Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Data-Guided Mark-Law Selection for Positive
Mean-Reverting Jump Diffusions: Threshold
Inference and Rare-Event Prediction

Halim Zeghdoudi

halim, zeghdoudiPuniv—annaba.dz

Badji Mokhtar-Annaba University

Research Article

Keywords:

Posted Date: November 2nd, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11349016/v1

License: € @ This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-11349016/v1
https://doi.org/10.21203/rs.3.rs-11349016/v1
https://doi.org/10.21203/rs.3.rs-11349016/v1
https://creativecommons.org/licenses/by/4.0/

Data-Guided Mark-Law Selection for Positive Mean-Reverting
Jump Diffusions: Threshold Inference and Rare-Event Prediction

Halim Zeghdoudi

Laboratory of Probability and Statistics (LaPS)
Department of Mathematics
Badji Mokhtar University, Annaba, Algeria

halim.zeghdoudi@univ-annaba.dz

Corresponding author: Halim Zeghdoudi

Email: halim.zeghdoudi@univ-annaba.dz



Abstract

This paper studies inference for a positive mean-reverting jump diffusion when jump
sizes are not observed directly but inferred from increments crossing detection thresholds.
Such selection changes the distribution of the retained marks and the effective observation
time for jump arrivals. We combine a threshold-conditioned mark likelihood with a survival-
adjusted intensity estimator and compare several positive mark laws, many expressible
as finite common-rate gamma mixtures. We show that the smallest active gamma shape
determines the leading order of sub-threshold jump probabilities. For Zeghdoudi marks the
probability is quadratic in the threshold, and an explicit second-order expansion quantifies
the downward bias of an ordinary likelihood fitted to truncated marks. These mark-specific
results supplement, rather than restate, the standard affine properties of the underlying
JCIR process. The paper also examines asymptotic inference under assumptions controlling
jump-classification errors, parameter recovery in simulation, and threshold sensitivity in an
annual Nile-flow illustration. The empirical ranking is stable over the reported threshold
grid, although small information-criterion differences leave substantial mark-law uncertainty.

Keywords: jump—diffusion; CIR process; Zeghdoudi distribution; threshold inference; mark-law
selection; truncated likelihood; rare-event prediction.
MSC 2020: 62MO05; 62F12; 60J60; 60G51; 62P12.

1 Introduction

Many positive-valued time series are shaped by two kinds of movement: gradual fluctuations
around a prevailing level and occasional upward shocks. River flows, environmental measurements,
insurance intensities and financial state variables provide familiar examples. A square-root
mean-reverting diffusion combined with a compound-Poisson jump component offers a convenient
description of such behaviour. The resulting jump-extended Cox—Ingersoll-Ross (JCIR) process
retains the positivity and affine structure of the classical model (Cox et al., 1985; Duffie and
Kan, 1996; Dulffie et al., 2000). These properties are well understood; the present paper does
not regard their extension to another positive jump-size distribution as a new contribution.

The question examined here is statistical. In many applications the process is observed at
discrete times, so the jump sizes are not available directly. Large positive increments can be
used to identify candidate jump intervals, but the resulting observations are selected rather
than randomly sampled from the underlying mark law. Threshold-based jump detection has an
extensive literature (Mancini, 2009; Lee and Mykland, 2008; Ait-Sahalia and Jacod, 2009), as
does inference for discretely observed jump diffusions (Shimizu and Yoshida, 2006; Masuda, 2007).
Our concern is what happens after thresholding: how the selection rule alters estimation of the
jump-size law, how this alteration affects estimation of jump frequency, and how uncertainty
about the mark law carries over to prediction.

Consider the positive jump diffusion

Ny
dX; = k(p — Xp)dt + o/ Xy dWo + dJy;, =) Y, (1)
k=1

where N, is a Poisson process with intensity A > 0 and the positive, i.i.d. marks Y, are
independent of the Brownian motion and the jump times. The primary object of inference is
the mark law F;, rather than a modified drift or diffusion coefficient. We compare positive
parametric families, including Lindley-type distributions and gamma and Weibull benchmarks.
Several of the one-parameter candidates have finite gamma-mixture representations, so that
the survival functions needed for threshold inference and the jump-transform calculations can
be evaluated explicitly (Ghitany et al., 2008; Chouia and Zeghdoudi, 2021; Messaadia and
Zeghdoudi, 2018).



Suppose a detected interval has threshold u; and observed positive increment Z;. On an

interval containing one correctly identified jump, Z; approximates its latent mark Y;. The
first-order likelihood must therefore condition on selection:
det _f n(y) )
P = s v @
The same survival probability has a second role: it is the chance that an arriving jump is
large enough to be detected. Consequently, the observed number of candidate jumps should
be related to a detection-adjusted exposure, not automatically to the full observation horizon.
Conditional mark fitting and intensity correction are thus two parts of the same observation
model. Equation (2) is exact for directly observed marks subject to truncation and is used as a
first-order approximation for thresholded increments; distinguishing those two settings matters
for the asymptotic arguments.

The more specific mathematical contribution concerns the behaviour of the mark law near
zero. For finite mixtures of common-rate gamma distributions, the smallest shape with positive
mixing weight determines the leading power of the probability of a sub-threshold mark. In
particular, for the Zeghdoudi law

3

.0) — 1 —by
fzp(y; 0) 9+2y( +ye Y, y>0, 6>0, (3)
we obtain e
P < S —E 3 .
Or(Y_u) 2(9+2)u + O(u?), ul0 (4)

Many competing mark laws have a first-order, rather than a second-order, small-mark probability.
This distinction changes the leading rate of latent jumps missed by a shrinking threshold. It
also gives a measurable inferential consequence. If Zeghdoudi marks are retained only above a
common oracle threshold u, but an ordinary untruncated likelihood is nevertheless fitted, the
limiting rate estimate 67 (u) satisfies

03(60 + 3)

0T () — 9y = ———00 T
() = b 2(02 + 600 + 6)

u? + O(u?). (5)
Thus ignoring selection produces a downward bias of a known second-order magnitude. The
proof, together with a general gamma-mixture detectability result and an oracle exposure
calculation, is given in the additional subsection of Section 5. These results concern the threshold
mechanism; they are not consequences of the standard JCIR affine transform.

For discretely observed paths, we combine threshold-conditioned mark likelihoods with
a survival-adjusted jump-intensity estimator and a jump-filtered diffusion quasi-likelihood.
We formulate consistency and model-selection results under increasing-horizon, high-frequency
assumptions that must control the gap between idealised marked-jump observations and threshold-
selected increments. In particular, diffusion noise and multiple jumps within an interval require
additional error bounds; the idealised likelihood alone is not sufficient. The affine transform,
invariant moments and autocovariance of the JCIR process are included as tools for interpreting
the selected law and calculating predictive quantities, not as independent claims of novelty.

We assess the procedure through simulation and an illustration using annual Nile flow. The
numerical study examines estimation as the observation horizon increases, while the Nile example
compares candidate laws under alternative thresholds. Zeghdoudi gives the lowest reported
AICc across the investigated threshold grid, but the leading one-parameter fits are close. That
result supports it as a useful working specification, not as a uniquely established physical mark
distribution. Moreover, the Nile series has a documented level change near 1898 (Cobb, 1978;
Durbin and Koopman, 2001); its annual observations do not satisfy the high-frequency stationary



design used for the asymptotic theory. We therefore treat the example as an illustration of the
fitting procedure rather than a validation of that theory.

The remainder of the paper introduces the candidate mark laws in Section 2, describes the
stochastic dynamics in Section 3, and develops the inference procedure in Section 4. Section 5
gives its large-sample analysis and the threshold-specific mathematical results. Prediction,
simulation and the empirical illustration follow in Sections 6-8, before the discussion and
conclusion.

2 Gamma-mixture structure of the candidate mark laws

2.1 Common-rate gamma-mixture representation
For an integer » > 1 and rate 6 > 0, write

or
. -0) = r—1_—0y
g (ya ) = F(T)y e 7, y >0, (6)

for the gamma density with shape r and rate #. Most of the one-parameter mark distributions
considered in this paper can be written in the form

fm(y; 9) = Z wm,r(e) gr(y; 9)7 Z wm,r(a) =1, (7)

TERm T‘ERm

where R, is a finite set of positive integers and the weights are nonnegative for every 6 > 0.
Table 1 gives the corresponding representation for the one-parameter candidates used in the
model comparison.

Table 1: Common-rate gamma-mixture representations of the one-parameter candidate mark
distributions.

Model Shapes Nonzero mixture weights
Lindle {1,2} wy = 0 -
y ) 1= %_1_ 93 w2 = 1+ 0
1
X-exponential {1,2} wi=g, w2 =g
1
New XLindley {1,2} wr=wz =g
Q-Lindl {1,2} _ 1 9
ey ’ B T L
. 0(0+2) 1
XLindl 1,2 = =
mdadley { ) } w1 (1 T 9%2’ 2 (1 i 9)2
142 1
ZLindl 1,2 = =
— {L.2} b 2(1+0)° 27201 +90)
1
X 1 = -
gamma {1,3} W= 1 W= Ty
. 0 2
Zeghdoudl {2, 3} wg = m, w3 = m
0(0+4) 4
]. = =
QGamma {1,3} w1 R w3 (EE

This representation is useful beyond notation. It places distributions that are usually
introduced separately inside the same probabilistic framework. Their differences are determined
by the gamma component shapes and by the way the mixing probabilities depend on 6. As a
result, several quantities needed later for the jump—diffusion model can be derived once for the
general mixture rather than separately for every candidate.



For completeness, some of the less familiar densities are

9(1 + 92y) —0y

for(y;0) = —11g ¢ (8)
Feas0) = g0+ 2+ e o)
Fauls0) = g (14 20+ 00 (10)
Fa(y:0) = g1+ 9)e™, ()
focly; 0) = @ :2)2 (0 + 4+ 20y2) ™. (12)

The Q-Lindley specification in (8) is the model studied by Saaidia et al. (2026). Equation (9)
corresponds to the XLindley distribution of Chouia and Zeghdoudi (2021), while the New
XLindley density,

2(1 + 0y)e %,

is given by Khodja et al. (2023). The ZLindley model in (10) is from Saaidia et al. (2024),
and (11) is the Zeghdoudi distribution introduced by Messaadia and Zeghdoudi (2018). The
QGamma law in (12) is the continuous distribution used in the construction of Seghier et al.
(2026). The X-exponential model is included according to Beghriche et al. (2025).

2.2 Moments, transforms, and survival functions

The common-rate representation gives the main distributional quantities in closed form.

