =  ௠ in 87ܦ ௠ and molecular diffusion߶/ܙ

the mobile domain, coupled to first-order exchange with an unresolved (sub-grid) immobile 88 

domain (Coats and Smith 1964; van Genuchten and Wierenga 1976): 89 

 
∂௖೘∂௧ + ∇ ⋅ ௠ܿܞ) − (௠∇ܿ௠ܦ = −ܴ ݇ (ܿ௠ − ܿ௜௠), (2) 90 

 
∂௖೔೘∂௧ = ݇ (ܿ௠ − ܿ௜௠), (3) 91 

where ܿ௠ and ܿ௜௠ are the mobile and immobile concentrations, ܴ = ߶௜௠/߶௠ is the capacity ratio 92 

and ݇ the release rate (the mean residence time of a single immobile visit is 1/݇). For constant 93 

porosity, Eqs. (2)–(3) are equivalent to a Lagrangian description in which particles move by d܆ =94 
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ݐd (܆)ܞ + ௠ܦ2√  d܅ while mobile, are trapped at rate ܴ݇ and are released at rate ݇ (Delay et al. 95 

2005; Salamon et al. 2006). Local mechanical dispersion is omitted, so that resolved heterogeneity 96 

is the only source of spreading besides diffusion; no drift correction is then required (LaBolle et 97 

al. 1996). We refer to three end-member mechanisms: (A) resolved heterogeneity without 98 

exchange (ܴ = 0), (B) exchange in a homogeneous medium, and (C) heterogeneity combined with 99 

sub-grid exchange. 100 

2.2 Breakthrough curves and the spatial Markov property 101 

Particles are released on an injection plane ݔ =  with flux-weighted transverse positions. The 102 0ݔ

breakthrough curve at distance ݀ is the density ௗ݂(ݐ) of the first-passage time ܶ(݀) of particles 103 

through the plane ݔ = 0ݔ + ݀, which corresponds to the flux-averaged concentration for a pulse 104 

injection (Kreft and Zuber 1978). We call transport spatially Markovian and stationary at scale ݀ 105 

if two conditions hold: (i) Markov property—the motion after the first crossing of 0ݔ + ݀ depends 106 

on the past only through the particle state at that crossing; and (ii) stationarity—the state 107 

distribution at the crossing equals the injection distribution and the medium is statistically 108 

homogeneous along the mean flow, so that the transition law over [0ݔ + ݀, 0ݔ + 2݀] equals that 109 

over [0ݔ, 0ݔ + ݀]. Together, (i) and (ii) make the sequence of segment travel times a renewal 110 

process; this is the null hypothesis tested below. The conditions hold for the ADE by the strong 111 

Markov property of Brownian motion with drift (Feller 1971), for the MIM model because 112 

particles cross a plane in the mobile state and trapping is memoryless, and for MRMT and 113 

uncorrelated CTRW models by construction (Dentz and Berkowitz 2003; Berkowitz et al. 2006). 114 

Proposition 1 If transport is spatially Markovian and stationary at scale ݀, then ܶ(2݀) = ܶ(݀) +115 ܶ′(݀), where ܶ′(݀) is independent of ܶ(݀) and has the same distribution. Hence 116 

 2݂ௗ = ௗ݂ ∗ ௗ݂ ௡(2݀)ߢ  , = ݊) (݀)௡ߢ 2 ≥ 1), (4) 117 

where ∗ denotes convolution and ߢ௡ the ݊th cumulant of ܶ (for those ݊ for which it exists). If the 118 

conditions hold at all scales, ߢ௡(݀) = ܿ௡݀. 119 

The proof follows from the strong Markov property at the first passage through 0ݔ + ݀, which 120 

makes the residual travel time independent of ܶ(݀) (condition i), and from stationarity, which 121 

gives it the law of ܶ(݀) (condition ii). A violation of Eq. (4) therefore has two possible sources: 122 

velocity memory (violating i) and spatial non-stationarity (violating ii). In a single realization of a 123 

heterogeneous medium, (ii) holds only in an ensemble sense; Sect. 4.7 separates the two 124 

contributions. Equation (4) contains no transport parameter, so a significant violation rejects the 125 

whole class of ADE, MIM, MRMT and uncorrelated CTRW models rather than a particular one. 126 

Flux-weighted injection is essential: it is the distribution with which particles cross any 127 
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downstream plane in a stationary flow (Dentz et al. 2016). For random walks with a fixed spatial 128 

step, ݀ must be a multiple of the step; the identity also holds for heavy-tailed transit times whose 129 

cumulants do not exist. Correlated CTRWs and spatial Markov models violate it by construction. 130 

In a heterogeneous field, the Lagrangian velocity of a particle is correlated over a distance of the 131 

order of the correlation length ߣ of lnܭ (Le Borgne et al. 2008; Dentz et al. 2016). Travel times 132 

over successive segments are then positively correlated, and 133 

(2݀)2ߢ  = (݀)2ߢ 2 + 2 Cov[ܶ(݀),  ܶ(2݀) − ܶ(݀)] >  134 (5) ,(݀)2ߢ 2

so that 2ߢ(݀)/݀ increases with ݀ until ݀ ≫  Adding sub-grid exchange to a heterogeneous field 135 .ߣ

