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Abstract

Covariate-constrained cluster randomization draws a treatment assignment from a con-
strained set of balanced allocations, and randomization-based inference relies on that set’s dis-
tribution. We study what happens when an approximate sampler replaces the exact target. On
one fixed, reproducible benchmark built from the 16-county Dickinson cluster-randomization
example, we define an exact accepted set of 1,287 of 12,870 balanced allocations, obtained by
exact rational scoring with a canonical index tie-break. We certify sampler outputs by total
variation (TV) distance to this target, using full-statevector probabilities where available. On
the anchor, ideal statevector results show that a fixed-count amplification control retains raw
leakage of 0.00144, while two fixed-depth QAOA headline runs remain far from the target (raw
TV 0.833 and 0.948). On four small synthetic instances, the energy-selected XY-QAOA out-
puts also remain far from the target (raw TV 0.59 to 0.72). The penalty control places 51% of
its raw mass on wrong-weight strings. Its randomization-test p-value is undefined without an
extension rule; we report an envelope from two fully defined extensions. For any fixed outcome
realization and fully defined randomization-test event, the difference between the p-value under
a sampler and under the exact target is bounded by TV. In a simulation anchored on the ob-
served covariates with simulated outcomes, the exact reference holds sharp-null rejection near
5%, a biased classical control inflates type-I error, and the two statistics respond differently to
the same distortion. The study demonstrates a certification workflow and its inferential con-
sequences on one empirical-anchor benchmark, with a synthetic extension that is pre-specified,
hash-recorded, and frozen before the relevant execution; it was not externally preregistered.
Primary inference in the extension is limited to equal-size Gaussian outcomes; binary, hetero-
geneous, and unequal-size analyses are sensitivity-only. The study does not establish quantum
advantage, hardware performance, noise robustness, or clinical benefit.

1 Introduction

Cluster randomized trials assign whole units, such as counties, clinics, or schools, to arms. When the
number of clusters is small and covariate balance matters, investigators often restrict randomization
to a set of allocations that satisfy a balance criterion [21]. The allocation is then drawn uniformly
from the accepted set, and the randomization distribution used for inference is that same set.
Balance-based rerandomization is due to Morgan and Rubin [15]; its asymptotic theory is developed
by Li, Ding and Rubin [12], and covariate adjustment under constrained randomization by Wang
and Li [19]. Accelerated rerandomization software, FastRerandomize, handles larger constrained
sets [8]. A 2026 preprint proposes a Metropolis—Hastings sampler for rerandomization and claims
exact and asymptotic validity for that sampler [13]. These methods sample from balance-defined



sets; neither certifies the output law of an approximate sampler. Whenever the constrained search
is performed by an approximate method, the sampler changes the randomization distribution, and
so changes the inference that depends on it.

This paper asks one narrow question. If treatment assignments are generated from an exact con-
strained target P*, what inferential error occurs when the randomization reference distribution is
replaced by an approximate sampler’s distribution )7 We answer it on a fixed empirical-anchor
benchmark, extended by a set of synthetic instances that is pre-specified, hash-recorded, and frozen
before the relevant execution. The benchmark uses real pre-randomization county-level covariates
from the 16-county Colorado cluster-randomization example reported by Dickinson et al. (2015) [5].
No trial outcomes are analyzed. All outcomes in the inference study are simulated under pre-
specified families, and the quantum results are ideal statevector-simulator results.

The contribution has three parts. First, we define an exact accepted-set target and a fixed certifi-
cation workflow. Samplers are assessed by the exact total variation (TV) distance from P*, with a
close certificate and a far certificate defined by thresholds that are pre-specified, hash-recorded, and
frozen before the relevant execution, and by full-statevector probabilities wherever a statevector is
available. Second, we apply a standard inequality to show that for any fixed outcome realization
and any fully defined randomization-test event, the difference between the sampler’s p-value and
the exact p-value is bounded by TV. Third, we measure the downstream consequences on type-I
error and power in a simulation anchored on the observed covariates. The contrast between the two
statistics shows that the worst-case bound does not predict the size of the error for any particular
test. The synthetic extension, pre-specified and hash-recorded as above, tests whether the same
workflow behaves consistently across instances and across deployment and reference conditions; it
is a robustness check, not a replacement for the anchor.

The paper does not claim quantum advantage. The Grover-style construction is a correctness
control with a fixed accepted-set phase oracle, not a scalable reversible implementation or a resource
estimate. The QAOA arms use a balance-score phase separator and bounded local optimization.
Their role is to stress-test whether a balance-oriented sampler preserves the randomization law,
and to show what certification reveals, including a negative result. Appendix A reports a separate,
exploratory hardware run, not a certification study.

2 Exact covariate-constrained target

Let Qg denote the set of (186) = 12,870 allocations of 8 treated and 8 control counties. Each county
has covariates x; from the frozen Dickinson input: location, inciis, uptodateonimmunizations,
hispanic, and incomecat. Categorical variables are coded with the alphabetically first level as
reference. Each covariate column is standardized using its sample mean and standard deviation
over the 16 counties, and the ¢y balance score of an allocation z is

BL(2) = ) ( > Zz'j)27

j €T (2)

where T'(z) is the treated set and Z;; the standardized covariate. This treated-sum score, with
minimum, mean and maximum 1.161, 24 and 116.66, equals 16 Zj(ZT,j — Zcj)? for an 8-versus-
8 allocation: sixteen times the summed squared standardized treatment—control mean differences,
because with column-centred Z each mean difference is ZieT( 2y Zij /4. This is an algebraic identity,
not an expression computed by cvcrand.



We compute BL(z) in exact rational arithmetic, using the raw integer covariates and the exact
variances, and rank allocations in ascending order. Ties are broken by the canonical allocation
index, which is the lexicographic order of the treated sets. The accepted set A consists of the first
m = round(12,870 x 0.1) = 1,287 allocations in that order. The target is the uniform distribution
P*on A, so P*(z) =1/1,287 for z € A and P*(z) = 0 otherwise.

