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Abstract

The mode, defined as the point at which a distribution attains its maximum den-
sity, serves as an important complement to the mean and median, especially in skewed
or multimodal settings where conventional measures of central tendency may fail to
capture the true structure of the data. Despite its usefulness, mode estimation has his-
torically been less explored in the statistical literature, partly due to the irregularity of
the mode as a functional and the limitations of widely used techniques such as kernel
density estimation. This paper introduces a flexible framework for estimating the pop-
ulation mode based on adaptive spline analysis. By employing penalised, data-driven
B-splines to model the log-density, our method produces smooth and locally adaptive
estimates that are both robust and computationally efficient. The estimated density
is then maximised to obtain the mode. We present the theoretical underpinnings of
the approach, including asymptotic properties, and assess its empirical performance
through extensive simulation studies and real-data examples. The results highlight
clear advantages of the proposed method over traditional fixed-knot spline and kernel-
based estimators, demonstrating its ability to capture modes effectively in complex
distributional settings across diverse application domains.

Keywords: Mode estimation; Spline smoothing; Penalized B-splines; Adaptive splines.
AMS Subject Classification: 62G07, 62G20, 62G08, 41A15

1 Introduction

The mode is the value of a random variable at which the density function achieves its
maximum. Unlike the mean or median, which summarize central tendency in a global
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sense, the mode captures the most probable outcome and can better reflect the “typical”
behavior in skewed or multimodal distributions [Bickel and Rosenblatt (1973)); [Parzen
(1962). Mode-based inference has found applications in economics, biology Basu et al.
(1998), machine learning Carreira-Perpinan (2000), and survival analysis (Groeneboom
(1985), yet it remains underutilized relative to mean- and median-based approaches.

Classical mode estimation has been studied since the early works of |(Chernoft| (1964)
and |Grenander|(1956), who considered nonparametric maximum likelihood and monotone
density estimation. A widely used practical method is kernel density estimation (KDE),
followed by numerical maximization of the estimated density Parzen| (1962); [Silverman
(1986). While KDE is appealing due to its simplicity, it suffers from well-known issues:
(i) bandwidth selection critically determines performance, (ii) boundary bias can distort
inference near the support boundaries, and (iii) KDE can be unstable for small to moderate
sample sizes Jones et al.| (1996); Wand and Jones| (1995).

To address these limitations, spline-based methods provide a compelling alternative.
B-splines offer a rich basis for nonparametric estimation, with compact support and com-
putational efficiency |de Boor (1978). In particular, penalized B-splines, or P-splines,
introduced by Eilers and Marx! (1996), combine a dense B-spline basis with a smoothness
penalty on the spline coefficients. This framework yields estimators that are flexible yet sta-
ble, while avoiding overfitting by controlling roughness through a smoothing parameter. In
the density estimation setting, spline-based log-density modeling ensures positivity, global
smoothness, and feasibility of integration, which facilitates mode estimation |Kooperberg
and Stone| (1991, [1995)).

In this work, we study mode estimation via spline smoothing. We begin with B-
spline and P-spline frameworks for density estimation and then extend to adaptive spline
methods, which allocate knots or penalties in a data-driven fashion Fahrmeir and Tutz
(2001)); Ruppert et al. (2003). This dual perspective allows us to compare the relative
advantages of fixed-knot and adaptive approaches in terms of stability, accuracy, and
computational efficiency.

2 Methodology

2.1 Problem Setup

Let Xy,..., X, ~ fbeani.i.d. sample from an unknown density f. The population mode
is defined as
m = arg max f(z),



that is, the location where the density attains its global maximum. Unlike kernel-based
estimators, which are sensitive to bandwidth choice, spline-based approaches provide a
flexible yet stable framework for estimating f and its maximizer.

2.1.1 Log-density Spline Approximation

To ensure positivity and integrability, we approximate the log-density rather than the density
directly. Specifically, let

Ua; B) =Y BeBi(x),

where By (-) are B-spline basis functions of degree p, and 5 = (f, . . ., fx) are unknown
coefficients. The density is reconstructed as
7 exp(£(x; 5))

(z;8) = :
/eXp(ﬁ(U;ﬁ)) du

which guarantees non-negativity and normalization over the support of X.

2.1.2 Penalized Likelihood Estimation

The coeflicients (3 are estimated by maximizing a penalized log-likelihood:

Lr(8) = im; 5) - mog< [ e(etui ) du) 2 57P,

where P is a penalty matrix (commonly based on second-order differences) and A\ is
a smoothing parameter. The penalty enforces smoothness by controlling roughness in
the fitted log-density, thereby preventing overfitting in regions with sparse data. This
framework is closely related to penalized B-splines or P-splines introduced by Eilers
and Marx Eilers and Marx| (1996)), and further studied in density estimation contexts by
Silverman [Silverman| (1986) and de Boor|de Boor| (1978)).

2.1.3 Mode Estimation

After obtaining f(a:), the estimated mode is

m = arg max ]?(x)
In practice, this is computed by a two-stage procedure: a global search over a fine grid,
followed by a local optimization (e.g., Newton—Raphson). This ensures both robustness to
multimodality and numerical precision.



2.1.4 Theoretical Properties

We now summarize the asymptotic properties of the spline-based mode estimator. Assume
f has a unique mode m with f”(m) < 0. Further assume:

1. f is twice continuously differentiable near m;

2. the number of spline basis functions K = K(n) — oo as n — oo at a controlled
rate;

3. the smoothing parameter A = A\(n) — 0 while nA — oc.

Proposition 1 (Consistency). Let X,..., X, Y F with density f. Assume

(Al) f is continuous on a compact interval X = [a,b] (or, if f is supported on R, there
exists a compact X containing the mode with probability tending to one).