(mechanism C) adds to each segment a trapping delay that is conditionally independent between 136 

segments. It increases the variance of the increments but not their covariance, so it dilutes the 137 

correlation and shortens the distance over which the Markov property is violated. 138 

2.3 Exact first-passage density of the mobile–immobile model 139 

For one-dimensional transport with mobile velocity ݒ, dispersion ܦ and first-order exchange, 140 ܶ(݀) = ௠ܶ +  where the mobile time ௠ܶ follows the inverse Gaussian density 141 ,߆

 ݃ௗ(ݑ) = ௗ√4గ஽௨3 exp [− (ௗ−௩௨)24஽௨ ], (6) 142 

and, given ௠ܶ, the immobile time ߆ is compound Poisson: ࣨ ∼ Poisson(ܴ݇ ௠ܶ) visits of 143 

independent exponential durations with mean 1/݇. Hence 144 

 ௗ݂(ݐ) = ݁−ோ௞௧݃ௗ(ݐ) + ∫ ݃ௗ௧0 ோ௞2௨௧−௨√ (ݑ) 1ܫ  ݐ)ݑܴ√2݇) − ((ݑ ݁−ோ௞௨−௞(௧−௨) d145 (7) ,ݑ 

where 1ܫ is the modified Bessel function of the first kind; Eq. (7) was checked against numerical 146 

inversion of its Laplace transform (Sect. 3.4). We evaluate the integral by Gauss–Legendre 147 

quadrature in inverse-Gaussian quantile space, which is accurate for sharply peaked curves for 148 

which standard numerical Laplace inversion (Abate and Valkó 2004) becomes unreliable. The 149 

Laplace transform of Eq. (7), ݂̃ௗ(ݏ) = exp{݀[ݒ − 2ݒ√ + (ݏ)݃ with {(ܦ2)/[(ݏ)݃ܦ4 = ݏ ݏ)/ݏܴ݇ 150+ + ݇), makes the linearity of all cumulants in ݀ explicit. 151 

2.4 Flow-rate scaling 152 

If the mean velocity is changed by a factor while the geometry is unchanged, advective travel times 153 

scale as 1/ܷ. Diffusion-controlled exchange, by contrast, has a rate ݇ that does not depend on ܷ. 154 

In the dimensionless time ߬௎ = let ߬௔ ,ߣ/ܷݐ = ௠ܷܶ/ߣ denote the dimensionless mobile 155 

(advective) travel time of a particle. The number of immobile visits along its path is Poisson with 156 

mean ܴ݇߬ߣ௔/ܷ and each visit lasts on average ܷ/(݇ߣ), so the scaled delay ߆௎ has 157 
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 E[߆௎] = ܴ ߬௔,  Var[߆௎] = 2ோ ఛೌDa ,  Da = ௞ఒ௎ . (8) 158 

Lowering ܷ increases the Damköhler number Da and contracts the late-time tail in scaled time, 159 

whereas pure advection through a fixed geometry gives scaled BTCs that collapse. For diffusion-160 

controlled multirate exchange with capacities ܴ௜ and rates ݇௜, the variance becomes ∑ 2௜ ܴ௜߬௔/Da௜ 161 

with Da௜ = ݇௜ߣ/ܷ; every term decreases with ܷ, but the late-time quantiles respond mainly to 162 

rates with Da௜ of order one (Sect. 4.7). The argument requires an unchanged flow geometry. 163 

Diffusion into resolved low-conductivity inclusions is itself an exchange process; it acts in the 164 

same direction and limits the separation of “heterogeneity” and “exchange” (Sects. 4.6 and 5). 165 

3 Numerical Methods 166 

3.1 Fields, flow and particle tracking 167 

Two-dimensional Gaussian lnܭ fields with exponential covariance and correlation length ߣ = 1 168 

were generated by an FFT spectral method on a doubled periodic domain. The domain was 169 100ߣ × 500) ߣdiscretised with square cells of size 0.2 ,ߣ25 × 125 cells). Flow (Eq. 1) was solved 170 

with a cell-centred finite-volume scheme (harmonic transmissibilities, fixed heads at inlet and 171 

outlet, no-flow lateral boundaries; maximum normalised cell divergence 7.9 × 10−10), fluxes 172 

were rescaled to a mean pore velocity ܷ, and velocities were interpolated linearly from face fluxes, 173 

which is divergence-free cell by cell (Pollock 1988). 174 

Particles were tracked with an explicit random-walk scheme (Salamon et al. 2006) using an 175 

adaptive step ݐ߂ = min(ܿ௔ܞ|/ݔ߂|, ܿ ௠) withܦ/2ݔ߂ 0.1  ௔ = 0.25, reflecting lateral boundaries and 176 ܦ௠ = 0.01 (Péclet number Pe = ௠ܦ/ߣܷ = 100 at ܷ = 1). First passages through control planes 177 

at ݀ = 1,2,4, … 0ݔ downstream of ߣ64, =  were recorded with linear interpolation within the 178 ߣ5

step and a Brownian-bridge correction for crossings occurring between steps. Exchange was 179 

simulated by drawing exponential mobile durations with rate ܴ݇ and adding exponential immobile 180 

durations with rate ݇. Particles were injected over the central 21ߣ of the inlet plane, weighted by 181 

the normal flux (Fig. 1a). Mass recovery at the last plane was complete in all simulations. 182 
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 183 