Exactly two allocations share the cutoff score. They are complementary: their treated sets partition
the 16 counties. Because the standardized columns sum to zero, every allocation has the same score
as its complement, so the tie is structural. The index rule therefore decides membership at the
boundary. The tie-break is a stated definition, not a numerical accident. A floating-point ranking
gives the same membership on this instance, but that agreement does not justify the float ranking
as the definition. The canonical tie-break breaks complement closure only at this boundary pair,
so county treatment probabilities are 643/1287 or 644/1287 rather than one half (largest deviation
1/2574 ~ 0.00039). After the target was locked, we evaluated a complement-closed 1,288-state
sensitivity target with 644 complement pairs and exact one-half county marginals. This analysis
is post-lock. It is not the reported target, and the 1,287-state target is unchanged. Under it, the
reported anchor laws move by at most 3.3 x 107° in raw TV (biased descent 0.958042 to 0.958075;
XY headline 0.833403 to 0.833404).

We cross-checked the target against the cverand 0.1.1 package on the same frozen covariates, using
its documented settings (metric f2, cutoff 0.1, seed 12345). Allocation identifiers, design-matrix
values, balance scores (within 2 x 107!4) and membership agree, so the frozen treated-sum score
matches cvcrand’s ¢y calculation (no weights) for this fixed instance. This agreement is for this
frozen instance only; we do not claim that cvcrand implements an explicit exact tie rule.

The covariates are observed pre-randomization county-level measurements from the Dickinson
study [5], and they are the only empirical input to the target. The package also distributes a
simulated individual-level outcome dataset. We do not use it. Every outcome in the inference
study is generated under the models of Section 5, and the benchmark is therefore a controlled
simulation anchored on empirical covariates, not an analysis of trial results.

Exact rational arithmetic is deliberate. Floating-point summation can reorder nearly equal scores,
and the boundary pair is exactly the case where rounding could in principle reorder the tied
allocations. Exact rational scores remove that ambiguity.

Table 1 summarizes the benchmark and each sampler definition.



Table 1: Benchmark target and sampler definitions. All quantities are defined on the single frozen
Dickinson benchmark.

Element Definition

Benchmark 16 Colorado counties from the example reported by Dickinson et al.
(2015) [5] (cverand 0.1.1 Dickinson_design); 8 treated; 12,870 balanced
allocations.

Covariates location, inciis, uptodateonimmunizations, hispanic, incomecat; I, balance
score; cutoff 0.1.

Target P* Uniform on the 1,287 accepted allocations (exact rational scores; canonical
index tie-break); zero elsewhere.

Controls Direct uniform draws from the accepted set; uncapped rejection sampling
(acceptance 1/10).

Swap chain Symmetric proposal over 64 treated—untreated swaps; accepted-state

chain; one-time marginals at steps 0, 10, 41, 170, 1000. Correlated; not
an IID sampler.

Biased control Steepest descent on the balance score from uniform starts; 54 local min-
ima; exact TV 137/143.

Phase 5 Ideal statevector; uniform Dicke initial state; fixed accepted-set phase
oracle (correctness control, not a reversible circuit); t* = 2.

Phase 6 XY Ideal statevector; Dicke initial state; fixed ordered two-matching

Rx x/Ryy mixer; balance-score phase separator; depth p < 3; bounded
Nelder—Mead.

Phase 6 penalty Ideal statevector; |+)®16 initial state; Rx mixer; quadratic cost BLay +
A(|z| — 8)? with Bgycale = BL = 24 and A = 2Bgca1e = 48; depth p < 3.

Outcome cells Eight cells; 5,000 replicates each; J = 16, 8 treated, 50 individuals per
cluster; baseline 0.5 Z; simulated outcomes only.

Statistics T1 unadjusted difference in cluster means; T2 OLS coefficient adjusted

for standardized inciis; unstudentized; two-sided; ties count as extreme.

Exact targets and controls are exact by construction; all other distributions are numerical or Monte
Carlo values, with their precision stated where they appear.

3 Certifying approximate sampling distributions

A sampler is characterized by its output distribution ¢ on the balanced domain. We assess @
by the total variation distance TV(Q, P*) = %Ezeﬂg |Q(z) — P*(z)|. Because P* has no mass
outside A, the sum splits as 1[ >, 4 |Q(2) — 1/m|+ Q(Qs \ A)]. Aggregating all outside-accepted
states into one bin therefore preserves the TV exactly. We report every distance on this 1,288-bin
representation (1,287 accepted bins and one outside bin). When a sampler also produces strings of
the wrong Hamming weight, we add their mass to the outside bin. The same identity then holds
on the extended domain.

We use two certificate levels, both defined before any result was computed. A distribution is certified
close when its exact TV is at most Teese = 0.02, and far when it is at least 74, = 0.10; between
the thresholds the result is inconclusive. Full-statevector probabilities carry no sampling error and
are labelled ezact, meaning direct evaluation from the ideal statevector to numerical precision.
Sampled distributions require a finite-sample bound. We use the distribution-free method-of-types
inequality for the L1 deviation of an empirical distribution, as restated by Mardia et al. [14]. For



n IID draws over k bins and any radius e,
Pr (|5, — Plly > &) < (2F —2)e /2,

where the exponent uses the constant ¢ > 2 of the cited source. The bound is distribution-free for
IID sampling. With k£ = 1,288 bins and o = 0.05, it gives under IID sampling the conservative
confidence set | max{0, V- h}, min{1, TV+h}] for TV, with h = £/2. The minimum shot budgets
are 179,154 for e = 0.10 and 4,478,847 for € = 0.02; the calibration used the upward-rounded tiers
179,200 and 4,480,000. Sharper plug-in, bias-corrected, bootstrap, asymptotic and test-inversion
intervals are not validated here. For sampled distributions, close means the upper endpoint of the
TV confidence set is at most T¢ese, and far means its lower endpoint is at least 7¢,;.

These budgets make the limits of finite-shot certification concrete. Under the confirmatory budget,
the simple worst-case sufficient condition for closeness covers only dryv = 0, because the interval
half-width is 0.01 and dpv + 2h < Teese then requires v = 0. The distribution-free bound proves
coverage under IID sampling; the simulations show what the bound does in practice. They do not
replace the proof.

The calibration of this bound is an analytic check, not a second proof. We applied the frozen verdict
rules to synthetic distributions whose exact TV to P* is known in closed form. The families are an
exact target, leakage outside the accepted set, concentration on one accepted state, a structured
within-set bias, a diffuse within-set bias, and a postselection distortion. Each family was evaluated
on a grid of distances from 0 to 0.20 under the two shot budgets, with 10,000 replicates per cell.

