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Abstract

Fourier features determine the kernel spectrum of coordinate networks, yet band-
width and harmonic support leave the learning rates of individual frequencies
unspecified. We study fixed, finite integer Fourier dictionaries on the torus. For
a dot-product kernel with nonnegative summable power-series coefficients, each
Fourier eigenvalue is a mixture of signed lattice-walk probabilities. This separates
architecture-dependent coefficients from dictionary-dependent multiplicities and
yields exact support, finite-rank approximations with trace-norm error bounds,
and certified comparisons of spectral design objectives. For the two-layer bias-
free rectified linear unit (ReLU) neural tangent kernel (NTK), we characterize
an even-walk subgroup that can exclude frequencies inside the generated lattice
and derive the leading one-dimensional spectral tail. Two dictionaries matched in
cardinality, maximum frequency, and base second moment have identical leading
tails but a 19.51-fold difference in their mode-9 eigenvalues; finite-network decay
rates track this difference. Across three target frequencies and 108 dictionary–
target pairs, spectral predictions have rank correlations of 0.977–0.992 with
fitted rates. Under a four-frequency budget for twenty target modes, spectral
selection reduces off-grid finite-network mean squared error (MSE) by 12.3%

relative to direct top-energy selection on a mixed-spectrum signal. Fifty runs on
five natural-image crops show close agreement with finite-grid MSE predictions
and larger deviations in individual mode rates. These results quantify how a
fixed Fourier dictionary allocates kernel mass and predicts learning in the NTK
regime.

Keywords: Fourier features, Neural tangent kernels, Spectral bias, Kernel methods,
Implicit neural representations, Dictionary design
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1 Introduction

Fourier embeddings are widely used to improve the learning of oscillatory signals
by coordinate-based neural networks. Tancik et al. [1] showed that the embedding
converts a dot-product neural tangent kernel (NTK) into a stationary kernel and
allows its bandwidth to be adjusted. Meanwhile, harmonic analyses of implicit neural
representations (INRs) describe the combinations of base frequencies that a nonlinear
network can generate [2–4]. Together, these perspectives explain why Fourier features
help and why nonlinear synthesis extends beyond the supplied frequencies.

For a particular finite dictionary, how much kernel mass does each synthesized fre-
quency receive? Harmonic support identifies which modes are present, while bandwidth
summarizes the overall spectrum. The local eigenvalue determines the kernel-regime
convergence rate of an individual mode. For example, BA = (1, 8, 10) and BB =
(4, 7, 10) have equal size, maximum frequency, and sum of squares. Both generate every
integer, yet their two-layer rectified linear unit (ReLU) NTKs assign mode 9 eigen-
values of approximately 0.06155 and 0.003155. Their leading high-frequency tails also
agree. This pair demonstrates the variation in local learning speed that can remain
after matching global spectral scale.

We start from the Fourier-feature kernel composition KB(θ, θ
′) = Ψ(gB(θ − θ′)),

where gB is the average cosine of the base frequencies. Expanding the scalar profile
gives

λm(B) =
∑

ℓ≥0

aℓ
Nℓ,B(m)

(2M)ℓ
, Ψ(u) =

∑

ℓ≥0

aℓu
ℓ. (1)

Here Nℓ,B(m) counts ordered signed length-ℓ representations of m using the M dic-
tionary entries. Fourier convolution gives this identity order by order. Summing the
contributions separates the architecture coefficients from the dictionary multiplicities
and provides the basis for the support, approximation, and design results below.

We develop three parts of this analysis. First, the allocation formula gives uniform
and trace-norm truncation bounds, grid-aliasing control, and certified comparisons of
spectral objectives. Second, the ReLU specialization gives exact even-walk support and
a one-dimensional leading spectral tail, connecting arithmetic restrictions to both local
eigenvalues and global decay. Third, numerical checks, 846 synthetic-target runs, and
50 natural-image runs test the learning predictions and fixed-budget design criterion.
The experiments include multiple targets, finite-width diagnostics, and grid-sensitivity
measurements. Code and complete numerical records are provided in Online Resource
1.

2 Related work

2.1 NTKs, spectral bias, and power-series kernels

Jacot et al. [5] and Lee et al. [6] connect wide-network training to kernel dynam-
ics. Rahaman et al. [7] study Fourier spectral bias, while Cao et al. [8] analyze
eigendirection-dependent convergence. Arora et al. [9] develop exact infinite-width
kernel computations. Murray et al. [10] derive architecture-dependent NTK power-
series coefficients; these provide the natural scalar input to our calculation. Related
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work establishes spectral decay and parity properties for residual and other neural
kernels [11, 12]. Our one-dimensional tail calculation concerns the composed kernel
along an integer Fourier embedding, including its arithmetic repetition and antipodal
singularities.

2.2 Fourier features and harmonic expansions

Random Fourier features approximate a prescribed stationary kernel [13, 14]; here a
fixed dictionary is composed with a nonlinear dot-product kernel. Tancik et al. [1] diag-
onalize periodic-grid composed kernels by the fast Fourier transform (FFT) and use
their spectra to study learning and reconstruction. Wang et al. [15] examine Fourier-
feature NTK eigenvector bias in regression and multiscale partial differential equations
(PDEs). Benbarka et al. [2] connect Fourier mappings to integer-lattice Fourier series,
and Yüce et al. [3] derive structured harmonic dictionaries and discuss the weights
and decay of generated harmonics. Supplementary Lemma I.4 of Ma et al. [4] gives
a finite-order harmonic expansion of a Fourier-feature NTK in support of adaptive
filtering. Building on these expansions, we make the normalized signed multiplicities
explicit, control the summable infinite-order limit, and derive support and numerical
certificates for a fixed dictionary.

2.3 Task-dependent encoding and learning consequences

FreSh [16] selects encoding hyperparameters by aligning the initial network output
spectrum with the target spectrum. Molina et al. [17] use frequency-domain error
dynamics to optimize Fourier-feature initialization distributions. CAFE [18] constructs
and selects frequency combinations, while STAF [19] learns sinusoidal activation
parameters. These methods adapt encodings or activations for INR fitting. Our task-
dependent selection evaluates a spectral criterion for fixed integer dictionaries. The
population learning and ridge formulas use established kernel principles, including
task–model alignment [20] and effective dimension [21].

3 Exact allocation and numerical certificates

3.1 Periodic dictionary and kernel profile

Let T
d = (R/2πZ)d carry normalized Haar measure dρ = (2π)−d dθ. The Fourier

characters φm(θ) = eim
Tθ, m ∈ Z

d, form an orthonormal basis of L2(ρ). Let B =
(ω1, . . . , ωM ) be a multiset of nonzero integer vectors. Repetitions are allowed. Define

γB(θ) = M−1/2
(
cos(ωT

j θ), sin(ω
T

j θ)
)M
j=1

, gB(t) =
1

M

M∑

j=1

cos(ωT

j t). (2)

The embedding has unit norm and inner product gB(θ − θ′). A scalar dot-product
profile therefore induces the stationary kernelKB(θ, θ

′) = κB(θ−θ′), with κB = Ψ◦gB .
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Assumption 1 (Nonnegative summable profile) Ψ(u) =
∑

ℓ≥0 aℓu
ℓ for u ∈ [−1, 1], where

aℓ ≥ 0 and A :=
∑

ℓ≥0 aℓ < ∞.

Nonnegative coefficients give the support equivalence and one-sided approxima-
tion bounds below. The eigenvalue identity also holds for absolutely summable signed
coefficients. Under Assumption 1, Ψ is analytic on (−1, 1) and continuous at the end-
points; its endpoint derivative may diverge, as it does for the ReLU profile. We use a
geometric profile to test the general positive-kernel calculation and the explicit ReLU
NTK for finite-network predictions.