Fig. 1 Set-up and the self-convolution identity. a One realization of lnܭ (𝜎ln௄2 = 1), flux-weighted injection 184 

plane and control planes. b, c Observed arrival-time density at 8ߣ ( ௗ݂), observed density at 16ߣ ( 2݂ௗ) and 185 

the spatially Markovian prediction ௗ݂ ∗ ௗ݂ (dashed; self-convolution of the observed curve at 8ߣ, no model 186 

fitted) for mechanism A (𝜎ln௄2 = 4) and mechanism B. Densities in units of ܷ/ߣ, ensemble of 30 187 

realizations 188 

3.2 Numerical experiments 189 

Mechanism A used 𝜎ln௄2 ∈ {0.5,1,2,4} with 30 realizations of 20 000 particles each. Mechanism B 190 

was constructed to mimic A: we fitted a one-dimensional MIM model (Eq. 7) to the ensemble 191 

BTC of A (𝜎ln௄2 = 4) at ݀ =  by binned Poisson maximum likelihood on 60 logarithmic bins, 192 ߣ8

obtaining ݒ = ܦ ,1.083 = 2.286, ܴ = 0.071 and ݇ = 0.078, and sampled B exactly from Eq. (7) 193 

segment by segment; segment times are independent because the mobile motion restarts at each 194 

plane (strong Markov property) and trapping is memoryless. B is thus an apparent MIM, the worst-195 

case mimic that a single-plane analysis of ergodic data would produce; a fit to one realization 196 

would inherit its particular preferential paths, which no homogeneous model can represent. 197 

Exchange-only media with parameters chosen independently of A are part of the classification 198 

sweep below. Mechanism C used the same 30 fields as A with 𝜎ln௄2 = 1 and added sub-grid 199 

exchange with ܴ = 0.5, ݇ = 0.1. Every simulation was repeated at ܷ = 1 and ܷ = 0.25 on the 200 

same fields and injection positions, with the exchange parameters of B and C (and the dispersivity 201 ߙ௅ = ܦ) −  of B) kept fixed, as appropriate for diffusion-controlled exchange. 202 ݒ/(௠ܦ
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For the classification map, a sweep over 𝜎ln௄2 ∈ {0,0.5,1,2} and ܴ ∈ {0,0.1,0.3,1} with ݇ = 0.1 203 

was run with 20 realizations of 20 000 particles at both flow rates, plus ݇ = 0.03 and 0.3 at 204 (𝜎ln௄2 , ܴ) = (1,0.3). The very narrow BTCs of the homogeneous cells were computed with ܿ௔ =205 0.05 to avoid a time-stepping artefact (Online Resource 1). 206 

3.3 Statistical tests 207 

All tests were applied to data from a single realization, as in an experiment, at significance level 208 ߙ = 0.05, with rejection rates from 200 replicates unless stated otherwise. Each rate refers to one 209 

pre-selected plane pair; testing several pairs requires a multiple-testing correction. 210 

Markov (self-convolution) test on particle data. From one realization, ܰ arrival times at 2݀ and 211 2ܰ arrival times at ݀ were drawn from disjoint particle sets. The ܰ pairwise sums of the latter 212 

sample ௗ݂ ∗ ௗ݂ under the null hypothesis, and a two-sample Kolmogorov–Smirnov test (Massey 213 

1951) compared them with the observed times at 2݀ (the Anderson–Darling statistic was used as 214 

an alternative). To separate velocity memory from differences between the segments of one field, 215 

the test was also applied to ensemble samples, each arrival time drawn from an independently 216 

chosen realization. ܰ, the number of independent tracer arrivals that make up a curve, measures 217 

its information content: for a measured curve with relative noise 𝜎௥, Poisson counting gives the 218 

same relative error in the peak sampling interval when ܰ ≈ 1/(𝜎௥2݌max), with ݌max the mass 219 

fraction arriving in that interval. With 25 samples per median arrival time (݌max ≈ 0.03–0.04), 220 𝜎௥ = 5% and 10% correspond to ܰ ≈ 104 and 3 × 103. 221 

Markov test on concentration data. To emulate measured BTCs, ܰ arrival times per plane were 222 

binned on a sampling interval ݐ߂ of 1/25 of the median arrival time at ݀, normalised by the injected 223 

mass, perturbed by multiplicative Gaussian noise (𝜎௥ ∈ {0,5,10}%) and censored below a 224 

detection limit (DL) common to both planes (1% or 0.1% of the peak at ݀). The prediction at 2݀ 225 

is the discrete self-convolution of the curve at ݀, each pairwise sum split equally between adjacent 226 

bins to remove a half-interval bias. The statistic is the maximum difference between observed and 227 

predicted cumulative mass until 95% of the mass has arrived at 2݀, which avoids the censored tail. 228 