Proposition 2.1 (Moments and Laplace transform). Let Y have density (7). If

q > —minR,,,

then
E(YT) =071 wm,T(e)W. (13)
rE€ERm
For every s > 0,
e Lin(s:0) :=E(e™™) = Y wmu( )< b > (14)
ol 0+s

Proof. By (7), .
E(Y9) =) wm,r(9)/0 yigr(y; 0) dy.

TERm

For a gamma random variable with shape r and rate 6,

* a0 du — g—a LT+ D)
/0 ylg-(y;0) dy = 0 W;

provided 7 + g > 0. Since the smallest component shape is min R, the condition ¢ > —minR,,
guarantees existence for every component and gives (13).

Similarly,
oo 9 T
"W (y;0) dy = : > 0.
/0 e g, (y;0) dy <9+s> s

Averaging over the mixture components yields (14). O




The survival function is equally simple because all component shapes are positive integers.

Corollary 2.2 (Survival function). Fory > 0,

r—1 ;
Fulyi0) = 3 wms@) 0y 2 (15
=0

rE€ERm

Proof. For an integer-shape gamma distribution,

r—1

_ by (Qy)j
Pr{I'(r,0) >y} =e¢ Z o
5=0
Substitution into the mixture representation (7) gives (15). O

Formula (15) is particularly useful in the present setting. The threshold-adjusted likelihood
involves F',, (u;; 0) for every detected increment, and the same quantity determines the effective
exposure used later to estimate the latent jump intensity. No numerical integration is required
for any of the one-parameter candidates in Table 1.

2.3 Finite sums of marks

The common-rate structure is also preserved when several jumps occur in the same observation
interval.

Proposition 2.3 (Finite convolution representation). Let Y1, ..., Y be independent marks with
density (7) and common parameter 6, and define

k
Se=)_Y;
j=1

Introduce latent component labels R; € Ry, satisfying
P(R; =1) = wm,(0).
Conditional on (Ry,...,Ry),

k
S| Ri,..., Ry ~ Gamma | Y R;,0 | . (16)
j=1

Consequently, Sy has a finite gamma-mizture distribution with common rate 6 and possible
shapes
e+ -+ g, T‘jERm.

Proof. Conditional on its component label, Y; has a gamma distribution with shape R; and
rate 6. Since independent gamma variables having the same rate add by summing their shape
parameters,

Yi+--+Ye]|(Ry,...,R;) ~ Gamma (Ry + - + Rg,0) .

Averaging over the finitely many possible label combinations yields the unconditional finite-
mixture representation. O

This result is useful when more than one jump occurs over an observation interval. In
particular, short-time transition approximations can incorporate the k-jump contribution without
resorting to repeated numerical convolution.



2.4 The Zeghdoudi mark law

The empirical analysis in Section 8 identifies the Zeghdoudi model as the most stable working
specification over the threshold grid considered there. Because this distribution also has a
distinctive small-mark behavior, we record the formulas needed for the stochastic and inferential
developments.

From Table 1,

0 2
Y ~ mGamma(Q, 0) + mGamma(?), 9) (17)
The first two raw moments are therefore
2(0+3)
) =E(Y)=——= 18
mi(6) == E(Y) = 7o, (15)
6(0+4)
0) =E(Y?) = 2 19
and hence (0 / )
2 + 66 4+ 6
Y)y=—— -~ 2
var(Y) = S o (20)
Its Laplace transform follows immediately from Proposition 2.1:
0 0 \°> 2 0 \°

L 10) = . 21
zp(5:0) 6+2<9+s) +0+2<0+s> (1)

Using Corollary 2.2, the survival function reduces to

. 0 92y2
F ) =e Y (1+0 > 0. 22
zp(y;0) = e <+y+9+2>, y>0 (22)

This expression will be used directly in the threshold-conditioned mark likelihood and in the
detection-probability correction for the Poisson intensity.
The behavior near zero is especially relevant for the threshold procedure.

Lemma 2.4 (Small-mark probability). Let Y ~ ZD(0). Then, asr ] 0,

P(Y <r)= 2(0j_2)r2 +O(r?). (23)
Proof. From (11),
3
fzp(y;0) = n 2y(l +y)e .

Asy 10,
1+ye? =1+0(y),

and therefore 5

:0) = O(y?).
fzp(y; 0) 9+23/+ (y°)
Integrating over (0,7) gives
r 3
PY <r)= 0)dy = —— 12 3
v <0 = [ pal) iy = gt + 007
which proves the result. ]

Lemma 2.4 explains why the behavior of the mark density at the origin matters for threshold
inference. For a distribution satisfying fy(0) > 0,

PY <r)= fy(0)r+o(r), rl0,

whereas the Zeghdoudi law has a second-order small-mark probability. The difference will
translate directly into the missed-jump rate derived in Section 5.



3 Positive mean-reverting jump dynamics

Let (Q, F, (Ft)t>0,P) be a filtered probability space satisfying the usual conditions. Let W be a
standard Brownian motion, let N be a Poisson process with intensity A > 0, and let (Y3)g>1
be i.i.d. positive random variables, independent of (W, N)). We consider the compound-Poisson
process

Ny
Ji=> Y
k=1
and the positive mean-reverting jump—diffusion
dXt == Ii(,u - Xt) dt + g/ Xt th + th, XO = X0 2 0, (24)

where
Kk >0, w >0, o >0, A> 0. (25)

Throughout this section the mark distribution is kept generic, with Laplace transform
Ly(s) =E(e™%Y), s>0.

This makes clear which properties are consequences of the stochastic dynamics and which
depend on the chosen mark family. The JCIR—Zeghdoudi specification used later is obtained by
substituting the density in (11), or equivalently the Laplace transform in (21).

3.1 Existence, uniqueness, and positivity

The finite activity of the jump component allows the process to be constructed between
consecutive jump times.

Theorem 3.1 (Well-posedness and positivity). For every xg > 0, equation (24) admits a
pathwise unique nonnegative strong solution.
If, in addition,
264 > 02 (26)

and xg > 0, then
P(Xy > 0 for every t > 0) = 1.

Proof. Let
O0<Ty < Ty < -

denote the jump times of the Poisson process. Since N has finite intensity, only finitely many of
these times occur on every bounded interval.
Before the first jump, (24) reduces to the classical CIR equation

dXt:FL<M—Xt)dt+O'\/Xtth, 0<t<Ty.

The CIR equation has a pathwise unique nonnegative strong solution, despite the fact that
x — +/z is not globally Lipschitz. Thus X7, _ is well defined and nonnegative. At the first jump,

XT1 = XTl— + Y.

Since Y7 > 0 almost surely,
X7, > 0.

Starting from X7, solve the CIR equation again on [T, 7%) using the shifted Brownian
increments. At 75 add the second mark Y5, and continue inductively. Because only finitely



many jumps occur on each compact time interval, this interlacing construction produces a global
nonnegative strong solution.

Pathwise uniqueness follows in the same way. Two solutions driven by the same Brownian
motion, Poisson process, and marks coincide before 77 by uniqueness of the CIR equation.
They therefore have the same value immediately after the first jump and coincide on [T7,T3).
Induction over the jump times proves equality on every bounded interval.

For strict positivity, recall that under (26) the boundary 0 is inaccessible to the CIR diffusion
when its initial value is strictly positive. Hence, starting from zg > 0, the process remains
positive until T7}. Moreover,

X =X +Y1 >0

The next CIR segment therefore also starts from a positive value and cannot reach zero.
Repeating this argument over all jump intervals gives

X:>0
for every t > 0 almost surely. O

Remark 3.2. The condition (26) is needed for strict positivity, not for existence of a nonnegative
solution. The positive jumps can move the process away from the boundary, but they cannot
force it toward zero.

3.2 Generator and affine transform

For a sufficiently regular test function f, the infinitesimal generator of (24) is

Af(@) = wlp =) @) + 0% @ 3 [ (@)~ f@) B (. 2)

The last term records the effect of the mark distribution on the dynamics. In particular, the
mark law affects the transition distribution even when k, u, o, and A remain fixed.

Proposition 3.3 (Affine conditional Laplace transform). For u > 0 and Xy = z,

Eq(e"Xt) = exp{—g(t, u) — $(t,u)z}, (28)
where e
ltu) = ——g (29)
1+ ﬂ(l — e~ rt)
and .
o) = [Tt + A{1 = L (6(s,0)] ds (30)

Proof. Fix u > 0 and define
v(t, x) = By(e™Xt),

The Markov property implies that v satisfies the backward equation
Owu(t,z) = Av(t, x), v(0,z) = e ",
We look for a solution of exponential-affine form
v(t, z) = exp{—¢(t) — ¢(t)x},

with



The derivatives are
2
Vg = _1/”}’ Vg = w v,

and
v = —{¢'(t) +¢'(t)z}v.

For the jump term,
) / [olt.x +y) — vlt. )} By (dy)

v(t,x / {e7¥ MY _ 1} Fy(dy)
Ao(t, ){ Ly (4 (1)) — 1}

Substituting these expressions into d,v = Av and dividing by v gives

—¢ — ' = —kptp + Ky + %a%@bz + MLy () — 1}.

Matching the coefficients of x yields the Riccati equation

Y =~k — %Uz¢2, ¥(0) = u.

To solve it, set

1
2(t) = —.
»(t)
Then )
1
() = ka(t) + = 0) = —
S =rat) + 5 2(0) =,
and hence . )
er o
)= —4+ —(e" -1
) = S+ (et - 1)
Taking the reciprocal gives
ue Kt
w(tau) - o2u )
1 1—ent
+ 5 (1—e)

which is (29).
The terms independent of x give

¢'(t) = kpap(t) + M1 — Ly (¢(t))},  ¢(0) =0.

Integration gives (30). Substitution back into the backward equation verifies (28).

For the Zeghdoudi specification,

Ly (s) = Lzp(s;0)

is given by (21); hence the complete conditional Laplace transform remains explicit up to the

one-dimensional integral in (30).

10



3.3 Stationary distribution

The affine representation also identifies the limiting distribution.
Proposition 3.4 (Existence and uniqueness of the stationary law). Assume
E(Y) < 0.

Then, for every initial state x > 0, X; converges in distribution as t — oo to a probability law m
on Ry whose Laplace transform is

o [t ML~ Ly (@)} "
Lrlu) = p{ /0 q(k +02q/2) dq}’ =0 32)

The distribution 7 is the unique invariant distribution of (24).
Proof. From (29),
P(t,u) — 0 (t — o0)

for every fixed u > 0. Hence the term (¢, u)x in (28) disappears in the limit.
It remains to evaluate

Do) := lim (1, u).

dy o2

The Riccati equation gives

Therefore
dg

(ki +0%q/2)

when ¢ = (¢, u). Since ¢ decreases from u to 0,

dt =

foolt) = /O [t w) + ML — Ly ($(t, )] dt

_ /“ kg + M1 — Ly (q)}
o a(r+0%q/2)

The integral is finite near ¢ = 0. Indeed, if m; = E(Y) < oo, then

dg.