Definition 1 (Signed multiplicity and step law) For ℓ ≥ 1, let

Nℓ,B(m) = #

{

(jr, sr)
ℓ
r=1 ∈ ([M ]× {−1, 1})ℓ :

ℓ∑

r=1

srωjr = m

}

,

N0,B(m) = 1{m = 0}.

Write µB = (2M)−1∑
j(δωj + δ−ωj ) and D = {ℓ : aℓ > 0}.

The entries of the multiset are labeled in this definition: coincident signed
frequencies accumulate their probabilities.

Theorem 1 (Exact allocation) Under Assumption 1, the integral operator TBf =∫
KB(·, θ′)f(θ′) dρ(θ′) is positive, self-adjoint, and trace class. Its eigenpairs are (φm, λm),

where

λm(B) =
∑

ℓ≥0

aℓµ
∗ℓ
B (m) =

∑

ℓ≥0

aℓ
Nℓ,B(m)

(2M)ℓ
. (3)

The series converges uniformly in m, λm = λ−m, and

λm > 0 ⇐⇒ ∃ℓ ∈ D : Nℓ,B(m) > 0,
∑

m

λm = Tr(TB) = A = Ψ(1). (4)

Proof: Appendix A.1.

Since gB(t) =
∑

m µB(m)eim
Tt, its ℓth power convolves the step law ℓ times.

Summability permits termwise integration. Architecture determines aℓ, and dictio-
nary geometry determines the distribution of each order’s contribution across modes.
Changing the dictionary therefore redistributes a fixed total spectral mass.

Let r(m) = inf{ℓ ∈ D : Nℓ,B(m) > 0}, with r(m) = ∞ if the set is empty. When
r(m) < ∞,

ar(m)µ
∗r(m)
B (m) ≤ λm(B) ≤

∑

ℓ≥r(m)

aℓ. (5)

Thus both arrival order and multiplicity matter. Also, λm = 0 outside the generated
group GB = span

Z
B. With Ω = maxj ∥ωj∥∞, a length-ℓ path cannot reach beyond ℓΩ,

giving λm ≤ ∑
ℓ≥⌈∥m∥∞/Ω⌉ aℓ. These direct consequences are proved in Appendix A.1.

4



3.2 Truncation, trace norm, and grid aliasing

Define RL =
∑

ℓ>L aℓ, ΨL(u) =
∑L

ℓ=0 aℓu
ℓ, and λm,L =

∑L
ℓ=0 aℓµ

∗ℓ
B (m). The

corresponding operator is denoted TB,L.

Theorem 2 (Certified finite approximation) For every L ≥ 0, TB,L has rank at most (2LΩ+

1)d and

∥κB −ΨL ◦ gB∥∞ = RL, ∥TB − TB,L∥op = sup
m

(λm − λm,L) ≤ RL,

(6)

∥TB − TB,L∥1 =
∑

m

(λm − λm,L) = RL. (7)

Here ∥·∥1 is the trace norm. On a uniform Nd grid, the normalized kernel matrix has Fourier

eigenvalues

λ
[N ]
m =

∑

k∈Zd

λm+Nk. (8)

For ∥m∥∞ < N/2, setting Lm = ⌈(N − ∥m∥∞)/Ω⌉ − 1 gives

0 ≤ λ
[N ]
m − λm ≤ RLm

. (9)

An order-L polynomial spectrum is free of aliasing on its entire support if N > 2LΩ.

Proof: Appendix A.2.
The uniform kernel bound is attained at t = 0, and the trace-norm equality

follows from nonnegative omitted eigenvalues. Equation (8) relates the discrete-grid
and continuum spectra: a full-kernel FFT exactly diagonalizes the grid matrix and
approximates the continuum coefficients through aliasing. For the geometric profile
Ψq(u) = (1 − q)/(1 − qu), RL = qL+1. ReLU coefficients have a slower tail; their
numerical resolution is assessed separately.

4 ReLU support and spectral scale

4.1 Global moments and the ReLU endpoint

Proposition 3 (Spectral second moment) If
∑

ℓ ℓaℓ < ∞ and ΣB = M−1∑
j ωjω

T

j , then

∑

m

mmTλm(B) = Ψ′(1)ΣB . (10)

If
∑

ℓ ℓaℓ = ∞, the directional moment
∑

m(vTm)2λm is infinite for each v with vTΣBv > 0.

Proof: Appendix A.3.
For the bias-free network

fn(θ) =
√

2/n
n∑

i=1

vi ReLU(wT

i γB(θ)), (11)
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with independent standard Gaussian vi, wi and both layers trained, the limiting NTK
profile is

ΨR(c) =

√
1− c2 + 2c(π − arccos c)

π
. (12)

Its trace is ΨR(1) = 2, and its coefficients are

a0 = π−1, a1 = 1, a2k =
2k + 1

π(2k − 1)2

(
2k
k

)

4k
(k ≥ 1), a2k+1 = 0 (k ≥ 1). (13)

In particular, a2k ∼ (2π3/2)−1k−3/2, so Assumption 1 holds and Ψ′
R(1) = ∞. Matching

base second moments therefore does not match a finite ReLU spectral second moment.
Appendix B.1 derives Equations (12)–(13) from the network parameterization.

4.2 Exact support beyond the generated lattice

Theorem 4 (Even-walk support of the two-layer ReLU NTK) Let

HB = spanZ{2ω1, ω2 − ω1, . . . , ωM − ω1}. (14)

Then HB is the set of all endpoints of even-length signed walks, [GB : HB ] ≤ 2, and

supp(λR) = HB ∪ {ωj ,−ωj : 1 ≤ j ≤ M}. (15)

Proof idea. Every even signed walk decomposes into pairs whose endpoints lie in
HB , while each generator in Equation (14) is itself realized by a two-step walk. The
positive even coefficients of the ReLU profile therefore contribute exactly HB , and the
linear coefficient contributes the base atoms ±ωj . Nonnegativity prevents cancellation
between degrees. Proof: Appendix B.1.

For B = (1, 3), the generated lattice is Z but HB = 2Z. Odd modes other than
±1,±3 have zero eigenvalue. This example separates a lattice obstruction from an
active-degree obstruction. For B = (1, 2), HB = Z and every mode has positive mass.
Architectural changes such as extra layers or biases can change the active degrees;
Theorem 4 is specific to Equation (12).

4.3 A shared spectral tail can conceal distinct learning rates

Theorem 5 (One-dimensional ReLU tail) Let d = 1, h = gcd(|ω1|, . . . , |ωM |), and σB =

(M−1∑
j ω

2
j )

1/2. Set χB = 1 when every ωj/h is odd, and χB = 0 otherwise. Off hZ,

λRm = 0. Along nonzero m ∈ hZ, as |m| → ∞,

λRm =
hσB
π2m2

[
1 + χB(−1)m/h

]
+ o(|m|−2). (16)

When χB = 1, odd multiples of h outside the base atoms are exactly absent, as in Theorem 4.

Proof: Appendix B.2.
The coefficient in Equation (16) comes from cusps of ΨR(gB(t)) at gB(t) = 1 and,

when present, gB(t) = −1. It supplies a global ReLU scale even though the spectral
second moment diverges. For BA = (1, 8, 10) and BB = (4, 7, 10), h = 1, χB = 0,
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and σB =
√
55, so both have leading tail

√
55/(π2m2). Their local allocations differ

already at the first active order. Dictionary BA reaches 9 at order two through 1 + 8
and 10− 1 and their ordered permutations, giving N2,BA

(9) = 4. Dictionary BB first
reaches 9 at active order four, for example 10+10− 7− 4 = 9. The first contributions
are therefore a2(4/36) and a4N4,BB

(9)/64, respectively. Summing all orders quantifies
the local eigenvalue contrast.

