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Abstract

We sharpen the coupling step in the weighted Fourier-grading argument for average sensi-
tivity of polynomial threshold functions. For every real polynomial threshold function of degree
at most d on the uniform n-dimensional Boolean cube, we obtain AS(f) ≤ (8/

√
2π)d

√
n, uni-

formly in dimension and degree. More precisely, if bn = E|Bn − n/2| for Bn ∼ Bin(n, 1/2), then
AS(f) ≤ min{n, 8dbn(n + d)/(n + 2d)}. A linear correction to the coupling potential removes
the degree-squared loss in the earlier 3.83 bound, and a finite-range estimate makes its former
asymptotic coefficient a uniform coefficient. We also construct binomial couplings showing that
8/

√
2π is asymptotically sharp for the relaxation that uses only the two marginal laws, the

one-sided displacement constraint, and the existing factor-two grading comparison. Optimality
for polynomial threshold functions is not asserted.

Keywords: polynomial threshold functions; average sensitivity; Boolean functions; compensated
coupling; Gotsman–Linial conjecture; Fourier grading; binomial coupling.

1 Introduction and main result

Write Ωn = {−1, 1}n and let X be uniform on Ωn. For x ∈ Ωn, let x⊕i denote x with coordinate i
reversed. For f : Ωn → {−1, 1}, its average sensitivity is

AS(f) =
n
∑

i=1

P{f(X) ̸= f(X⊕i)}. (1)

We use sgn(t) = 1 for t ≥ 0 and sgn(t) = −1 for t < 0.
OpenAI [1] establishes AS(f) ≤ 8d

√
n for a real degree-at-most-d polynomial threshold function.

Its weighted-grading argument reduces the estimate to a coupling of binomial random variables.
The earlier note of Lagdive, Aglave, and Damre [11] refines this reduction to a uniform coefficient
3.83. The present revision further sharpens the probability step. We give the finite-dimensional
reduction in Section 3, following [1, Lemma 3 and Section 5], to make the dependence of the
numerical coefficient explicit.

Earlier general estimates include those of Harsha et al. [2], Diakonikolas et al. [3], and Kane [4].
Kane’s bound has the form

√
n(log n)O(d log d)2O(d2 log d). Kabanets, Kane, and Lu [5] give another
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proof of the optimal dimension exponent. The stronger conjecture identifying exact symmetric
maximizers is false [6, 7]; the result below concerns a uniform upper bound, not exact maximizers.
Recent results of Chang, Slote, Volberg, and Zhang [8] and of Tseng and Volberg [9] concern
fractional sensitivity moments and retain logarithmic factors at moment order one. Grebennikov
[10] proves related influence bounds for low-degree rational functions and polynomial nonvanishing
indicators. Those classes differ from arbitrary polynomial sign functions.

Theorem 1. Let n ≥ 1 and 0 ≤ d ≤ n be integers, let p be a real polynomial of degree at most d,
and put f = sgn p on Ωn. Then

AS(f) ≤ 8√
2π

d
√

n. (2)

With

bn =
n

2n

(

n − 1

⌊(n − 1)/2⌋

)

= E|Bn − n/2|, Bn ∼ Bin(n, 1/2), (3)

the stronger finite-parameter estimate is

AS(f) ≤ min

{

n, 8dbn
n + d

n + 2d

}

. (4)

2 A compensated coupling estimate

Lemma 2. Let U, V have the same distribution, finite second moment, and common mean m.
Suppose V − U ≤ a almost surely, where a ≥ 0. Set b = E|U − m|, w = E(U − V )+ = E(V − U)+,
and e = E(U − V )2. Then

e + aw ≤ 4ab. (5)

If both variables lie in a common interval of length L > 0, then

e ≤ 4ab
L + a

L + 2a
. (6)

Proof. Put g(t) = 1
2(t − m)|t − m| and Φ(t) = 4g(t) − a(t − m). The interval estimates from the

earlier argument are, for u < v,

(v − u)2

4
≤ g(v) − g(u) ≤ v − u

2

(

|u − m| + |v − m|
)

. (7)

They follow respectively by minimizing the integral of |t − m| over an interval of prescribed length,
and integrating its convex chord bound. We claim that, for v − u ≤ a,

(u − v)2 + a(u − v)+ ≤ 2a(|u − m| + |v − m|) + Φ(u) − Φ(v). (8)

If v ≥ u, set s = v−u ∈ [0, a] and A = |u−m|+|v−m|. The right side is at least 2(a−s)A+as ≥ s2,
and the positive-part term on the left is zero. If u > v, set ℓ = u − v. The right side is at least
ℓ2 + 2aA − aℓ ≥ ℓ2 + aℓ, since A ≥ ℓ. Thus (8) holds in both cases.