1 — Ly(q) = miq + o(q), q10,

so the integrand converges to

Am
p+ 2
K

Consequently,
Jlim Eq (e7"%) = Lr(u)

with £, given by (32). The limit is independent of = and is continuous at u = 0, with
L:(0)=1.
The continuity theorem for Laplace transforms therefore gives a probability measure 7 such that
Xy = .
To verify invariance, let P; denote the transition semigroup. For fixed s > 0,

5th+s = (6th)Ps

11



As t — oo, the left-hand side converges to 7, while the right-hand side converges to mP; by the
Feller property of the process. Hence
P, = .

Thus 7 is invariant.
Finally, if T were another invariant law, then

TP, =T.
Integrating (28) with respect to 7 and letting ¢ — oo shows that 7 has Laplace transform (32).
Uniqueness of Laplace transforms gives

T=m.
O

Remark 3.5. The limiting distribution is generally not a standard CIR stationary gamma
distribution. The mark law enters (32) through Ly, so two models with the same diffusion
parameters can have different stationary distributions solely because their jump-size laws differ.

3.4 Conditional and stationary moments
Assume from now on that
my :=E(Y) < oo, my = E(Y?) < cc.

Proposition 3.6 (First two moments). Define

A
m::,u-l-%, a:=2rp+ o + 2 my. (33)
For Xg ==,
E.(Xy) = m+ (z —m)e ™, (34)
and
n 4+ A
By (X2) = e 2tg2 4 0T AM g o)
2K
+ a(x — m) (ef/{t _ 672/%). (35)
K

Under the invariant distribution of Proposition 3./,

om + Ao

E(Xx) =m, Var(Xo) = o

(36)

Proof. Because x and z? are not compactly supported, the following generator calculations can
be justified by applying Dynkin’s formula first to the stopped process

Xt/\TR, TR = 1nf{t . Xt 2 R},

and then letting R — oco. The assumption mg < oo provides the required moment bounds.
For f(x) = =z,
fl(z)=1, f"(z) =0,
and

flz+y) - flz)=vy.

Hence
Ax = kp — Kz + Amy.

12



Dynkin’s formula gives

d

EE‘”(Xt) =k + Amy — KE,(Xy).
If

m(t) == Ey(Xy),

then
m!(t) + km(t) = kp + Amy = K.

Solving this linear equation with m(0) = x yields

m(t) = m+ (x —m)e ",

which proves (34).

For f(x) = 22,
f(z) = 2z, f(z) =2,
and
(x + y)? — 2 = 2zy + 2.
Therefore
Az? = 2k2(p — x) + 02z + A(2zmy + my)
= 2Kz’ + (2/€,u +o%+ 2)\m1)x + Amg
= —2kx? 4 azx + \mo.
Let

q(t) == Eo(X7).
Dynkin’s formula and (34) give
q'(t) + 26q(t) = a{m + (x — m)e ™} + Ama.
Multiplying by e?~t,

d

a{e%tq(t)} = ¥ (am + M) + a(x — m)e™.

Integration over [0, t] gives

n+ A
eQntq(t) 2= am ;_H ma (62/@5 —1)
+ CL($ ; m) (ent 1)
Multiplying by e~2% yields (35).
Letting t — oo gives
am + Ama
E(X2) = ST
Hence
4+ A
Var(Xo) = %ﬁm —m?.
Using
a = 2kp + o* 4+ 2 my
and

KM = KL+ Amy,

13



we have
a = 2km + o>

Therefore
2K1T 27
Var(Xa.) = (26m + 0%)m + Ama 2
2K
B o’m + Amg
N 2K ’
which proves (36). O

The formulas make the respective roles of the model components transparent. The long-run
mean is shifted above the diffusion level y by

)\ml

K

Y

while the stationary variance receives the additional jump contribution

)\mg
2k
Thus both the frequency and the shape of the marks affect long-run variability.
For the JCIR-Zeghdoudi model, substitution of (18)—(19) gives

_ 200+ 3)
and 1 6A(0 + 4)
_l’_
Xoo) = — |02 AT
Var(Xoo) 5. |0 MzD + 20 +2) (38)

3.5 Stationary dependence

Proposition 3.7 (Stationary autocovariance). Suppose that X is stationary and has finite
second moment. Then, for every h > 0,

Cov(Xipn, Xt) = e " Var(Xoo). (39)

If Var(X&) > 0, then
Cx~~(Xyyn, Xp) = e "0, (40)

Proof. By the Markov property and (34), conditioning at time ¢ gives
]E(Xt—i-h | .Ft) =m+ (Xt - M)e_”h.

In particular,
E(Xipn | X¢) = m + (X, —m)e "0

Under stationarity,
E(X) = E(Xi4n) = m.

Therefore, using the tower property,
Cov(Xitn, Xi) = E[(Xy —m)(Xeq — )]
= E[(X; = m)E(Xyn —m | Xy)]
= e_”hE [(Xt — T?L)2]
= e "M Var(X,.),

14



which proves (39).
Stationarity gives
Var(Xy4) = Var(X;) = Var(Xo).

Dividing (39) by the common stationary variance yields (40). O

This result separates two aspects of the dynamics. The mean-reversion parameter x deter-
mines the exponential decay of linear dependence, whereas the mark distribution changes the
scale of stationary variation through m; and ms. In particular, changing the mark law does not
alter the decay rate in (40), but it can materially change the stationary variance.

3.6 Identifiability

Before developing estimation, it is useful to verify that the parameters are uniquely determined
by the continuous-time model.

Theorem 3.8 (Generator identifiability). Let
{F,:neH}

be an identifiable family of probability distributions supported on (0,00), with Laplace transform

oo
Ly(s) = [ ey ().
0
Suppose that two parameter vectors
19 = (/{7 /’L7 0-7 )\7 T’)

and B B
V= (R, p,0,\,17)
satisfying (25) generate the same extended generator. Then
9 =49
Consequently, the JCIR-Zeghdoudi parameter vector is identifiable.

Proof. For s > 0, consider
fs(x) = e %
Its derivatives are
fo(@) = =sfs(@),  f(x) =5 fs(@).
Moreover,
[t = @B = £@) [ - DF ()
= fa(x){Ly(s) — 1}

Substitution into (27) yields

Afs(x) < 0282>
=—skpu+x|sk+— | +MLy(s)— 1} 41
Assume that A = A. Equality of (41) for every = > 0 implies equality of the coefficients of x:
2.2 5242 .
SK + S = SK + 5 s> 0.



After division by s,

i D
k+—s=kK+ —s.
2 2
Since this identity holds for every s > 0, equality of the constant and linear coefficients gives

K =R, o =352
Because both diffusion coefficients are positive,

o=a.
The remaining constant terms satisfy
—skipt+ MLy(s) — 1} = —swfi + M Li(s) — 1}. (42)

The Laplace transforms lie in [0, 1], so both jump terms in (42) are bounded uniformly in s.
Dividing by s and letting s — oo therefore gives

—Ki = —K[.
Since k > 0,
p=p.
Equation (42) now reduces to
MLy (s) =1} = MLg(s) =1}, s> 0. (43)
Because each mark distribution is supported on (0, c0),
L,(s) — 0, Li(s) — 0 (s = ).
Taking the limit in (43) gives N
—A ==\,
and hence _
A=A

Returning to (43),
Lﬁ(s) = Lﬁ(s), 5> 0.

Uniqueness of Laplace transforms on R implies
F, = F;.

Since the mark family is identifiable,

n=mn
All components of the parameter vector are therefore equal.
For the Zeghdoudi family this last condition is particularly transparent: from
3
0) =
fzp(y;0) 012

two parameter values can generate the same density only if their exponential decay rates agree.
Thus

y(1 +y)e %,

0=0.
O

Remark 3.9. The theorem concerns identifiability of the continuous-time model, not the finite-
sample ability to estimate every parameter equally well. In practice, k and the jump parameters
can be considerably harder to recover than o, especially when the observation horizon is short or
few jumps are detected. This distinction is examined in the Monte Carlo study.



4 Threshold-based inference from discrete observations

Suppose that the process is observed at the equally spaced times
t; = Ay, 1=0,...,n,

and write

AZX = Xti — Xtifl‘ (44)

The total observation horizon is
T, = nl\,,.

The inferential procedure separates the increments into two groups. Large positive increments
are treated as potential jump intervals and are used for mark and intensity estimation, whereas
the remaining increments are used for the diffusion quasi-likelihood. Since this classification is
based on a threshold, the mark likelihood must retain the same selection mechanism.

4.1 Threshold classification

An increment is classified as containing an upward jump whenever
Lim = 1{AX > uip} =1, (45)

where u; , > 0 is the detection threshold.
For the asymptotic theory we consider thresholds satisfying

min; u; p

(46)

Ty i= Max Ui, — 0, — 0
1<i<n Ay log(1/Ay)
The first condition allows increasingly small jumps to become detectable, whereas the second
keeps the threshold above the typical scale of the continuous martingale fluctuation.
For implementation, we use the state-dependent rule

Ujn = Capre\/ th;lAn log n, (47)

where Gpye is a robust preliminary volatility estimate and ¢ > 0 controls the detection level. The
empirical analysis does not rely on a single choice of ¢; the fitted mark law is examined over a
grid of threshold multipliers.

The asymptotic arguments below are stated for thresholds satisfying (46). A predictable
data-dependent rule such as (47) can be handled under the same arguments provided its random
upper and lower bounds satisfy the corresponding conditions in probability.

4.2 Threshold-conditioned mark likelihood

Let
jn:{ZIznzl}a Mn:‘jn‘7

and put
Z; = AZX, 1€ Tn.

On an interval containing a single correctly detected jump,

AX =Y+ 6(p—Xe, )AL+ 04/ Xe, (AW +0,(VA).

Under (46), the diffusion contribution is of smaller order than the detection boundary. Thus, to
first order,
Z; Y Y > uip.

17



This conditioning cannot be ignored. If candidate m has density f,(-;n,) and survival
function F,(-;nm), the appropriate conditional density is

S (25 0m, u) = m, z > u. (48)

Accordingly, the threshold-adjusted log-likelihood is

Eﬁ,n(ﬁm) = Z [log fm(ZZ’ nm) - logFm(ui,m nm)} . (49)
1€Tn

The second term in (49) is not a minor correction. The sample itself has been created by
removing increments below the detection boundary. Fitting f,, directly would therefore compare
an unconditional density with a conditionally selected sample.

