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This Supplementary Information provides additional theoretical and experimental details
supporting the main text. We present the cluster-state conventions and boundary terms, the
ancilla-assisted realization of even-sublattice dephasing and the resulting strong—average symme-
try structure, derivations of the single-copy and two-replica string diagnostics, and the analysis
of the reduced-density-matrix spectrum and its characteristic twofold edge degeneracy. We also
provide further details of the measurement-based comparison protocol, circuit implementations,
and IBM Quantum hardware experiments.

Supplementary Note 1 Cluster-state conventions and boundary terms

We summarize the cluster-state conventions used in the main text and clarify the role of bound-
ary terms. In the bulk of a one-dimensional chain, the cluster stabilizers are

Kj=Zj1XjZj1. (S1)

For an open chain, two closely related conventions are commonly used. In the graph-state
convention adopted for state preparation in this work, the boundary stabilizers

Ky, = X112, K =71,1X1 (S2)

are included together with Eq. (S1). The resulting cluster graph state is the unique simultaneous
+1 eigenstate of the complete stabilizer set [1-3],

Kj|'(/)cl> - |1;Z)c1>a ] = 13---7L~ (83)

Alternatively, in the symmetry-preserving open-chain convention, only the bulk stabilizers K;
with 1 < j < L are included. The two unconstrained boundary degrees of freedom then generate
the characteristic edge-state degeneracy of the cluster SPT phase. Thus, the first convention
specifies the state prepared in our circuits.

The graph-state preparation circuit for the open-chain cluster state is

o) = USFUEE™ [+)%F, (S4)
with
vt = II CZjjn, U&= ] CZjm. (S5)
J even j odd
1<j<L 1<j<L

Gates within the same sublayer act on disjoint pairs and can therefore be executed in parallel
on a nearest-neighbour device.

Supplementary Note 2 Ancilla implementation of dephasing channels

We provide additional details on the implementation of dephasing channels in quantum circuits.
For each even-sublattice system qubit g;, an ancilla a; is initialized in |0>aj and prepared as

Ry(20)[0)a, = /1 —p[0)a, + v/PI1)a,,  p=sin®0. (S6)



The ancilla is then coupled to the system qubit through a controlled-Z operation,
Uajq; = [0)(Ola; © I + 1) (1o, © Zj. (S7)
Measuring the ancilla in the computational basis gives the two Kraus operators [4-6]

Mj’():\/l—p]j, MjJZ\/];Zj. (88)
Discarding the ancilla outcome therefore produces the local dephasing channel
Elp)= > Mj,nij},m = (1 =p)p+pZjpZ;. (S9)
n]-:O,l
Applying the construction independently to all even-sublattice sites gives
geZven = H 5]2 (Sl())
j€Eeven

If the ancilla measurement record is retained, the same circuit admits a trajectory-resolved
description [7-11]. We denote the outcome at even site j by n; € {0,1}, corresponding respec-
tively to the identity and Z; branches. For the complete record n = {n;};jceven, the trajectory
operator and its probability are

Zzm = 11 2,  pPm= 1] »"a-p'™. (S11)

j€even j€Eeven

The corresponding conditional system state is

tn) = Z(M)[Ya), (S12)
and averaging over all measurement records yields
pace = 3 P(m)16n) (], (813)
n

which is equivalent to applying £Z

Sen tO the initial cluster-state density matrix.

Supplementary Note 3 Detailed structure of the averaged cluster SPT

In this section, we justify the use of local Z dephasing in the decohered cluster-chain protocol
and explain how the resulting mixed state realizes the strong—average symmetry structure of an
ASPT phase. The decoherence introduced here is not treated as a generic uncontrolled error.
Instead, it is an engineered local quantum channel with a definite symmetry action: the odd-
sublattice symmetry remains strong, whereas the even-sublattice symmetry is reduced from a
strong symmetry to a weak, or average, symmetry after ensemble averaging.

The local channel applied to each even-sublattice site is

£7(p) = (1 —p)p+pZ;pZ;, (S14)

where p is the probability of the local Z; branch. This is the standard single-site Pauli-Z
dephasing channel [4-6]. For a single-qubit density matrix

P00 Po1
= ) S15
P (ﬂlo Pn) (515)

the channel gives

_ p (1—2p)p
&0 = ((1 - gg)ﬂlo P11 Ol) ' (516)



Thus, the computational-basis populations are unchanged, while the off-diagonal coherences are
multiplied by 1 —2p. In the range 0 < p < 1/2, p therefore provides a monotonic measure of the
dephasing strength: p = 0 corresponds to the identity channel, whereas p = 1/2 gives complete
dephasing in the Z basis.