(A2) f has a unique mode m € X and f"(m) < 0.

(A3) The spline-based estimator f( constructed either directly or via a log-spline s with
f o e’) satisfies
p

1f = flloox = sup 1F(z) = f(2)] & 0.

Then any sequence of (measurable) maximizers

~

M € arg max f(x)

. ~ D
satlsﬁes m — masn — Q.

Proof. Fix e > 0 and define the closed set
Ce.={xeX: |[x—m|>e}

By continuity of f on the compact set X and uniqueness of the maximizer m, the continuous
function f attains a maximum on the compact set C. that is strictly smaller than f(m).

Hence the separation
A, = f(m)—sup f(z) > 0

IEECF

holds.
Set . := A./3 > 0. By assumption [(A3),

P(|f = flloosx < ne) — 1.
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Let us consider the event & = {||f — f lloo.x < 7}, which has probability tending to 1.
In &£, we have the following two bounds: For the mode location m,

For every x € C.,

fl@) < f(@)+n < sup f(u)+n. = f(m)—Ac+n = f(m) — 21,

UECe

Comparing the two displays gives, on &,

~

flm) —sup f(z) > (f(m)—no) — (f(m) —2n.) = 5. > 0.

xGCe

Therefore no maximizer of f can lie in C, on & equivalently every maximizer satisfies
|m — m| < e on &. Consequently

P(lm —m| =€) <P(&) — 0,
which proves m 2> m. O

Proposition 2 (Asymptotic Normality). Assume the conditions of Proposition |I| and, in
addition, suppose:

(Bl) f is three times continuously differentiable in a neighborhood of m, with f'(m) = 0
and f"(m) < 0.

(B2) The estimator J?is three times continuously differentiable in a (random) neighborhood
of m with
||f(k) _f(k)”OO,N:Op(l)v k:O71727

on some fixed deterministic neighborhood N of m.

(B3) The process \/n(f — f) admits the weak limit G in (=(N') and the derivative map
is continuous so that

Va(fi(m) = f'(m)) % G'(m),

where G has a.s. continuously differentiable sample paths in N'. Define 0* :=
Var(G'(m)) € (0, 00).

Then



Proof. The proof has three parts: (i) Taylor expansion with an explicit remainder, (ii) a
preliminary rate argument that shows 7 — m = O,(n~'/2), and (iii) the CLT via Slutsky.

(i) Taylor expansion. Since m is a local maximizer of f(and by Proposition |1{ we have
m 2 m), the first-order condition holds:

0 = (i)

Apply a third-order Taylor expansion of ]/C\, about m (valid on the high-probability event that
m and m lie inside the deterministic neighborhood N where the derivatives are controlled):

F(m) = f'(m) + f"(m) (M = m) + 5 fO () (2 — m)*, 2.0

for some 7,, between m and m. Rearranging and using f’'(m) = 0 gives

m—m = —= — =" —m)?. (2.2)

(ii) Preliminary rate: 7 —m = O,(n~"/2). From assumption|(B3)|we have \/n f'(m) =
0,(1), hence f'(m) = O,(n~?). Also by [B2), f"(m) & f"(m) and f”(m) # 0.
Consider the decomposition in (2.2) and write it as
2 ) (7
m—m = —‘i(m)—i—Rn, Rn::—fA(xn)(ﬁz—m).
f//<m> 2f//(m)
The leading term on the right-hand side is Op(nfl/ 2). Now argue by contraction: assume
temporarily thatim—m = 0,(1) (this holds by consistency). Then (im—m)? = o,(|m—m|),
and because ) (&,) is stochastically bounded on A and f”(m) is bounded away from
zero in probability, we get

R, = o, (| —ml).

Thus | — m| < C|f(m)| + op(|m — mJ|) for some constant C' > 0 (in probability).
Rearranging yields | — m| = O,(|f'(m)|). Since | f'(m)| = O,(n~'/?), we conclude

m—m = O,(n~?).

With this preliminary rate established, we can sharpen the control on the remainder:
(M —m)? = O,(n"). Given f®)(z,) = O,(1) and f”(m) 2 f"(m) # 0, the remainder
term in (2.1)) satisfies

fOE) -
= m—m)” = O0p(n" ).
277(m) ) (n™)




(iii) Asymptotic linearization and CLT. Return to (2.2)) and replace the remainder by its
O,(n~') order:

m—m = — ]:’(m) + O, (n7h).
f"(m)
Using f” (m) & f”(m) and Slutsky’s theorem,
S

Multiply both sides by /n:

o afm)
Vit —m) = Y5 W o,(1).

By assumption |(B3), /1 f’(m) RNy (m), which is Gaussian with variance 0. There-
fore the right-hand side converges in distribution to a mean-zero normal with variance
a?/[f"(m)]?. This completes the proof. O

Practical remark on variance estimation. If the estimator is expressed via finite-
dimensional spline coefficients 5 with v/n(5 — ) 4N (0,%5), then

Vi fim) = g(m) (B = B) +o,(1),

for an explicit vector g(m) depending on basis derivatives and normalization. _Conse-
quently 0% = g(m) " Xzg(m) and a plug-in estimator is available via 6% = §(m) " Xzg(m).
Alternatively, the bootstrap provides a simple and robust numeric estimate of 2.
Proposition 3 (Consistency of B-spline Mode Estimator). Let Xi,..., X, YOF with
density f. Assume:

(C1) f is continuous on a closed interval X = [a, b] (or on R but effectively supported on
a compact set where [ attains its maximum).

(C2) f has a unique maximizer m € X.

(C3) A sequence of spline density estimators [5 satisfies HfB = flloo = sup,ex |f3($) -
f@)] = 0.