For a model with k,, free mark parameters, let 7,, maximize (49). Provided M,, > ky, + 1,
we compute

AIC,, = _2£%,n(ﬁm) + 2k, (50)
- 2km (km + 1)
BIC,, = =268, (7im) + km log M. (52)

When M,, < k,;,+1, AICc is undefined and the corresponding fit is not used for AICc comparison.
Because the number of detected marks may be small, AICc is used for the finite-sample
empirical ranking. BIC is also reported and plays a separate role in the large-sample model-
selection result below.
For interpretation, define

Ay, = AlCc;, — min AICc, (53)
leM
and the corresponding normalized Akaike weight
> exp(—Ay/2)
teM

These weights are used descriptively to show whether the ranking is sharply concentrated or
spread across several competing mark laws.

4.3 Conditional PIT diagnostics

The threshold conditioning also changes the probability integral transform. For a detected mark,

define
Fm(Zi; 7/7\771) - Fm(ui,n; ﬁm)

1—- Fm(ui,n; ﬁm) .
If the fitted conditional model is adequate, the U; should be close to uniform on (0,1).

We therefore use the Kolmogorov—Smirnov, Cramér—von Mises and Anderson—Darling statis-
tics computed from (55). Since the parameters are estimated from the same, often small,
sample, these quantities are treated primarily as descriptive diagnostics rather than as exact
distribution-free tests. Formal finite-sample p-values would require a parametric bootstrap
reproducing both parameter estimation and threshold selection.

U; =

(55)

18



4.4 Zeghdoudi likelihood

For an ordinary untruncated sample y1, ..., yys from the Zeghdoudi density (11),
M M
lzp(0) = 3M logh — M log(0 + 2) + Zlog{yj(l +y)} — HZyj. (56)
j=1 j=1

Proposition 4.1 (Unique ordinary MLE for the Zeghdoudi rate). For M >1 and y; > 0, the
log-likelihood (56) is strictly concave on (0,00) and has the unique mazimizer

M
~ 1-y+Vyi+dy+1 _ 1
U st
Proof. Differentiating (56) gives
M
3M M
%D(Q):T—m—zyﬁ (58)
j=1
and sM M
/!
zp(0) = FZRRCES)E (59)
Since
1 < i < =
0+2)2 62 " 62
we have

") <0 for every 6 > 0.

Thus the log-likelihood is strictly concave.
Moreover,
zp(0) — +oo  (010),

whereas

M
up(0) — =D y; <0 (6 — o).
j=1

By continuity and strict monotonicity of the score, there is exactly one positive solution of the
likelihood equation.
Dividing (58) by M and setting it equal to zero yields

Multiplication by 6(6 + 2) gives
30+2)—60—7560(0+2) =0,

or equivalently
70+ (25 —2)0 — 6 = 0. (60)

The discriminant is
(27— 2)? + 24y = 4(y% + 45 + 1).
The positive root of (60) is therefore exactly (57). O
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For threshold-selected data, the log-likelihood becomes

pn(0) = log fzp(Zi;0) = > log Fzp(uin; 0). (61)
1€Tn 1€Tn
Using
Fyp(u;6) = e % A(u, ),
where
6%u?
its derivative is 66+ 4)
+4) 9
A(u,0) = ——u.
OpA(u, 0) u+(9+2)2u (63)
Hence
4
et fé9++2)2) v
146
+ 0u + 012
The threshold-adjusted score is therefore
3M, M,
T n n
0) = - - Z;
SZD,n( ) 0 0+ 2 Z
746\771
— ) Oplog Fzp(uin; ). (65)

Z‘ej’n

Unlike the untruncated likelihood, this equation does not reduce to a useful closed form. It
is nevertheless a smooth one-dimensional optimization problem, and (57) provides a natural
starting value.

4.5 Detection correction for the jump intensity

The observed number of threshold crossings is not the latent number of jumps. Suppose, for
the moment, that candidate m and its parameter 7, are known. On interval ¢, a single jump is
detected with probability approximately

Pig = Fu(Ui i i)
Since a Poisson arrival occurs with probability AA,, + O(A2),
P(detected jump in interval i) = AA,p;., + O(A2).
Consequently,

i=1

This motivates the effective exposure

n
E, = Z Aanﬁ (ui,m ﬁﬁz) (67)
i=1
and the corrected estimator M
An = =2 (68)
E,



When the thresholds vanish uniformly,

Fmo(ui,n;TIO) — 1,
so that

n
En = Z Anfmo (Ui,n; 770) ~ Tn-
=1

Thus the corrected estimator becomes asymptotically equivalent to M, /T,. In moderate
samples, however, the distinction can be substantial when the fitted mark distribution assigns
non-negligible probability below the detection boundary.

4.6 Diffusion quasi-likelihood
Let

~

Cn=A{i:1;, =0}

denote the intervals retained for diffusion estimation. On a correctly classified jump-free interval,

AX =r(p— Xy )An+04/ Xy, Apei + Rip, (69)

where ¢; is approximately standard normal and the discretization remainder R; , is negligible at
the relevant high-frequency scale.
The corresponding Gaussian quasi-log-likelihood is

1
Qn(“a/@J) = _5 Z [IOg{Zﬂ-UZXtFlAn}

1€Cp,
+ {AZX - K’(u - Xti—1>An}2
O-QXti,lAn

(70)

Numerically, weighted least squares provides stable starting values for (k, u), after which
(70) is optimized under positivity constraints. A logarithmic parametrization is convenient for
K, 1, and o.

5 Large-sample properties

The theoretical results are stated under an infill-and-long-span scheme. They justify the
estimation strategy for increasingly dense observations over an expanding time horizon. They are
not intended to imply that the annual Nile series used later satisfies a high-frequency asymptotic
design.

Assumption 5.1. Asn — oo, assume the following conditions.

(A1)

A, — 0, T, = nA, — oco.

(A2) The true dynamic parameter belongs to the interior of a compact parameter set. The
process is stationary and ergodic and has the positive and inverse moments required for
the likelihood and quasi-likelihood arguments below.

(A3) The thresholds satisfy (46).

(A4) The candidate family M is finite and contains the true mark family mo. Each model has a
compact parameter space, is identifiable, and its log-density and log-survival function satisfy
the continuity and domination conditions required for a uniform law of large numbers.

(A5) For every incorrect candidate m # my, the limiting conditional log-likelihood is separated
from that of mg by a strictly positive Kullback—Leibler gap.
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5.1 Classification errors

The behavior of the mark density near the origin determines how many latent jumps remain
below a shrinking threshold.

Lemma 5.2 (Sub-threshold Zeghdoudi marks). Suppose that the true mark distribution is
Zeghdoudi and that Assumption 5.1(A1)-(A3) holds. Let

Tn = MAX Ujp.
Then the expected number of latent jumps whose marks do not exceed their detection threshold is
O(Tnr2). (71)

Moreover, the expected number of observation intervals containing at least two jumps is
O(TA,,). (72)

Proof. Let N$™2!l denote the number of latent jumps over [0,7},] whose marks lie below the
relevant threshold. Since u;, < 7y,

PY <wjp) <PY <rp).
By Lemma 2.4,
_ %
200 +2)
The expected total number of Poisson jumps over [0, T},] is AT;,. Marking each jump according
to whether its size is at most r,, gives

E(NSmally < ATLP(Y < rp) = O(T,r2),

P(Y <rp) 2+ 0(rd) = 0(r2).

which proves (71).
For the second statement, on one interval,

A;N := Ny, — Ny, , ~ Poisson(AA,,).
Hence
P(A;N >2) =1—e {14+ AA,}
)\2

= ?A% + O(A3).

Summing over

intervals gives
nO(A2) = O(T,Ay),

which proves (72). O

Remark 5.3 (Total classification discrepancy). Lemma 5.2 isolates the two errors that arise
directly from the jump process. If the number of additional errors caused by the continu-
ous component—false positive crossings and true jumps masked by a large negative diffusion
increment—is o,(T},), then the total classification discrepancy satisfies

Op(Tr? + T Ay) + 0p(T). (73)
For a mark density satisfying fy(0) > 0,
P(Y <r)= fy(0)r 4+ o(r),

and the first term is instead of order Tyry,. The quadratic order for Zeghdoudi marks is therefore
a genuine consequence of the vanishing density at the origin.
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5.2 Small-mark order and the cost of ignoring selection

The affine property of the state process does not determine how many jumps are hidden by a
detection rule. That question depends on the distribution of the marks near the origin. The
following result makes this dependence precise for the finite gamma mixtures introduced in
Section 2.

Proposition 5.4 (Gamma-mixture detection order). Let

Ty le—0
fol) = 3w O >0,
reR

where R is a finite set of positive integers, § > 0, w.(8) >0, and >, w,(0) = 1. Fiz 6 and let
re = min{r € R : w,(0) > 0}. Then, asu ] 0,

Pr(y < u) = Lr(00"

y o u™ + O(u™T). (74)

If a compound-Poisson process of rate A is observed over disjoint intervals of lengths A; with
fized deterministic thresholds u;, and r, = max;u; | 0, the expected number of latent marks not
exceeding their corresponding thresholds is

Wy, 0)0" T Tx

74!

In particular, if T,, =), A, this expectation is O(Tyr)r).

Proof. For a gamma random variable with integer shape r and rate 6,

T u T
Pr{l(r,0) <u} = Fe(r) /0 y e dy = (9:') +O(u").
The term with the smallest active shape 7, is the only contribution of order u"*; all remaining
terms are of order u™*! or smaller. Averaging with the finite mixture weights proves (74). On
interval i, the expected number of jumps is AA;. Independence of each mark from its arrival
time therefore gives AA; Pro(Y < u;) expected sub-threshold jumps. Summing and applying the
expansion yields (75). The upper bound follows because u; <, and >, A; = T,,. d

The result covers several competing mark laws at once. For Zeghdoudi marks, r. = 2 and
wo(#) = 0/(6 + 2), so the leading constant is #3/[2(f + 2)]. For a candidate mixture with a
positive shape-one weight, r, = 1, and the missed-jump count is generally of first order in
the maximum threshold. The comparison concerns the detection mechanism, not the affine
representation of X.

A second consequence can be expressed directly as a bias calculation.

Proposition 5.5 (Second-order truncation bias for Zeghdoudi marks). Let Yi,...,Y,, be
independent observations drawn from the Zeghdoudi law with true rate 8y > 0, conditional on
Y; > u, where u > 0 is a fized common threshold. Suppose that the ordinary, untruncated
Zeghdoudi likelihood is fitted to these observations. Its maximiser converges, as m — oo, to the
unique parameter 07(u) satisfying

3 1
0T (u)  Of(w)+2 Eg (Y | Y > u).

Asu |0,
03(00 +3)

0 (u) — 9y = —— 00 T 9/
(1) = 6o 2(6% + 66y + 6)

u? + O(u?). (76)
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The leading coefficient is strictly negative. By contrast, the correctly normalised conditional

likelihood .
Z{log fzp(Y};0) —log Fzp(u; 0) }

j=1
has its expected maximum at 6y; under standard compactness and regularity conditions, its

mazximiser is consistent for 6.

