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Abstract

Boolean networks provide a framework for study-
ing how network structure and local rules
shape long-term dynamics. We studied syn-
chronously updated, directed, signed Watts—
Strogatz Boolean networks with depth-1 canal-
ising threshold rules, using 825,000 graph-rule
replicates across five controlled parameters. Con-
nectivity reversed the adjusted period effect of full
canalisation relative to threshold-only rules. At
network size N = 100, full canalisation increased
the adjusted geometric mean period by 22.1-
25.8% at neighbourhood parameter x = 1, but
shortened it at kK = 2-5 across all five inhibitory-
edge probabilities, with contrasts averaged equally
over simulated rewiring probabilities. The mag-
nitude depended on inhibitory-edge probability
and rewiring. Increasing rewiring from p = 0.01
to p = 0.60 shortened adjusted periods after
averaging over other simulated settings. Full
canalisation lowered, rather than increased, the
fixed-point rate. A separate design of 7,200 fixed
Boolean systems at inhibitory-edge probabilities
0.30 and 0.50 examined sampled basins and one-

bit perturbations. Full canalisation reduced the
number of attractors reached from sampled initial
states, increased return probability within 2000
updates, and reduced restricted mean return time
and mean Hamming fraction after 25 updates.
These findings identify a connectivity-dependent
period response within the tested model and sam-
pling design.

Keywords: Boolean networks; canalisation;
small-world networks; attractors; perturbation
recovery; gene regulatory networks.

1 Introduction

Gene regulatory networks control how genes are
turned on and off, and how cells respond to inter-
nal and external signals. When modelling biolog-
ical systems, the detailed rate parameters needed
for continuous models are not always available.
Some regulatory interactions may still be known,
allowing the network structure to be represented
as a graph. Discrete Boolean networks provide
an alternative because they represent each com-
ponent as a binary state and describe regulation
through logical update rules [1, 2, 3, 4]. Thus
Boolean networks (BNs) provide a compact lan-



guage for studying how the wiring of a regulatory
system shapes its long-term behaviour [1, 5, 6].
Each node holds a binary state (on/off); at dis-
crete time steps all nodes update according to
local logical rules that encode activation and re-
pression by neighbouring nodes, and all nonzero
edge weights remain fixed at +1.

In a biological setting, attractors are often inter-
preted as coarse descriptions of stable cell states,
phenotypes, or recurring regulatory programmes,
while basins describe the initial states that lead
to those long-term behaviours [3, 4, 7]. In a deter-
ministic Boolean network, each trajectory in the
finite state space must eventually repeat, forming
what is known as an attractor. The period L
of an attractor is a useful summary of network
dynamics and allows comparisons across different
network structures and rule settings [3, 8, 9].

Attractor period alone does not describe the
whole sampled long-term behaviour. Two Boolean
systems may have similar periods but differ in the
number of attractors reached from sampled initial
states, the distribution of sampled basin sizes, or
their response to perturbation. Observed basin
entropy Hp summarises how sampled trajectories
are distributed across reached attractors, and one-
bit perturbation experiments provide a comple-
mentary measure of local recovery [10, 11, 12, 13].

These measures are affected by both local up-
date rules and the underlying network topology
(12, 14, 15].

Threshold update rules are well defined and
interpretable, but they may miss regulation in
which a single dominant regulator determines the
target state. This form of input dominance is
naturally represented by canalising update rules
(16, 15, 17, 18].

Empirical regulatory networks contain activa-
tors, repressors, and dual regulators, and this
balance can influence whether dynamics tend
towards steady states or oscillatory behaviour
[19, 20]. In the model, pyep is the probability that
a nonzero edge is inhibitory; we therefore refer to
it as the inhibitory-edge probability.

What is less clear is how network structure

changes the effects of canalising regulation and
inhibitory-edge probability. Small-world net-
works allow network size, neighbourhood size,
and rewiring to be varied systematically [21, 22].

Previous work on signed-threshold Watts—
Strogatz Boolean networks examined the
clustering—period association while holding the
update-rule class and inhibitory-edge probability
fixed [23]. The present study extends that set-
ting by allowing depth-1 canalisation and varying
inhibitory-edge probability p.,. We use the con-
trolled parameters N, k, and p to test whether
network structure modifies the effects of canalisa-
tion and inhibitory-edge probability.