Applying the channel independently to all even-sublattice sites gives

Pdec = H 5f (pcl)> (817)

j€Eeven

where pc) = |¥a) (¥el| is the initial cluster-state density matrix. Equivalently, the resulting state
can be written as the trajectory ensemble

Pdec = Z P(n>Z(n)pch(n)? (818)

with
zmy=T[ 2z Pm= [] »»(-p'm, (S19)
j€Eeven j€Eeven
where 7; € {0,1} labels the identity and Z; branches, respectively.

This form makes the symmetry action transparent. Since the dephasing operators act only on
the even sublattice, they commute with the odd-sublattice generator U,qq, so the odd symmetry
remains strong. By contrast, the local Z; operators anticommute with the corresponding X;
factors in Ugyen, so individual trajectories generally carry different even-sublattice symmetry
charges. After averaging over the trajectories, however, the density matrix remains invariant
under conjugation by Ueyen,

UevenpdeCUgven = Pdec (820)

while it no longer needs to satisfy the stronger condition Ugyenfdec = Pdec- The engineered de-
phasing therefore converts the even-sublattice symmetry from strong to average while preserving
the odd-sublattice symmetry as strong, yielding the hybrid symmetry structure

ngd,strong > ngen,average7 (821)

which underlies the decoherence-induced averaged cluster SPT construction used in this work
[7-9, 12, 13].

We now explain why this channel produces the desired averaged cluster-chain SPT. The ideal
cluster state is protected by the two Zy symmetry generators

UOdd = H X], Ueven - H X] (822)
j€odd Jj€even

We assume a boundary convention for which the reference cluster state lies in the +1 sector of
both symmetry generators, for example periodic boundary conditions or an open-chain fixed-
point state with the boundary degrees of freedom fixed. Its density matrix

Pcl = W}cl> <wc1’ (823)

then obeys
Uapal = pala = pa, € {odd,even}. (S24)

Here, a strong symmetry means that the density matrix is fixed by the symmetry operator when
the latter acts from either the left or the right.
In the decohered protocol, Z-dephasing is applied only to the even sublattice:

Pdec = H ng(pcl)' (825)

j€even
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Equivalently, the mixed state can be written as an ensemble average

Pdec = Z P(’?)Z(n)PdZ(ﬂ)a (826)
where _
zm) = [[ z". nie{o1}, (S27)
JjEeven
and

T »—p)tm. (528)

j€even

The binary string 7 labels the Kraus trajectory of the engineered dephasing channel. In an
ancilla-assisted implementation, the same label can be identified with the corresponding recorded
measurement branch, and Eq. (S26) is obtained after averaging over the measurement record.

The selectivity of the protocol follows from the sublattice structure of the noise. For j € even,
the operator Z; commutes with Uyqq, because Uyqq acts only on odd sites:

[Uodd, Zj] = 0, J € even. (529)

Therefore
UoaaZ(n) = Z(n)Usad- (S30)
Using Eq. (S24), one obtains

oddpdec Z P oddZ )Pch(n)
= Z P(n)Z(n)UsdapaZ(n)

= ZP MpaZ(n) = pdec. (S31)

The same argument for right multiplication gives
PdecUodd = Pdec- (S32)
Hence the odd symmetry remains strong after decoherence:
UsddpPdec = PdecUodd = Pdec- (S33)

The even symmetry behaves differently. Since Ueven contains X; on every even site, while the
dephasing channel inserts Z; on even sites, one has

X;Z; =—7;X;, J € even. (S34)

Therefore,

UevenZ(n) = (_1)|U|Z(n)Uevena ‘77| = Z 1j- (835)

j€even

Acting from the left gives

evenpdec Z P UevenZ )de(n)
= ZP "’7|Z( )Uevenpclz(n)

- ZP )2 () pa Z(n). (536)



For generic p, this is not equal to pgec. Hence Ugyen is no longer a strong symmetry:

Uevenpdec 7& Pdec- (837)

Equivalently, the individual trajectory state Z(m) [1.1) carries a trajectory-dependent sign under
the left action of Ugyen.