Its null distribution was obtained by a parametric bootstrap from the curve at ݀ alone (Efron and 229 

Tibshirani 1993): Poisson counts per interval with means given by the measured curve and by its 230 

self-convolution were converted to concentrations, multiplied by the noise model and censored, in 231 

the same order as for the data (199 samples; 30 realizations per configuration). No transport model 232 

enters the test. Temporally autocorrelated (AR(1)) noise was also examined (Sect. 4.7). 233 

Flow-rate (exchange) test. At ݀ =  arrival times at each flow rate were converted to scaled 234 ܰ ,ߣ16

time ܷݐ. The statistic log(95ݍ௎=1/95ݍ௎=0.25), with 95ݍ the 95th percentile, was compared with its 235 
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permutation distribution (Good 2005) (199 permutations) in a one-sided test for tail contraction at 236 

the lower flow rate, as predicted by Eq. (8). 237 

Single-plane baselines. To quantify what one plane can reveal, we used (i) a two-sample 238 

Kolmogorov–Smirnov test between ergodic (pooled) samples of A and B at 8ߣ, and (ii) a 239 

goodness-of-fit test in which the MIM model was re-fitted to ܰ arrival times of a single realization 240 

and assessed with a ߯2 statistic on logarithmic bins with at least five expected counts. 241 

3.4 Verification 242 

The generated fields had a variance of 1.008 for a target of 1, and a covariance at lag ߣ of 0.39 243 

compared with ݁−1 = 0.37. In a homogeneous field, the simulated variance of ܶ(݀) matched 244 2ܦ௠݀/ܷ3 within 1.2% at ݀ = 2,10,40. One-dimensional MIM walks reproduced Eq. (7) with 245 

mean arrival times within 0.5% of ݀(1 +  and ߯2 per bin of 1.1–1.3; Eq. (7) and Talbot 246 ݒ/(ܴ

inversion of its Laplace transform (Abate and Valkó 2004) agreed to within 9 × 10−4 of the peak. 247 

Because particle tracking introduces no numerical dispersion, it cannot create artificial exchange-248 

like tailing, which is essential for a study of mechanism identification. 249 

4 Results 250 

4.1 One plane is not enough to identify the mechanism 251 

At the calibration plane the MIM model and the heterogeneous field are indistinguishable 252 

(Fig. 2b): the curves agree over six orders of magnitude, and a two-sample test between ergodic 253 

samples of A and B rejected at the false-alarm level (3–6.5%) for ܰ ≤ 5000 and in only 10.5% of 254 

cases at ܰ = 20 000. The calibrated model nevertheless fails at other distances (Fig. 2a,c,d): it 255 

misses the early arrivals carried by preferential paths and underestimates the late-time tail. The 256 

median absolute log10 error of the density grows from 0.020 at 8ߣ to 0.311 at 64ߣ (a factor of 257 

about two), and the 99th percentile at 64ߣ is 145 for A against 125 for B. 258 
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 259 

Fig. 2 Equifinality at one plane and failure of prediction. Arrival-time densities of A (𝜎ln௄2 = 4, 30 260 

realizations), B and the MIM model calibrated at 8ߣ, at a 2ߣ, b 8ߣ (calibration), c 32ߣ and d 64ߣ. Densities 261 

in units of ܷ/262 ߣ 

Re-fitting the MIM model independently at each plane reveals a systematic drift for A (Online 263 

Resource 1, Fig. S1): the apparent dispersivity grows from 0.66 to 3.9ߣ and the exchange rate 264 

decreases from 0.16 to 0.03 between ݀ =  whereas the parameters of B remain constant 265 ,ߣand 64 ߣ

within estimation noise. A scale-dependent apparent mass-transfer rate is widely reported in 266 

experiments (Haggerty et al. 2004); here it arises entirely from velocity correlation. 267 

4.2 Distance signatures of spatially correlated velocities 268 

Figure 1b,c illustrates Proposition 1: for B the self-convolution of the BTC at 8ߣ coincides with 269 

the BTC at 16ߣ, whereas for A it predicts too few early arrivals and too narrow a curve. The 270 

cumulants confirm this (Fig. 3). For B, 2ߢ(݀)/݀ is constant within 2%. For A it increases by a 271 

factor of 4.0–4.2 between ݀ =  by 11–16, so the Fickian 272 ݀/(݀)3ߢ for all variances, and ߣand 64 ߣ

regime is not reached at 64ߣ. The Spearman correlation between ܶ(݀) and the increment ܶ(2݀) −273 ܶ(݀) is 0.65–0.70 at ݀ = nearly independent of 𝜎ln௄2 ,ߣand −0.03 to 0.12 at 32 ߣat 8 0.25–0.20 ,ߣ , 274 

and vanishes for B (|ߩௌ| ≤ 0.003). At short separations, velocity memory rather than the strength 275 

of the heterogeneity therefore controls the violation. 276 

 277 

Fig. 3 Distance signatures. a Second and b third cumulant of the arrival time divided by distance, 278 

normalised by the value at ݀ =  a spatially Markovian process gives a horizontal line at one. c Spearman 279 ;ߣ

correlation ߩௌ between ܶ(݀) and ܶ(2݀) − ܶ(݀); bars are 95% bootstrap intervals over realizations 280 
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4.3 Power and false-alarm rate of the Markov test 281 

