APPENDIX A
WORKED EXAMPLE OF THE DEFORMATION ANALYSIS
This appendix illustrates the deformation analysis of Section 3.4 for the final image (Vf) of test E-04-200-S. The coordinates are given in pixels, with the origin at the top-left corner of the image and the vertical coordinate y increasing downward. The calibration factor is s = 0.05908 mm/px, which is the mean value of zones Ai and Bi for the final image of this test (Table 4). Figure A1 shows the profile extracted from the image and the points used to define the analysis domain.
Step 1. Top surface of the specimen. The top of the screw was identified on the profile by the points A″ (426, 145) and B″ (643, 149). The line through these two points is:
	yA″B″ = 0.01843x + 137.147	(A1)
The top cap, including its porous stone, has a constant thickness of approximately 30.7 mm (Section 3.4), measured from the top of the screw, which corresponds to 30.7/0.05908 = 519.63 px. Shifting the line A″B″ downward by this distance gives the top surface of the specimen:
	yAB = 0.01843x + 656.781	(A2)
Step 2. Upper corners A and B. Substituting the x-coordinates of the left and right boundaries into Eq. (A2) gives the boundary points closest to this line, at yA = 661 and yB = 673. Three points were selected on each side edge of the top cap, and a linear regression line was fitted through them:
	y = −12.432x + 3296.9 (left edge);   y = −12.432x + 11428 (right edge)	(A3)
Substituting yA and yB into Eq. (A3) gives xA = 212.025 and xB = 865.106.
Step 3. Lower corners A′ and B′. The top surface of the bottom pedestal, including the porous stone, is located at 167 to 168 mm on the reference frame, and the corresponding pixel position gives yA′ = yB′ = 1820. Similarly, a regression line was fitted through three points on each side edge of the bottom pedestal:
	y = −77.5x + 13525 (left edge);   y = −47.209x + 39622 (right edge)	(A4)
Substituting yA′ and yB′ into Eq. (A4) gives xA′ = 151.032 and xB′ = 800.737. Table A1 lists the coordinates of the four corners of the analysis domain.
Table A1. Coordinates of the corners of the analysis domain (pixels)
	A
	B
	A′
	B′

	xA
	yA
	xB
	yB
	xA′
	yA′
	xB′
	yB′

	212.025
	661
	865.106
	673
	151.032
	1820
	800.737
	1820


Step 4. Length of the specimen. The midpoints C and C′ of the top and bottom surfaces of the specimen are:
	xC = (xA + xB)/2,  yC = (yA + yB)/2;   xC′ = (xA′ + xB′)/2,  yC′ = (yA′ + yB′)/2	(A5)
This gives C (538.566, 667) and C′ (475.885, 1820). The specimen length is the distance CC′ = 1154.7 px, or 68.22 mm, which is compared with the length measured in the initial image (Vi) to obtain the axial strain εa,IB = 9.37% (Table B1).
Step 5. Width of the specimen. The axis of the specimen is the line through C and C′:
	yCC′ = −18.395x + 10573.8	(A6)
For each row of the profile, the horizontal distances from the left and right boundaries to this axis are:
	dL = (10573.8 − y)/18.395 − xL,   dR = xR − (10573.8 − y)/18.395	(A7)
where xL and xR are the left and right boundaries of the row y. The width of the profile is then:
	D = (dL + dR) s	(A8)
	

	Figure A1. Extracted profile of deformation from test E-04-200-S


Table A2 lists the width D along the column at intervals of 0.01H, with L/H = 0 at the base. The width reaches a maximum of 42.91 mm at both L/H = 0.47 and 0.56 (Section 4.4); Fig. 14 reports the lower position. Relative to the initial diameter D0 measured in the initial image, this width gives the maximum bulging of 6.3% shown in Fig. 14.
Table A2. Width of the profile D (mm) along the column of test E-04-200-S
	L/H
	1.00
	0.99
	0.98
	0.97
	0.96
	0.95
	0.94
	0.93
	0.92
	0.91