Across all cells the observed coverage of the interval for TV was at or above the nominal level, and
no verdict was reported in the wrong direction beyond Monte Carlo error. The screening budget
never produced evidence-close, because its half-width exceeds T¢pse- It produced evidence-far only
at dpv = 0.20, not at the far threshold itself. The confirmatory budget produced evidence-close at
the exact target with probability 1.000 and at dpy = 0.005 with probability 0.999, and never at
oty > 0.01. These figures describe the power of the frozen rules under these budgets only.

Identity testing [17] is a different task from TV interval estimation. Three distinct tasks are
separated here: evidence that a distribution is far, certification of closeness, and event-specific
safety bounds. A close verdict certifies that the exact TV is at most 7¢oge at the stated confidence.
The procedure does not convert non-rejection into a claim of closeness.

4 Classical and ideal quantum sampler constructions

4.1 Classical controls and the swap chain

Direct uniform sampling from A has exact TV zero by construction and serves as the positive
control. Ordinary rejection sampling draws uniform balanced allocations and accepts those in A,
so each attempt succeeds with probability 1/10. Its uncapped output is exactly uniform on A. A
capped variant reports failures as a separate outcome. Its raw distribution has exact TV equal to
the failure mass, and its conditional distribution after discarding failures is exactly uniform.

A swap chain on the accepted set uses a symmetric proposal. A state is a treated set, and a proposal
exchanges one treated county with one untreated county, chosen uniformly among the 8 x 8 = 64
ordered pairs. A proposal that leaves A is rejected and the chain stays in place. The accepted-state
graph is connected, forming one component of 1,287 states, and symmetric. Self-loop counts range



from 41 to 57, so the chain is aperiodic. The integer transition matrix is exactly symmetric with
row sums 64, so its stationary law is exactly uniform on A. Finite-time distributions are computed
by float64 propagation of this matrix. We report them to numerical precision, and we do not treat
chain output as IID.

The spectral gap of the chain is 0.022003. From the start state, the TV to uniform first falls below
0.25 at step 41 and below 0.01 at step 170, and reaches the nonzero numerical value 9.3 x 107! at
step 1,000 (Figure 1). These are float64 values, not exact zeros. In the inference study the chain
enters only through its one-time marginals at the fixed steps.

t=10, TV=0.726
t=0, TV=0.999

0 4 — —
10 t=41,TV=0.248 TV = 0.25 (first crossing t = 41)

t=170, TV=0.00985

=2 e N e o
10 TV = 0.01 (first crossing t = 170)

10—4 4
107° 1
10—8 4

10—10 4

= TV to uniform on A (float64 propagation)
10712 T T T T T T
0 200 400 600 800 1000

Swap-chain steps t (accepted-state chain, start state 0)

t=1000, TV=9.31e-11

Total variation distance to uniform on A (log scale)

Stationary law exact (integer matrix); finite-time values are numerical float64 propagation.

Figure 1: Swap-chain total variation to uniform on the accepted set, from the exact integer tran-
sition matrix. Markers at steps 0, 10, 41, 170, and 1,000 show the reported values. Stationary-law
properties are exact. Finite-time values are numerical float64 propagation of that matrix and are
not IID samples. Horizontal lines mark TV = 0.25 (first crossing at step 41) and TV = 0.01 (first
crossing at step 170).

A deliberately biased classical control is defined before any result is seen. It starts from a uniform
random allocation and performs steepest descent on the balance score over the same 64 swaps,
stopping at a local minimum. Its exact output distribution is the basin distribution over all 12,870
starts. It places no mass outside A, but its outputs concentrate on 54 distinct local minima, and
its exact TV to P* is 137/143 ~ 0.958.

The one-time marginals used in the inference study are fixed-time distributions of a correlated
chain, not IID samples.



4.2 Ideal statevector amplification control

The amplification control starts from the uniform superposition over the 12,870 balanced states,
which is the uniform Dicke state D(16,8) in the idealized form. It applies a fixed phase oracle
that multiplies the amplitude of each of the 1,287 accepted states by —1, followed by the reflection
about the initial state. This is a fixed-oracle correctness control for this benchmark. It is not a
scalable circuit or a resource estimate, and the construction follows amplitude amplification [3].

The Grover angle is § = arcsin /1287/12870 = 0.321751. The iteration count ¢* = 2 was fixed
before the sweep by the rule in Supplementary Table S2 of the separate supplement, and predicts
acceptance sin?(50) = 0.99856. At t* = 2 the raw distribution has accepted mass 0.998560 and
full-statevector TV to P* of 0.001440, certified close as exact. Its conditional distribution on A has
numerically zero TV. Amplification preserves equal relative amplitudes among accepted states but
does not remove the residual raw leakage. Off-count raw TV values (0.90 at ¢ = 0, 0.32 at t = 1,
0.40 at t = 3, 0.94 at t = 4) are diagnostic and did not change ¢*.

4.3 QAOA arms

Two prospective QAOA arms were fixed in a protocol amendment before optimization. The balance-
energy QAOA family studied here is intentionally not optimized to reproduce the uniform accepted-
set target. It is a stress test of whether a plausible balance-oriented sampling procedure preserves
the required randomization law. The ansatz follows the QAOA framework of Farhi et al. [7] and
the alternating-operator and constrained-mixer framework of Hadfield et al. [9]. Both use depth
p € {1,2,3}, a balance-score phase separator, and a mixer. The phase separator is a quadratic
pseudo-Boolean cost in the 16 binary variables. It is compiled into single-qubit RZ and two-qubit
RZZ rotations, and it is normalized affinely to [0, 1] using constants computed by exact enumeration
before any optimization.

The first arm is Hamming-weight-preserving, using the XY mixing construction of Wang et al. [20].
It starts from the uniform Dicke state D(16,8). Its mixer is a fixed ordered sequence over the
16-cycle: all eight edges of matching FEjy, then all eight edges of matching E7, each edge applying
Rxx(B) then Ryy(B). The sequence is the definition of the mixer. It is not claimed to equal
continuous-time evolution under the summed ring Hamiltonian. Weight preservation was verified
numerically at predetermined points and at every objective evaluation.

The second arm is a penalty control. It starts from |+)®¢ and uses RX mixers. Its cost is the

quadratic extension of the balance score to all 21¢ bitstrings, BL.y(x) + A(Jx| — 8)2, with penalty
weight A = 2Bgcae fixed in advance (defined below).