The self-convolution test detects the heterogeneity of A (𝜎ln௄2 = 4, planes 8ߣ and 16ߣ) with 282 

probability 0.30, 0.55, 0.85, 0.99 and 1.00 for ܰ = 100, 300, 1000, 3000 and 5000 samples per 283 

curve, while its false-alarm rate for B stays at 2–7.5% for all plane pairs and ܰ (Fig. 4a). With 284 ܰ = 1000 the power is 0.78–1.00 for plane pairs up to 8ߣ16–ߣ and 0.61–0.84 for pairs at 16–285 64ߣ, with no systematic dependence on 𝜎ln௄2  (Fig. 4b); at the larger separations the rejections arise 286 

mainly from non-stationarity (Sect. 4.7). 287 

A goodness-of-fit test of the MIM model re-fitted at a single plane also rejects A frequently (0.56, 288 

0.88 and 0.96 for ܰ = 300, 1000 and 3000; false-alarm rate 0.28 at ܰ = 300 and 0.04 at larger 289 ܰ). This is not a contradiction of Sect. 4.1 but reflects a different objective. Detecting the 290 

inadequacy of a particular model is possible at one plane, because an individual realization departs 291 

from the smooth ensemble curve that B was built to match. Identifying the mechanism is not: at 292 

the ensemble level A and B give the same BTC, and any departure from one model can be absorbed 293 

by a more flexible spatially Markovian model (MRMT, CTRW). Identification needs a constraint 294 

on the whole class, which Proposition 1 supplies by relating two planes (see also Sect. 4.8). 295 

 296 

Fig. 4 Rejection rates of the tests applied to particle data from a single realization (ߙ = 0.05, dotted line). 297 

a Dependence on samples per BTC for the self-convolution test (8ߣ16 ,ߣ), the single-plane goodness-of-298 

fit test of a re-fitted MIM model and the single-plane comparison of ergodic A and B samples. b Self-299 

convolution test with ܰ = 1000 as a function of the plane pair 300 

4.4 Heterogeneity combined with exchange, and the flow-rate signature 301 

Mechanism C shares its fields and injection positions with A (𝜎ln௄2 = 1), so their difference 302 

isolates the effect of exchange (Fig. 5), which dilutes the increment correlation (0.63 against 0.69 303 

at ݀ = ܰ The power of the Markov test with .(ߣagainst 0.25 at 8 0.14 ,ߣ = 1000 falls from 0.83 304 

to 0.50 for the pair 8ߣ16–ߣ and from 0.79 to 0.17 for 32ߣ64–ߣ, and 2ߢ(݀)/݀ grows only by a 305 

factor of 1.3 between ߣ and 64ߣ instead of 4.0, as anticipated in Sect. 2.2. The mean arrival time 306 

at 64ߣ increases from 63.2 to 94.7, a ratio of 1.50 = 1 + ܴ as required by mass balance. 307 
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The flow-rate signature behaves in the opposite way. When ܷ is reduced from 1 to 0.25, the 99.9th 308 

percentile of the scaled arrival time contracts to 0.42–0.77 of its value for C, against 0.99–1.07 for 309 

A on the same fields (Fig. 5c). The contraction is weaker for B (0.71–0.85) because its capacity 310 

ratio is small, in agreement with Eq. (8). Without exchange, the ratio for A was 0.94–1.24 for 311 𝜎ln௄2 ≤ 2 (above one at short distances, where diffusion broadens the scaled curve at lower Pe) and 312 

0.86–0.95 for 𝜎ln௄2 = 4, where diffusion into low-conductivity inclusions acts as resolved 313 

exchange. The 90th percentile changed by less than 5%, so the signature resides in the late-time 314 

tail. 315 

 316 

Fig. 5 Paired comparison of mechanism A (𝜎ln௄2 = 1), mechanism C (same fields with ܴ = 0.5, ݇ = 0.1) 317 

and mechanism B. a Increment correlation. b Rejection rate of the self-convolution test (ܰ = 1000). c 318 

Ratio of the 99.9th percentile of the scaled arrival time ܷݐ at ܷ = 0.25 and ܷ = 1 319 

4.5 Concentration data with noise and detection limits 320 

The bootstrap version of the Markov test retained its validity on emulated concentration data: 321 

across all noise levels, detection limits, ܰ and plane pairs, it never rejected B (0 of 30 realizations 322 

per configuration). With 5% noise and a detection limit of 1% of the peak (planes 8ߣ16 ,ߣ), it 323 

detected the heterogeneity of A (𝜎ln௄2 = 4) in 23%, 60% and 80% of realizations for ܰ = 1000, 324 