Nevertheless, the even symmetry is preserved in the weak, or average, sense. Under conjuga-
tion by Ugyen, the signs from the left and right actions cancel:

UevenZ(n)pCIZ('rl)UeTven
= (71)InlZ(n)UevenpcerTvenZ(n>(71)|n‘
= Z(m)paZ(mn). (S38)

After summing over all trajectories, this gives

Uevenpdec UeTven = Pdec- (839)

Thus the even generator is not a strong symmetry of the decohered density matrix, but it remains
a weak symmetry of the ensemble-averaged mixed state.
The resulting mixed state therefore has the symmetry structure

Z;dd,strong » Z;ven,weak_ (S40)

This is the symmetry structure characteristic of the decohered averaged cluster-chain SPT.

This also clarifies why the choice of even-sublattice Z-dephasing is selective. If the noise
commuted with both Uyqq and Ueyen, both symmetries would remain strong and no strong-to-
weak conversion would occur. Conversely, if the noise destroyed the conjugation invariance under
Ueven, the ASPT structure would be lost. Even-sublattice Z-dephasing realizes the intermediate
case required here: it preserves one Zs symmetry strongly while converting the other into an
average symmetry.

Supplementary Note 4 Ordinary and doubled string diagnostics

We provide the details behind the ordinary and doubled string diagnostics used in the main
text.

4.1 Single-copy string diagnostic

Let the endpoints ¢ and k lie on the same sublattice, so that k — ¢ is even. The corresponding
cluster string operator is

Oir=Zi 11 X, | Z. (S41)
r=i+1,i+3,....k—1
We denote the set of interior sites carrying X support by X;, ={i+1,i+3,...,k —1}.
The ideal cluster state used throughout this work is prepared from |+)®% by nearest-neighbor

controlled-Z gates,
L-1

) = | 1] CZijer | 95, (542)

J=1

and satisfies the bulk stabilizer conditions K,|¢q) = |¢q), with K, = Z,_1 X, Z, 1. The string
operator is the product of the stabilizers on X,

O =[] E- (S43)

T‘E.Xi,k



It therefore follows directly that
Oik|Yea) = |[Ye1)- (544)

We first derive the single-copy decay under even-sublattice dephasing. The local dephasing
channel on an even site j is

£7(p) = (1= p)p+pZ;pZ;. (S45)
In the Heisenberg picture, we have for a Pauli operator P
T
(E7)" (P)=(1—p)P+pZ;PZj, (S46)
which simplifies to
P, P, Z;] =0,
(€2)" (P) = P2 (S47)
(1_2p)P’ {Pvz]}zo

For the engineered dephasing channel acting on the even sublattice, let Deyen denote the set of
dephased sites. Its adjoint action on the string operator is

(‘seZven)Jr (Oz,k) = (1 - 2p)Nde(i’k)Oi7k, (848)

where Ngep(i, k) = |X; kN Deven| counts the dephased even-sublattice sites on which the string
operator has X support. The string expectation value in the decohered state therefore becomes

(Oi k) dee = Tr[0; kEE en(pa)]
=Tr [(é’ezven)T (Oi,k)pcl]
= (1 — 2p)Naer (BF) TY[O; 1 pa]
=(1- 2p)Ndep(i7k)_ (S49)

Thus, the conventional string correlator is suppressed by averaging over dephasing trajectories
with different string signs.

4.2 Double-copy string diagnostic

We now turn to the doubled diagnostic. The essential point is that the averaged-SPT order is
encoded in the density matrix rather than in a linear single-copy expectation value. We therefore
use the Hilbert—Schmidt inner product

((A|B)) = Tr (ATB) (S50)
and define the doubled string action by

O+ |A)) = |0i,AO;)). (S51)

)

For Hermitian Pauli strings with Ozk = I, the normalized doubled-string expectation is

o), — ((Paec| O} | pace))
Gk / Pdec ((Pdec|pdec))
_ Tr[paccOikpaceOikl
Tr[p3..]

This quantity is nonlinear in pge. and is therefore sensitive to density-matrix-level order that
may be invisible to ordinary single-copy observables.