Each arm was optimized with Nelder-Mead under box bounds, with v; € [0, 7] and §; € [0,7/2], a
300-evaluation budget per start, and 10 starts per depth from fixed seeds. We selected the run with
the lowest final normalized energy, with ties broken by lower depth and seed. Selection never used
TV. This is bounded local search within the stated box, not global optimization. Across 120 runs
with diagnostic penalty weights excluded from selection, 88 stopped by stagnation and 32 exhausted
the budget. Ninety of the 120 runs were flagged by a default-NumPy isclose boundary diagnostic,
which is a numerical diagnostic and not exact boundary equality; the tolerance arithmetic is in
Supplementary Table S3. A strict absolute re-audit disagrees on one run. We report the count
descriptively and do not interpret it as optimality or failure. Supplementary Table S1 summarizes
the 120 saved runs. We make no claim about other optimizers, a target-aligned ansatz, or QAOA
in general; optimizer strategies are studied elsewhere [23].



Table 2 reports the selected runs. The XY-ring headline has raw TV 0.833 and accepted mass 0.168.
Its conditional TV is 0.498, which is still far. The penalty headline has raw TV 0.948, accepted
mass 0.052, and wrong-weight mass 0.512. Its conditional TV is 0.0024. That conditional value is
a postselected diagnostic and does not validate the raw sampler. For the penalty output, the 51%
wrong-weight mass means the raw distribution is not a valid 8-versus-8 randomization distribution.

Table 2: Selected quantum-arm results. Raw distributions are the primary sampler outputs over
all 1,288 bins. Conditional values are postselected diagnostics (accepted bins renormalized); they
do not establish validity of the raw sampler. Quantum probabilities are evaluated from the full
ideal statevector to numerical precision. “Certified” means that the raw TV is at most 0.02. Mass
decomposition: A is the accepted set; Qg \ A is the set of weight-8 allocations not accepted; |z| # 8
denotes wrong-weight strings. The three masses sum to one.

Sampler Raw TV Certified Conditional TV Mass decomposition

(selected) to P* (£0.02) (postselected)

Phase 5 0.001440 True 6.98e-17 P(A) = 0.998560;

amplification, (postselected) P(Qg\ A) = 0.001440;

tr =2 P(lz] #8) =0

XY-QAOA, 0.833403  False 0.497558 P(A) = 0.168097;

p=3,seed 7 (postselected) P(Qs\ A) = 0.831903;
P(|z] # 8) = 0.000000

Penalty-QAOA, 0.948094 False 0.002420 P(A) = 0.051906;

p = 3, seed 3 (postselected) P(Qg\ A) = 0.436401;
P(|2| # 8) = 0.511693

The phase separators are normalized affinely so that the cost takes values in [0, 1] over the relevant
domain. For the XY arm the normalization uses BLy;n = 1.161 and BL.x = 116.66 on the
weight-8 subspace. For the penalty arm the normalization uses the minimum and maximum of the
extended cost over all 216 bitstrings. The maximum is 3,072, attained at the empty string, and not
the shortcut value BLjyax + 64X\ = 3,189. The constants and their hashes were frozen before any
optimization.

The scale Byeale = BL = 24 is the mean balance score over the 12,870 weight-8 strings, defined before
any coefficient. The penalty weight A = 2B = 48 is the headline value. Two diagnostic weights,
0.5Bgcale = 12 and 8Bgcae = 192, were run with the same procedure. They are fixed multiples of
Bscale, not functions of any individual BL(x). They are reported as sensitivity outcomes and never
enter selection. For each configuration the minimum cost over wrong-weight strings exceeds the
best weight-8 cost, so the penalty does make weight 8 the cost minimum. It does not make the
output weight 8, because the amplitudes evolve under the mixer and the cost is not the output
distribution.

5 Simulation design for randomization inference

The inference study asks what happens to a randomization test when its reference is replaced by
a sampler. Within each replicate we draw the realized allocation Z,s from the exact target P*.
Using the cluster-level model below, we generate outcomes once. We then compute a two-sided
randomization p-value using P* and the same p-value using each approximate reference, on the



same outcomes and the same observed allocation. Sampling Z,,s from the approximate reference
would mix two sources of error, so we do not do it in the primary validity experiment.

Outcomes are simulated and anchored on the observed covariates. The baseline cluster mean is
Y;(0) = 0.5%; + a; + &;, where I; is the standardized observed inciis for county i, a; ~ N (0, p)
is a cluster effect, and e; ~ N(0,(1 — p)/50) is the mean of 50 independent individual errors.
The individual-level residual (cluster effect plus individual error) has variance 1 and intra-cluster
correlation p; the cluster-mean residual has variance p + (1 — p)/50, which is 0.069 (SD 0.263)
at p = 0.05. The shifts 7 € {0.25,0.50} are raw cluster-mean values, so 7 = 0.50 is a half-SD
shift relative to the individual-level SD of 1. Under an alternative, Y;(1) = Y;(0) + 7;. The study
uses eight cells. The base cells use intra-cluster correlation p = 0.05: a sharp null, constant shifts
7 =0.25 and 7 = 0.50, and a heterogeneous shift 7, = 0.50(1 + 0.5 ;). Additional sharp-null and
constant-shift cells vary p over {0.00,0.20}. Each cell has 5,000 replicates, and each cell has its
own seed rule.

Two statistics are computed on cluster means and are not studentized. The first, T1, is the unad-
justed difference in means between treated and control clusters. The second, T2, is the coefficient
on treatment in an ordinary least-squares regression of the cluster means on treatment and z. Both
are two-sided. A tie counts as extreme, and the decision threshold is o = 0.05.

The reference distributions are the exact target; two exact controls, direct uniform and uncapped
rejection, which must reproduce the target exactly; swap-chain one-time marginals at steps 0, 10,
41, 170, and 1,000; the biased descent control; the Phase 5 raw output at t* = 2; and the two raw
QAOA headline outputs. Conditional distributions appear only as labelled diagnostics.

For the penalty output, wrong-weight mass prevents a single balanced test statistic. The random-
ization p-value is undefined until an extension rule is chosen for those strings, so we bound it with
two fully defined extensions: the lower counts every wrong-weight string as non-extreme, and the
upper counts every such string as extreme. The two p-values form an envelope. We report guar-
anteed and possible rejection rates, the rates at which the envelope lies wholly on one side of « or
touches the rejection region. The true rejection rate under any extension lies between these two
rates. Neither endpoint is the type-I error or the power of the penalty output.