The potential has quadratic growth, so it is integrable under either marginal. Their expectations
agree. Taking expectations in (8) gives (5); equality of means gives E(U − V )+ = E(V − U)+. If
the common support lies in an interval of length L, then

e ≤ LE(U − V )+ + aE(V − U)+ = (L + a)w.

Multiply (5) by L+a and multiply e− (L+a)w ≤ 0 by a. Adding cancels w and yields (L+2a)e ≤
4ab(L + a). The proof uses neither independence nor exchangeability.
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3 The weighted-grading reduction

This section records the reduction from [1] with the normalization in (1). All matrix norms and
dimensions below are finite-dimensional.

Let N = 2n and use the counting inner product on C
Ωn . For S ⊆ [n], put χS(x) =

∏

i∈S xi and
let Vk be the span of the characters with |S| ≤ k. Fix a positive weight w, let Dw be multiplication
by

√
w, and set

Kk = DwVk, Ek = Kk ∩ K⊥
k−1, K−1 = {0}.

Let Πk be the projection onto Ek. Since Dw is invertible, dim Ek =
(n

k

)

, and the centered grading
operator

M =
n
∑

k=0

(k − n/2)Πk

is self-adjoint and has ∥M∥2
HS = nN/4. If Zi is multiplication by xi, then

ΠsZiΠr = 0 for |s − r| > 1. (9)

Indeed, Zi commutes with Dw and raises polynomial degree by at most one; self-adjointness gives
the opposite triangular vanishing.

Proposition 3 (Edge recovery, following OpenAI). For h : Ωn → {−1, 1}, let H be multiplication
by h and let Eh be the set of ordered neighboring pairs (x, y) with h(x) = h(y). Then

|Eh| ≤ 2∥MH + HM∥2
HS. (10)

Proof. Put Ci = [M, Zi]. Define the unitaries J =
∑

k(−1)kΠk and W =
∑

k ikΠk. By (9),
Oi = (Zi−JZiJ)/2 consists of the adjacent-grade blocks of Zi. Thus WOiW

∗ = iCi and ∥Ci∥op ≤ 1.
In the point basis (Ci)xy = (yi − xi)Mxy, so |Mxy| ≤ 1/2 for x ̸= y. Also, (9) gives ∥Ci∥2

HS ≤ N .
Writing ρ for Hamming distance,

∑

x,y

ρ(x, y)|Mxy|2 = 1
4

∑

i

∥Ci∥2
HS ≤ nN

4 =
∑

x,y

|Mxy|2.

Let A0 =
∑

x |Mxx|2 and F =
∑

ρ(x,y)≥2 |Mxy|2. The preceding inequality gives F ≤ A0. Since
there are nN ordered neighboring pairs,

∑

ρ(x,y)=1

(

1/4 − |Mxy|2
)

= A0 + F ≤ 2A0.

Every summand is nonnegative. With Ah =
∑

(x,y)∈Eh
|Mxy|2, we therefore have |Eh|/4 ≤ Ah +

2A0 ≤ 2(Ah + A0). The entries of T = MH + HM are Txy = (h(x) + h(y))Mxy. Its squared norm
is at least 4(Ah + A0), proving (10).

Proposition 4 (Binomial coupling, following OpenAI). For f = sgn p of degree at most d, there
is a coupling U, V of Bin(n, 1/2) such that V − U ≤ d and

AS(f) ≤ 2E(U − V )2. (11)

Proof. Multilinearization preserves the values of p on the cube without raising its degree. By adding
a sufficiently small positive constant, one can also ensure that p never vanishes while preserving f
under the stated sign convention. Put χ = χ[n], w = |p|, and h = χf . Equal-sign neighbors for h
are precisely the sensitive neighbors for f , so AS(f) = |Eh|/N .
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The Fourier support of q = χp lies in degrees at least n − d. For a ∈ Vr and b ∈ Vs,

⟨Dwb, HDwa⟩ =
∑

x

b(x)a(x)q(x) = 0 if r + s < n − d.

Here ba has Fourier degree at most r + s. Hence ΠsHΠr = 0 in this range. Since H is a self-adjoint
unitary, the nonnegative weights

P(R = r, S = s) = N−1∥ΠsHΠr∥2
HS

have both marginals 2−n
(n

r

)

. The blocks of T = MH + HM satisfy ΠsTΠr = (s + r − n)ΠsHΠr,
giving

N−1∥T∥2
HS = E(R + S − n)2.

Now put U = S and V = n−R. Binomial symmetry preserves the marginal law, and R+S ≥ n−d
gives V − U ≤ d. Applying Proposition 3 proves (11).