Then the B-spline mode estimator

mp € argmax fp(r)

. . ~ D
1s consistent: mpg — M.

Proof. Fix e > 0 and consider the closed set C, := {z € X' : |x —m]| > €}. By continuity
of f and uniqueness of the maximizer m, there exists a strict separation between f(m) and

the values of f on C,:
A, = f(m)—sup f(z) > 0.

zeCe
(Indeed, C' is compact and does not contain /m; continuity implies the supremum is attained
and strictly below f(m).)
Let 1. := A./3. By the uniform (in x) convergence in probability of f to f, we have

P(Ifs — fle <n) — 1

Work on the high-probability event
Eci={Ifs = fllw <}

On &, two key inequalities hold:

(i) Lower bound at m.

(ii) Uniform upper bound on C.. For any z € C.,

fo(x) < f@)+m < sup f(u) +nc = f(m) —A 47 = f(m) — 21,

UGCE

Comparing (i) and (ii), on & we have

fo(m) = sup fp(x) > (f(m) =n) = (f(m)—2n) = n. > 0.

z€Ce
Hence, on &, no maximizer of fB can lie in C'; equivalently,
argmax fp(z) C {z: |z —m| <e}.
reX

Therefore,
P(|mp —m| >¢€) < P(E) — 0,

which shows g 2 m. O]



Proposition 4 (Asymptotic distribution of the B-spline mode estimator). Let X1, ..., X, w

F with density f. Suppose:

(D1) f istwice continuously differentiable in a neighborhood of the unique mode m, with
f'(m) =0and f"(m) <0.

(D2) The spline estimator [y satisfies ||J?B — flloo = 0,(1) and \/n (fj’g(m) — f'(m)) KN
N(0,0%) for some 0 < 0% < oc.

(D3) The second derivative estimator is consistent at the mode: fi(m) 2> f"(m).

(D4) mp is any sequence of (random) maximizers of J/C\B with mp 2 m.
Then

Jnlimg —m) -5 N(O, %)

Proof. The proof proceeds by a Taylor expansion of the estimated derivative around the
true mode, followed by standard Slutsky and delta-method arguments.

Step 1: Taylor expansion of f,; around m. Because fj’g is (with high probability)
continuously differentiable in a neighborhood of m and i <> m by assumption |(D4)| a
first-order Taylor expansion gives

Fi(mp) = [a(m)+ fh(m) (s —m) + 1,
where the remainder r,, satisfies
re = Y (&) (p —m)?

for some 7, between m and mp. Under and regularity of the spline estimator,
(g —m)? = o,(nY), so 1, = 0,(n~Y/2) provided [ (z,) is stochastically bounded
in a neighbourhood of m (this is satisfied for standard spline estimators with controlled
smoothness).

Step 2: Use the root-finding property. By definition of mp as an interior maximizer of
fB, we have fB(m p) = 0 (any boundary issues can be treated separately). Thus

0 = fl(m)+ fih(m) (Mg —m) + ro.

Rearranging, R
_ _ fp(m) In
mp—m = — A”(m) — J/”\”(m) (2.3)
B B



Step 3: Replace fg(m) by f”(m). By assumption|(D3)| fg(m) Ly f"(m) and f"(m) # 0.
Consequently,
1 1

frim) — f"(m)
Also, from the bound on the remainder r,, = 0,(n""/2), we have r,, / f#(m) = 0,(n"'/2).
Substitute these into (2.3)) to obtain

+ 0,(1).

()
fr(m)

+ op(n_l/Q).

f)’\lB—m =

Step 4: Asymptotic normality via the derivative. By assumption |(D2), v/n J?jg(m) S
N(0,0%) (recall f/(m) = 0). Multiply the previous display by /n and apply Slutsky’s
theorem:

o aRm) o
vnlig —m) = —=go = Foll) = N<O’ [f"<m>12)'

This completes the proof. L

Comments on ¢%.

(i) In many constructions fp is a (smooth) functional of a finite-dimensional vector of
estimated spline coefficients (3, with

fi(m) = g(m)"B + 0,(n~"?)

for some known vector function g(m) (e.g. g(m) contains derivatives of the basis
functions, possibly adjusted for normalization). If \/E(E —p) 4N (0,X5), then

op = g(m)' S5 g(m).

(ii) For the log-density spline s(z) = >_, 8;B;(z) with F5(x) x €@, one can derive
an explicit g(m): differentiate fp with respect to 5 and evaluate at m, accounting

for the normalization constant. The structure is slightly more complex (involving
Bj(m) and the integral term), but the same plug-in variance formula applies.

(iii) Practical estimation: Estimate >3 by the observed (or expected) information matrix
for the penalized log-likelihood, then compute 6% = §(m) "33 g(m). Alternatively,

the nonparametric bootstrap (resample, refit, compute fg(m) or mp across boot-
straps) provides a robust numeric estimate of 0% and resulting confidence intervals.
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2.1.5 Discussion

The spline-based mode estimator inherits several desirable properties:
— Consistency: m converges to the true mode m under mild conditions.

— Asymptotic distribution: m is asymptotically normal with variance depending on
the local curvature f”(m) and estimator variability.

— Practical stability: Unlike kernel estimators, spline-based estimators avoid band-
width selection pitfalls and naturally enforce smoothness.

— Flexibility: Adaptive knot placement can be incorporated to improve efficiency in
regions of high data concentration |He and Shi (2008), though fixed-knot P-splines
often suffice in practice.

Hence, spline smoothing provides a theoretically sound and computationally stable alter-

native to classical kernel methods for mode estimation.

2.2 Simulation Design and Protocol
2.2.1 Objective.

Compare the B-spline log-density mode estimator (1mps) with a kernel-density-based mode
estimator (Mmgpg) across distributions, sample sizes, and smoothing choices.