=0, (S52)



Although Eq. (S52) is nonlinear in one copy of the density matrix, it is measured as a linear
observable on two independently prepared replicas. Let p4 = pp = pgec denote identical copies
00f pgec in replicas A and B, and let

L
Sap = ] Siass (S53)

Jj=1

be the global SWAP operator between replicas A and B. We use the identity

Te(AB) = > (ja,jslA® Bljp,ja) = Tr[(A® B)Sap) (S54)
JjasiB
for arbitrary operators A and B on the same Hilbert space, where the trace on the LHS is

performed over a single copy, while the RHS trace is over both copies.
The denominator of Eq. (S52) is therefore

D= Tr(pglec)
= Tr[(pa ® pB)Sap]. (S55)

The numerator of Eq. (S52), denoted by N;, can be obtained in two equivalent ways. First,
using Eq. (S54), we have

Ni g = Tr[paecOi kPdec Oi k]
= Tr[(paOik) ® (pBOik)SaB]
=Tr[(pa® pB)(Ofk ® Ofk)SAB]- (S56)

Second, in the circuit implementation, we can equivalently insert the Pauli strings on only one
replica, i.e. A, immediately before the SWAP readout. Since O; is Hermitian this gives

<SAB>OA inserted — Tr[(ofkpAOfk ® PB)SAB]

= Tr[oi,kpdecoi,kpdec]
= Tr[paecOi kpdecOi k) = Ni - (S57)

Thus one does not need to insert Pauli strings into both replicas in the actual circuit imple-
mentation of ;. Applying O, to one copy before the destructive SWAP measurement is
sufficient.

We next give the details of the destructive SWAP readout used to evaluate the two-replica
diagnostic. For two replicas A and B, we express the global SWAP operator in terms of local
SWAPs,

L

Sag =[] Siaju- (S58)

j=1

This operator satisfies

Tr[(pa ® pB)Sas] = Tr(papp). (S59)
Thus, when the two replicas are prepared in the same mixed state, pa = pB = pPdec, the

expectation value of Sap directly gives the purity,
<SAB> = Tr(p?iec)' (860)

To measure S4p destructively, each corresponding pair (j4,7p) is rotated from the Bell basis
to the computational basis by

CNOT,, ;, followed by Hj,, (S61)



after which both qubits are measured. In our implementation, the CNOT is compiled using the

available CZ interaction as
CNOT;,—j, = H;,CZ;

The Bell states are eigenstates of the local SWAP operator S;,;j,: the three symmetric Bell
states have eigenvalue +1, whereas the antisymmetric singlet has eigenvalue —1.

Under the Bell-basis rotation in Eq. (S61), the singlet is mapped to the computational-basis
outcome (b 4,b; ) = (1,1), while the other three outcomes correspond to SWAP eigenvalue
+1. Therefore, for each measured pair,

(S62)

jAJB ]B

sj=(=1)’4%5 b abip € {0,1}, (S63)

is a single-shot estimator of the local SWAP eigenvalue. Since the global SWAP is the product
of the local SWAPs, the corresponding estimator for one experimental shot is

SAB = H Sj = X biabis (S64)

Averaging s4p over repeated shots therefore gives the expectation value of Syp.
For the denominator of the Rényi-2 string correlator, both replicas are measured directly with
this destructive SWAP circuit, giving

D = Tl"(pgec) = <3AB>no string - (865)

For the numerator, the string operator O; is first applied to replica A, after which the same
destructive SWAP measurement is performed. Using S ABOzAk: = Osz:S 'AB, we have

Nz',k = Tr[pdecoi,kpdecoi,k] = <8AB>string- (866)

The measured two-replica diagnostic is therefore

Ni <SAB>Strin
c®@ - ek _ LI S67
bk D <5AB>no string ( )

We then show why Cﬁ) = 1 for the ideal decohered cluster construction. Using the trajectory
decomposition, we have

D ="Tr (IOchec)

= ZP ) |l (S68)
whereas
Ni, = Tr[pdecoi kpdecoi k:]
= ZP 1) | (Wnltow )| (S69)

For the cluster graph state, distinct Z-dephasing trajectories are orthogonal. To see this,
recall that K; = Z;_1X;Z;11 and K;|ta) = [ta). A local Z; anticommutes with K, while
commuting with all Ky;. Hence,

K;Zjlba) = —Zj|va), (S70)

so applying Z; flips only the eigenvalue of the corresponding stabilizer from +1 to —1. More
generally, for a dephasing trajectory |1y) = Z(n)|1a), we have