Monte Carlo uncertainty is reported with Wilson 95% intervals. At 5,000 replicates, a rate near
0.05 has half-width about 0.6 percentage points, and a rate near 0.5 has half-width about 1.4 points.

Each replicate draws one Z,,s and one outcome vector; the statistic vectors over all 12,870 allo-
cations are computed once and shared by every reference. T2 uses the residualized representation
with respect to the intercept and &, which is algebraically equal to the ordinary least-squares co-
efficient. Its agreement with direct least squares on fixed test outcomes has maximum difference
1.11 x 10715 in the frozen preconditions record. The p-value under each reference sums its weights
over allocations at least as extreme as the observed one, with absolute tolerance 10719 for exact
ties.

The exact controls must reproduce P* exactly. The direct-uniform and uncapped-rejection ref-
erences were checked for exact equality of p-values with the target on a fixed set of synthetic
outcomes, one per cell, using exact rational arithmetic. The Phase 5 and Phase 6 distributions
were regenerated from their immutable parameter vectors, and their full-statevector TV values and
certified flags agreed with the saved records to within 3.4 x 10715, The swap-chain marginals were
regenerated from the exact integer matrix and reproduced the first crossings at steps 41 and 170.
None occurred.



The cluster-level model is a deliberate simplification. Each cluster mean is Gaussian, with a cluster
effect whose variance is p and an error whose variance is (1 — p)/50, so the design effect enters
only through the intra-cluster correlation. We do not model unequal cluster sizes, individual-level
covariates, or non-Gaussian outcomes. Those features would change the variance of the statistics,
but they are not needed to isolate the effect of the reference distribution, which is the question
studied here.

6 Results

6.1 Certification of the sampler distributions

Table 2 and Figure 2 show the selected outputs. The amplification control at t* = 2 is certified
close on raw leakage. The two QAOA headline outputs are far on the raw distribution. Their
conditional distributions are shown in the same figure, labelled as postselected diagnostics. The
conditional value of the penalty output, 0.0024, lies below the close threshold. It is a property of
the accepted part of the output only, and does not show that the raw penalty sampler is valid.
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Figure 2: Raw versus conditional outputs for the amplification control at t* = 2 and the two se-
lected QAOA headline runs. Panel (a) shows total variation to P* on the 1,288-bin representation
(exact for classical references; full-statevector values for quantum references). Solid bars are raw
distributions, which are the primary sampler outputs. Hatched bars are conditional values, labelled
“postselected”: they use only accepted bins and renormalize them. Conditional values are postse-
lected diagnostics and do not establish validity of the corresponding raw sampler. Panel (b) shows
the raw accepted mass. The penalty output has wrong-weight mass 0.512, which is not shown in
panel (b).

6.2 Downstream inference

Tables 3 and 4 give the downstream results. Under the sharp null in the base cell, the exact target
rejects at 5.20% under T1 and 4.40% under T2. The swap-chain marginal at step 170 shows no

10



disagreement with the target at the displayed Monte Carlo resolution, the step-41 marginal shows
small disagreement (1.28% under T1 and 0.64% under T2 at 7 = 0.50), and the step-10 marginal,
which still carries substantial distance, shows larger disagreement (10.5% under T1 and 5.5% under
T2). The biased control inflates type-1 error under T1 to 16.68%, with interval 15.67-17.74%. In
the cell with p = 0.00, the T1 rate rises to 29.56%.

Table 3: Downstream results, panel (a): sharp-null type-I rejection rates at a = 0.05 in the base
cell, for the exact target, the swap-chain marginals, the biased control, and the quantum references.
Brackets give Wilson 95% Monte Carlo intervals from 5,000 replicates per cell. Penalty-QAOA
entries (D8) are bounds, not point rates: rejection or disagreement under any fully defined extension
of the event to wrong-weight strings lies between the two stated values. The quantum-reference
distributions are evaluated from full ideal statevectors; the displayed downstream rates and Wilson
intervals are Monte Carlo estimates from 5,000 simulated-outcome replicates. Descriptive only; no
regression or causal reading.

Reference Raw TV Type-I T1 (F0) % TypeI T2 (F0) %
[CT] [CT]

Exact target P* 0.000000  5.20 [4.62 5.85] 1.40 [3.87-5.00]

Swap, t = 10 0.725991  6.22 [5.58 6.92] 7.06 [6.38-7.80]

Swap, t = 41 0.248146  5.24 [4.66-5.89] 4.46 [3.92-5.07]

Swap, t = 170 0.009850  5.20 [4.625.85] 4.40 [3.87-5.00]

Biased descent control  0.958042 16.68 [15.67—17.74] 6.10 [5.47-6.80]

Phase 5 raw, t* = 0.001440  5.12 [4.54-5.77] 4.40 [3.87-5.00]
XY-QAOA raw 0.833403  0.18 [0.09-0.34] 4.02 [3.51-4.60]
Penalty-QAOA  raw  0.948094  [0.00, 0.86] [0.00, 9.16]

(D8), bounds

Table 4: Downstream results, panel (b): decision disagreement with P* at a = 0.05 for constant
shift 7 = 0.50 in the base cell. Brackets give Wilson 95% Monte Carlo intervals from 5,000 replicates
per cell. Penalty-QAOA entries (D8) are bounds, not point rates: rejection or disagreement under
any fully defined extension of the event to wrong-weight strings lies between the two stated val-
ues. The quantum-reference distributions are evaluated from full ideal statevectors; the displayed
downstream rates and Wilson intervals are Monte Carlo estimates from 5,000 simulated-outcome
replicates. The exact target’s disagreement with itself is 0 by construction, so no interval is shown.
Descriptive only; no regression or causal reading.