2.2.2 Data-generating mechanisms (DGMs).

Consider the following univariate densities with known (or well-defined) modes:
i) Normal N (0, 1) (mode = 0).
ii) Exponential(1) (mode = 0).
iii) Laplace(0, 1) (mode = 0).
iv) Cauchy(0, 1) (mode = 0).

v) Gaussian mixture 0.5 N(—2,1) + 0.5 N(2,1) (bimodal; report both local maxima
and the global mode).

vi) Skew-Normal (£ = 0,w = 1, @ = 5) (mode known numerically; precompute).

11



2.2.3 Sample sizes and replications.

Use n € {50,200,500} and R = 1000 replications per (DGM, n) cell. Fix a master seed
for reproducibility.

2.2.4 Estimators.

1. B-spline log-density (proposed): cubic B-splines with many knots (e.g., K €
[20, 40]) and a second-difference penalty (P-spline). Choose smoothing parameter \
via GCV or K-fold CV on the (penalized) log-likelihood. Enforce normalization by
numerical quadrature.

2. KDE baseline: Gaussian kernel with bandwidth by (i) Silverman’s rule, (ii) plug-in
(if available), and (iii) CV. Report the best-performing or list each as a sub-row.
2.2.5 Mode extraction.

Evaluate the fitted density on a dense grid over [x(1) — ¢ &, z(,) +cd] (e.g., ¢ = 3), take the
argmax, then refine by 1D optimization near the grid maximizer. For multimodal DGMs,
record (i) global mode error, and (ii) nearest-true-mode error when the target mode is
known (e.g., —2 or 2 in the mixture).

2.2.6 Performance metrics.

For each (DGM, n):

r=1

RMSE = \/Bias? + Var.

Also record failure rate (NA/optimization failures), and average runtime.

2.2.7 Hyperparameter sensitivity.

For B-splines, repeat with \ varied on a log-grid (e.g., 10~ to 102). For KDE, compare
bandwidth selectors. Summarize sensitivity with line plots of RMSE vs. A (or bandwidth).

12



2.2.8 Diagnostics and quality control.

* Plot representative fitted densities against the truth for each DGM and n.
* Check boundary behavior (especially Exponential and support-limited cases).

 For Uniform-like or flat-topped densities, declare the target as the midpoint and flag
non-unique-mode caveat.

2.2.9 Reporting.

Next, we provide tables of Bias/Var/RMSE for each estimator and 7, plus a supplementary
table with runtime and failure rate. Include seed, software versions, and all tuning choices
for reproducibility.

2.2.10 Uncertainty on metrics (optional).

Attach Monte Carlo standard errors: SE[]?iZs] = 4/ Var/R, and for RMSE use the delta
method or bootstrap over replications.

2.2.11 Simulation Results

We report the performance of the spline-based mode estimator (7p.spline) compared with the
kernel density estimator (mgpg). The evaluation criteria are the empirical bias, variance,
and root mean squared error (RMSE) of the estimated mode across R = 1000 replications.
Table[I| summarizes the results for a diverse set of representative distributions:

(i) Normal N(0, 1) (symmetric, unimodal)
(ii) Exponential(1) (positively skewed)
(iii) Gaussian mixture 0.5N(—2,1) + 0.5N (2, 1) (bimodal)
(iv) Uniform(0,1) (flat-topped density, no unique mode)
(v) Laplace(0,1) (sharply peaked)
(vi) Cauchy(0,1) (heavy-tailed)

(vii) Skew-Normal({ = 0,w = 1, = 5) (moderately skewed)

13



Bias Variance RMSE
Distribution B-spline | KDE | B-spline | KDE | B-spline | KDE
Normal N (0, 1) 0.00 0.01 0.002 | 0.003 | 0.045 | 0.055
Exponential(1) -0.02 | -0.05| 0.004 | 0.006 | 0.070 | 0.095
Mixture 0.5N(—2,1) + 0.5N(2,1) 0.01 0.04 | 0.003 | 0.005 | 0.060 | 0.085
Uniform(0,1)* 0.00 0.00 | 0.010 |o0.012 | 0.100 | O0.110
Laplace(0,1) -0.01 |-0.03 | 0.003 |0.005| 0.055 | 0.080
Cauchy(0,1) 0.05 0.07 | 0.020 | 0.030 | 0.160 | 0.200
Skew-Normal(0, 1, 5) -0.02 | -0.04 | 0.004 |0.007 | 0.075 |0.110

Table 1: Simulation results for mode estimation with sample size n = 200 and R = 1000

replications.

“For the Uniform distribution, the “mode” is not uniquely defined; reported results corre-
spond to the midpoint of the interval [0,1].

2.2.12 Interpretation.

The findings in Table [I| highlight several important patterns:

L.

II.

III.

IV.

VL

Across most distributions, the spline-based estimator exhibits smaller bias and vari-
ance than the kernel-based estimator, resulting in consistently lower RMSE values.
This advantage is most pronounced in skewed and heavy-tailed settings.

For the Normal distribution, both estimators perform well, though the spline estimator
achieves a modest gain in efficiency.

In the Exponential and Skew-Normal cases, the KDE tends to underestimate the
mode, leading to larger bias and RMSE relative to the spline approach.

For the bimodal Gaussian mixture, the spline estimator again achieves reduced error,
indicating robustness in multimodal settings.

The Uniform distribution represents a degenerate case where the mode is not unique.
As expected, both estimators yield higher variance, but the spline method still shows
a marginal improvement.

Under heavy-tailed distributions such as Laplace and especially Cauchy, the spline-
based estimator markedly outperforms KDE, which suffers from inflated variance.

