
Input: system coordinates 𝐗 ∈ ℝ!", the function for computing a thermodynamic property 𝑓, 
Lanczos order 𝑚, number of samples 𝑛, finite displacement 𝛿 
Output: The approximate trace of 𝑓(𝐃(𝐗), where 𝐃 is the mass-weighted Hessian matrix. 
Algorithm: 
Γ ← 0  
for 𝑙 = 1 to 𝑛 do 

1. Generate a Rademacher random vector 𝐯# with unit norm. 
2. Apply 𝑚 + 1 steps of Lanczos to the Hessian using 𝑣# as the starting vector: 𝐓 =

Lanczos(𝐃(𝐗), 𝐯# , 𝑚 + 1), in which the matrix-vector multiplication involved is realized as 
𝐃𝐱 = 𝐌$!" 𝐠
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	where 𝐠 is the nuclear gradient. 
3. 𝐘,𝚯 = eig(𝐓) where 𝐲- and 𝜃- are the 𝑘-th eigenvector and eigenvalue of 𝐓 
4. 𝜏- ← the first entry of 𝐲- 
5. Γ ← Γ + ∑ 𝜏-,𝑓(𝜃-).
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end for 
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