3000 and 104 counts, of A (𝜎ln௄2 = 1) in 7%, 40% and 67%, and of C in 3%, 10% and 37% 325 

(Fig. 6a). Increasing the noise to 10% reduced the power from 0.80 to 0.67 at ܰ = 104, and 326 

lowering the detection limit to 0.1% had no systematic effect (Fig. 6b). Closer plane pairs gave 327 

higher power (Fig. 6c). The test is conservative (false-alarm rate near zero), so its power is below 328 

that of the particle-level test. 329 
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 330 

Fig. 6 Self-convolution test on emulated concentration BTCs with Poisson counting noise, multiplicative 331 

noise 𝜎௥ and a detection limit (DL). a Rejection rate against effective counts per curve, ܰ, the number of 332 

tracer arrivals from which the curve is binned before noise is added (planes 8ߣ16 ,ߣ; 𝜎௥ = 5%, DL = 1%). 333 

b Effect of 𝜎௥ for A (𝜎ln௄2 = 4). c Dependence on the plane pair (ܰ = 3000). 30 realizations per point; 334 

dotted line: nominal level ߙ = 0.05 335 

4.6 Classification of mechanisms 336 

With control planes at 4ߣ and 8ߣ for the Markov test and two flow rates measured at 16ߣ for the 337 

exchange test, the combined classification was correct in 86% of replicates on average over the 16 338 

cells of the 𝜎ln௄2 × ܴ sweep for ܰ = 3000, and in 70% for ܰ = 1000 (Fig. 7, Table 1). False 339 

alarms of either test were controlled in the cells where the corresponding mechanism was absent: 340 

the Markov test rejected the homogeneous cells in 2.5–6% of replicates at ܰ = 3000 (1.5–7.5% 341 

at ܰ = 1000) and the exchange test never rejected a homogeneous field without exchange. 342 

 343 

Fig. 7 Classification map over log-conductivity variance and capacity ratio (݇ = 0.1, ܰ = 3000 samples 344 

per curve, 200 replicates per cell). a Rejection rate of the spatial Markov test (planes 4ߣ and 8ߣ). b Rejection 345 

rate of the flow-rate test for tail contraction (16ߣ). c Probability that the pair of test outcomes identifies the 346 

true regime (none, heterogeneity only, exchange only, both) 347 
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Table 1 Classification outcomes by true regime. Columns 3–6: fraction of replicates assigned to each 348 

regime at ܰ = 3000 samples per curve (mean over the cells of the row; bold: correct). Last column: 349 

probability of correct classification at ܰ = 1000 (range over cells). ݇ = 0.1; 200 replicates per cell 350 

True regime 𝜎ln௄2 ; ܴ None Het. Exch. Both Correct (ܰ = 1000) 

None 0; 0 0.94 0.06 0 0 0.93 

Exchange only, weak 0; 0.1 0 0 0.94 0.06 0.83 

Exchange only 0; 0.3, 1 0 0 0.97 0.03 0.97–0.99 

Heterogeneity only 0.5, 1; 0 0.06 0.85 0.00 0.10 0.77–0.80 

Heterogeneity only 2; 0 0.13 0.64 0.04 0.20 0.61 

Both, weak exchange 0.5–2; 0.1 0.00 0.06 0.09 0.85 0.43–0.49 

Both 0.5–2; 0.3 0 0.01 0.11 0.88 0.64–0.80 

Both, strong exchange 0.5–2; 1 0 0 0.21 0.79 0.52–0.62 

Two systematic confusions remain, both of physical origin (Table 1). First, strong exchange masks 351 

heterogeneity: at ܴ = 1 the power of the Markov test dropped to 0.73–0.89 for the pair 4352 ߣ8–ߣ 

(ܰ = 3000), so that mixed regimes were labelled exchange-only in 12–27% of replicates; the 353 

closer pair 2ߣ4–ߣ restored it to 0.94–0.97, which confirms the dilution mechanism of Sect. 2.2 and 354 

shows that the plane spacing should be adapted to the expected exchange capacity. Second, strong 355 

heterogeneity mimics exchange: for 𝜎ln௄2 = 2 without immobile zones the exchange test rejected 356 

in 14–24% of replicates (Sect. 5). The release rate had a moderate effect (0.97, 0.98 and 0.93 357 

correct for ݇ = 0.03, 0.1 and 0.3 at 𝜎ln௄2 = 1, ܴ = 0.3). Weak exchange (ܴ = 0.1) was the most 358 

difficult case at ܰ = 1000 (0.43–0.49) and gained most from ܰ = 3000 (0.79–0.92). 359 