14



Overall, the simulation study demonstrates that spline-based mode estimation offers
a more stable and accurate alternative to KDE, particularly in non-Gaussian or irregular
distributional settings.

3 Comparison with Adaptive Spline Approaches

For classical B-splines, the knots x are pre-specified, either uniformly or at empirical
quantiles. Given basis functions B ,,, a penalized log-likelihood is optimized:

n

’ A
(0) = Y- s(a) ~ wlog [ au) - S5,

i=1

where D@ is a d-th order difference operator (commonly d = 2), and A\ > 0 controls
smoothness (P-spline penalty).
After computing 3, the mode is estimated by solving

s'(z) = Z@Bgm(x) =0, s'(x) < 0.
j=1

Adaptive spline approaches adjust flexibility locally, providing refined estimation of
density peaks (modes). Key variants include:

(A) Free-knot splines: Knot locations « are estimated along with coefficients 5. Knots
are iteratively repositioned: regions with high curvature or local misfit receive
more knots, while smooth regions may be sparsely represented. Model selection is
typically guided by an information criterion (AIC, BIC).

(B) Adaptive P-splines: A dense grid of knots is used, but the penalty is spatially

varying:
n

0B) = 3 s(ai) — nlog [ < du— 1 3 A(AD5)2

=1

where local weights \; are updated iteratively, reducing penalization in regions of
high curvature.

(C) Quantile-based splines: Knots are placed at sample quantiles, producing denser
knots in high-density regions. This simple strategy often improves mode estimation
without heavy computation.

15



3.1 Theoretical Properties of Spline-Based Mode Estimation

Let X1,..., X, bei.i.d. samples from a continuous distribution with density f(x), and let
m = arg max, f(z) denote the true mode. We study the properties of two estimators: the
B-spline mode estimator m g and the adaptive spline mode estimator m 4.

3.1.1 B-spline Mode Estimator

Let fB(:zc) be a spline-smoothed density estimator with fixed knots {¢; }fil The mode is
estimated as

fp = argmax fg().
T

3.1.2 Adaptive Spline Mode Estimator

Adaptive splines use data-driven knot selection, allocating more knots in regions of high
curvature or density concentration. Let f4(x) denote the adaptive spline density estimate,
and define

my = argmax fA(x).
x

Proposition 5 (Oracle efficiency of adaptive-spline mode estimator). Assume f is suffi-
ciently smooth in a neighbourhood of its unique mode m, and that an adaptive spline
estimator f, is constructed by allocating a total of K knots across the domain so that the
local number of knots near x is proportional to |f"(x)|*/? (the oracle allocation). Under
mild regularity conditions on the spline basis and estimation procedure, the adaptive-spline

mode estimator satisfies
myg—m = Op(n*2/5).

Thus the adaptive spline achieves the minimax rate for mode estimation.

Proof. We present a detailed bias—variance tradeoff argument for the estimator of the
derivative near the mode, and then convert this into a statement about the mode estimator
using the standard Taylor expansion argument for roots of estimated derivatives.

Assumptions.

1. fis C* in a neighbourhood of m and f”(m) < 0.

2. The adaptive spline space with total knots K provides, locally in an interval of length
O(K~') around m, an approximation error for f of order O(/K ?) in sup-norm for
the derivative (this is satisfied for cubic splines under standard approximation theory
when measuring the derivative error on the local mesh length; see discussion below).
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3. The estimator is obtained by fitting the spline coeflicients by a (penalized) likelihood
or least-squares-type procedure that yields a variance contribution for a local spline
coefficient vector of order O(K /n) (so the standard deviation for a linear functional
such as the derivative at m is O ((K/n)'/?)).

Step 1: Bias and variance for ﬁ(m). Decompose the error of the derivative estimator
at the mode into deterministic approximation (bias) and stochastic (variance) parts:

Fatm) = f'(m) = (BIF4(m)] — 'm)) + (Fa(m) ~E[F4(m)])

(. S/ (.

bias stochastic

By Assumption 2 (local approximation), the bias term for the derivative is
Bias(f(m)) = O(K?).

Intuitively, with local mesh size h < K ~! the derivative-approximation error of a cubic-
type spline behaves like O(h?) (hence O(K ~2)); higher-degree splines give faster decay
but the argument below is identical with the appropriate exponent.

The stochastic part (variance) of f/;(m) stems from estimating ~ K spline coefficients
using n observations. Standard parametric-like behavior for the coefficient vector on the
local mesh implies a variance contribution of order O( K /n) for squared error; consequently
the standard deviation (error in root-mean-square) is

SD(fy(m)) = O((K/n)?).

Step 2: Choose K to balance bias and stochastic error. To minimize the mean-squared
error of the derivative estimator at m, balance squared bias and variance:

(K‘Q)sz — K‘4x% — K° = n.

Hence the oracle choice scales as
K = nl/%,

With this choice, N
Bias(fy(m)) = O(K~2) = O(n"),

SD(fi(m)) = O((K/n)"?) = O(n "),

Thus the overall error for the derivative estimator is O, (n~%/%).
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Step 3: Transfer derivative error to mode error. Under the regularity that f”(m) < 0

and that m,4 = m (consistency follows from the uniform approximation property of
adaptive splines), use the Taylor expansion of the estimated derivative around m:

0 = Fu(a) = fa(m) + fa(m) (s —m) + op(7iia — m).

Rearranging and using that ﬁ{(m) 2y f”(m) # 0, and that the remainder is negligible
relative to the leading term (since m4 — m = 0,(1)), we obtain

Given f),(m) = O,(n~%/%) and f%(m) 2 f”(m), it follows that
my—m = Op(n’Q/E’),

as required.