Reference Raw TV Disagreement T1 Disagreement T2
(F1b) % [C]] (F1b) % [C]]

Exact target P* 0.000000 0 (by construction) 0 (by construction)

Swap, t = 10 0.725991 10.50 [9.68-11.38] 5.50 [4.90-6.17)

Swap, ¢ = 41 0.248146  1.28 [1.00-1.63] 0.64 [0.45-0.90]

Swap, t = 170 0.009850 0.00 [0.00-0.08] 0.00 [0.00-0.08]

Biased descent control  0.958042 14.14 [13.20-15.13] 8.76 [8.01-9.58]

Phase 5 raw, t* = 2 0.001440  0.04 [0.01-0.15] 0.00 [0.00-0.08]

XY-QAOA raw 0.833403  37.12 [35.79-38.47] 2.86 [2.43-3.36]

Penalty-QAOA raw  0.948094 [17.70, 68.58] [0.02, 97.02]

(D8), bounds
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The XY headline has raw TV 0.833. Under T1 it disagrees with the target on 37.12% of replicates
at 7 = 0.50, while its sharp-null T1 type-I rate is 0.18%, so it is conservative and distorted at
once. Under T2 the same distribution disagrees on 2.86% of replicates and has sharp-null type-I
rate 4.02% (Wilson 3.51-4.60%), closer to the exact-target rate (4.40%) than T1 is, but below the
nominal 5% level. The two statistics therefore respond very differently to one distribution, even
though a fixed TV of 0.833 bounds the error of every event. The Phase 5 control, with raw TV
0.0014, shows a disagreement of 0.04% under T1.

For the penalty output, Tables 3 and 4 report bounds. Under the sharp null in the base cell, the
possible rejection rate is 0.86% under T1 and 9.16% under T2, and the definite rejection rate is zero
in both cases. At 7 = 0.50, guaranteed disagreement is 17.70% under T1 and possible disagreement
is 68.58%. Under T2 the bounds are 0.02% and 97.02%. These intervals are wide. They are the
honest description of a sampler whose wrong-weight mass prevents a single p-value.

Figure 3 plots raw TV against downstream disagreement and sharp-null type-I behaviour across
the references. The figure is descriptive. It shows where the reported references fall. It does not
establish a regression, a monotone relationship, or a causal effect of distance on inference.

(a) Disagreement (b) Type-1 behaviour

1.0 4 0.175 1 -
. @® T1 (constant T = 0.50) @® T1 sharp-null rejection (FO) o
T2 (constant T = 0.50) T2 sharp-null rejection (F0)

O T1 penalty D8: bound interval

T2 penalty D8: bound interval

0.150 A

in
Q
o
] A
3 Q
N o
8_ 0.8 1 It
o penalty D8 bounds (error bars) [} 4
I o 0.125
Lt *
5 061 & 0.100
S [
= c
Z o4l XLQAOA ) £ 0075
GE) biased control ;—J. nominal 0.05 o ®
9 Z 0.050 - --mmmmmm o B oo oo
o 3
8 021 1 g
0 =10 O 2. E
© P*, swap t=170, swap t=1000 Oswapt o 0.025
5 ' Phase 5 tkea . SWap t=41 »
8 0.0+ 0.000 A °
a 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Raw TV to P* (1,288 bins; descriptive) Raw TV to P* (1,288 bins; descriptive)

Points are references in the simulated cell; D8 shown as bounds, not point rates.

Figure 3: Raw total variation to P* against downstream behaviour, for the references in the base
cell with constant shift 7 = 0.50. Panel (a) shows decision disagreement with P* at o = 0.05 for
T1 and T2. The penalty output is shown as a bound interval, not a point rate. Panel (b) shows
sharp-null rejection rates for the same references, with the nominal level marked. This figure is
descriptive only. It shows where the references fall and does not establish a regression, a monotone
relationship, or a causal effect of total variation on inference.

The biased descent control inflates the null rate under T1 to 16.7% and under T2 to 6.1% in the
base cell, so its distortion is visible under both statistics but differs in size. Neither this nor the
XY-headline pattern above generalizes beyond the simulated families and the benchmark.

The swap marginal at step 10 has smaller TV than the XY headline, yet under T2 it shows larger
disagreement (5.50% against 2.86%). We therefore make no regression, slope, causal, or general
TV-to-inference reading of the figure.
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6.3 Synthetic multi-instance extension

The synthetic extension tests whether the workflow behaves consistently across constrained-randomization
targets that differ in size, covariate strength, and law. Eight synthetic instances use J € {12,16}
clusters, covariate-strength settings keov € {0.2,0.6}, and two seeds per setting. Their covari-

ates mirror the anchor’s structure: three continuous covariates on the anchor’s integer ranges, a
balanced binary covariate, and a three-level categorical variable with dummy coding. They do

not reproduce the anchor’s joint distribution. Targets are complement-closed, so each cluster has
treatment probability one half, and every accepted set has at least 100 allocations.

All eight instances carry the classical laws of Section 4, including Boltzmann laws calibrated to
expected normalized costs 0.02, 0.05, and 0.10. On four instances we also ran the XY-QAOA
arm, with ten deterministic starts at each depth p € {1,2,3} and 300 evaluations per start. This
ideal statevector law is far from the target in every case (raw TV 0.59 to 0.72; Table 5), and its
postselected conditional TV is diagnostic only. We make no claim of superiority over any classical
law, and no claim about speed or hardware.

Table 5: Synthetic multi-instance extension (pre-specified, hash-recorded, and frozen before exe-
cution; not externally preregistered; four instances with the ideal-statevector XY-QAOA sampler).
Raw TV is the full-statevector raw TV of the sampler’s output law to P* on the complement-closed
target. The certificate status is “far” when raw TV is at least 7p,, = 0.10. Only sampler-relevant
quantities are shown; exact-target design power is in Table 6.

Instance  keoy J  |A|  Raw TV  Status

S12-k02-a 0.2 12 100 0.592 far
S12-k06-a 0.6 12 100 0.613 far
S16-k02-a 0.2 16 1,288 0.595 far
S516-k06-a 0.6 16 1,288 0.722 far

Inference uses 10,000 replicates for the final primary cells and 5,000 for screening cells. The primary
family is equal-size Gaussian cluster means (n; = 50) at intra-cluster correlation 0.05 or 0.20, under
the sharp null and under a constant shift of 0.5. Binary equal-size, heterogeneous Gaussian, and
Gaussian unequal-size analyses are sensitivity-only; they are inventoried in Supplementary Table S4
and do not alter sampler selection or primary-cell designation. Power cells use the same replicate
counts as their sharp-null counterparts, a rule fixed before outcomes were generated.