5 Learning and dictionary design

Under population kernel gradient flow, ḟt = TB(f
⋆ − ft), each residual coefficient

obeys em(t) = e−tλmem(0). Population kernel ridge regression with penalty η > 0

gives coefficients f̂η(m) = λmf̂⋆(m)/(λm+η). These follow by diagonalization and are
proved, together with the reproducing kernel Hilbert space (RKHS) characterization
and effective-dimension bounds, in Appendix C.1.

For a normalized periodic target f⋆(θ) =
∑

m∈S

√
2wm cos(mθ + ϕm) with S ⊂

Z>0, wm ≥ 0 and
∑

m wm = 1, zero-initialized population flow has exact squared error

Et(B) =
∑

m∈S

wme−2tλm(B). (17)

This gives a fixed-budget design criterion: choose M base frequencies to minimize Et

at a specified horizon. The retention score Jη(B) =
∑

m∈S wmλm/(λm + η) measures
retained amplitude weighted by target energy. Squared ridge error instead weights
each mode by (η/(λm + η))2; both expressions are derived in Appendix C.1.

Proposition 6 (Objective certificates) For t ≥ 0, η > 0, a finite candidate family, and

nonnegative target weights with sum W , define Jη,L and Et,L by replacing λm with λm,L.

Uniformly over the family,

0 ≤ Jη − Jη,L ≤ WRL/η, 0 ≤ Et,L − Et ≤ 2tWRL. (18)

A maximizer of Jη,L has true-score regret at most WRL/η. If its truncated score exceeds

every other candidate by more than that bound, it is also the unique maximizer of Jη. The
analogous assertions hold for minimizing Et with bound 2tWRL.

Proof: Appendix C.2.
Signed convolution evaluates a candidate by iterating p0 = δ0, pℓ+1 = pℓ ∗ µB

and accumulating aℓpℓ. In one dimension, dense recursion costs O(ML2Ω) arithmetic
operations and O(LΩ) working memory; in higher dimensions the support can grow
rapidly. An alias-free FFT of the truncated composed kernel provides an alterna-
tive, independently checkable calculation. Exhaustive search costs additionally

(
C
M

)

candidate evaluations for C admissible frequencies. We use it as a small-budget refer-
ence, and evaluate a cheaper greedy construction with one-frequency exchanges as a
practical comparator.

These learning formulas use uniform periodic measure and integer frequencies.
On a finite grid, the spectrum follows Equation (8); nonuniform samples generally
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couple Fourier modes. For finite networks, the empirical kernel evolves during training.
Appendix C.3 gives a perturbation bound for comparison with a fixed kernel and a
stability bound for changes in feature amplitudes.

6 Experiments

6.1 Protocol and independent checks

All experiments are deterministic given the recorded seeds and use double-precision
(float64) arithmetic on a central processing unit (CPU). The finite model is
Equation (11), trained in both layers by full-batch gradient descent on N equispaced

points with loss (2N)−1
∑

i(f(θi) − yi)
2. We use the centered output f̃ϑ = fϑ − fϑ0

,
with the initial function frozen and subtracted at training and test locations. This pre-
serves the tangent kernel and gives the same initial residual for every dictionary. For
the one-dimensional experiments, a time t denotes optimizer step size times iteration
count. Their reported decay rates are fitted slopes of log absolute cosine residual over
0 ≤ t ≤ 10, distinct from the optimizer step size.

The one-dimensional targets are analytically constructed periodic signals. Their
test mean squared error (MSE), evaluated at 1,024 offset locations unseen during fit-
ting, estimates integrated reconstruction error for these noiseless targets. Section 6.6
evaluates natural-image reconstruction on the fitted pixels. Standard deviations (SDs)
summarize seed variability within each condition, with initialization seeds paired
across dictionary rules where applicable. Full target, initialization, fitting, grid, and
search specifications are in Appendix D; the image protocol is in Appendix F.

Table 1 gives the training configuration and seed counts for the 846 one-dimensional
runs. A further 50 runs evaluate natural-image reconstruction in Section 6.6.

Table 1 One-dimensional training configurations. The 72 additional initial-kernel
measurements used for width convergence involve no training; the 50 natural-image runs
are specified in Section 6.6

Training experiment Width Grid N
Seeds

per case

Steps /

step size Runs

Matched pair 256, 1,024 256 8 400 / 0.2 32
Support restrictions 512 256 5 200 / 0.2 20
Four-task design 512 256 8 200 / 0.1 224
Cross-dictionary prediction 512 128 5 100 / 0.1 540
Grid sensitivity 512 128, 256, 512 5 100 / 0.1 30

Total 846

Figure 1 summarizes the independent spectral and truncation checks. For B =
{(1, 0), (0, 1), (1, 2)} and Ψq with q = 0.55, a 2562 grid is alias-free at order L = 24.
Signed convolution and direct FFT agree to floating-point precision, with maximum
discrepancy 5.55× 10−17. The omitted trace is R24 = 3.23× 10−7, and the truncated
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Fig. 1 Independent spectral and truncation checks. (a) All order-24 coefficients exceeding 10−13 for
a two-dimensional dictionary: signed-convolution probabilities versus a direct FFT of the polynomial
kernel. (b) Measured kernel sup error and its certificate, including the maximizer t = 0. The overlap
is predicted by Theorem 2

covariance agrees with ΣB

∑24
ℓ=0 ℓaℓ. Finite differences check the analytic network

gradients, and an explicit Jacobian product checks the empirical Gram matrix. Dense
linear solves validate ridge amplitudes and expose the continuum/grid distinction in
Appendix E.

6.2 Matched scales, distinct local dynamics

For the geometric profile, the mode-9 eigenvalues are 0.0190638 and 0.00127517, a
ratio of 14.95. For the ReLU NTK, they are 0.0615497 and 0.00315501, a ratio of
19.51. The network predictions in Figure 2 use the ReLU eigenvalues. Increasing the
spectral quadrature grid from 65,536 to 131,072 checks their numerical stability.

We train eight seeds at each width n ∈ {256, 1024} using N = 256, step size 0.2,
and 400 steps. At width 1,024, fitted early decay rates are 0.06092 ± 0.00212 and
0.00315 ± 0.00015. The empirical NTK’s relative Frobenius drift by t = 80 averages
1.40% and 1.53%, respectively. An independent eigendecomposition provides frozen
empirical-kernel trajectories. At Fourier mode 1,000, both m2λm values are close to
0.7514, consistent with Theorem 5.

A separate initial-kernel width diagnostic for B = (1, 4) averages relative Rayleigh
errors over seven Fourier modes and 12 seeds per width. The mean error against the
population spectrum decreases from approximately 12.20% at width 64 to 2.10% at
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Fig. 2 Matched dictionaries BA = (1, 8, 10) and BB = (4, 7, 10). (a) ReLU order contributions to
mode 9; the absent order-two contribution of BB lies below the plotted range. (b) Centered width-
1,024 networks, mean ± one SD over eight seeds; dashed lines are population NTK predictions. (c)
For m ≥ 200, scaled coefficients approach the common tail constant

√
55/π2. The local contrast

survives agreement of the leading asymptotic tail
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width 2,048. These directional errors and the terminal Frobenius drift quantify finite-
width agreement, but do not establish a uniform operator-norm bound along training.
Appendix E gives the full width and drift curves.

6.3 Hard lattice and active-degree restrictions
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Fig. 3 Two distinct support restrictions. For B = (2, 4), odd frequencies lie outside the generated
lattice. For B = (1, 3), mode 5 is in the generated lattice but excluded by the ReLU active degrees.
Eigenvalues are floored at 10−17 for display. Training curves use five seeds, width 512 and N = 256;
the two forbidden-mode curves overlap at one

Figure 3 separates the two restrictions. The normalized residual stays at one
for both B = (2, 4),m = 1 and B = (1, 3),m = 5, while the reachable controls
m = 2 and m = 6 decay. For B = (1, 3), shifting θ by π negates γB(θ). Since
ReLU(z)−ReLU(−z) = z, the odd component of every finite network is a linear com-
bination of the base features. Mode 5 is therefore absent at every width, giving an
exact representational explanation for its constant residual.