Proof. Write

3 1 3 1
0)=—-——— I0)= 5 — ———>0.
W =5-972 0= Gra2>"
The ordinary score for one observation is a(f) — Y, and /() = —I(6) < 0. Since a(f) decreases

continuously from +oo to zero, there is a unique solution to the population likelihood equation
a(f) =Eg, (Y | Y > u). A law of large numbers and continuity then establish the asserted limit
of the ordinary maximum likelihood estimator.

For the true law the survival function is

— 02u?
Fyn(u;0) =e (1 .
zp(u;0) =e ( +9u+0+2)

Uniformly for € in any compact subset of (0, c0),

— 93
oy 2 3 _
log Fizp(u;0) = —c(0)u” + O(u’), c(0) 20+
and differentiation gives
2
dplog Fzp(u;0) = =/ (0)u® + O(w?),  ¢(0) = W

Differentiating the integral defining the survival probability yields
09 log Fzp(u;00) = Eg, {a(f0) =Y | Y > u}.

Consequently,
Eg,(Y | Y > u) = a(bp) + ¢ (6p)u® 4+ O(u?).

A Taylor expansion of a at fy now gives
—1(00){6"(u) — 60} = ¢ (Bo)u® + O(u?),
where the squared Taylor remainder is O(u?). Substituting

d(00) _  63(60+3)
I(6p)  2(62 + 66y + 6)

proves (76). Finally, the conditional likelihood uses the actual sampling density fzp(y;0)/Fzp(u;6)
on (u,00). Its expected log-likelihood is uniquely maximised at the generating parameter by the
Kullback—Leibler inequality and identifiability of the conditional family. Standard likelihood
consistency then applies under the stated conditions. O

Remark 5.6 (Oracle count correction and its limitation). With deterministic interval thresholds
u; and directly observable jump marks, Poisson thinning gives the number K¢ of detected
individual jumps, with

Kora€le  Poisson(AE,), E, = Z AiFy(uy).

24



Thus, for known 6,

Koracle Koracle A
E( =2 = T I
< £, > A, Var ( £ ) E,

For the uncorrected estimator My, /T,

Koracle A
E n —A=—= A Pr(Y < ).
< Ty > A= — <)

In particular the leading bias is of order r2 for Zeghdoudi marks and usually of order v, for
positive-density-at-zero marks. These identities are exact for ideal thinning and deterministic
thresholds. In the main text, however, M, counts detected intervals, not individual jumps,
so M, = Ko need not hold when an interval contains more than one jump. A state-
dependent threshold is predictable but random, and observed increments contain diffusion noise;
the feasible estimator therefore requires a separate compensator/martingale argument and control
of classification error. It would be incorrect to claim exact unbiasedness for that estimator on
the basis of the oracle calculation alone.

5.3 Consistency of mark estimation and model selection

Theorem 5.7 (Consistency of threshold-adjusted mark estimation). Suppose Assumption 5.1
holds,
M, — o0 in probability,

and the number of incorrectly classified observations is o,(My,). Then, for the true mark family
mo,
fimo = 10- (77)

Proof. We first consider an oracle sample consisting only of correctly detected single jumps.
Conditional on the threshold w;,,, the density of the corresponding mark is

J s _fmo (Y3 m0)

Y > Uin.
Fong (Uin;m0) o

For a candidate parameter n, define its conditional contribution by

sz(U) = log fmo (lea 77) —log Fmo (ui,n; 77)'

Because
Ty = Max U, — 0,
KA

we have, uniformly in 4,
Foro(Uim;n) — 1

for parameters in a compact set. Under the domination condition in Assumption 5.1(A4), the
expected conditional log-likelihood therefore converges uniformly to

Q(n) = Eyy{log fin, (Yin)}.
By the Kullback—Leibler identity,

fmo (Y; "70)]
fmo(Y§77) =0

with equality only at n = g by identifiability. Thus 7g is the unique maximizer of the limiting
criterion.

Q) — Q) = Eny {log
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The uniform law of large numbers gives
1
sup | —— £ () — Q(n)| £ 0.
n | Mn

The argmax theorem therefore yields consistency of the oracle threshold-adjusted estimator.
It remains to replace the oracle marks by detected increments. On a correctly classified
single-jump interval,
Z; = Y; = Op(\/An) + O(A).
The threshold condition implies
VA,

min; w; p

— 0.

Consequently, the continuous perturbation is asymptotically small relative to the scale at which
marks are retained. Under the regularity assumptions on the log-density and log-survival
function, replacing Y; by Z; changes the normalized criterion by o,(1) uniformly in 7.

Finally, only o,(M,) observations are incorrectly classified. Their contribution to the
normalized likelihood is therefore also 0p,(1). The feasible and oracle criteria have the same
limiting objective, and the argmax theorem gives

ﬁmo £> o-
]

Theorem 5.8 (BIC consistency over the finite candidate family). Under the conditions of
Theorem 5.7 and Assumption 5.1(A5),

P(mpic = mo) — 1. (78)

Proof. Let m # mg be an incorrect candidate. By the assumed positive Kullback—Leibler
separation, there exists K,, > 0 such that

ar {emo n nmo - eg,n(ﬁm)} £> Km
Hence
E;no,n(ﬁmo) - E%,n(ﬁm) = Mp K, + op(My).
The BIC difference is

BIC - BICmO — 2 {Emo n nmo) Z%,n(ﬁm)}
+ (km — kmg) log M,
= 2M, Ky, + 0p(M,) 4+ O(log M,).

Since
log M,

M,
the positive likelihood-separation term dominates the BIC penalty difference. Thus

P(BIC,, > BIC,,) — 1.

— 0,

The candidate set is finite, so the result holds simultaneously for all m # mg, proving (78). [

Remark 5.9 (AICc and equal-dimensional candidates). The preceding theorem concerns BIC
consistency. AICc is used in the empirical study because the number of detected marks is small.

For candidates having the same number k of free parameters and fitted to the same M,, observa-
tions, the AIC, AICc, and BIC penalties are common across those candidates. Hence minimizing
any of the three criteria gives exactly the same ordering as mazimizing the threshold-adjusted
log-likelihood. This is an ordering statement, not an additional model-selection consistency
theorem.
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5.4 Asymptotic normality for the Zeghdoudi mark parameter

Let 3 .
so(y) = Oglog fzp(y;0) = 09 0+2 Y.
For one untruncated Zeghdoudi mark,
d? 3 1

Tzp(0) = log fzp(Y;0)| =

062 02 (9+2)2

Clearly,
ZZD(G) >0 ((9 > 0).

Theorem 5.10 (Asymptotic normality of the threshold-adjusted estimator). Suppose the true
mark law is Zeghdoudi with parameter 6y. Assume the conditions of Theorem 5.7, together with
the smoothness conditions needed for differentiation under the integral sign and a Lindeberg
condition for the triangular array of threshold-conditioned scores. Suppose also that the feasible
score based on the detected increments is asymptotically equivalent, at the /M, scale, to the
score based on correctly detected single-jump marks. Then

~ d _
VM (0 — 60) = N (0,Zzp(60)7 ") . (80)
Proof. For an oracle detected mark with threshold w;,,, the conditional score is

sz:n(é?) = 3p(Yi) — Oplog Fzp(u;n;0). (81)

Because this is the score of a correctly normalized conditional density,
Eg, |s [ zn(ao) |Y; > uzn} =0.

Thus no additional truncation bias is introduced by the conditional likelihood.
Asr, — 0, o
Fzp(uin;00) — 1

uniformly in ¢. Hence the conditional distribution of the retained mark converges to the
untruncated Zeghdoudi distribution. The corresponding conditional information therefore
satisfies

IZn(HO) — IZD(Q())

uniformly in .

The Zeghdoudi distribution has an exponential tail and consequently has moments of every
positive order. Under the stated regularity condition, the Lindeberg condition for the triangular
array of conditional scores holds, giving

F 3" sTa(00) % N (0,Zzp(0)) - (82)
1€JTn

Similarly, a uniform law of large numbers for the conditional Hessian gives
3 2D (03) = Zzp(60) (83)

for any sequence 6} 2, 0o.
Since R
0oy (On) =0,
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a Taylor expansion about 6y yields
0= 00p.0(00) + 0505 (67) (B — o).

Therefore

. 1 N
V Mn(en - ‘90) - _ﬁagggD,n(en)

1
X ———=0pl% . (00).

VM,

Combining (82), (83), and the assumed feasible-oracle score equivalence gives (80) by Slutsky’s
theorem. O

The small-mark expansion gives an additional useful comparison. From Lemma 2.4,

3

FZD(TSQ):l_m

r2 +0(r?). (84)

Differentiating uniformly on compact subsets of (0,00) gives
dplog Fzp(r;60) = O(r?). (85)

Remark 5.11 (Equivalence with the ordinary score). If one wishes to replace the conditional
score by the ordinary untruncated Zeghdoudi score in a first-order expansion, a sufficient condition
18
VM1 — 0, (86)
because
Z 89 log FZD(ui,n; 90) = Op(MnTi)
1€Tn
After division by /M, this is negligible under (86).
For a mark density with fy(0) > 0, the corresponding survival correction is generally of order
Tn, and the analogous sufficient condition becomes /M, r, — 0. Condition (86) is therefore a
useful consequence of the quadratic small-mark behavior of the Zeghdoudi law. It is a sufficient
condition for equivalence with the ordinary score; it is not required simply to define or mazimize
the correctly specified threshold-conditioned likelihood.

5.5 Consistency of the corrected jump-intensity estimator
Define the true effective exposure

n

E, = Z Ay F oy (Win; o). (87)

i=1
Theorem 5.12 (Consistency of the detection-corrected intensity estimator). Assume

E, — oo,
the selected mark model is consistent,

P(T/fl = mo) — 1,

and

A = 10-
If the contributions of false detections, masked jumps, and multiple-jump intervals are op(Ey,),
then

Ao B A (88)
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Proof. Consider first the oracle count of correctly detected single-jump intervals. For interval ¢,

Din = Fmo (Ui,n; "70)'
The probability of one jump whose mark exceeds the threshold is
]P)(AlN =1,Y > Ui,n) = e_AAn)\Anpi,'rL

Therefore
E(M™%) = AE, + O(T, Ay).