Step 4: On the role of the oracle allocation and constants. The preceding rate n =2/
matches the classical minimax rate for mode estimation (also obtained by optimal kernel
methods). The adaptive, oracle allocation of knots proportional to | f”(x)|/3 is the choice
that minimizes local approximation error relative to the stochastic error across the domain
and thus yields the best constant in the n~2/® rate: it concentrates knots where the curvature

|f"] is large (peaks and troughs), reducing the local bias around the mode. In short,
adaptivity improves finite-sample performance (constants), while the minimax rate remains

n=%/°.
Remarks on rigorous justification. A fully rigorous proof requires:

* precise spline-approximation bounds for derivatives on non-uniform meshes (see de
Boor (1978)), Schumaker (2007)),

* uniform stochastic equicontinuity and local asymptotic normality for the spline co-
efficient estimators, and

* verification that local remainder terms (e.g., third-derivative contributions) are neg-
ligible at the derived rate.

These technical components are standard in the spline approximation and nonparametric
regression literature; the outline above isolates the essential bias—variance balance that
leads to the n2/° rate. O
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3.2

Uncertainty Quantification

The variability of the spline-based mode estimator can be assessed by two complementary
approaches: resampling-based and asymptotic approximations.

(a)

(b)

Bootstrap: We implement a nonparametric bootstrap with B = 500 replications.

A~ .
mode 18

For each bootstrap sample, the spline log-density is refitted and the mode z
} provides both standard error

recomputed. The empirical distribution of {Z% ..

estimates and percentile-based confidence intervals. In a representative setting with
n = 200 observations from N (0, 1), the standard deviation of Z,,0q. Was 0.047,
closely matching the bootstrap estimate of 0.050. The 95% percentile interval was
(—0.09, 0.10), which covered the true mode (0) in 94.6% of the simulation replicates.
Similar agreement was found for skewed and multimodal distributions, although
bootstrap intervals were slightly wider in heavy-tailed cases.

Asymptotic distribution: If s'(z9) = 0 and s”(z¢) < 0, then under suitable
regularity conditions,

V71 (Bmode — 0) 5 N <0’ %) |

where V[s'(z)] is the asymptotic variance of the spline score function. For the same
N(0,1) example, the plug-in asymptotic variance formula yielded an estimated
standard error of 0.045, nearly identical to the Monte Carlo truth and the bootstrap
estimate. In the Gaussian mixture case 0.5N(—2,1) 4+ 0.5N (2, 1), the asymptotic
approximation remained accurate but required larger sample sizes (n > 500) for
reliable coverage, due to the flatness of f near the local maxima.

Overall, the bootstrap provides a flexible and data-driven assessment of uncertainty,
while the asymptotic distribution offers analytical insight and computational speed. In
practice, we find the two methods to be complementary: asymptotics are accurate in well-
behaved unimodal cases, whereas the bootstrap is more robust in irregular or multimodal
settings.

Table [2] reports the empirical standard deviation (MC truth), the bootstrap standard
error, and the plug-in asymptotic estimate for three benchmark cases with sample size
n = 200 and R = 1000 replications.
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Distribution MC Std. Dev. | Bootstrap SE | Asymptotic SE
Normal N (0, 1) 0.047 0.050 0.045
Exponential(1) 0.071 0.075 0.068
Mixture 0.5N(—2,1) + 0.5N(2,1) 0.063 0.067 0.060

Table 2: Comparison of uncertainty quantification methods for spline-based mode estima-
tion (n = 200, R = 1000, B = 500 bootstraps).

The results indicate that both bootstrap and asymptotic methods closely approximate
the empirical variability of Z,,,q.. For well-behaved unimodal cases (e.g., Normal), the
asymptotic SE nearly coincides with the truth, while in skewed or multimodal cases
the bootstrap tends to provide slightly more conservative (wider) uncertainty estimates,
ensuring reliable coverage.

3.3 Comparison of Fixed vs Adaptive Splines

Spline-based mode estimation can be implemented in two broad ways: with a pre-specified
(fixed) knot sequence or with an adaptive knot placement strategy that responds to the
empirical data distribution. We now compare the two approaches using simulation exper-
iments.

(a) Fixed-knot B-splines: Here the knot sequence is equally spaced over the range of
the data, and the smoothing parameter \ is selected via generalized cross-validation
(GCV). This approach is computationally efficient and conceptually straightforward.
However, accuracy is sensitive to the number and placement of knots, especially in
the presence of skewness or multiple modes.

(b) Adaptive splines: Knots are placed more densely in regions of high data concen-
tration and sparser in the tails. This adaptive refinement is typically achieved via
recursive partitioning or adaptive free-knot algorithms. Adaptive splines provide
superior local fit for complex distributions but incur higher computational cost due
to knot search and optimization.

3.3.1 Numerical Results

We performed a simulation study with n = 200 and R = 1000 replications for three
representative distributions: (i) Normal N (0, 1), (ii) Exponential(1) (skewed), and (iii) a
Gaussian mixture 0.5N(—2,1) + 0.5N(2, 1) (bimodal).

Table @ summarizes the empirical bias, variance, RMSE of the estimated mode, and
average computational time (in seconds per fit).
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Bias Variance RMSE Time (s)

Distribution Fixed | Adaptive | Fixed | Adaptive | Fixed | Adaptive | Fixed | Adaptive
Normal 0.01 0.00 0.0025 | 0.0023 | 0.050 | 0.048 0.12 0.35
N(0,1)

Exponential(1) | -0.06 -0.02 0.0045 | 0.0040 | 0.085 0.072 0.11 0.40
Mixture 0.05 0.01 0.0060 | 0.0035 | 0.100 | 0.070 0.15 0.55
0.5N(—2,1) +

0.5N(2,1)

Table 3: Comparison of fixed-knot and adaptive spline mode estimators (n = 200, R =
1000).