4.7 Robustness and sources of the Markov violation 360 

Sensitivity analyses are detailed in Online Resource 1 (Table S1) and summarised here. Memory 361 

versus non-stationarity. At short separations the test rejects strongly for both single-realization 362 

and ensemble samples (A, 𝜎ln௄2 = 1, pair 0.94 :ߣ2–ߣ and 0.995), but at larger separations only for 363 

single-realization samples (80.77 :ߣ16–ߣ against 0.26; 320.81 :ߣ64–ߣ against 0.20). Velocity 364 

memory therefore explains the violation over a few correlation lengths, whereas further 365 

downstream it is dominated by differences between the two segments of a finite realization. Both 366 

are signatures of resolved heterogeneity: B was rejected in only 2.5–6% of cases in either mode. 367 

Péclet number. At Pe = 10, 100 and 1000 the increment correlation at ݀ =  was 0.34, 0.67 and 368 ߣ

0.72, and the single-realization power (ܰ = 1000) 0.50–0.74, 0.72–0.99 and 0.81–1.00 (A, 𝜎ln௄2 =369 1). Statistic. The Anderson–Darling statistic was more powerful than Kolmogorov–Smirnov (A, 370 𝜎ln௄2 =  against 0.85), with false alarms of 0.05–0.07, and is recommended for 371 0.91 :ߣ16–ߣ8 ,4

applications. 372 

Quantile of the flow-rate test. The 90th percentile rarely detected weak exchange (ܴ = 0.1: 0.00–373 

0.22), and the 99th percentile detected it always but raised false alarms to 0.33 at 𝜎ln௄2 = 2, ܴ =374 0; the 95th percentile (0.92–1.00 and 0.25) is a compromise. Exchange kinetics. Single-rate 375 
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exchange in a homogeneous medium (ܴ = 0.3, ܰ = 3000) was detected in 98–100% of replicates 376 

for Da = 0.03–3 at ܷ = 1, but never for Da ≤ 0.01: fewer than 5% of particles are then trapped 377 

at the higher flow rate, the 95th percentile does not reach them, and the scaled tail grows rather 378 

than contracts at lower ܷ, although Eq. (8) still holds for the variance. With multirate exchange 379 

(Haggerty and Gorelick 1995), five rates between 0.03 and 3 were detected in 95% of replicates, 380 

but five rates between 0.003 and 3 only in 3%, because the responses of fast and slow rates cancel. 381 

Autocorrelated noise. With AR(1) noise (coefficient 0.5 or 0.8, 𝜎௥ = 5%, ܰ = 3000) the 382 

concentration test rejected B in at most 1 of 30 realizations, whether or not the bootstrap 383 

reproduced the autocorrelation, and detected A (𝜎ln௄2 = 4) in 50–63% of realizations, against 60% 384 

for uncorrelated noise. 385 

4.8 Comparison with model-based approaches 386 

Two model-based alternatives were applied to the same particle data (ܰ = 1000 per plane, 25 387 

replicates; Online Resource 1). Single-plane model selection (ADE versus MIM at 8ߣ, Akaike 388 

information criterion) inferred mass transfer in 72% of replicates for B, but also in 64% and 88% 389 

for A with 𝜎ln௄2 = 1 and 4, which contain no immobile zone: information criteria measure whether 390 

extra parameters are supported, not which process generated the tail (Schöniger et al. 2015). A 391 

two-plane parameter-drift test, in the spirit of calibrating upstream and predicting downstream 392 

(Sherman et al. 2018), compared a common MIM parameter set at 8ߣ and 16ߣ with separate sets 393 

(likelihood ratio, ߯ 42). It rejected B in 4% and A in 80–84% of replicates, comparable with the self-394 

convolution test, but its null hypothesis is one model rather than a class: for a homogeneous, 395 

spatially Markovian medium with multirate exchange (five rates between 0.01 and 1, total capacity 396 

0.3) it rejected in 44% of replicates, because the apparent single rate changes with distance, 397 

whereas the self-convolution test rejected in 6%. A spatial Markov model inverted from BTCs 398 

(Sherman et al. 2018) cannot identify its transition matrix from Eulerian BTCs without further 399 

assumptions; the self-convolution test is the part of its memory hypothesis that BTCs alone can 400 

test. 401 

5 Discussion 402 

What the two tests identify. The self-convolution test detects spatially variable transport: velocity 403 

memory over a few correlation lengths and, in a single field, differences between successive 404 

segments further downstream. A homogeneous medium with exchange passes it. The test does not 405 

measure how non-Fickian a BTC is—its power hardly depends on 𝜎ln௄2 —and passing it shows 406 

only that a spatially Markovian model with stationary transitions is adequate at the scale 407 

considered. Uncorrelated upscaled models (MRMT, CTRW) are therefore consistent with the data 408 
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beyond the memory length (Berkowitz et al. 2006; Comolli et al. 2019), whereas correlated models 409 

such as SMMs are required within it (Le Borgne et al. 2008; Kang et al. 2011; Cirpka et al. 2022); 410 

the test provides a data-based criterion for this choice, which has so far relied on comparing model 411 

predictions (Sherman et al. 2018). Tail contraction at lower flow rates is the signature of a rate-412 

limited process whose time scale does not follow advection, and Eq. (8) states which feature of the 413 