Under the stated contamination condition, this remainder is negligible at the scale F,,.
The interval indicators are independent for the compound-Poisson component, and their
variances are bounded by their expectations. Hence

Var(Mo2e) = O(E,).
It follows from Chebyshev’s inequality that

Moracle
n B
E,

The assumed contamination bound gives the same limit for the feasible count:

My,
— = A
o (59)

Next consider the estimated denominator
n
E, = Z AnFﬁ@(ui,n; ﬁﬁ@)
i=1

Model-selection and parameter consistency, together with continuity of the survival functions
and the assumed uniform regularity, imply

E
Rl | (90)
n
Combining (89) and (90),
5,2 Mo _ My
E, EnE,
by Slutsky’s theorem. O

5.6 Consistency of the diffusion quasi-likelihood

Proposition 5.13 (Consistency of the diffusion QMLE). Assume Assumption 5.1(A1)-(A3),
together with the inverse-moment and local discretization bounds required for the square-root
diffusion quasi-likelihood. Suppose that the fraction of retained intervals still containing jumps
tends to zero in probability. Then any mazimizer of (70) satisfies

(gn7ﬁn7an) £> (K},,U/, U) (91)
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Proof. Write the true drift as

bo(z) = Ko(po — ),
and the candidate drift as

b(x; K, p) = K(p — ).

On a correctly retained jump-free interval,
A X = bO(Xti,l)An + oo Xti,lAiW + R@n, (92)

where the accumulated contribution of R;, is negligible under the standard high-frequency
moment assumptions.

We first consider the volatility parameter. At the leading \/A,, scale, the drift term is
negligible and

(AiX)?
X, Ap
has conditional mean close to o3. A martingale law of large numbers and ergodicity therefore
imply that the volatility component of the normalized Gaussian contrast has its unique limit at
o° = 03.
Since o > 0,
En ﬂ) agg-
For the drift parameters, substitute the consistent volatility estimator and expand the
squared residual:
{AiX - b(th;l; K, M)AH}Q
= {AZX - bO(Xti71)An}2
+ {b(th'—ﬁ K, :u) - bO(Xti—1)}2A721
- 2{AiX - bO(Xti—l)An}{b(Xti—l; K, :u) - bO(Xti—l)}An'

After normalization by T, the last term is a martingale term and vanishes in probability.
Ergodicity converts the deterministic quadratic term into

/ {b(z; 5, /;)3; bo(z)}* r(da). (93)

where 7 is the stationary distribution.
The quantity in (93) is nonnegative and equals zero only when

b(a: , 1) = bo (@)

for m-almost every z. Since both sides are affine functions of = and the stationary law is
nondegenerate, this implies
K = Ko, Kb = RoHo-

Because kg > 0,
ft = fio-

Finally, removing a vanishing fraction of contaminated intervals does not alter either lim-
iting contrast. Uniform convergence on the compact parameter set and uniqueness of the
limiting minimizer therefore yield (91). This is the usual long-span ergodic quasi-likelihood
argument for discretely observed diffusions (Kessler, 1997), with threshold filtering contributing
an asymptotically negligible deletion of increments. O
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6 Prediction and rare-event quantities

The fitted model provides closed-form summaries for both the state process and the jump
mechanism. These quantities are particularly useful because they preserve the effect of the
selected mark distribution rather than reducing prediction to the fitted diffusion alone.

6.1 Conditional mean and variance

For a forecast horizon h > 0, Proposition 3.6 gives

E(Xein | Xi) = m+ (X; —m)e ™", (94)
where
B Am
m=pu+—-.
K
The corresponding plug-in predictor is
Xppe = m+ (Xy —m)e ™, (95)
with R
m=u+ ~ (96)

The conditional variance also has a convenient form. Let

o?m + Ama

V. =
o 2K

Combining the first and second conditional moments gives
2
o
Var(X,p | X¢) = Vio(1 — 7280y 4 — (X - m)(e M — e 2, (97)

Thus a plug-in forecast variance is obtained by replacing &, o, m, Vo and the mark moments
by their fitted values.
For Zeghdoudi marks,

2(0 + 3) 6(6 +4)
m1(9) = m, m2(9) = m»

so both the predictive mean level and variance remain explicit.

6.2 Future large-jump probabilities

Let y > 0 be a mark-size threshold. The jumps whose marks exceed y form a thinned Poisson
process with rate
AFy (y).

Consequently, the number of such jumps in (¢,¢+ h] is
Ny (t,t 4+ h] ~ Poisson (AhFy (y)) -

It follows that
P AJ, =1- —\hF )
<t<r§13§i A y) exp { y(y)} (98)

The expected number of marks exceeding y over the same horizon is

E{Ny(t,t + h]} = \uFy (). (99)
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For Zeghdoudi marks,

o 0 92y2
.0) — =%
FZD(yve) € <1+9y+9+2>7

and therefore

92y2
P AJ, =1- ~Xhe ™ (146 : 100
(sams, 3> ) =1 |- (100 775 ) (00

This quantity refers specifically to the occurrence of a large jump mark. It should not be
confused with the probability that the state variable X, itself exceeds a prescribed level, since
the latter also depends on the diffusion evolution and on the timing and accumulation of all
jumps.

6.3 Predictive use of the conditional PIT

The conditional PIT values in (55) provide a direct diagnostic for the fitted mark component. If
the mark law and threshold correction are adequate, these transformed exceedances should show
no systematic departure from uniformity.

This diagnostic is preferable to applying an ordinary goodness-of-fit test to the detected
marks because the latter ignores the event through which the sample was selected. With very
few detected jumps, however, graphical PIT assessment and descriptive statistics should be
interpreted cautiously. A parametric bootstrap that repeats threshold detection, estimation,
and PIT calculation would provide a more reliable finite-sample calibration.

7 Monte Carlo study

7.1 Simulation design

The simulation examines the finite-sample behavior of the proposed estimators when the data
are generated from the JCIR—Zeghdoudi model. The purpose of this experiment is to study
recovery of the diffusion, jump-intensity, and mark parameters under the principal working
specification developed in the previous sections. It should therefore be viewed primarily as an
estimator performance study rather than as an independent validation of the empirical model
ranking.

The data-generating parameters are

k=12 pu=08 =025, A=08  60=6. (101)

The observation interval is fixed at

A =0.02,

and three sample sizes are considered:

n € {500, 1000, 2000}.
Hence the corresponding observation horizons are

T, = nA € {10, 20, 40}.

Increasing n therefore lengthens the observation horizon while preserving the same sampling
interval. This design is useful for examining the long-span behavior emphasized in the asymptotic
theory.
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The Feller condition is satisfied since
2kp = 2(1.2)(0.8) = 1.92 > 0% = 0.0625.

Thus the diffusion component remains well inside the strictly positive regime.

Sample paths are generated using a full-truncation Euler scheme with three internal substeps
within each observation interval. At every internal substep, the number of jumps is generated
from the corresponding Poisson distribution, and the jump magnitudes are simulated using the
Zeghdoudi gamma-mixture representation

0 2
Y ~ ——Gamma(2,0) + ——Gamma(3, ).
0+2 mma(2, )+9—|—2 mma(3, 0)
The internal subdivision is used only to improve path generation; inference is carried out from
the observations recorded at spacing A.
For each simulated trajectory, candidate jump intervals are identified by the adaptive rule
(47), with threshold multiplier
c=1.4.

The retained jump marks are fitted using the threshold-conditioned likelihood (49). The jump
intensity is estimated with the detection-corrected exposure estimator (68), and the diffusion
parameters are obtained from the jump-filtered Gaussian quasi-likelihood (70).

A total of R = 200 Monte Carlo replications is used for each sample size. The implementation
also fits all candidate mark distributions to each simulated data set and records the corresponding
information criteria. The results reported below focus first on parameter recovery under the
true Zeghdoudi specification.

7.2 Performance measures

Let & denote the true value of a generic parameter and let §(1>, . ,E (Bv) denote the estimates
from the R, valid replications. We report the Monte Carlo mean

£= ;}géﬂ (102)
the empirical bias
Bias(§) = £ - &. (103)
the root mean squared error
R, 1/2
RMSE(¢) = [];v Z} (5(” - 50)2] : (104)

and the Monte Carlo standard deviation

) R, o 1/2
o > (5” - 5) ] . (105)

r=1

SD(§) =

A replication is regarded as valid for the reported joint summary when the threshold procedure
detects enough marks for stable mark estimation. At n = 500, 192 of the 200 replications satisfy
this requirement; all replications are retained for n = 1000 and n = 2000.
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7.3 Parameter recovery
Table 2 summarizes the Monte Carlo results.

Table 2: Monte Carlo performance of the estimators under the JCIR-Zeghdoudi model. The
true parameter vector is (s, u, o, A, 8) = (1.2,0.8,0.25,0.8,6).

n  Parameter Valid Mean Bias RMSE SD
500 K 192 1.3698  0.1698 0.4248 0.3904
500 I 192 0.8197 0.0197 0.0747 0.0722
500 o 192 0.2489 -0.0011 0.0080 0.0079
500 A 192 0.8771  0.0771 0.3340 0.3259
500 0 192 6.5818  0.5818 2.4003 2.3348

1000 K 200 1.2606  0.0606 0.2428 0.2357
1000 I 200 0.8147 0.0147 0.0618 0.0601
1000 o 200 0.2493 -0.0007 0.0060 0.0060
1000 A 200 0.8102 0.0102 0.2386 0.2390
1000 0 200 6.3401  0.3401 1.3682 1.3286
2000 K 200 1.1984 -0.0016 0.1293 0.1296
2000 L 200 0.8117 0.0117 0.0408 0.0392
2000 o 200 0.2504  0.0004 0.0046 0.0046
2000 A 200 0.8007  0.0007 0.1530 0.1534
2000 0 200 6.1585 0.1585 0.8617 0.8492

Several features of Table 2 are worth noting. The volatility parameter o is estimated
accurately throughout. Even for n = 500, its empirical bias is only —0.0011 and its RMSE is
0.0080. At n = 2000, the mean estimate is 0.2504, essentially equal to the true value 0.25. This
behavior is consistent with the fact that o is identified mainly through the high-frequency scale
of the continuous increments.

The mean-reversion level p is also estimated with relatively small bias. Its Monte Carlo
mean decreases from 0.8197 at n = 500 to 0.8117 at n = 2000, while the RMSE falls from 0.0747
to 0.0408.

The mean-reversion speed x is more difficult to estimate over shorter horizons. At n = 500,
the mean estimate is 1.3698, giving a positive bias of 0.1698. Both bias and variability decline
as the observation horizon increases. By n = 2000, the mean estimate is 1.1984 and the bias
is —0.0016, while the RMSE has fallen to 0.1293. This pattern is expected for mean-reverting
diffusions because drift parameters are learned primarily from the long-span behavior of the
process rather than from the local variation alone.

The jump-intensity estimator shows a similar improvement. At the shortest horizon,

X = 0.8771,
compared with the true value 0.8. The bias falls to 0.0102 for n = 1000 and to 0.0007 for
n = 2000. The RMSE decreases from 0.3340 to 0.1530. These results suggest that the detection-
probability correction is increasingly effective once a sufficient number of jump opportunities is
observed.