Figure 4 plots, for each law and instance, the sharp-null T1 rejection rate at P* against the raw
TV of the law involved. The left panel shows assignment from P* with a @ reference, and the right
panel shows assignment from ) with a P* reference. The display is descriptive. It does not fit a
regression or a threshold, and it does not imply a causal relation. Within each panel, laws with
similar raw TV can produce rejection rates on either side of the nominal level, so raw TV alone
does not determine the rate.
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(a) Assignment from P*; reference law Q (b) Assignment from Q; reference P*
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Figure 4: Descriptive display of the synthetic extension. Each point is one eligible law on one
synthetic instance, for the equal-size Gaussian primary family at ICC 0.05 under the sharp null.
Left: assignment from P* with reference law @Q; the z-axis is the raw TV of @) to P*. Right:
assignment from () with reference P*; the z-axis is the raw TV of the assignment law to P*.
Error bars show Wilson 95% intervals. The dashed line marks the nominal level a = 0.05. The
exact controls coincide with the baseline and are omitted. The display is descriptive and is not a
regression, a threshold, or a causal relation.

Under the sharp null, the fixed-event bound of Section 7 holds in all 176 primary cells examined,
and it is the only bound applied to these results. Table 5 reports the four XY sampler instances.
Their exact-target design power is in Table 6, which is not a sampler result. In every row there T2
rejects more often than T1 at the same replicate count, the same pattern as in the anchor.

Table 6: Target-design power under P* on the four synthetic instances of Table 5. Entries are
sharp-alternative rejection counts out of 10,000 for T1 and T2 with assignment and reference both
P*, under a constant shift 7 = 0.5, equal-size Gaussian outcomes. These are properties of the
exact-target design and do not depend on any sampler; they are not XY-QAOA results.

ICC 0.05 ICC 0.20
Instance  J | Al T1 T2 T1 T2

S12-k02-a 12 100 3,385 6,878 2,029 2,784
S12-k06-a 12 100 4,109 7,090 2,345 2,924
S16-k02-a 16 1,288 6,451 9,249 3,845 4,841
S516-k06-a 16 1,288 6,710 9,265 4,031 4,918

7 Operational bridge to randomization-test events

Fix the observed outcomes Y, and the observed allocation Z,,s. Let T be a statistic, and let
E ={2:|T(2; Yous)| > |T(Zobs; Yobs)| — 10719} be the two-sided extremeness event. Once the data
are fixed, £ is a fully defined subset of the domain, and it does not depend on which reference is
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used. For any probability distribution @ on the domain, the randomization p-value is Q(E).

Proposition 1. For any finite domain, any probability distributions QQ and P, and any event &,

Q(E) — P(E)] < TV(Q, P).

Proof. Let D = Q — P, so > D = 0. Then Y. Dt = Y D~ = ;Y |D| = TV(Q,P). Hence
QE)—PE) =>eD <Y D" <> D' = TV(Q,P). Exchanging Q and P gives the lower
bound. 0

This inequality is standard. We use it as an operational bridge from distributional distance to
event-specific p-value error, not as a new theorem.

Applied to a randomization test, the proposition gives, for every replicate and every reference,
Ipg — pp+| < TV(Q, P*). A close certificate therefore bounds the worst-case p-value error over all
fully defined events at the certified level. A far certificate does not imply large error for every event.
Total variation is a supremum over events, so a particular statistic may show a much smaller error
than the bound.

The 1,288-bin representation preserves TV because P* has no mass outside A, as shown in Section 3.
For the penalty output, the extended domain adds the wrong-weight strings. The bound applies
separately to each of the two extensions. Let &, denote the event with wrong-weight strings counted
as non-extreme, and &,; the event with them counted as extreme. Each is a fully defined event
on the extended domain, and the target assigns zero probability to the wrong-weight strings. So
[Pl — PP+| < TVext and |phi — pps| < TVext, where TVey = 0.948 is the extended-domain TV. We
checked both inequalities against all saved replicates, for both statistics and all eight cells. The
audit found no failures. The global maximum observed difference is 0.998446, attained by the step-
0 swap reference under both T1 and T2 in cells F3c and F3d, against a reference TV of 0.999223.
Smaller per-reference maxima are 0.388 for the XY-QAOA reference under T1 and 0.543 for the
step-10 swap marginal under T2. No difference exceeds its reference TV. The audit confirms the
arithmetic of the simulation. It does not improve the bound.

The two extensions give the envelope in the results because no extension is scientifically privileged.
Choosing one would make a substantive assumption about invalid assignments that the data cannot
settle.

8 Discussion and limitations

The main methodological point is that a sampler’s distance from its target controls the worst case
of randomization-based inference, but the realized error depends on the event being tested. A
certificate should therefore be reported together with the downstream behaviour of the specific
statistics that a trial would use. Disagreement under power and type-I error under the null are
different quantities, and each must be reported.

The study has several limits. Its scope is one empirical-covariate anchor with 16 clusters; eight small
synthetic instances, four of them ideal-statevector XY-QAOA instances; primary equal-size Gaus-
sian inference, with binary, heterogeneous-effect and unequal-size analyses as sensitivity only; one
exploratory raw-hardware campaign; and no computational-effort-matched classical-versus-quantum
scaling comparison. Its outcomes are simulated, and the cluster-level model with its variance com-
ponents is our specification. Its quantum results are ideal statevector simulations. The penalty
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output is not a valid 8-versus-8 randomization distribution, and its inference is bounded rather
than point-estimated. The selected headline QAOA runs are one run per arm, chosen by energy
under bounded local search. The results therefore describe these runs and do not establish generic
QAOA performance. Most runs were flagged by the default-NumPy boundary diagnostic described
in Section 4; it limits any reading of optimizer quality.

The amplification result is a correctness control. Its phase oracle is a fixed diagonal operator for
this benchmark, not a reversible membership circuit, so we report no resource estimate. Dicke-
state preparation has a published construction with gate count, depth, and ancilla bounds [1], with
short-depth variants [2], but we make no claim about the circuits used here. Statevector results
are full-amplitude computations for the ideal model only.

The finite-shot sets are conservative. Under IID sampling and the frozen confirmatory budget,
the worst-case sufficient condition for closeness covers only the exact target, although calibration
observed evidence-close at v = 0.005. Sharper plug-in, bias-corrected, bootstrap, asymptotic and
test-inversion intervals are not validated here, and we give no coverage for them. Far detection,
closeness certification and event-specific safety bounds are different tasks. Only the lumped interval
of Section 3 supports closeness; the hardware appendix gives far-type event lower bounds and no
closeness claim; and the fixed-event bound of Section 7 is a third, event-specific kind. Identity
testing against a known target [16] and closeness testing of two unknown distributions [4] are
further distinct tasks.