	D
	39.31
	39.62
	39.91
	39.92
	39.48
	38.39
	37.50
	37.32
	37.50
	38.20

	L/H
	0.90
	0.89
	0.88
	0.87
	0.86
	0.85
	0.84
	0.83
	0.82
	0.81

	D
	39.20
	39.96
	40.34
	40.41
	40.29
	40.13
	39.93
	39.82
	39.84
	40.00

	L/H
	0.80
	0.79
	0.78
	0.77
	0.76
	0.75
	0.74
	0.73
	0.72
	0.71

	D
	40.32
	40.74
	41.12
	41.36
	41.47
	41.58
	41.61
	41.67
	41.74
	41.79

	L/H
	0.70
	0.69
	0.68
	0.67
	0.66
	0.65
	0.64
	0.63
	0.62
	0.61

	D
	41.82
	41.88
	41.99
	42.14
	42.36
	42.49
	42.53
	42.46
	42.35
	42.26

	L/H
	0.60
	0.59
	0.58
	0.57
	0.56
	0.55
	0.54
	0.53
	0.52
	0.51

	D
	42.29
	42.44
	42.67
	42.83
	42.91
	42.83
	42.70
	42.61
	42.53
	42.43

	L/H
	0.50
	0.49
	0.48
	0.47
	0.46
	0.45
	0.44
	0.43
	0.42
	0.41

	D
	42.44
	42.57
	42.80
	42.91
	42.86
	42.72
	42.55
	42.44
	42.55
	42.70

	L/H
	0.40
	0.39
	0.38
	0.37
	0.36
	0.35
	0.34
	0.33
	0.32
	0.31

	D
	42.86
	42.85
	42.76
	42.67
	42.61
	42.57
	42.50
	42.49
	42.54
	42.60

	L/H
	0.30
	0.29
	0.28
	0.27
	0.26
	0.25
	0.24
	0.23
	0.22
	0.21

	D
	42.59
	42.61
	42.54
	42.44
	42.23
	41.96
	41.67
	41.50
	41.38
	41.38

	L/H
	0.20
	0.19
	0.18
	0.17
	0.16
	0.15
	0.14
	0.13
	0.12
	0.11

	D
	41.46
	41.54
	41.60
	41.56
	41.41
	41.23
	41.10
	41.04
	41.04
	41.05

	L/H
	0.10
	0.09
	0.08
	0.07
	0.06
	0.05
	0.04
	0.03
	0.02
	0.01

	D
	41.23
	41.39
	41.55
	41.58
	41.77
	42.03
	42.28
	42.45
	42.34
	41.73

	L/H
	0.0
	
	
	
	
	
	
	
	
	

	D
	41.10
	
	
	
	
	
	
	
	
	






APPENDIX B
WORKED EXAMPLE OF THE LATERAL DEFORMATION CORRECTION AND EQUILIBRIUM CHECK
This appendix applies the correction in Section 4.5 to test E-02-200-S, which showed the largest difference between the T-A and I-B axial strains (Fig. 12). Table B1 lists the results for all tests. Table B2 gives the equilibrium check used in Section 4.5.
Step 1. Input data. The T-A device gives εa,TA = 19.65/77 = 25.52% at the end of loading (Fig. 12). At the imaging state, the I-B analysis gives εa,IB = 5.86% (Fig. 12) and a maximum bulging εr,IB = 7.70% at L/H = 0.33 (Fig. 14).
Step 2. Direct scaling. The axial ratio is λa = 25.52/5.86 = 4.35. Scaling the bulging by λa gives εr = 4.35 × 7.70 = 33.5%, and Eq. (3) then gives V/V0 = (1.335)2 × (1 − 0.2552) = 1.327 at the end of loading, whereas the imaging state gives 1.092 (Step 6). The column would therefore have lost 18% of its volume during unloading (0.235 V0), almost four times the excess water taken up during re-saturation (0.06 V0, Section 4.1), which is unrealistic, so direct scaling is not used.
Step 3. Axial extension during unloading. From Eq. (4), (1 − εa,IB)/(1 − εa,TA) = 0.9414/0.7448 = 1.264, so Δea = ln(1.264) = 0.234.
Step 4. Correction factor. From Eq. (5), κ = 1.264νᵤ. This gives κ = 1.0000 for νu = 0, 1.0603 for νu = 0.25 and 1.1243 for νu = 0.5.
Step 5. Corrected bulging. From Eq. (5), εr,corr = 1.0770 κ − 1. This gives 7.7% for νu = 0 (lower bound), 14.2% for νu = 0.25 and 21.1% for νu = 0.5 (constant volume estimate).
Step 6. Volume check. Using the maximum radius, Eq. (3) gives V/V0 = (1.0770)2 × 0.9414 = 1.092 at the imaging state. For νu = 0.5, it gives (1.2108)2 × 0.7448 = 1.092 at the end of loading, so the volume does not change during unloading. For νu = 0, it gives (1.0770)2 × 0.7448 = 0.864, so the volume would increase by 26% during unloading, which corresponds to Δev = Δea = 0.234. The actual state lies between these two limits unless the volume decreases during unloading (Section 4.5).
The maximum bulging of E-02-200-S at the end of loading therefore lies between 7.7% and 21.1%, up to 2.7 times the value measured in the image. Its position remains at L/H = 0.33, since the same κ applies to the whole profile, but the correction cannot show whether the position changed during unloading (Section 4.5). Part of this value comes from the water trapped between the membrane and the encasement (Section 4.4), which the correction does not remove.
Table B1 applies the same steps to all tests. Direct scaling exceeded the constant volume estimate for N-01-40, E-02-200-S and E-03-200-S, which would require these columns to lose 2% to 18% of their volume during unloading. N-01-40 took up no water, and for E-02-200-S and E-03-200-S this loss is two to four times their excess water uptake (Section 4.1). This confirms that it cannot be used. For νu = 0.5, κ ranged from 1.03 (N-01-40) to 1.12 (E-02-200-S), and the corrected maximum bulging ranged from 13.9% (E-01-200) to 26.1% (N-01-40), which is 1.16 to 2.86 times the measured value. This factor was largest for the saturated columns sheared without confinement (2.59 to 2.86), which recovered most of their axial deformation during unloading (Fig. 12). For νu = 0.25, the corrected values ranged from 10.5% to 24.4%.
Table B1. Correction of the maximum bulging for all tests
	Test
	εa,TA (%)
	εa,IB (%)
	λa
	εr,IB (%)
	L/H
	εr (%), direct scaling
	Δea
	κ, νu = 0.5
	εr,corr (%), νu = 0.25
	εr,corr (%), νu = 0.5