The Zeghdoudi rate parameter 6 is the most variable quantity in the smallest sample. This
is not surprising: unlike the diffusion parameters, it is estimated only from increments classified
as jumps. At n = 500, its mean estimate is 6.5818 and the RMSE is 2.4003. With the longer
observation horizons, the effective mark sample becomes larger and the dispersion decreases
markedly. At n = 2000,

-~

0=6.1585, RMSE(d) = 0.8617.

The remaining positive bias is small relative to the uncertainty observed at the shortest horizon.
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Overall, the simulation shows the distinction between parameters learned from different
parts of the trajectory. The volatility parameter is recovered accurately from local increments,
whereas k, A\, and especially 6 require a longer observation horizon. The monotone reduction in
RMSE across the three sample sizes is consistent with the large-sample arguments developed in
Section 5.

7.4 Mark-law selection in the simulations

The same Monte Carlo implementation also fits the complete candidate family to the detected
marks in every valid replication and records the selected model under AICc and BIC. These
frequencies provide a different diagnostic from Table 2. Parameter recovery asks whether the
estimators approach the correct numerical values when the Zeghdoudi model is true; selection
frequency asks how often the finite-family comparison identifies that mark law from the threshold-
selected sample.

This distinction is important because several of the one-parameter candidates have very
similar shapes after conditioning above the detection threshold. A low selection frequency at
short horizons would therefore not necessarily indicate poor parameter estimation. It may
instead reflect the limited information available for distinguishing closely related mark laws.

For this reason, model-selection frequencies should be reported together with the correspond-
ing information-criterion gaps rather than interpreted as a binary success-or-failure measure. In
particular, when only a small number of jumps are detected, a narrow AICc difference indicates
substantial competition among the candidate models.

The present parameter-recovery table does not by itself establish the ability of the procedure
to distinguish Zeghdoudi marks from alternative families. A stronger assessment of the selection
step is obtained by repeating the simulation under several competing data-generating mark laws,
for example Zeghdoudi, Q-Lindley, XLindley, and QGamma, and recording

]P’(T/fl = mo)

for each sample size. Such a multi-DGP experiment separates estimator accuracy from finite-
sample model discrimination and provides a direct numerical counterpart to the finite-candidate
selection theory.

8 Application to annual Nile flow

8.1 Data and role of the application

The empirical illustration uses the Nile data set distributed with base R. It contains 100 annual
measurements of Nile flow at Aswan from 1871 to 1970, expressed in units of 108 m®. The series
is a classical change-point example, with a well-known level shift around 1898 (Cobb, 1978;
Durbin and Koopman, 2001). For numerical conditioning, the observations are divided by 1000,
and the sampling interval is taken as A = 1 year.

The Nile data are not used here as a literal realization of the high-frequency stationary model
considered in Section 5. Rather, the purpose is to illustrate the complete inferential workflow on
a well-known positive time series: threshold detection, conditional mark fitting, comparison of
candidate mark laws, correction of the latent jump intensity, and propagation of the selected
mark distribution into the fitted jump—diffusion.

For the reference analysis we take the threshold multiplier

c=0.7.
The rule (47) identifies ten positive increments as jump candidates. They end in the years

1874, 1878, 1903, 1906, 1908, 1914, 1916, 1929, 1946, 1964,

35



with scaled increments
0.247, 0.417, 0.246, 0.215, 0.328, 0.368, 0.418, 0.244, 0.239, 0.269.

Because these observations enter the mark sample only after crossing their interval-specific
thresholds, all model comparisons use the threshold-conditioned likelihood (49). An ordinary
untruncated likelihood would ignore the mechanism by which the sample was formed.

Nile flow with threshold-selected upward increments
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Figure 1: Annual Nile flow, scaled by 1000, with the positive increments selected by the threshold
rule at ¢ = 0.7. The vertical dashed line marks the well-known level shift around 1898. The
figure is therefore interpreted as an illustration of the estimation procedure rather than as
evidence that the entire series follows a stationary jump—diffusion.

8.2 Comparison of candidate mark laws

Table 3 reports the threshold-adjusted maximum likelihood fits at the reference multiplier
¢ = 0.7. Gamma and Weibull contain two free mark parameters, whereas the remaining
candidates contain one. Since only ten increments are retained, AICc is used for the primary
finite-sample comparison; AIC and BIC are reported alongside it. The conditional PIT statistics
are used descriptively because the sample is too small for their usual asymptotic calibration to
be especially informative.

Table 3: Threshold-adjusted comparison of candidate mark laws for the Nile illustration at
¢ = 0.7, ordered by AICc. The Akaike weights are normalized over the eleven reported candidates.

Model 1/7\1 772 ZT AIC AlICc BIC AAICc WAICe KSPIT ADPIT
Zeghdoudi 15.0700 — 144841 -26.9682 -26.4682 -26.6656 0.0000  0.1110 0.2361 0.6662
Q-Lindley 14.2985 — 144777  -26.9554  -26.4554  -26.6528 0.0128  0.1103 0.2348 0.6629
New XLindley  13.8345 - 14.4593 -26.9187 -26.4187 -26.6161 0.0495  0.1083 0.2304 0.6491
X-exponential ~ 13.4707 - 14.4461 -26.8923 -26.3923 -26.5897 0.0759  0.1069 0.2276 0.6391
Lindley 12.2082 — 144134 -26.8268 -26.3268 -26.5242 0.1414  0.1034 0.2222 0.6186
Xgamma 14.0651 - 14.4107 -26.8214 -26.3214 -26.5188 0.1468 0.1031 0.2196 0.6120
ZLindley 11.8872 - 144091 -26.8183 -26.3183 -26.5157 0.1499  0.1030 0.2215 0.6165
XLindley 11.5528 - 144072 -26.8143 -26.3143 -26.5118 0.1539  0.1028 0.2212 0.6156
QGamma 12.3968 - 14.3894 -26.7789 -26.2789  -26.4763 0.1893  0.1010 0.2183 0.6061
Weibull 2.0090 0.2233  14.6324 -25.2648 -23.5505 -24.6596 2.9177  0.0258 0.2863 0.8655
Gamma 5.6459  25.1187 14.5832 -25.1663 -23.4520 -24.5611 3.0162  0.0246 0.2781 0.8219
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At the reference threshold, Zeghdoudi has the smallest AIC, AICc, and BIC. The numerical
advantage over the other one-parameter models is nevertheless very small. Q-Lindley is only

0.0128
AICc units behind, and all nine one-parameter candidates satisfy
AAICc < 0.20.
The Akaike weights reflect the same lack of sharp separation:
wyzp = 0.1110, wgr = 0.1103,

while the remaining one-parameter weights are also close to 0.10.

The appropriate interpretation is therefore not that the reference sample strongly identifies
a unique mark distribution. Rather, several one-parameter laws describe the threshold-selected
increments almost equally well. Zeghdoudi provides the smallest information criterion at the
chosen cutoff, but the uncertainty among the leading candidates remains substantial.

Threshold—adjusted jump-size comparison
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Figure 2: Threshold-adjusted AAICc values at the reference multiplier ¢ = 0.7. The dashed
line at AAICc = 2 is shown as a conventional descriptive reference, not as a formal decision
boundary.

The comparison also illustrates why conditioning on the threshold matters. All detected
marks are bounded away from zero by construction. Fitting an ordinary density to this selected
sample would ignore the probability mass removed below each threshold and could change the
relative likelihoods of models that behave differently near the origin. The conditional likelihood
instead compares the candidate distributions on the event that actually generated the observed
mark sample.

8.3 Sensitivity to the detection threshold

A single threshold choice should not determine the substantive conclusion. We therefore repeat
the complete mark-law comparison over

c € {0.5,0.6,0.7,0.8,0.9,1.0}.

37



The results are reported in Table 4.

Table 4: Sensitivity of the mark-law comparison to the threshold multiplier. The table reports
the Zeghdoudi estimate, its AICc, its difference from XLindley, the detection-corrected intensity,
and the minimum-AICc model at each cutoff. The comparisons use the same Nile series and
should therefore be read as a stability diagnostic rather than as independent replications.

C Detected é\ZD AICCZD AXL //\\ZD Minimum-AICc model
0.5 20 15.6753 -55.4803 0.2063 0.6882 Zeghdoudi
0.6 14 15.0496 -37.6177 0.2936 0.6289 Zeghdoudi
0.7 10 15.0699 -26.4682 0.1538 0.6420 Zeghdoudi
0.8 6 12.6501 -12.2098 0.2569 0.3405 Zeghdoudi
0.9 4 10.7948  -4.8828 0.3440 0.2024 Zeghdoudi
1.0 4 13.1417  -6.7898 0.2123 0.4736 Zeghdoudi

Zeghdoudi attains the minimum AICc at every reported cutoff. This repeated ranking is
useful because it shows that the reference choice ¢ = 0.7 is not responsible for the identity of the
leading model. It should not, however, be interpreted as six independent confirmations: the
fitted samples are nested and come from the same time series.

The parameter estimates are most stable over the lower part of the grid. For example,

070 = 15.6753, 15.0496, 15.0699

for ¢ = 0.5,0.6,0.7, respectively. Once the threshold is raised to ¢ > 0.8, only six or four
increments remain and both 6;p and the corrected intensity become more variable. This loss of
stability is expected from the small effective mark sample and supports retaining ¢ = 0.7 for the
reference fit.

Taken together, Tables 3 and 4 motivate Zeghdoudi as a stable working mark law for the
fitted dynamics. The choice is based on the persistence of the minimum-AICc ranking under
threshold perturbation, not on a large AICc advantage at any single cutoff.

8.4 Fitted JCIR-Zeghdoudi dynamics

Using the reference multiplier ¢ = 0.7, the fitted dynamic parameters are approximately
k= 0.3544, = 0.8333, o =0.1301, 6 = 15.0699. (106)

The ten detected increments correspond to the naive observed rate
10 0.1010
— =~ 0. er year.
99 per 'y

This rate counts only increments that cross the threshold. After correcting for the fitted interval-
specific detection probabilities using (68), the estimated latent compound-Poisson intensity
is

~

A~ 0.6420 per year. (107)

The difference between 0.1010 and 0.6420 is substantial. Under the fitted model, it arises
because many latent Zeghdoudi marks are expected to lie below the annual detection boundaries.
Consequently, A should not be interpreted as an observed frequency of large annual increases. It
is the estimated intensity of the latent jump component implied by the fitted threshold model.

For R

6 = 15.0699,
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the fitted first two mark moments are
my ~ 0.1405, mo ~ 0.02952.