6.4 Prospective dictionary design and finite-network transfer

The target set is S = {3, 4, 6, 7, 8, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25, 27}.
We construct four target energy patterns: mixed, flat, low-weighted (wm ∝ m−1/2),
and high-weighted (wm ∝ m1/2), each with unit population energy. We select four
distinct base frequencies from {1, . . . , 27} by minimizing the ReLU objective E20. All
17,550 candidates are evaluated on grids of size 4,096 and 8,192; the selected dictionary
is unchanged for every task. The leading 32 candidates are refined at 65,536 points.
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This ReLU search is evaluated numerically; the rigorous truncation certificate is tested
separately with the geometric profile.

We compare direct top-energy insertion, a greedy construction followed by improv-
ing one-frequency exchanges, low-frequency and spread dictionaries, uniform random
subsets, and a target-tuned Gaussian-scale baseline. For the latter, five Gaussian scales
are scored using 64 pilot dictionaries per scale. The scale with the best mean predicted
objective supplies eight fresh dictionaries for network evaluation. Gaussian draws are
quantized and clipped to the same integer range, with repetitions retained, applying
bandwidth tuning within the periodic fixed-budget setting. Flat-spectrum top-energy
ties are broken by uniform random selection for each seed. Search costs and baseline
definitions appear in Appendix D.

Table 2 Off-grid MSE at t = 20, mean ± one SD over eight seeds. Every network has width 512
and four Fourier entries and uses 200 steps of size 0.1 on N = 256 training points. For random
dictionary rules, variability includes dictionary draws. Top-energy ties in the flat task are
randomized. Lower is better

Dictionary rule Mixed Flat Low-weighted High-weighted

Exhaustive spectral 0.525± 0.004 0.521± 0.004 0.458± 0.012 0.549± 0.006
Greedy + swap 0.529± 0.010 0.532± 0.006 0.474± 0.011 0.549± 0.009
Top-energy 0.599± 0.005 0.643± 0.053 0.529± 0.005 0.705± 0.002
Gaussian, scale-tuned 0.732± 0.099 0.728± 0.094 0.675± 0.086 0.749± 0.081
Uniform random 0.669± 0.050 0.668± 0.048 0.660± 0.063 0.676± 0.045
Low-frequency 0.809± 0.004 0.782± 0.004 0.676± 0.005 0.856± 0.004
Spread 0.785± 0.007 0.786± 0.006 0.815± 0.006 0.763± 0.006

Figure 4 compares training and off-grid errors for the prospective dictionary
designs. The exhaustive designs are (6, 10, 13, 21) for mixed and flat targets,
(3, 4, 10, 15) for the low-weighted target, and (3, 7, 18, 20) for the high-weighted tar-
get. On the mixed task, mean off-grid MSE is 12.3% lower than top-energy insertion
and 28.2% lower than the Gaussian-scale baseline. Table 2 reports all methods and
tasks. The greedy alternative uses 195–287 spectral evaluations and nearly matches
the exhaustive result on the high-weighted task. The comparison demonstrates trans-
fer of the spectral criterion to finite-network training and the benefit of a cheaper
search at this budget.

For the geometric-profile retention score in Proposition 6, q = 0.55, L = 24, and
η = 0.04 select (7, 8, 11, 12). Its score gap to the runner-up is 0.02343, exceeding the
one-sided objective error bound 1.31× 10−4. This certifies a unique optimum for the
full geometric profile over the specified 17,550-element family.

6.5 Predictivity across dictionaries and targets

Figure 5 compares population eigenvalues with fitted early decay rates across dictionar-
ies. For each target m ∈ {5, 9, 17}, we enumerate B = (a, b, 12) with 1 ≤ a < b < 12,
gcd(B) = 1, andm /∈ B. We train five seeds per dictionary at width 512,N = 128, step

12
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Fig. 4 Network validation of prospective design. (a) Training MSE for the mixed-spectrum target,
with one-SD bands. (b) Off-grid MSE for the same five rules across four target energy patterns. Error
bars are one SD, and colors match panel (a). All dictionaries are selected before evaluating their
finite-network training results

size 0.1, for 100 steps. The local eigenvalue has Spearman correlations 0.981, 0.992,
and 0.977 with mean fitted rates. RMS base frequency has correlations approximately
−0.386, −0.359, and −0.082. Table 3 reports the correlations, dictionary-bootstrap
intervals, and absolute calibration errors. First-arrival depth and the order-two con-
tribution are also informative; their comparisons and the interval construction details
remain in Appendix E.

The panels contain 108 dictionary–target pairs and 540 networks. Bootstrap resam-
pling reweights dictionaries within each enumerated panel; the intervals describe this
fixed family rather than uncertainty over an independently sampled dictionary pop-
ulation. Replacing population eigenvalues by the grid eigenvalues from Equation (8)
reduces the median relative calibration errors from 3.07%, 5.25%, and 8.90% to
1.73%, 1.51%, and 1.90%, respectively. Thus strong rank prediction coexists with a
grid-dependent correction to absolute decay rates. Online Resource 1 also contains
matched-seed grid checks and finite-width Rayleigh measurements.
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Fig. 5 Cross-dictionary prediction of early finite-network decay. Each point is a dictionary, averaging
five width-512 seed runs; the dashed diagonal marks equality with the population eigenvalue. Targets
m = 5, 9, 17 use 32, 34, and 42 dictionaries, respectively, all with cardinality three and maximum
frequency 12. Small-rate deviations include finite-grid aliasing and finite width
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Table 3 Cross-dictionary prediction statistics, using mean fitted rates over five
seeds per dictionary. Spectrum intervals are percentile intervals from 2,000
dictionary-bootstrap resamples. Calibration error is |r̂ − λ|/λ, using population or
N = 128 grid eigenvalues as indicated

Statistic m = 5 m = 9 m = 17

Number of dictionaries 32 34 42
Spectrum: Spearman ρ 0.981 0.992 0.977
Spectrum: 95% bootstrap interval [0.936,0.995] [0.968,0.999] [0.925,0.994]
RMS base frequency: ρ −0.386 −0.359 −0.082
Median relative error: population 3.07% 5.25% 8.90%
Median relative error: grid 1.73% 1.51% 1.90%

6.6 Natural-image coordinate regression

We test the allocation predictions on the first five lexicographically ordered BSDS500
test images [22]. Each image supplies a 64 × 64 center crop, converted to grayscale,
centered, and normalized to unit mean-square energy. All 4,096 pixels are used for
fitting and reconstruction-error evaluation. Each crop is treated as a discrete periodic
signal, including its boundary discontinuities.

We fix two four-entry dictionaries before training:

BA = {(1, 0), (8, 0), (10, 0), (0, 1)}, BB = {(4, 0), (7, 0), (10, 0), (0, 1)}.

The first coordinate denotes the image row. Both dictionaries have maximum fre-
quency 10 and covariance ΣB = diag(165/4, 1/4). Their exact 64×64 grid eigenvalues
at (9, 0) are 0.03341285 and 0.000911895, a ratio of 36.64. Using the discrete-grid spec-
trum in Equation (8) and the unitary target discrete Fourier transform (DFT) ŷm,
the zero-initial-output kernel prediction after s steps is

E[64]
s (B) =

1

4096

∑

m

|ŷm|2(1− αλ[64]
m (B))2s, α = 0.1. (19)

We train centered width-1,024 networks in both layers for 200 full-batch steps, using
five paired initialization seeds per image and dictionary (50 runs).