	N-01-40
	24.72
	20.31
	1.22
	22.61
	0.54
	27.5
	0.057
	1.029
	24.4
	26.1

	E-01-200
	22.10
	15.11
	1.46
	9.13
	0.45
	13.3
	0.086
	1.044
	11.5
	13.9

	E-02-200-S
	25.52
	5.86
	4.35
	7.70
	0.33
	33.5
	0.234
	1.124
	14.2
	21.1

	E-03-200-S
	25.35
	7.35
	3.45
	6.55
	0.32
	22.6
	0.216
	1.114
	12.5
	18.7

	E-04-200-S
	24.27
	9.37
	2.59
	6.26
	0.47
	16.2
	0.180
	1.094
	11.1
	16.2

	E-05-500-S-P
	25.51
	11.87
	2.15
	5.96
	0.49
	12.8
	0.168
	1.088
	10.5
	15.3


εa,TA and εa,IB from Fig. 12; εr,IB and L/H from Fig. 14. Direct scaling: εr = λa εr,IB; a value above εr,corr for νu = 0.5 means a volume loss during unloading. For νu = 0 (lower bound), εr,corr = εr,IB.
Equilibrium check. Section 4.5 compares the termination load with the axial load that the encasement can carry at a given radial strain. The encasement is treated as a linear membrane with J = 15 kN/m, so the radial stress it provides is σr = J εr/R, with R = R0(1 + εr) and R0 = 19.5 mm. With σ1 = Kp σr, Kp = tan2(45° + φ/2), no cell pressure, the membrane neglected, and the axial stress acting on the bulged cross section, the axial load is:
	F = Kp J εr π R0 (1 + εr)	(B1)
φ = 40° is the friction angle of MR3 (Table 1), and φ = 33°, a typical critical state value for quartz sand, is used as a lower value. For E-02-200-S with εr,corr = 21.1% and φ = 40° (Kp = 4.60), Eq. (B1) gives F = 4.60 × 15 × 0.211 × π × 19.5 × 1.211 ≈ 1080 N (J in N/mm, R0 in mm), which is 5.4 times the termination load of 200 N. Table B2 applies Eq. (B1) to the four encased columns sheared without confinement; E-05-500-S-P is excluded because its cell pressure also contributes to the axial load. The measured maximum bulging gives 1.0 to 2.1 times the termination load, and the constant volume estimate gives 2.5 to 5.4 times. Both exceed the measured load, so the hoop force at large strains is lower than J = 15 kN/m implies, and the radial strain at the end of loading is probably closer to the measured value (Section 4.5).
Table B2. Equilibrium check for the encased columns sheared without confinement
	Test
	εr,IB (%)
	F (N), φ = 33°
	F (N), φ = 40°
	εr,corr (%), νu = 0.5
	F (N), φ = 33°
	F (N), φ = 40°

	E-01-200
	9.13
	310 (1.6)
	420 (2.1)
	13.9
	490 (2.5)
	670 (3.4)

	E-02-200-S
	7.70
	260 (1.3)
	350 (1.7)
	21.1
	800 (4.0)
	1080 (5.4)

	E-03-200-S
	6.55
	220 (1.1)
	300 (1.5)
	18.7
	690 (3.5)
	940 (4.7)

	E-04-200-S
	6.26
	210 (1.0)
	280 (1.4)
	16.2
	590 (2.9)
	800 (4.0)


F from Eq. (B1) with J = 15 kN/m and R0 = 19.5 mm, rounded to 10 N; the value in brackets is F divided by the termination load of 200 N. εr,IB and εr,corr from Table B1.
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