The biological motivation for this extension is
that regulatory systems often combine broadly
acting signals with local context-dependent in-
puts. Gene discovery programmes in agriculture
have sought individual genes whose modification
could improve complex traits. A large maize
biotechnology programme reported a low vali-
dation rate for genes intended to improve yield,
with some genes having beneficial effects in one
hybrid but neutral or negative effects in another
[24]. Approaches that consider interacting gene
and trait networks have therefore been proposed
to improve our understanding and prediction of
complex traits across genetic and environmental
settings [25, 26]. Depth-1 canalisation provides
a simplified Boolean model for testing how dom-
inant regulation by one input changes attractor
periods, basin summaries estimated from sampled
initial states, and perturbation recovery in syn-
thetic directed, signed Watts—Strogatz networks
[12, 14, 27].

Specifically, we ask the following questions
for directed, signed Watts-Strogatz Boolean net-
works with depth-1 canalising threshold rules:

1. How do -canalising probability ¢. and
inhibitory-edge probability p,e, affect attrac-
tor period and fixed-point rate?

2. Does the effect of canalisation depend on
Prep’



3. How do rewiring probability p, network size
N, and neighbourhood parameter £ modify
these rule effects?

4. Are the period patterns accompanied by
changes in basin summaries estimated from
sampled initial states and recovery from one-
bit perturbations?

2 Background
2.1 Threshold and canalising rule classes

The underlying network specifies which nodes can
regulate a target node, but the update rule deter-
mines how those regulators are combined into the
next Boolean state. This paper uses a structured
rule class, rather than unrestricted truth tables,
so that topology and local logic can be studied
together in a controlled and interpretable way
[1, 12, 15].

Threshold rules are a natural starting point for
signed regulatory networks. Inputs are treated
as activating or inhibitory, their signed values
are summed, and the next state is determined by
comparing this signed input with a threshold [16,
28]. This rule class is simple and interpretable,
but it assumes that inputs combine additively.
That assumption may miss regulatory settings in
which one input has a dominant effect [16, 15].

Canalisation represents this dominant-input ef-
fect. A rule is canalising if one input, when it
takes a particular value, can determine the output
regardless of the other inputs [17, 18]. Canalis-
ing rules can reduce sensitivity, limit perturbation
spread, and support more stable Boolean-network
dynamics [29, 11, 12, 13].

Canalising rules have also been directly linked
with fewer attractors, shorter attractor periods,
and more concentrated basins [30, 31, 14].

Canalising and redundant rules are common
in published biological Boolean-network models
[27]. Canalising structure has also been used to
identify regulatory paths that transmit control
signals [32, 33].

The present study uses a depth-1 canalising
construction: at most one dominant regulator

can set the node state directly when the canalis-
ing condition is met. The canalising probability
g. controls how often nodes with at least one reg-
ulator are assigned this rule, while the inhibitory-
edge probability pre, controls the probability that
a nonzero edge is inhibitory. The implementation
of the canalising and fallback signed-threshold
rules is specified in Sec. 4.

Dominant-input regulation is interpreted lo-
cally in this paper; the construction does not
imply that one regulator controls an entire bio-
logical pathway [17, 18, 12].

2.2 Small-world construction and controlled
graph parameters
We use directed, signed Watts—Strogatz net-
works to vary small-world structure systemati-
cally [21, 22]. The controlled graph parameters
in the primary analysis are network size N, the
Watts—Strogatz neighbourhood parameter x, and
rewiring probability p. At p = 0, the underlying
graph is a regular ring lattice. For p > 0, each
eligible local edge is rewired with probability p to
another permissible endpoint. This changes the
placement of non-local connections while preserv-
ing the number of edges.

Changing p changes several related graph prop-
erties at the same time, including clustering, di-
rected path structure, and the placement of non-
local connections. We therefore interpret p as
the controlled rewiring parameter. We do not
interpret its effect as a causal effect of clustering
alone.

We record the global transitivity coefficient
C' and mean directed shortest path (MSP) as
secondary descriptive summaries. We also retain
realised average degree k as a construction check.
Because the underlying Watts—Strogatz graph has
Nk edges, its mean undirected degree is k = 2k
by construction; k is therefore not an independent
predictor. Formal definitions are given in Secs. 3.2
and 3.5.