Figure 6 summarizes the natural-image comparisons. At step 200, observed nor-
malized MSEs are 0.6321± 0.0010 for BA and 0.7818± 0.0004 for BB , compared with
grid predictions 0.6329 and 0.7814. Within image–dictionary conditions, rank correla-
tions between predicted and seed-averaged fitted mode rates range from 0.761 to 0.976.
Absolute rate calibration is weaker: median relative errors are 25.8% and 24.3%, and 9
and 10 of the 100 seed-averaged rates per dictionary are negative. Close aggregate MSE
agreement thus coexists with finite-width deviations in individual mode dynamics.
Appendix F gives all per-image results and the complete rate-fitting protocol.
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Fig. 6 Natural-image validation on five fixed BSDS500 crops. (a) The first crop in lexicographic
image identifier order. (b) Exact grid eigenvalues along the vertical frequency axis. (c) MSE averaged
over five images and five seeds; bands are one SD across seed-level image means, and dashed curves
are infinite-width grid predictions. (d) Predicted versus fitted amplitude-decay rates over steps 0–50
for the 20 highest-energy non-DC conjugate pairs per image. Each of the 200 points averages five
seeds; negative fitted rates are retained

7 Discussion and conclusion

Exact spectral allocation links harmonic synthesis to kernel learning rates. Ordered
signed paths distribute each nonlinear-order coefficient across frequencies, and their
summed contributions determine convergence and regularized retention. The ReLU
calculation identifies frequencies excluded by active degrees and shows that identical
leading spectral tails can coexist with nearly twenty-fold local eigenvalue differences.
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The finite-network experiments cover noiseless full-batch training of centered two-
layer networks with fixed integer frequencies. The five natural-image crops extend
the target class while retaining a discrete periodic domain and reconstruction on fit-
ted pixels. Larger image collections and unseen-pixel evaluation would be needed to
assess broader image-representation performance. Learned frequencies, deep feature
learning, nonperiodic domains, and nonuniform sampling introduce evolving or non-
diagonal Fourier operators that require further analysis. Exhaustive design also has a
combinatorial candidate cost; the greedy baseline demonstrates the resulting tradeoff
between search cost and reconstruction error.

Within this setting, the allocation formula, ReLU support and tail analysis, and
truncation certificates provide a quantitative description of an individual Fourier dic-
tionary. The finite-network experiments show how this description can guide dictionary
selection and explain local learning differences that bandwidth and harmonic support
alone leave unresolved.

Supplementary information. Online Resource 1 contains the experiment and
analysis code, dependency specifications, synthetic-target and natural-image numeri-
cal records, dataset provenance, and instructions for reproducing all ten figures and
the reported statistics.
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Appendix A Proofs of the allocation and

approximation results

A.1 Exact allocation, trace, and first-arrival bounds

Proof of Theorem 1 Since |gB(t)| ≤ 1, the Weierstrass test gives absolute uniform conver-
gence of

∑
ℓ aℓgB(t)ℓ. Euler’s identity yields

gB(t)ℓ = (2M)−ℓ
∑

(jr,sr)ℓr=1

ei(
∑

r srωjr )
Tt =

∑

m

µ∗ℓ
B (m)eim

Tt.

For every ℓ,
∑

m µ∗ℓ
B (m) = 1. Hence

∑
ℓ,m aℓµ

∗ℓ
B (m) = A < ∞, so the double Fourier

expansion converges absolutely and can be integrated termwise. Translation invariance of
Haar measure gives

TBφm(θ) = eim
Tθ
∫

κB(t)e−imTt dρ(t) = λmφm(θ),

and coefficient extraction gives Equation (3). The tail is bounded by RL uniformly in m.
Nonnegative summands give the support equivalence, and Tonelli gives

∑
m λm = A. The

complete Fourier basis therefore diagonalizes a bounded nonnegative trace-class operator. Its
real even kernel also shows self-adjointness. Reflection of every step is a bijection between
paths to m and −m, yielding spectral symmetry. □

For signed coefficients with
∑

ℓ |aℓ| < ∞, the same argument applies after replac-
ing aℓ by |aℓ| in the absolute-convergence estimates. Support equivalence and the
nonnegative tail identities require the sign assumption used in the paper.

For Equation (5), every active contribution below r(m) is zero; retaining the first
positive term gives the lower bound and using µ∗ℓ

B (m) ≤ 1 gives the upper bound.
Each walk endpoint belongs to GB and has infinity norm at most ℓΩ. This proves
both the generated-group restriction and the coefficient-tail frequency bound. The
exact truncated rank is |⋃ℓ≤L:aℓ>0 supp(µ

∗ℓ
B )|, often smaller than the enclosing-box

estimate.

A.2 Truncation and grid aliasing

Proof of Theorem 2 Every retained endpoint satisfies ∥m∥∞ ≤ LΩ, proving the rank bound.
Pointwise, |κB − ΨL(gB)| ≤ RL; at t = 0, gB(0) = 1 and the omitted sum equals RL,
proving equality of the sup norm. The two operators have the same Fourier eigenbasis and
nonnegative eigenvalue differences, so their operator-norm difference is the supremum of the
differences. Summing those differences gives

∑

m

(λm − λm,L) =
∑

ℓ>L

aℓ
∑

m

µ∗ℓ
B (m) = RL.

This is exactly the trace norm of the positive difference.
For the grid tj = 2πj/N , j ∈ {0, . . . , N − 1}d, a character vector is an eigenvector of the

matrix K/Nd. Its eigenvalue is N−d∑
j κB(tj)e

−imTtj . Substitute the absolutely summable
Fourier series and apply discrete character orthogonality:

N−d
∑

j

ei(r−m)Ttj = 1{r −m ∈ NZ
d}.
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This gives Equation (8). Every nonzero alias m+Nk has infinity norm at least N − ∥m∥∞.
Consequently all aliases require walk order at least Lm + 1, and

∑

k ̸=0

λm+Nk =
∑

ℓ≥Lm+1

aℓ
∑

k ̸=0

µ∗ℓ
B (m+Nk) ≤

∑

ℓ≥Lm+1

aℓ = RLm
.

The inner sum is at most one, which controls all aliases jointly. Finally, if N > 2LΩ, no two
distinct lattice points in the support box are congruent modulo N in every coordinate. The
polynomial coefficients are then recovered exactly by the grid transform. □

A.3 Global spectral moments

Proof of Proposition 3 Let X ∼ µB . Then EX = 0 and EXXT = ΣB . For an independent
length-ℓ walk Sℓ, ESℓS

T

ℓ = ℓΣB . Fix v ∈ R
d. Tonelli, applied to nonnegative terms, gives

∑

m

(vTm)2λm =
∑

ℓ

aℓE(v
TSℓ)

2 =

(
∑

ℓ

ℓaℓ

)

vTΣBv.

For vTΣBv > 0, this identity is valid as an extended nonnegative equality. If vTΣBv = 0,
then vTX = 0 almost surely and the directional spectral moment is zero, regardless of the
order moment; this case is treated separately to avoid an undefined product 0 · ∞. Under a
finite first order moment, all entries of the matrix sum are absolutely summable by |mimj | ≤
(m2

i +m2
j )/2. Polarization gives Equation (10). If the scalar order moment diverges, the same

equality proves divergence in every nonzero-variance direction. □

Appendix B ReLU profile, support, and leading tail

B.1 Network normalization and coefficient expansion

For unit vectors x, x′ with xTx′ = c, let U = wTx, V = wTx′. These are correlated
standard Gaussians. Differentiating the model in Equation (11), the output-weight
and hidden-weight contributions to its limiting NTK are

2E[U+V+] =

√
1− c2 + c(π − arccos c)

π
,

2E[v2]cPr(U > 0, V > 0) =
c(π − arccos c)

π
.

Their sum is Equation (12). The Gaussian identities can be obtained by integrating
in polar coordinates in the span of x, x′. At c = 1, each contribution equals one, fixing
the trace normalization at two.