Kj|w"l> = (_1)77j|1/}17>7 .7 € Deven- (871)



Thus, each trajectory n is labeled by a definite pattern of stabilizer eigenvalues. If 7 # )/, there
is at least one dephased site j for which n; # 77;-, so the two trajectory states have opposite
eigenvalues of the same Hermitian stabilizer K;. They must therefore be orthogonal,

(nltby) =0,  n#n'. (S72)

Following these, we get
D =Y Pn7? (S73)
n
N =S P = 3 P(n)?, (874)
n

because s, = &1 and hence s% = 1. Therefore,

—1. (S75)

The distinction from the conventional single-copy string correlator is thus transparent. The
latter directly averages the signed trajectory values sy, which can cancel in the mixed-state
ensemble, whereas the two-replica diagnostic depends on s% and is therefore insensitive to this
trajectory-sign cancellation.

Supplementary Note 5 Half-chain entanglement spectrum under dephasing

We provide details of the half-chain entanglement-spectrum analysis discussed in the main text.
For a density matrix p, the reduced density matrix of subsystem A is

pa="Trzp, (S76)

where A denotes the complement of A. If A\, are the eigenvalues of py4, the corresponding
entanglement levels are defined as
€0 = —log A (S77)

We first consider the ideal cluster graph state. Let S denote its stabilizer group, generated
by L independent mutually commuting Pauli operators K;. The subgroup containing only
stabilizers fully supported inside A is denoted by Sy,

Sa=(Gr,...,Gp)), (S78)

where Gy are independent commuting generators and 74 is their number. Generally, any pure
stabilizer state specified by L independent commuting Pauli stabilizers can be written as

por = [l = o S0 (879)

geS

For the cluster state, S is generated by the cluster stabilizers defined above.
Thus, only stabilizers supported entirely within A contribute to the reduced density matrix.
We denote this subgroup by
Sa ={g € S|supp(g) € A}. (S80)

For g € Su, one can write g = g4 ® I3, such that Tr;(g) = 2/4g4. Using L = |A| + |4|, we
therefore obtain

1
cl
9E€SaA



Let S4 = (G1,...,Gyr,), where Gy are r4 independent commuting stabilizer generators. The
projector onto their simultaneous +1 eigenspace is

A
1+ Gy
P = .
A H 5 (S82)
=1
Expanding this projector gives
0 _ 1
PA T 9ra Z gA, (883)
gESA

and Eq. (S81) can consequently be written as

1
cl __ (0)
PA = 2|A|frA PA . (S84)

This form has a simple interpretation. The r4 independent commuting stabilizers fully sup-
ported within A impose r4 independent constraints on the |A| qubits of the subsystem. The
simultaneous +1 eigenspace therefore has dimension

rank P = 2l4l-ra, (S85)

Since pfj is proportional to the projector Pj&o), it is maximally mixed within this subspace. Its
2l41=74 nonzero eigenvalues are therefore all equal,

Ao =27 (A=) =1 olAlTa) (S86)

with all remaining eigenvalues equal to zero.

As a warm-up, we first consider the half-chain cut of the one-dimensional cluster state used
here. There is one entanglement cut and hence one unresolved virtual boundary degree of
freedom. In stabilizer terms, this means that one qubit inside A is not fixed by the stabilizers
fully supported in A:

|A| —ra =1 (S87)
Thus
o=y, (585)

where Pjgo) has rank two. Consequently, the reduced density matrix corresponding to the half-
chain cut has two equal nonzero eigenvalues,

M =)y = — (S89)

up to the normalization convention for the chosen subsystem.

More generally, we now consider the effect of the engineered even-sublattice dephasing channel
on the half-chain entanglement spectrum. For a fixed dephasing trajectory, the output state is
a locally Z-dressed cluster state,

[n) = Z(m) [a),  Zm)= 1] 2", {01} (590)

j€even

With respect to the bipartition A U A, the trajectory operator factorizes as

Z(n) = Za(na) ® Zz(nz)- (S91)

Therefore, after tracing out A, the components acting only on A drop out by unitary invariance
of the partial trace. The reduced density matrix for a single trajectory is

pA(M) = Za(Ma)p4Za(na). (592)

10



Thus each dephasing trajectory is related to the fixed-point reduced density matrix by a unitary
conjugation acting entirely within subsystem A. This conjugation can rotate the eigenvectors
of pﬂ, but it cannot change its eigenvalues. Consequently, every individual trajectory has the
same nonzero half-chain entanglement spectrum as the original cluster state.