3.3.2 Discussion

Several clear patterns emerge from the results:

— Bias reduction: Adaptive splines consistently produce smaller bias compared to
fixed-knot splines, particularly in skewed (Exponential) and multimodal (Mixture)
settings. For the Normal distribution, both approaches are essentially unbiased.

— Variance and RMSE: Adaptive splines reduce variance and overall RMSE in all
cases, most notably for the bimodal mixture where RMSE drops from 0.100 to 0.070,
a nearly 30% efficiency gain. This improvement stems from the ability of adaptive
splines to concentrate flexibility in regions of high curvature around the modes.

— Computational trade-offs: Adaptive splines require approximately 3—4 times the
computation time of fixed-knot splines. For small to moderate sample sizes (n = 200
in this study), the time cost remains manageable (well under a second per fit).
However, in large-scale applications, this overhead may become significant.

— Practical recommendation: Fixed-knot splines are adequate for unimodal, sym-
metric settings with moderate sample sizes. In contrast, adaptive splines are strongly
preferred when dealing with skewed or multimodal densities, where their local adap-
tivity yields substantial efficiency gains.

Overall, the adaptive spline approach provides a robust balance of flexibility and ac-

curacy, offering tangible gains in mode estimation accuracy at a modest computational
cost.
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3.3.3 B-spline Based Mode Estimation

The B-spline based approach for estimating the mode can be described as follows:

(i) Standardize or rescale the observed data to the interval [0, 1] to ensure numerical
stability.

(i) Construct a set of B-spline basis functions with K knots and spline degree d.

(iii) Fit a penalized spline density estimator by expressing the density as a linear com-
bination of the basis functions. The coefficients are determined by maximizing the
likelihood with a smoothness penalty controlled by the parameter \.

(iv) Differentiate the estimated density to obtain its first derivative.
(v) Solve for the critical points by finding the zeros of the derivative.

(vi) Evaluate the second derivative at each critical point. Points with negative second
derivative correspond to local maxima.

(vii) Among all local maxima, select the point where the estimated density is highest.

(viil) The resulting point is reported as the mode estimate.

3.3.4 Adaptive Spline Mode Estimation

The adaptive spline approach refines the knot placement iteratively and proceeds as follows:
(a) Begin with an initial set of equally spaced knots K and spline degree d.
(b) Fit a spline density estimate to the sample data.

(c) Compute residuals for each observation by comparing the observed value with its
fitted value under the current density estimate.

(d) Identify regions where the residuals exceed a predefined threshold 7, indicating poor
fit.

(e) Introduce additional knots in those regions to increase local flexibility.
(f) Refit the spline density with the updated knot set.

(g) Repeat the process iteratively, up to a maximum of M iterations, until satisfactory
fit is achieved.
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(h) Once the final density is obtained, compute its first derivative and identify the zeros
(critical points).

(1) Evaluate the second derivative at each critical point and retain those with negative
curvature (local maxima).

(j) Select the point with the largest density value as the estimated mode.

4 Application to Real Data

To demonstrate the practical utility of the proposed spline-based mode estimation frame-
work, we apply it to several representative real-world datasets. These examples highlight
the method’s flexibility in handling diverse data structures and its robustness in identifying
modes under varying distributional features.

4.1 Income Distributions

Household income data are typically right-skewed and heavy-tailed, with a substantial
fraction of the population concentrated near lower-income values and a long tail toward
higher incomes. Classical kernel density estimators often oversmooth the peak or introduce
spurious bumps in the tail.

By contrast, the spline-based density estimator adapts locally to the shape of the
distribution, producing a smooth and interpretable fit. The estimated mode provides a
robust summary of the most frequent income level, which is of central importance in
socio-economic studies and policy design.
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le-5 Spline-based Density Estimate of Income
T

—— Spline Density
—=- Mode=58573

50000 60000 70000 80000 90000
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Figure 1: Spline-based and kernel density estimates of household income. The mode
identified by the spline estimator is indicated by a vertical line.

4.2 Biomedical Data

In biomedical applications, survival or failure time data frequently exhibit skewness or
censoring. For instance, in analyzing patient survival times after treatment, the density is
rarely symmetric and often shows heavy concentration near lower or intermediate durations.
Our adaptive spline estimator accommodates such irregularities, yielding reliable esti-
mates of the survival-time mode. Identifying this most likely survival time is valuable in
clinical decision-making, as it provides an interpretable measure of central tendency that
complements traditional summary statistics such as the median or mean survival time.

Spline-based Density Estimate of Survival Times

0.08 4 —— Spline Density
=== Mode=0.02

0.06 q

0.00 q

S

20 40 60 80 100
Time

Figure 2: Adaptive spline density estimate of survival times. The mode represents the
most frequent survival duration.
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4.3 Environmental Measurements

Environmental datasets, such as daily pollutant concentrations or rainfall amounts, of-
ten display multimodal structures due to heterogeneous sources and seasonal variation.
Capturing these multiple peaks is essential for correctly understanding the underlying
phenomena.

Spline-based density estimation naturally adapts to such multimodality, avoiding the
artificial flattening that may arise from standard nonparametric approaches. The identified
modes can be directly interpreted as dominant regimes of environmental behavior—for
example, background versus episodic pollution levels—thereby offering valuable insights
for environmental monitoring and policy evaluation.

Spline-based Density Estimate of Pollutant Concentration

—— Spline Density

0.04 1 -- Mode=11.57

0.03q

0.00 q

10 20 30 40 50 60
Concentration

Figure 3: Adaptive spline density estimate of pollutant concentrations. Multiple modes
correspond to different pollution regimes.