Write Ck = 4−k
(
2k
k

)
. The expansions

√
1− c2 = 1−

∑

k≥1

Ck

2k − 1
c2k,

arcsin c =
∑

k≥0

Ck

2k + 1
c2k+1, π − arccos c =

π

2
+ arcsin c.
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give a0 = 1/π, a1 = 1, and zero higher odd coefficients. Since Ck−1 = 2kCk/(2k − 1),
the coefficient of c2k is

1

π

[
− Ck

2k − 1
+

2Ck−1

2k − 1

]
=

(2k + 1)Ck

π(2k − 1)2
.

Stirling’s formula gives Ck ∼ (πk)−1/2, yielding the stated coefficient asymptotic, abso-
lute summability, and divergence of

∑
ℓ ℓaℓ. Equality of the series with Equation (12)

extends to the endpoints by uniform convergence and continuity.

Proof of Theorem 4 Let EB denote the union of all even-length endpoint sets, including zero.
Concatenation adds endpoints and reversing every sign negates an endpoint; therefore EB is
a subgroup. It contains 2ω1 and each ωj −ω1, which are length-two endpoints, so HB ⊆ EB .
Conversely, modulo HB , every ωj equals ω1 and −ω1 = ω1, because 2ω1 = 0 in the quotient.
Every even signed sum is consequently zero modulo HB . Thus EB = HB .

The quotient GB/HB is generated by the class of ω1, whose order is at most two. This
proves the index bound. Every even degree, as well as degree one, has a strictly positive
ReLU coefficient; all other degrees vanish. The support equivalence of Theorem 1 therefore
gives precisely HB together with the one-step endpoints. □

This result is also valid for repeated dictionary entries and signed base vectors.
The choice of the first entry in Equation (14) does not affect the resulting subgroup
because it equals the intrinsic even-walk endpoint set.

B.2 Proof of the one-dimensional tail

Proof of Theorem 5 Write bj = ωj/h, so gcd(|b1|, . . . , |bM |) = 1. First, gB(t) = 1 exactly at
tr = 2πr/h, 0 ≤ r < h: an average of cosines equals one only if each cosine equals one, and
the simultaneous conditions follow from Bézout’s identity. Similarly, gB(t) = −1 requires
ωjt ≡ π (mod 2π) for all j. Such a point exists exactly when every bj is odd; its locations
are sr = (2r + 1)π/h.

To see the necessity of the odd condition directly, let u = ht/π so bju is an odd integer
for every j. A Bézout combination of the bj shows that u is an integer. Then u and every bj
must be odd. The converse is immediate by taking u = 1.

At a point t0 with gB(t0) = 1, Taylor expansion gives

gB(t0 + s) = 1− 1
2σ

2
Bs2 +O(s4).

At a point with gB(t0) = −1, it gives gB(t0+ s) = −1+ 1
2σ

2
Bs2+O(s4). The scalar endpoint

expansions are

ΨR(1− ε) = 2−
√
2ε

π
− 2ε+O(ε3/2), ΨR(−1 + ε) = −

√
2ε

π
+O(ε3/2).

Thus at either type of singular point, κB(t0 + s) has the cusp term −σB |s|/π. Its first
derivative has jump −2σB/π. To justify differentiating the remainder, write 1∓ gB(t0+ s) =
s2q(s2) locally, where q is analytic and q(0) = σ2

B/2 > 0. The convergent endpoint expansions
of ΨR are analytic series in

√
1∓ c. Their composition is therefore a sum of an analytic

function of s2 and |s| times an analytic function of s2. After subtracting the leading cusp, the
latter starts at |s|3, whose second derivative is locally integrable. Away from these finitely
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many points the kernel is smooth. Hence its second distributional derivative has an integrable
regular part. In distribution notation,

κ′′B = r(t)− 2σB
π

(
h−1∑

r=0

δtr + χB

h−1∑

r=0

δsr

)

, r ∈ L1([0, 2π]).

Taking normalized Fourier coefficients and applying the Riemann–Lebesgue lemma to r yields

m2λm =
σB
π2

(
h−1∑

r=0

e−imtr + χB

h−1∑

r=0

e−imsr

)

+ o(1).

The first finite sum equals h for h | m and zero otherwise. The second is h(−1)m/h when
h | m. The exact vanishing off hZ already follows from generated-group support. Combining
these facts proves Equation (16); exact vanishing of the unsupported odd multiples also
follows from Theorem 4. □

The asymptotic is for a fixed dictionary. Its numerical illustration uses even m from
32 to 1,000, plots the range 200–1,000, and compares quadrature sizes 219 and 220.

Appendix C Learning, design certificates, and

perturbations

C.1 Population learning and RKHS consequences

Expand et = f⋆ − ft =
∑

m em(t)φm. From ėt = −TBet, boundedness and diagonal-
ization give ėm = −λmem, hence em(t) = e−tλmem(0). A positive-eigenvalue mode
reaches relative residual δ ∈ (0, 1) at time log(1/δ)/λm; a null mode is constant.

The population ridge equation (TB + ηI)fη = TBf
⋆ gives

f̂η(m) =
λm

λm + η
f̂⋆(m), ∥fη − f⋆∥22 =

∑

m

(
η

λm + η

)2

|f̂⋆(m)|2.

For the real target in Equation (17), the two coefficients at m and −m each have
squared magnitude wm/2, proving Equation (17) by Parseval. Its phases do not affect
the population error.

The associated RKHS is

HB =

{
f =

∑

m

cmφm : cm = 0 if λm = 0,
∑

m:λm>0

|cm|2
λm

< ∞
}
,

∥f∥2HB
=

∑

m:λm>0

|cm|2
λm

.

Indeed,
√
λmφm supplies a feature basis, and

∑
m λm < ∞ ensures bounded point eval-

uation by Cauchy–Schwarz. The nullspace of TB is the closed span of zero-eigenvalue
characters. Finally, for L(η) = {m : λm ≥ η},

|L(η)| ≤ A/η, 1
2 |L(η)| ≤ NB(η) :=

∑

m

λm

λm + η
≤ A/η.
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The first inequality sums η over the threshold set. For the second, each mode in that
set contributes at least 1/2, while every mode contributes at most λm/η.

C.2 Certified objective comparison

Proof of Proposition 6 For x ≥ 0, hη(x) = x/(x+ η) is increasing and has derivative at most
1/η. Since 0 ≤ λm−λm,L ≤ RL, weighted summation gives the first bound in Equation (18).

The map e−2tx is decreasing with derivative magnitude at most 2t, giving the second bound.
Let B̂ maximize Jη,L and let B⋆ maximize Jη. With ε = WRL/η,

Jη(B
⋆)− Jη(B̂) ≤ Jη,L(B

⋆) + ε− Jη,L(B̂) ≤ ε.

If the truncated gap exceeds ε, then for every other B, Jη(B) ≤ Jη,L(B) + ε < Jη,L(B̂) ≤
Jη(B̂). For minimizing Et, use Et,L − εt ≤ Et ≤ Et,L, with εt = 2tWRL, and repeat the
comparison with reversed signs. □

For squared ridge error the same derivative argument yields an error bound
2WRL/η, because x 7→ (η/(x + η))2 has derivative magnitude at most 2/η. This is
distinct from the retention-score bound used for the geometric certificate.

C.3 Two stability statements

Proposition 7 (Perturbed positive-kernel flow) Let T be bounded, self-adjoint and nonneg-

ative on a Hilbert space. Suppose At has the same properties, depends continuously on t, and
∥At − T∥op ≤ ε on [0, τ ]. For ėt = −Atet and ēt = e−tT e0,

∥et − ēt∥ ≤ tε∥e0∥, 0 ≤ t ≤ τ.