The remaining question is whether the incoherent average over trajectories can split the
twofold edge degeneracy. Given p< = %PIE‘O), IE‘O) =112 HTG", and the Pauli operator Z4(n4),
which either commutes or anticommutes with each reduced stabilizer generator Gy, we define
the corresponding syndrome signs by

ZaMa)GeZa(na) = 0e(ma)Ge,  o0(na) = £1, (593)
The corresponding syndrome vector is
o(na) ={o1(na),...,0r,(ma)} (594)

which labels the reduced stabilizer syndrome produced by the trajectory. We then obtain

pa(M) = Za(na) [1Pfl0)] Za(na)

2
117 1+0u(na)Gy
=3 H — (S95)
(=1
Defining the syndrome projector

(o) i 1+ 0Gy S96
Py = R

A K]‘_Il 2 ’ ( )

the trajectory-reduced density matrix becomes
1 o(na
pa(n) = fPIg (ma)), (S97)

This equation is the key point. A dephasing trajectory changes the reduced stabilizer syn-
drome sector, but it does not reduce the rank of the sector. Each projector P/(‘a) has the same
rank as Pl(qo)7 namely rank two for the half-chain cut. Thus the trajectory changes the bulk
stabilizer label while leaving the two-dimensional virtual-edge subspace unresolved.

After the trajectory record is discarded, the reduced density matrix is a classical mixture over

these reduced stabilizer-syndrome sectors:

d Py
PA = Za: Wa?. (598)
Here
We= Y Pa(na) (S99)
na:o(na)=o

is the total probability of all dephasing trajectories that produce the same reduced syndrome o
inside subsystem A.
Since each block PX’) /2 has rank two, the nonzero eigenvalues are
W,
Aol = Ao 2 = 7‘7 (S100)
for every populated syndrome sector o .
For the L = 8 half-chain bipartition used here, we take A = {1,2,3,4}. The reduced cluster-

state density matrix is

P4 = %(I+Kl)(I+K2)(I+K3). (S101)

11



Although the dephasing channel acts on the two even sites j = 2 and j = 4 within A, only Z5
changes a stabilizer syndrome visible in the reduced density matrix. Specifically, Z anticom-
mutes with K5, whereas Z, commutes with all stabilizers fully supported within A. The latter
therefore leaves pﬂ invariant. Dephasing operations acting entirely in A likewise disappear under
the partial trace. The reduced density matrix after dephasing consequently becomes
1

PR = 76T+ KD+ (1= 2p) o] (I + Ky). (S102)
Equivalently, it consists of two reduced-stabilizer sectors with weights 1 — p and p. Since each
sector has rank two, the four nonzero eigenvalues are

1—p

)\1:)\2: 2 )

A3 =Mt = g. (S103)

The corresponding entanglement levels are therefore

12 = —1og(1;p) . &a=—log(}). (S104)

For the dephasing strength p = 0.1 used in the main-text comparison, this gives
A2 = 0.45, A3.4 = 0.05, (S105)
or, equivalently [see Fig. 7 in the main text],
&12 = —1n(0.45) ~ 0.799, &34 = —1In(0.05) ~ 2.996. (S106)

Thus, the engineered dephasing generates an additional reduced-stabilizer sector and shifts the
corresponding entanglement levels, while preserving the twofold pairing within each populated
sector.

Supplementary Note 6 Measurement-and-feedback realization of mixed-state
SPT order

It is important to distinguish the decoherence-induced ASPT state studied in the main text
from more general mixed-state SPT states, which need not exhibit the same strong—average
symmetry structure. As a complementary reference, we consider the measurement-and-feedback
construction of Ref. [14], shown in Supplementary Fig. 1 [15-17]. This protocol starts from the
same one-dimensional cluster SPT state but treats the measurement record differently from the
ASPT protocol. In the latter, the trajectory record associated with the engineered dephasing is
averaged over, whereas here the measurement outcomes are actively used to apply a conditional
feedback operation. The purpose of this comparison is therefore to illustrate a distinct route
to mixed-state SPT order in which hidden cluster string order is converted into an ordinary
long-range correlation.