The fitted long-run mean is therefore

~
=1+ % ~ 1.088. (108)
Using (36),
o ~9 ’A‘A
Var(X,,) = Zmt Ama, (109)

2K

which gives a stationary standard deviation of approximately
0.230

on the scaled flow unit.
The fitted mean-reversion coeflicient also implies the model-based autocorrelation function

Z)\(h) _ 6_0'3544h- (110)

This quantity is reported as a feature of the fitted JCIR model and should not be confused with
evidence that the full Nile series is stationary.

8.5 Structural change and interpretation

The structural break near 1898 is central to the interpretation of this example. A persistent
change in level is fundamentally different from an isolated jump. In a richer dynamic model, a
sustained shift would normally be represented through the drift, a change-point component, or
a latent regime rather than through a sequence of independent compound-Poisson marks.

This distinction matters because absorbing structural change into the jump component
can inflate the fitted jump intensity and alter long-horizon predictive quantities. The present
application therefore has a deliberately limited role. It demonstrates how the proposed threshold
likelihood, mark-law comparison, and intensity correction operate on observed data; it does not
claim that the annual Nile record satisfies the stationary high-frequency assumptions used in
Section 5.

For more densely observed applications, the same inferential structure can be combined
with a time-varying mean level, explicit change points, regime-switching dynamics, or covariate-
dependent jump intensity. Such extensions would allow persistent changes and isolated shocks
to be modeled separately.

9 Discussion

The main statistical issue addressed in this paper is not the construction of another positive
distribution. The mark law enters the stochastic dynamics through the jump measure and
therefore influences the conditional transform, stationary moments, latent intensity correction,
and rare-event probabilities. Treating it as an estimable component of the dynamic model is
therefore more informative than fixing it before the jump-diffusion is fitted.

A second point concerns the way the mark sample is obtained. Once large increments have
been selected by a threshold, those observations are no longer an ordinary sample from the
original mark distribution. The conditional likelihood in (49) accounts for this selection explicitly,
while (68) uses the same detection probabilities to estimate the latent Poisson exposure. These
two corrections are naturally linked: one concerns the distribution of the observed marks, the
other the number of shocks that remain unobserved.
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The gamma-mixture representation makes this framework particularly tractable. For most
of the one-parameter candidates, moments, Laplace transforms, survival probabilities, and
finite-jump convolutions remain explicit. This allows the mark distributions to be compared
inside the same stochastic model rather than as unrelated marginal fits.

The Zeghdoudi law has an additional feature that matters for threshold inference. Since its
density vanishes linearly at the origin,

P(Y <7)=0("),

whereas a mark law with positive density at zero generally gives an O(r) small-mark probability.
This difference propagates directly to the rate of missed sub-threshold jumps and to the first-order
comparison between the conditional and untruncated score functions. The role of Zeghdoudi in
the paper is therefore both empirical and inferential.

The Nile application also illustrates an important limitation. At the reference threshold the
information-criterion differences among the one-parameter candidates are extremely small. The
data do not support a claim of sharp separation. What they do show is that Zeghdoudi remains
the minimum-AICc specification throughout the reported threshold grid. This supports its use
as a stable working model while leaving substantial uncertainty about the precise one-parameter
mark family.

Several extensions are natural. A constant jump intensity could be replaced by

A = exp(Bo + B' Zy),

allowing observed covariates to affect jump occurrence. Persistent structural changes could
be handled through change-point or regime-switching drift models. Model uncertainty could
be propagated through model averaging instead of selecting a single candidate. For genuinely
high-frequency data, bootstrap or resampling procedures could be used to calibrate the threshold,
PIT diagnostics, and finite-sample uncertainty of the corrected intensity. Finally, the finite
candidate set could be replaced by a semiparametric gamma-mixture sieve when no named mark
law provides an adequate description of the detected jumps.

A further numerical extension would be useful for evaluating the model-selection step itself.
The present Monte Carlo study examines parameter recovery under a JCIR-Zeghdoudi data-
generating process. Repeating the experiment under several competing mark laws would allow
the empirical selection probabilities

P(m = mo)

to be studied directly and would complement the BIC consistency result of Section 5.

10 Conclusion

This paper develops a threshold-based framework for positive mean-reverting jump—diffusions
in which the jump-size distribution is treated as part of the inferential problem. Most of the
one-parameter candidates considered here share a finite common-rate gamma-mixture structure,
making their moments, Laplace transforms, survival functions, and finite-jump convolutions
available in closed form.

The main inferential step is to account for the fact that detected marks have already crossed
interval-specific thresholds. The resulting conditional likelihood avoids fitting an unconditional
density to a truncated sample, while the same survival probabilities provide an effective-exposure
correction for the latent jump intensity. Within the JCIR model we establish positivity, affine
transform formulas, conditional and stationary moments, stationary dependence, generator
identifiability, consistency of the mark, intensity, and diffusion estimators, and BIC consistency
over a finite candidate family.
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For Zeghdoudi marks, the ordinary likelihood has a unique closed-form maximizer, and the
threshold-conditioned estimator admits a first-order normal limit under the stated regularity
conditions. More importantly for the threshold procedure, the density vanishes at the origin,
leading to

P(Y <7) = O(r?)

rather than the first-order behavior associated with positive density at zero. This local property
has a direct effect on the frequency of latent jumps that remain below the detection boundary.

The Nile analysis should be read with the same caution as the theoretical claims. Zeghdoudi
has the smallest AICc at the reference threshold and remains the minimum-AICc model for
every multiplier between 0.5 and 1.0, but the information-criterion differences among the leading
one-parameter models are very small. The evidence therefore supports Zeghdoudi as a stable
working specification, not as an empirically dominant alternative.

The broader implication is that jump detection, mark-law estimation, intensity correction,
and stochastic-dynamic inference are closely connected. Treating them within a common
framework makes the effect of the jump-size law visible both statistically and dynamically, while
also making model uncertainty easier to assess.
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A Additional derivations

This appendix collects calculations that support the formulas used in the main text but are not
needed for the flow of the statistical development.

A.1 Survival functions from the gamma-mixture representation

Let
G (y;0)
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denote the distribution function of a gamma random variable with integer shape r > 1 and rate

6 > 0. Its survival function is
r—1 .
— _ (0y)’
Gr(y;0) =e HyZT’ y > 0.
=0

If the mark density has the common-rate mixture representation

Fn(@:0) = > wn s (0)g:(y;0),

r€Rm

then integration component by component gives

- oy (0y)
Fu(y:0) = Y wms(B)e™ ) .
=0

r€Rm J:

(111)

(112)

Thus every one-parameter candidate in Table 1 has an explicit survival function. This is
useful for the threshold-conditioned likelihood and the detection-exposure correction because no

numerical integration is required.
For the Zeghdoudi distribution,

Y ~ 0t 2Gamma(2, 0) + 9~2|_2Gamma(3,9).
Using (111),
Fzp(y;0) = “ov(1
2pyi0) = 5 se (1 +0y)

2 70y 02?/2
+0+2€ < + 0y + 9

_ 0y [9(1 + 0y) + 2(1 + Oy) + 62y>

0+ 2

92 2
_— [1+9y+9+y2].

This agrees with (22). As a direct check,

fzp(y;0) = —éfzp(y; 0).

y
Indeed,
o — 92y2
—-—F D =c|0(1+0 — (6
9 zp(y;0) = e [<+y+9+2> <+
63 0
=g v tye™,

which recovers (11).

A.2 Short-time transition approximation

For a short observation interval of length A, condition on

Xt:l‘.
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Write
b(x) = k(pu — ).

Over (t,t + A], the increment admits the local representation

Ka
Xisn — Xy =b(@) A+ 0v/z (Wiga — Wi) + > _ Y+ Ra, (114)
j=1

where
KA ~ Poisson(A\A)

and, under the usual local regularity conditions,

Since
Wt—i—A_Wti\/Kg’ ENN(()’l)a

the leading approximation is

AX = b(x)A+oVzAe + Sk,, (115)
where
k
Se=>Y;,  Sy=0
j=1
Let

L 1 {z — b(z)A}?
palein) = e oxp |- TN
denote the local Gaussian density of the diffusion increment.

For k > 1, let hy denote the density of the k-jump mark sum Sy. By Proposition 2.3, hy is a
finite mixture of gamma densities. Conditional on KA = k, the approximate increment density
is therefore

pr(z | x) = / oA(z — s;x) hi(s) ds, kE>1, (116)
0
whereas
po(z | 2) = palz;2). (117)
The full short-time mixture is

= A0

pa(z | x) =~ Ze AL I pr(z | x). (118)
k=0

Retaining at most two jumps gives
pa(z | z) ~ e Mpo(z | @) + e 2 (AA)pi(z | 2)
+ e DA ), (119)
The omitted Poisson probability is
P(KA > 3) = O(A?).
Thus, apart from the local diffusion approximation, truncation at two jumps introduces an error

of Poisson order O(A?).
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The gamma-mixture structure is especially convenient here. If
P(Rj =1) = Wy r(0), r € R,
then

k
hi(s) = Z H W, (0) 0 Grygotry, (3 6). (120)
(ri,..,rk)ERE, | J=1
Hence the mark part of each p; is available analytically as a finite gamma mixture. The
remaining operation in (116) is a one-dimensional Gaussian-gamma convolution. This provides a
practical route to an approximate transition likelihood when one prefers not to classify increments
by a hard threshold.
For Zeghdoudi marks, for example,

RZD:{Q,S}, wy = —— w3 = ——.
Thus for two jumps,
ha(s) = w%g4(s; 0) + 2wawsgs(s; 0) + w%gg(s; 0)
62 46 4
- 0+ — O+ -
(0 n 2)294(37 )+ (9 + 2)295(87 ) + (0+ 2)296(

This explicit representation avoids numerical convolution of the marks themselves.

5:6). (121)

A.3 Derivation of the stationary variance
Proposition 3.6 gives

2k + 02 + 22m1)m + Ama

oo = E(X2) = 122
doo = E(X2) - (122)
Since
Var(Xoo) = goo — m2,
multiplication by 2k yields
2k Var(Xoo) = (264 + 02 + 2Xmq)m + Amg — 2km?
= o2 + Amg + 2m{kp + Amy — km}. (123)
From
_ Amy
m = ,U, + )
K
we have
KM = KW+ Amy.
The last term in (123) therefore vanishes, leaving
2k Var(Xoo) = o%im + M.
Hence )
Var(Xo,) = Z M Ame. (124)
2K
which is the variance formula in (36).
For the JCIR—Zeghdoudi specification,
2043 6(0+4)
YT 90+ 2) 27 92(0 + 2)
0 1 INO+3)] 6O +4)
+ +
Var(Xoo) = — |o? : 125
ar(Xeo) = 5 [“ {“ﬂe(em)}*m(em)] (125)
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