4 A uniform coefficient

The binomial variables in Proposition 4 lie in [0, n]. Apply Lemma 2 with a = d and L = n to
obtain AS(f) ≤ 8dbn(n + d)/(n + 2d). Together with AS(f) ≤ n, this proves (4).

Put ck = 4−k
(2k

k

)

. Summing the upper half of the binomial law, using j
(n

j

)

= n
(n−1

j−1

)

, gives

b2k = kck, b2k+1 = (2k + 1)ck/2.

For k ≥ 1, integration by parts and the Gaussian integral give

ck =
2

π

∫ π/2

0
cos2k t dt ≤ 2

π

∫ ∞

0
e−kt2

dt =
1√
πk

. (12)

Indeed, tan t ≥ t implies log cos t ≤ −t2/2 on [0, π/2), proving the integrand comparison. For even
n = 2k ≥ 2, this immediately implies

8bn√
n

n + d

n + 2d
≤ 8√

2π
.

For odd n = 2k + 1 ≥ 3 and d ≥ 1, the factor (n + d)/(n + 2d) decreases with d and is at most
(n + 1)/(n + 2). By (12), the ratio to 8/

√
2π is therefore at most

√

n

n − 1

n + 1

n + 2
≤ 1.

The last squared comparison follows from

(n − 1)(n + 2)2 − n(n + 1)2 = n2 − n − 4 ≥ 0 (n ≥ 3).

The case n = 1 follows from AS(f) ≤ 1, and d = 0 gives a constant function. This completes the
proof of Theorem 1.
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5 A limitation of the coupling relaxation

Let µj = 2−n
(n

j

)

, with µ−1 = 0, and put aj = µj − µj−1 for 0 ≤ j ≤ ⌊n/2⌋. These numbers are
nonnegative. On each integer interval Ij = {j, . . . , n − j}, assign mass aj to every edge of the cyclic
map that sends u to u + 1 below the last point and sends n − j back to j. The singleton interval,
when present, contributes a self-loop.

Each layer has the same row and column masses. Summing the layers gives row and column mass
∑

j≤min(u,n−u) aj = µu at u. Thus the resulting joint law has binomial marginals and V − U ≤ 1.
Its second moment is

en =
∑

j

aj(n − 2j)(n − 2j + 1) = 4bn − 1 + 12|nµn/2. (13)

For odd n, summation by parts gives en =
∑

j≤⌊n/2⌋ µj(4(n − 2j) − 2) = 4bn − 1. For even n, the
same sum excludes the central point and the left-tail mass is (1 − µn/2)/2, giving the extra term in

(13). Since bn ∼
√

n/(2π), this feasible second moment satisfies

en√
n

−→ 4√
2π

.

Consequently, the uniform coefficient 8/
√

2π cannot be reduced by first bounding the second
moment over all couplings with binomial marginals and V − U ≤ d, and then applying only
AS(f) ≤ 2E(U − V )2. This is a limitation of that relaxation. The constructed couplings need not
arise from polynomial threshold functions, and no matching lower bound for actual average sensi-
tivity is asserted. The barrier also holds after excluding degree one. For even n, apply symmetric
unimodal layering separately on the even and odd lattices, and use cycles with upward step two.
This gives binomial marginals, V − U ≤ 2, and

e(2)
n = 8bn − 4 + 4µn/2.

Indeed, successive layer lengths differ by four, and the squared-displacement sum in a layer of length
L is L(L + 2). Summation by parts in each parity class gives the formula above; their total masses

sum to one. Thus e
(2)
n /(2

√
n) → 4/

√
2π. Further progress should exploit additional structure of

the grading coupling or strengthen the edge-recovery comparison.

6 Verification, discussion, and conclusions

The universal result follows from the analytic inequalities above. The supplementary exact checker
verifies 12,110 pointwise compensated potential inequalities, 5,315 finite transport-dual inequali-
ties, 2,000 dimensions at the worst normalized degree, all 8,256 dimension–degree pairs through
dimension 128, and 96 exact layered couplings. Bounds on π in these checks use alternating ra-
tional series and Machin’s identity, rather than a floating-point approximation. The normalized
finite-parameter bound decreases with d, so degree one is the largest normalized case at each fixed
dimension.

Supplemental experiments check 11 coupling linear programs and 63 weighted-gradings. Small
marginal residuals from the numerical solver are accounted for by explicit dual potentials; the
solver output is not assumed to be an exactly feasible coupling. None of these finite or floating-
point calculations is used as a premise in the universal proof. The coefficients and formulas are
available with the standard-library checker verify_range_bound.py and optional numerical script
explore_range_bound.py in Supplementary Material S1 (supplementary-verification.zip).
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This revision makes the former asymptotic coefficient valid uniformly, including degrees that
grow with dimension. It does not establish optimality for polynomial threshold functions, exhaus-
tive historical priority, independent human peer review, or a Lean formalization.