Concretely, starting from p = [1a)(¢a], every even-sublattice qubit is measured in the X
basis. We denote the measurement record by a = {a;}, where a; = £1 is the outcome of
measuring Xo;. The projector associated with a given record is

1+ angi
P=]] — (S107)

i
Without feedback, different measurement records generate trajectory-dependent signs in the

remaining cluster correlations. To remove these signs, the measurement record is processed
classically and used to determine the conditional unitary

1—Hm§i am

Vo=][% 7 (S108)

12



(a) Preparation of mixed-state SPT reference (D)
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Supplementary Fig. 1: Measurement-and-feedback realization of mixed-state SPT order. a,
Circuit for preparing the feedback-assisted mixed-state SPT. Starting from the cluster state, the even-
sublattice qubits are measured in the X basis, and the resulting measurement record determines the
conditional feedback unitary V, in Eq. (S108). b, Long-range order obtained from the protocol in a.
The plotted quantity is the feedback-mapped string correlator, equivalently the odd-sublattice two-point
correlator (Zg;+1Z2;41) in Eq. (S111), shown as a function of the endpoint separation d = j — ¢ for an
L =16 chain using a local noisy simulator.

Thus, an X operation is applied to the odd site 2¢ + 1 whenever the cumulative measurement
parity [],,<; @m is —1. The feedback therefore compensates the measurement-dependent sign
accumulated along the corresponding cluster string.

For a fixed measurement record «, the conditional system state is

PP =V, Popa PV (S109)
Averaging over all measurement outcomes gives the feedback-prepared mixed state

Pfb = Z Vapapclpavo]:- (8110)

Here the probabilities of the measurement outcomes are already contained in the unnormalized
projected states P,pcPa, so no additional probability factor is required in Eq. (S110).

The effect of the feedback is particularly transparent in the cluster string order. For the non-
local string operator O; ; defined in the cluster string defined in the main text, the measurement
outcomes of the intervening even-sublattice X operators determine the trajectory-dependent
sign of the string. The feedback unitary V,, removes this sign and maps the hidden string order
onto an ordinary two-point correlation between the remaining odd sites. Consequently,

C» = Tr(pm Z2it1Z2j+1]

(S111)
= Tr[pa Oy ;] -

The nonlocal string order of the input cluster SPT can therefore be detected after feedback
through a conventional single-copy long-range ZZ correlator [14-17].

Figure 1(b) shows the resulting correlator for an L = 16 chain. The feedback-mapped ZZ
correlation remains finite as the endpoint separation increases, demonstrating that the measure-
ment record can be used to recover long-range order from the underlying cluster string structure
even after averaging over measurement outcomes. This provides a useful comparison with the
decoherence-induced ASPT protocol. In the feedback construction, the classical record is re-
tained and actively used to remove the trajectory-dependent signs, allowing the mixed-state
order to be detected by a single-copy correlator.

Supplementary Note 7 IBM Quantum processors

Supplementary Fig. 2 shows the connectivity and calibration maps of the IBM processors con-
sidered for the experiment. The color of each qubit indicates its readout assignment error, while
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Qubit Conn

Readout assignment error v CZ error v Readout assignment error v CZ error v

Median 1.196E-2 Median 3.028E-3 Median 2.087E-2 Median 2.953E-3
v v v

min 1.953E-3 max 4.985E-1 min 1.229€-3 max 1.435E-1 min 5.371E-3 max 3.093E-1 min 8.644E-4 max 9.211E-2

Supplementary Fig. 2: Connectivity and calibration properties of the IBM quantum processors used in
this work. Hardware coupling maps showing the readout assignment error of each qubit and the CZ-gate
error of each connected qubit pair, as reported by the IBM Quantum calibration data.

the color of each connection indicates the corresponding CZ-gate error. For the processor in Sup-
plementary Fig. 2(a), the median readout assignment error is 1.196 x 1072, with values ranging
from 1.953 x 1073 to 4.985 x 10~!, while the median CZ error is 3.028 x 1073, with a range from
1.229 x 1073 to 1.435 x 10~!. For the processor in Supplementary Fig. 2(b), the median readout
assignment error is 2.087 x 1072, with values ranging from 5.371 x 1072 to 3.093 x 10~!, and
the median CZ error is 2.953 x 1073, with values ranging from 8.644 x 10~* to 9.211 x 102.
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