Several claims are outside scope. The paper makes no claim of quantum advantage or speedup,
since no scaling study or matched classical comparison was performed, and no claim of noise
robustness, scalable oracle cost, clinical benefit or general QAOA performance. Its randomization-
based statements apply to the stated simulation families and extension rule. The audit of the
interrupted synthetic replicate run supports the saved stream outputs but cannot recover its source
hash. Assignment from () with reference P* is not a valid design for the constrained target, and
internal coherence under the sharp null is not evidence that the design was restored.

Future work would vary the outcome models, the cluster count, and the covariate structure,
and would add noise models and a matched classical search comparison. Those extensions are
separate studies with their own pre-specification, hash recording and freezing before execution.
Quantum-enhanced optimization for patient stratification has been proposed with claimed effi-
ciency and significance gains [6]; that work addresses optimization of covariate stratification and
does not certify randomization laws, and its claims are not evaluated here. A different, adaptive
preparation model uses mid-circuit measurement, feedback, collective measurements with global
rotations, and ancilla resources [22]; it is not a demonstrated replacement for the static, no-ancilla
IBM workflow used here.

Three questions apply before an approximate sampler replaces an exact constrained target. What
is its exact distance from the target on the output space the randomization test uses? Are invalid
outputs, such as wrong-weight strings, excluded, penalized or counted, and under which rule?
Which test statistics will the trial use, since the worst-case bound does not say how far a particular
statistic moves? The paper answers these for one benchmark.

The results also suggest a reporting standard. Raw distributions should be certified on their own
output space, with conditional or postselected quantities reported separately and labelled as such.
A close certificate for a conditional distribution does not license the raw sampler, and a far certificate
for a raw distribution does not establish the size of the error for any particular test. Both facts
must appear in the same report.
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9 Reproducibility and availability

All numerical results are generated from frozen scripts, pinned environments, and saved machine-
readable artifacts. The protocol, its amendments, and the exact seed rules are recorded in the
project files and the prepared release bundle. The protocols and the synthetic extension were
internally time-ordered and hash-recorded before execution; they were not externally registered,
and no registry identifier exists. A clean regeneration reproduced the 44 synthetic-extension streams
that predate an interrupted run bit-for-bit; source hashes were not recorded at that launch, so its
code state cannot be proven by hash. Ideal statevector computations use Qiskit [11], and local
search uses SciPy [18]. The randomization test follows Imbens and Rubin [10].

Hashed manifests record SHA-256 hashes for the protocol, code, preconditions, aggregate tables,
per-replicate results, theorem audit and test record; the manifest families are listed in Supple-
mentary Table S5. The hardware submission record exists in two forms. The original contains
account-identifying metadata and is private; the public manifest is a redacted release that records
the hash of the original. A redacted release bundle, excluding raw hardware counts, has been pre-
pared and independently verified locally. It is not yet published; a persistent archive link and DOI
will be added only after external deposit.

Appendix A: Exploratory hardware run

We ran one exploratory hardware campaign on one IBM device, ibm_marrakesh. It used four frozen
circuit types: two readout baselines (all-zero and all-one preparations), the Dicke preparation D1
for ¢ = 2, and the complete QAOA circuit Q1 with the frozen p = 1, seed-0 parameters. Each
circuit was run as two separate 2,048-shot jobs, eight jobs in total, and all completed. Raw counts
were analysed without mitigation, readout correction or postselection.

The frozen protocol specified the lower bound through a pooled upper Wilson 95% bound on the
event proportion. The reported bounds instead use replicate-specific one-sided exact Clopper—
Pearson bounds with Bonferroni allocation: four tests (two replicates by two events), familywise
level 0.05, and per-test level 0.0125. This replicate-specific analysis was a documented post-protocol
exploratory deviation and is not a preregistered analysis. For QIl, the event lower bounds on
TV(Q, P*) are 0.9794 and 0.9835 for the accepted event, and 0.8572 and 0.8546 for the weight-8
event, for replicates 1 and 2. They use event probabilities only. They are not full-distribution TV
estimates and not closeness certificates.

Observed accepted mass for Q1 was 0.0137 and 0.0103, against an ideal value of 0.1155. For D1
the observed weight-8 mass was 0.1416 and 0.1294, pooled 0.1355, against an ideal value of 1.
A readout-only diagnostic, which models independent bit flips, predicts a D1 weight-8 mass near
0.70. It is therefore insufficient to explain the observed loss. The evidence is consistent with noisy
execution of the deep compiled Dicke preparation on this device. It does not uniquely attribute
the loss to state preparation, routing, calibration drift, readout or the QAOA gates. The exact
submitted Q1 transpilation could not be reproduced after calibration changes. Table 7 summarises
what each layer supports.
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Table 7: Implementation-error ladder. Each row states what was measured, what is supported,
and what is unsupported.

Layer Measured Supported Unsupported
Mathematical Exact rational construction P* is the intended uniform  Anything about a physi-
target P* of the 1,287-allocation ac- law on the accepted set cal sampler

cepted set and the uniform

target
Ideal Ideal D1 weight-8 mass; The logical circuits imple- Any device claim; any
full-statevector ideal Q1 accepted mass ment the intended ideal noise attribution
sampler 0.1155 laws

Compiled gate-
level circuit

Raw  hardware

counts

Downstream in-
ference

Ideal simulation of tran-
spiled D1 (total variation
6 x 10714); current-pipeline
Q1 reconstruction (1 x
10-13)
FEight integrity-checked
jobs; D1 weight-8 mass
about  0.13-0.14; Q1
accepted mass about 0.01—
0.014; readout rates

Not measured on
hardware (no hardware
p-values, rejection rates or
power)

Transpilation preserves the
ideal D1 law; decoder and
measurement map consis-
tent

These raw observations for
these jobs; readout alone
does not explain the D1
weight loss

Nothing new

Direct re-establishment
of the submitted Q1
transpilation

A device-wide distribu-
tion; full-distribution
closeness; causal attribu-
tion

Any claim that hardware
sampling changes type-I
error or power
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