Proof Nonnegativity implies d
dt∥et∥

2 = −2⟨Atet, et⟩ ≤ 0. Variation of constants gives et −
ēt = −

∫ t
0 e−(t−s)T (As − T )es ds. The semigroup is a contraction, so the integral norm is at

most tε∥e0∥. □

Applying this flow bound requires uniform operator-norm control throughout the
trajectory. The experiments record terminal Frobenius drift as a diagnostic and com-
pute discrete frozen-kernel predictions (I−αAinit

n )ky, where Ainit
n is the initial empirical

kernel matrix normalized by the number of training points.

Proposition 8 (Stability under feature-amplitude changes) Fix B and two probability vec-

tors p, p′. Replace gB by gp(t) =
∑

j pj cos(ω
T

j t) and define λ(p) through Theorem 1. With

δ = ∥p− p′∥1/2, ∑

m

|λm(p)− λm(p′)| ≤ 2
[
Ψ(1)−Ψ(1− δ)

]
.

If Ψ′(1) < ∞, the right side is at most Ψ′(1)∥p − p′∥1. For the ReLU profile it is O(
√
δ) as

δ ↓ 0.
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Proof The signed step laws have total variation distance at most δ. Couple each pair of steps
so they disagree with probability at most δ, and use independent couplings over the ℓ steps.
Endpoint distributions then differ in ℓ1 norm by at most 2[1 − (1 − δ)ℓ]. Summing with
weights aℓ proves the first bound. Since 1− (1− δ)ℓ ≤ ℓδ, the finite-moment bound follows.
The ReLU endpoint expansion in Appendix B.2 gives the final assertion. □

The amplitude bound compares probability weights on the same fixed integer
frequency set.

Appendix D Complete experimental specification

D.1 Numerical implementation and checks

The accompanying code implements all training and spectral routines using NumPy
and SciPy in float64. Each worker uses one Basic Linear Algebra Subprograms
(BLAS) thread, with four independent workers for the recorded run. Analytic gradients
are checked against centered finite differences with step 10−6 on a small indepen-
dently seeded network; the maximum discrepancy is about 2.34 × 10−10. An explicit
concatenated parameter Jacobian verifies the empirical normalized kernel to below
10−15.

For training inputs X with rows xi, preactivations Z = XWT, H = ReLU(Z), and
Dij = vj1{Zij > 0}, the empirical normalized kernel is

An =
2

nN

[
HHT + (DDT)⊙ (XXT)

]
.

The initial and final matrices provide drift ∥Afinal
n −Ainit

n ∥F /∥Ainit
n ∥F . For multi-mode

design runs, we also record the off-diagonal fraction of the initial kernel in the selected
cosine basis. A separate spectral decomposition of Ainit

n gives frozen-kernel residuals.
These are independent calculations from the nonlinear parameter updates.

The geometric convolution check uses all reachable two-dimensional coefficients
through degree 24. Its kernel grid has N = 256 per axis, exceeding 2LΩ = 96. The
truncation sweep uses L = 0, 2, 4, 8, 12, 16, 24, 32, 48 and includes the origin. Its finite-
rank moment uses the truncated order moment

∑
ℓ≤L ℓaℓ, rather than the untruncated

Ψ′
q(1). The ReLU tail check uses N = 220 with 219 as a resolution comparison.
Table 1 summarizes the one-dimensional training conditions; the following subsec-

tions provide the target, initialization, and search details.

D.2 Targets, phases, and initialization

The single-mode target is
√
2 cos(mθ), which has unit population squared norm. Multi-

mode targets are
∑

m∈S

√
2wm cos(mθ+ϕm) with the target set in the main text. Their

phases are drawn once using NumPy’s default generator with seed 100, uniformly in
[0, 2π), and are shared by all methods and four energy patterns. The raw phases are
recorded in every relevant training record. The unnormalized mixed-task weights, in
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increasing order of S, are

(0.60, 0.65, 0.70, 0.75, 0.80, 0.85, 1.00, 0.90, 0.70, 0.80,

0.95, 0.75, 0.85, 1.10, 0.80, 0.70, 1.20, 0.75, 0.70, 0.65).

They sum to 16.2 and are normalized for the ReLU error objective. Geometric
retention-score certification uses these unnormalized weights, so its bound uses W =
16.2.

Pair seeds are 0–7; support seeds 0–4; network design seeds 1000–1007; cross-
dictionary seeds 300–304; and grid-sensitivity seeds 400–404. Every run draws W then
v (denoted by a in the implementation) from independent standard Gaussians using
its recorded generator seed. The draw order and NumPy version are recorded for
reproducibility. Competing dictionaries use the same array shapes and seeds to pair
their initialization randomness.

All tests use θj = 2π(j+0.37)/1024, j = 0, . . . , 1023, offset from the training grid.
The frozen initial function is subtracted at these points as well as at training points.
The cosine residual is rm(t) = [2N−1

∑
j ej(t) cos(mθj +ϕm)]/[2N−1

∑
j yj cos(mθj +

ϕm)]. Single-mode figures plot its mean and standard deviation. Rates fit log |rm(t)|
at recorded times up to 10, excluding values below 10−10.

D.3 Design search and all baselines

The exhaustive ReLU search scores E20 for every four-element subset of {1, . . . , 27}.
Spectra are computed in batches by direct Fourier transforms of Equation (12). Com-
paring grids 4,096 and 8,192 changes the objective by at most 1.30 × 10−5 over
candidates and tasks; the minimizers coincide. The top 32 candidates per task are
refined at 65,536 points to assess numerical stability.

The greedy heuristic adds the best unused frequency at each of four stages,
recomputing the normalized kernel for the current dictionary size. It then evaluates
all single-frequency replacements and takes the best improving exchange until none
improves the objective by more than 10−12. Addition ties are resolved by increasing
frequency and exchange ties lexicographically. The procedure uses 195 or 287 spec-
tral evaluations, yielding (4, 6, 12, 19), (3, 4, 15, 21), (3, 7, 11, 13), and (8, 12, 15, 25) for
mixed, flat, low, and high targets. Its spectral quadrature size is 8,192.

Top-energy uses the four largest wm. For the flat spectrum all entries tie, so eight
independent, uniformly selected four-element subsets of S are used, with seeds 30000–
30007. The fixed low-frequency and spread dictionaries are (1, 2, 3, 4) and (1, 9, 18, 27).
Uniform random selection samples four distinct integers from 1–27, with seeds 20000–
20007.

The Gaussian-scale baseline samples four independent Zj ∼ N (0, σ2) and sets
bj = min(27,max(1, round |Zj |)). Repeated entries remain valid labeled features. For
each σ ∈ {2, 4, 8, 16, 32}, 64 pilot draws with seeds 7000–7063 are scored by the same
target-aware population-error approximation as the spectral designs. The best average
scale is 16 for mixed, flat and high tasks and 8 for the low task. Network evaluation uses
fresh dictionary seeds 10000–10007, with dispersion across the eight runs reflecting
both dictionary and initialization variability.
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The geometric certification uses the degree-24 polynomial, q = 0.55, η = 0.04,
the same candidate family, and the unnormalized mixed weights. Grid size 2,048
exceeds 2LΩ = 1, 296, so the truncated coefficients are alias-free. The winner is
(7, 8, 11, 12), the runner-up is (4, 11, 12, 19), and the winner’s score is 2.9734617763.
Its gap 0.0234279286 exceeds WR24/η = 0.0001307743, so Proposition 6 certifies the
full-profile winner over this family. The bound controls mathematical truncation error;
the implementation uses float64 rather than interval arithmetic.