Use of artificial intelligence. OpenAI Codex assisted with deriving the probability refine-
ment, preparing the exposition, conducting literature searches, and generating and checking exact-
arithmetic and numerical verification scripts. The separate proof audit was also AI-assisted and is
not an independent human referee report. The weighted-grading construction and edge-recovery
argument are due to OpenAI [1]. The full argument is provided so that the refinement can be
examined independently.

Declarations

Funding. This research received no external funding.

Conflicts of interest. The authors declare no conflicts of interest.

Data and code availability. No empirical datasets were collected. The verification scripts
and recorded exact and numerical outputs are included in Supplementary Material S1. The exact
script uses only the Python standard library; optional numerical checks use NumPy and SciPy.
Reproduction instructions and software versions are provided in the supplementary archive.

Ethics approval and consent to participate. Not applicable. This mathematical study in-
volves no human participants, animals, or personal participant data.

Consent for publication. Not applicable to participant information; no personal participant
data are reported.

Relation to prior preprint. An earlier note by the same authors, with uniform coefficient
3.83, was posted on Zenodo as doi:10.5281/zenodo.23269472. The present manuscript adds the
compensated coupling estimate, its finite-range refinement, the uniform coefficient 8/

√
2π, and the

asymptotic barrier for the relaxed binomial-coupling route.

License. The manuscript and its LaTeX source are made available under the Creative Commons
Attribution 4.0 International license (CC BY 4.0). The supplementary verification code is provided
under the Apache License, Version 2.0.

References

[1] OpenAI, Average sensitivity of polynomial threshold functions, preprint, September 25, 2026,
released October 6, 2026. OpenAI Math Release, family 127.

[2] P. Harsha, A. Klivans, and R. Meka, Bounding the sensitivity of polynomial threshold functions,
Theory of Computing 10 (2014), 1–26. doi:10.4086/toc.2014.v010a001.

6

https://doi.org/10.5281/zenodo.23269472
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://github.com/openai/math/blob/main/preprints/Average-Sensitivity-of-Polynomial-Threshold-Functions-September-25-2026/main.pdf
https://doi.org/10.4086/toc.2014.v010a001


[3] I. Diakonikolas, P. Raghavendra, R. A. Servedio, and L.-Y. Tan, Average sensitivity and noise
sensitivity of polynomial threshold functions, SIAM Journal on Computing 43 (2014), 231–253.
doi:10.1137/110855223.

[4] D. M. Kane, The correct exponent for the Gotsman–Linial conjecture, Computational Com-
plexity 23 (2014), 151–175. arXiv:1210.1283.

[5] V. Kabanets, D. M. Kane, and Z. Lu, A polynomial restriction lemma with applications, Pro-
ceedings of STOC 2017, 615–628. doi:10.1145/3055399.3055470.

[6] B. Chapman, The Gotsman–Linial conjecture is false, Proceedings of SODA 2018, 692–699.
arXiv:2108.02288.

[7] H. W. Kim, C. Maldonado, and J. Wellens, On graphs and the Gotsman–Linial conjecture for
d = 2, preprint, 2017. arXiv:1709.06650.

[8] F. Chang, J. Slote, A. Volberg, and H. Zhang, The Boolean surface area of polynomial threshold
functions, preprint, 2026. arXiv:2604.08095, version 2.

[9] C.-K. Tseng and A. Volberg, Small moments of the sensitivity of polynomial threshold func-
tions, preprint, 2026. arXiv:2606.16004, version 2.

[10] A. Grebennikov, Optimal bound for the polynomial Littlewood–Offord problem, preprint, 2026.
arXiv:2610.08708, version 2.

[11] P. Lagdive, V. Aglave, and S. Damre, An elementary improvement of the average sensitivity
bound for polynomial threshold functions, Zenodo preprint, 2026. doi:10.5281/zenodo.23269472.

7

https://doi.org/10.1137/110855223
https://arxiv.org/abs/1210.1283
https://doi.org/10.1145/3055399.3055470
https://arxiv.org/abs/2108.02288
https://arxiv.org/abs/1709.06650
https://arxiv.org/abs/2604.08095
https://arxiv.org/abs/2606.16004
https://arxiv.org/abs/2610.08708
https://doi.org/10.5281/zenodo.23269472

	Introduction and main result
	A compensated coupling estimate
	The weighted-grading reduction
	A uniform coefficient
	A limitation of the coupling relaxation
	Verification, discussion, and conclusions