BTC should respond and in which direction. 414 

Limits of identifiability at high variance. For 𝜎ln௄2 ≥ 2 the mechanisms cannot be separated 415 

cleanly: without immobile zones the flow-rate test rejected in 24% of replicates at 𝜎ln௄2 = 2 (ܰ =416 3000), and heterogeneity-only cases were classified correctly in only 64% (Table 1). Reducing 417 

the flow rate turns the slowest inclusions from advection- to diffusion-dominated: the area fraction 418 

with local Péclet number |ܦ/ߣ|ܞ௠ < 1 rose from 6 × 10−6 to 1.1 × 10−3 for 𝜎ln௄2 = 2 and from 419 1.0 × 10−3 to 1.5 × 10−2 for 𝜎ln௄2 = 4 when ܷ was reduced from 1 to 0.25. Retention there is 420 

rate-limited exchange in the sense of Eq. (8): the flow-rate test identifies diffusion-controlled 421 

exchange whether it is resolved or sub-grid, the Markov test identifies resolved advective 422 

heterogeneity, and the label “both” for strongly heterogeneous fields is physically meaningful 423 

(Zinn et al. 2004; Gjetvaj et al. 2015; Comolli et al. 2016). The late-time slope of the BTC 424 

(Haggerty et al. 2004), a third flow rate and the magnitude of the contraction, which was weaker 425 

for resolved inclusions than for immobile zones with ܴ ≥ 0.3 (Sect. 4.4), can sharpen the 426 

distinction. 427 

Applying the tests in practice. (i) Unknown correlation length. The particle-level power (ܰ =428 1000) remained between 0.6 and 1 for pairs between ߣ and 64ߣ (Fig. 4b), so misplaced planes do 429 

not remove it, but the concentration test and strong exchange favour closer pairs. Three or more 430 

planes in geometric progression (݀, 2݀, 4݀), tested pairwise with a Holm correction, are preferable 431 

to a single pair; a lnܭ variogram, if available, fixes the scale. (ii) Memory or non-stationarity. 432 

With one realization, the dependence on separation is the diagnostic: memory causes rejections 433 

that weaken with separation, non-stationarity rejections at large separations that depend on the 434 

particular pair; repeated injections at different transverse positions provide a partial ensemble 435 

average. (iii) Information content. ܰ reflects the noise level, not the number of samples: a curve 436 

with 5% relative noise and 3–4% of the mass in the peak interval corresponds to ܰ ≈ 104, and 437 

autocorrelated noise did not inflate false alarms. A few thousand effective counts are attainable in 438 

laboratory columns and high-precision tracer tests, but rarely with sparse field sampling; the 439 

bootstrap of Sect. 3.3 with the expected noise gives the achievable power in advance. (iv) Flow-440 

rate change. The test requires the same flow geometry at both rates, as in columns and tanks with 441 

controlled pumping and, approximately, in forced-gradient tests at two pumping rates; under a 442 
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natural gradient, a flow interruption or tracers with different diffusion coefficients probe the same 443 

rate limitation. Very slow exchange falls outside the window of the 95th percentile (Sect. 4.7). (v) 444 

Péclet number. At Pe = 10 transverse diffusion erases velocity memory within about one 445 

correlation length; at lower Pe the test mainly detects non-stationarity and needs closer planes or 446 

larger ܰ. 447 

Limitations. The study is two-dimensional, uses multi-Gaussian lnܭ fields and neglects local 448 

mechanical dispersion. In three dimensions streamlines can bypass inclusions in two transverse 449 

directions, which is expected to shorten the memory length, whereas connected high-conductivity 450 

structures (Zinn et al. 2004; Pescimoro et al. 2022) should prolong it. Systematic measurement 451 

errors such as baseline drift were not emulated. All conclusions are drawn from synthetic data; 452 

application to BTCs measured at several distances, such as multi-port column experiments 453 

(Sherman et al. 2018), is the necessary next step. 454 

6 Conclusions 455 

A single BTC can be reproduced equally well by mobile–immobile mass transfer and by correlated 456 

velocity heterogeneity, and the resulting model fails at other distances. The spatial Markov 457 

property—the BTC at 2݀ is the self-convolution of the BTC at ݀—holds for all ADE, MIM, 458 

MRMT and uncorrelated CTRW models, and its violation is a model-free signature of spatially 459 

variable transport: velocity memory at short separations and non-stationarity of the medium at 460 

larger ones. A test based on this identity had controlled false-alarm rates for particle and for noisy, 461 

censored concentration data, whereas an information criterion inferred mass transfer for most 462 

heterogeneity-only curves and a model-based drift test rejected a homogeneous multirate medium. 463 

Diffusion-controlled exchange leaves a flow-rate signature: the late-time tail contracts in scaled 464 

time when the flow rate is reduced, unless the exchange is so slow that few particles are trapped. 465 

Combined, the two tests distinguished heterogeneity-only, exchange-only and mixed regimes in 466 

most cases; for 𝜎ln௄2 ≥ 2, diffusion into resolved low-conductivity regions is itself detected as 467 

exchange. The approach turns the choice of a macroscopic transport model into a testable 468 

hypothesis about the underlying physics. 469 
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