Appendix E Additional measurements and

uncertainty

E.1 Finite width and kernel drift
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Fig. 7 Finite-width diagnostics. (a) Mean relative initial-kernel Rayleigh error over seven modes;
error bars are the standard error of the mean (SEM) across 12 seed-level means. (b) Terminal relative
Frobenius drift for the matched pair, mean ± SD over eight seeds

Figure 7 shows the finite-width Rayleigh errors and matched-pair kernel drift. For
B = (1, 4), the width experiment uses modes 0, 1, 2, 3, 4, 5, 8 on a grid of size 512 and
widths 64, 128, 256, 512, 1024, 2048. Twelve seeds per width are numbered 200–211. For
each nonzero mode, the reported value averages cosine and sine Rayleigh quotients.
These measure kernel action in fixed Fourier directions; the finite-width empirical
kernel can also couple different modes. The mean relative error against the population
spectrum decreases from approximately 12.20% at width 64 to 2.10% at width 2,048.
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E.2 Independent ridge solve and grid effects
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Fig. 8 Ridge calculation with B = (1, 4, 7) and η = 0.05. The prediction uses a Fourier eigenvalue;
the recovered amplitude is extracted from the dense solve K(K+NηI)−1y. (a) Continuum predictions
differ from grid solutions through aliasing. (b) Predictions using the grid eigenvalue agree with the
independent solve

Figure 8 compares Fourier predictions with the independent dense ridge solve. The
target modes are (1, 2, 7, 11) with cosine amplitudes (1, 0.7, 0.5, 0.4). The dense Gram
matrix is constructed directly from embedded inputs, and SciPy solves the linear
system independently of Fourier filtering. Grid sizes are 32, 64, 128, 256 and 512.
Population reference eigenvalues use a grid of size 262,144. Both grid and population
predictions are recorded for comparison with the dense solutions.

The matched-seed grid-sensitivity experiment gives average early rates for BA of
0.06328, 0.06316, and 0.06315 for N = 128, 256, 512; corresponding BB rates are
0.003456, 0.003361, and 0.003342. These runs use different seeds and width from the
main pair experiment and are not pooled with it. The population-to-grid discrepancy
is proportionally more noticeable for a small eigenvalue.

E.3 Predictor comparisons and interval construction

The additional prospective predictors have Spearman correlations 0.876, 0.842, and
0.801 for the order-two contribution, and 0.917, 0.905, and 0.924 for negative first
active order, at targets m = 5, 9, 17, respectively. Table 3 reports the corresponding
spectrum and RMS comparisons, bootstrap intervals, and calibration errors.
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For each target, Spearman correlation compares the dictionary’s mean fitted rate
over five seeds with each prospective predictor. First active order is computed from
the positive ReLU coefficients and walk probabilities through order 20; all enumerated
cases arrive within that range. Order-two contribution is a2µ

∗2
B (m), with many tied

values. Bootstrap intervals use 2,000 dictionary resamples with replacement, generator
seed 111, and percentile endpoints. They characterize reweighting of the enumerated
dictionary family. RMS correlations retain their signs.

For design comparisons, the saved analysis includes paired mean-MSE differences
and Student-t intervals over eight paired seeds. The four target energy patterns share
phases and are not independent task samples. The high-weighted task is particularly
informative about computational tradeoffs: the exhaustive and greedy mean errors are
0.548989 and 0.549086, nearly indistinguishable at this resolution. A strong spectral
heuristic can therefore match the exhaustive result with far fewer candidate evalu-
ations. Figure 9 gives the complete training curves for all four energy patterns and
seven dictionary rules.

Appendix F Natural-image protocol and complete

results

F.1 Data and preprocessing

We use BSDS500 test images 100007, 100039, 100099, 10081, and 101027, selected
by lexicographic filename order before training. RGB bytes are divided by 255 and
mapped to grayscale by 0.2126R + 0.7152G + 0.0722B, applied to the encoded red,
green, and blue (RGB) channel values without gamma linearization. A 64× 64 center
crop is extracted without resizing, smoothing, or windowing. Subtracting its pixel
mean and dividing by its root-mean-square (RMS) value gives step-zero normalized
MSE one. Segmentation annotations are unused. Image hashes, crop origins, means,
and RMS values are recorded in the provenance data in Online Resource 1.

F.2 Coordinates, training, and discrete spectrum

The grid is (θrow, θcol) = 2π(i, j)/64, with 0 ≤ i, j < 64. We use eight scalar input
features, the network normalization of Equation (11), and frozen initial output subtrac-
tion. Both hidden weights and output coefficients are initialized independently from
standard normal distributions using NumPy’s default generator with seeds 20260923–
20260927; each seed is reused across images and dictionaries. Unregularized full-batch
gradient descent minimizes half the mean squared residual using simultaneous param-
eter updates, step size 0.1, width 1,024, and 200 iterations. The implementation uses
CPU float64 arithmetic and one BLAS thread. Trajectories are saved every five steps,
including zero and 200. The normalized FFT of ΨR(gB) gives a finite-grid spectrum
with trace two. On a small grid, its action agrees with an independently constructed
dense kernel; centered finite differences check all analytic parameter gradients on a
small network.
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Fig. 9 Complete training curves for all four energy patterns and seven dictionary rules. Curves show
means with one-SD bands over eight runs. The rules are selected before training and evaluated by
finite-network MSE

F.3 Rate fitting and uncertainty

Before training, we select the 20 largest target-energy conjugate pairs excluding the
zero-frequency (DC) component separately for each image. Each pair is included once,
including Nyquist/self-conjugate cases. We fit minus the slope of log relative resid-
ual amplitude against iteration number at recorded steps 0, 5, . . . , 50. The predicted
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amplitude rate is − log |1− 0.1λ
[64]
m |; the corresponding energy rate is twice this value.

All selected modes and negative fitted rates are retained. Five fitted seed rates are
averaged for each image, dictionary, and pair before computing Spearman correlations
across the 20 pairs. Pooled correlations across the 100 seed-averaged pairs per dictio-
nary are 0.908 and 0.941. They summarize mode ordering descriptively: pairs share
image targets, and all images reuse the same seed list.

Table 4 Complete five-image results at step 200. Observed MSE is mean
± sample SD over five initialization seeds. The rate correlation uses the 20
seed-averaged amplitude rates fitted over steps 0–50. All errors are
measured on fitted pixels after target centering and RMS normalization

Image Dictionary Predicted MSE Observed MSE Rate ρ

100007 A 0.5155 0.5137± 0.0022 0.761
100039 A 0.7337 0.7334± 0.0037 0.865
100099 A 0.4506 0.4502± 0.0003 0.976
10081 A 0.8353 0.8342± 0.0018 0.955
101027 A 0.6292 0.6289± 0.0027 0.867
100007 B 0.7222 0.7225± 0.0008 0.924
100039 B 0.8862 0.8866± 0.0012 0.970
100099 B 0.6479 0.6481± 0.0010 0.944
10081 B 0.8677 0.8686± 0.0015 0.953
101027 B 0.7829 0.7831± 0.0001 0.930

Table 4 reports the predicted and observed MSEs and rate correlations for each
image and dictionary. Aggregate MSE bands use the sample SD over five seed-level
means, each averaged over the five fixed crops. They measure initialization variability
within this image set. During steps 0–50, the largest relative discrepancy between an
image’s seed-averaged MSE and its NTK prediction is 0.58% for BA and 0.17% for BB .
At finite width, the empirical kernel can couple Fourier modes and transfer residual
energy between them, producing larger deviations in individual mode rates. Figure 10
shows the five crops and their complete training curves.

Absolute modewise calibration is weaker than aggregate MSE agreement. The
median relative error of the 100 seed-averaged rates per dictionary is 25.8% for BA

and 24.3% for BB . Of these rates, 9 and 10, respectively, are negative despite positive
infinite-width eigenvalues. The rank correlations summarize relative mode ordering,
while these errors quantify departures from the predicted absolute dynamics.

F.4 Boundary convention

Identifying opposite crop boundaries defines the discrete torus used in Equation (19).
The prediction applies to the sampled pixel array even when its edges are dis-
continuous. The dictionaries serve as fixed matched-scale controls chosen before
training.
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