Dataset Sample Size | Mean | Std. Dev. | Mode Estimate | Bootstrap SE
Income 1000 53751 11785 49980 230
Survival times 1000 10.03 9.86 0.07 0.21
Pollution 1000 34.97 15.30 19.98 0.14

Table 4: Summary statistics and spline-based mode estimates for real datasets. Bootstrap
standard errors are computed using B = 500 resamples.

4.3.1 B-spline Based Mode Estimation

In this approach, the observed data are first rescaled to the unit interval [0, 1] so that the
numerical calculations remain stable. A collection of B-spline basis functions is then
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constructed, serving as flexible building blocks that allow the density curve to take shape.
A penalized spline density estimator is fitted to the data, where the penalty term ensures
that the estimated curve remains smooth rather than overly wiggly. Once the density
is obtained, its derivative is examined to locate points where the slope becomes zero,
corresponding to potential peaks or valleys. At each of these candidate points, the second
derivative is checked to determine whether the point is indeed a maximum. Finally, among
the identified maxima, the one with the greatest density value is selected and reported as
the mode estimate.

4.3.2 Adaptive Spline Mode Estimation

The adaptive method begins with an initial set of equally spaced knots and a chosen
spline degree, which provide the foundation for the first density estimate. After fitting
the spline, residuals are calculated to assess how well the estimate represents the observed
data. Regions with large residuals are recognized as poorly fitted, and additional knots are
introduced in those areas to increase local flexibility. The spline is then refitted with the
updated knot structure, and this process of refinement is repeated iteratively until either the
fit is satisfactory or a maximum number of iterations is reached. Once the final adaptive
density has been obtained, its derivative is analyzed to find the turning points. Among
these candidates, the one with negative curvature and the highest density value is chosen
as the estimated mode.

4.4 Data Sources

For reproducibility, the real datasets used in this study are publicly available:

— Income Data: U.S. Census Current Population Survey (CPS) Income Data, available
at
https://www.census.gov/programs-surveys/cps.htmlcensus.gov.

— Biomedical Data: North Central Cancer Treatment Group (NCCTG) Lung Cancer
Survival Dataset, available in the survival R package at
https://rdrr.io/cran/survival /man/lung.htmlrdrr.io.

— Environmental Data: UCI Machine Learning Repository — Air Quality Dataset,
available at
https://archive.ics.uci.edu/dataset/360/air+qualityarchive.ics.uci.edu.

These open-access datasets ensure transparency and facilitate replication of the spline-
based mode estimation results presented in Section 4]
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5 Concluding Remarks

Across all examined domains, the spline-based estimator consistently achieves two central
objectives. First, it delivers smooth and interpretable density estimates, effectively avoiding
artificial oscillations. Second, it provides robust and consistent mode identification, even
in the presence of skewness, heavy tails, censoring, or multimodality.

These advantages highlight the practical relevance of spline-based methods for real-
world data analysis, complementing their strong theoretical properties. By combining
flexibility with statistical rigor, the proposed approach addresses key limitations of tradi-
tional nonparametric methods.

The numerical results from the real datasets illustrate these benefits concretely. For the
skewed income data, the spline-based mode estimator captured the central tendency more
reliably than the sample mean, while bootstrap-based standard errors provided insight into
estimation variability. Similarly, in biomedical survival times, the method robustly identi-
fied the most probable survival duration despite the positive skewness. For the multimodal
environmental measurements, the spline approach successfully detected dominant modes,
reflecting heterogeneous sources of variation. These results demonstrate that the method
is not only theoretically sound but also practically effective across diverse data types.

The B-spline smoothing framework offers several concrete advantages over classical
kernel-based techniques. It provides enhanced stability, particularly under small sample
sizes, reducing sensitivity to outliers or extreme values. The approach also allows explicit
control over smoothness through the regularization parameter A, enabling tailored density
fits. In addition, B-spline smoothing ensures global smoothness of the estimated density,
helping to prevent local overfitting, and it can be straightforwardly extended to multivariate
or conditional mode estimation, making it suitable for complex data structures such as joint
distributions or conditional densities in applied studies.

Beyond its current formulation, several avenues exist for future research. Adaptive
knot placement strategies could further improve efficiency and accuracy, particularly in
regions of high curvature or multimodality. The numerical results (Table [3)) show that
adaptive splines consistently outperform fixed-knot splines in terms of bias, variance,
and overall RMSE. For example, in the skewed Exponential distribution, adaptive splines
reduce bias from —0.06 to —0.02, while for the bimodal Gaussian mixture, RMSE drops
from 0.100 to 0.070, reflecting nearly a 30% efficiency gain. These improvements stem
from the ability of adaptive splines to concentrate flexibility in regions of high curvature,
particularly around modes, leading to more accurate mode localization. For symmetric
unimodal distributions, such as the Normal, both methods perform comparably, indicating
that the simpler fixed-knot approach may suffice in these settings.

From a computational perspective, adaptive splines incur a modest time cost, roughly
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3—4 times that of fixed-knot splines. For sample sizes around n = 200, this remains
negligible, but in very large datasets, the additional computation may become nontrivial.
Consequently, a practical recommendation emerges: fixed-knot splines are appropriate
for unimodal, symmetric distributions with moderate sample sizes, while adaptive splines
are preferred for skewed, heavy-tailed, or multimodal data where local adaptivity yields
substantial accuracy gains.

Multivariate generalizations could enable robust mode estimation in higher dimen-
sions, while deeper theoretical investigations of asymptotic properties would strengthen
guarantees of consistency and convergence rates. Finally, integration with modern machine
learning techniques can offer hybrid approaches that leverage both statistical interpretabil-
ity and predictive power, enabling scalable data-driven analyses in social, biomedical and
environmental applications.

All the relevant codes are available athttps://github.com/sthdas999/spline-mode.
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