3 Mathematical Concepts and Definitions

In this section, we introduce the fundamental con-
cepts and definitions that will be used through-



out this paper [34, 35, 22, 36, 1, 5, 6, 8]. The digraph, the in-degree and out-degree are
simulation workflow, graph-generation procedure,

parameter combinations, and implementation- deg;, (vi) = Z 1[aj; # 0],
specific choices are given later in the Methods J (1)
section. degoy(vi) = Y Lay; # 0],

J

3.1 Graphs, adjacency, and degree .
where 1[-] denotes the indicator, equal to 1 when

A graph G = (V, E) has a nonempty vertez set the condition holds and 0 otherwise. We write
V and an edge set E. In an undirected graph, the ¢otal degree of verter v; as degy (vs)
EC {{u,v} 1 w,v € V. u # v}; in a directed geg, (v;) + deg,,(v;) (in an undirected graph,
graph (a digraph), E C V x V with ordered pairs deg,, (v;) = deg(v;)), and define the average de-
(u,v). The order of G'is N = |V| and the size of gree as k = LN degyo(vi) (s0 k = 2m/N for
G is m = |E|. Throughout this paper, graphs are gjmple graphs) [34].
simple unless stated otherwise (no self-loops or
parallel edges) [34, 35].

An adjacency matriz is A = [a;;]. For an undi-

Regulatory-network notation used in this pa-
per. In this paper, the regulatory system is rep-
4 sl 0 1 s resented by a directed signed graph G = (V, E),
rected simple grapll, Gij = dji = 1 1 {vi vt € ~. withV = {vy,...,on} and E C V x V. Its signed
and 0 otherwise. For a digraph, a;; = 1 if : o _ N

: J adjacency matrix is A = [a;;];;—;, where
(v;,v;) € E and symmetry is not required. For ’
dynamical models we use a signed adjacency with
a;; € {—1,0,+1} to encode activation (+1) and
inhibition (—1). Note that the a;; values are dis- @ = {—1, if v; = v; is inhibitory,
tinct from the Boolean node values described in 0, if there is no edge from v; to v;.
Sec. 3.3, which are updated at each time step.
Instead, a;; records the presence of any edge from Thus, 7 is the source vertex and j is the target ver-
v; to vj, and its role in the update function for tex [3, 16, 19]. For vertex v;, the set of regulators,

+1, if v; — v; is activating,

node v;. or in-neighbours, is
When measuring undirected features (e.g., clus-
tering), we pass to the underlying undirected sim- N™(v;) ={wv;i:a;; #0}. (2)
ple graph G* with adjacency U = [u;;] defined
by Because each undirected Watts—Strogatz edge

is oriented once in the graph-generation proce-
dure used here (Sec. 3.5), deg, . (v;) = degeu(v;).
1, ifa; #0oraj;#0, _ Therefore, k measures the overall realised connec-
Wij = 0, otherwise, u = 0 for all 4, tivity of the underlying undirected graph. The
mean number of incoming regulators is m/N =
k/2 = k, while the realised in-degree of each
and then treat G* as a simple graph (so directions vertex depends on edge orientation.

and signs are both ignored and parallel edges 3.2 Paths, distance, clustering, and path-

are not allowed). Unless otherwise noted, any based measures
undirected network statistic is computed on G* A walk of length ¢y, is a sequence (uy, . . . , ug, ) With
constructed from A as above [35, 22]. adjacent consecutive vertices; a path is a walk with

The degree of vertez v; in an undirected graph no repeated vertices [34]. In a digraph, we write
is deg(v;) = >, ui; and equals the size of the w = v to denote that there exists a directed path
neighbourhood N(v;) = {v; : {v;,v;} € E}. Ina from u to v. In an undirected simple graph, a

4



(simple) cycle is a closed walk of length at least 3
whose vertices are all distinct except the first and
last. A 3-cycle (a triangle) is a cycle of length
3 (in a digraph, edges of the cycle must respect
orientation). Directed cycles can also have length
2, and a self-loop gives a cycle of length 1 when
self-loops are allowed.

The distance d(u,v) is the length of a shortest
path from u to v (respecting edge directions in
digraphs). The diameter of G is the maximum
finite distance [22].

For clustering we count triangles (3-cycles)
and connected triples (wedges) on the underly-
ing undirected simple graph G". A connected
triple (wedge) is a path of length 2, u—v—w, in
G", with u # w. The neighbour pair {u,w} is
unordered, so each wedge is counted once for its
central vertex v. Writing T for the number of tri-
angles and A for the number of connected triples,
the global clustering coefficient (transitivity) C
is defined as

g, A >0, ,
C=1A with C' € [0,1], (3)
0, A=0,

which is the fraction of wedges that are closed
into triangles [22, 36, 37].

We use the mean directed shortest path (MSP),
defined as

1
= 2 dww), [R]>0,
’R| (u,v)ER
0, |R| =0,

MSP =

where
R ={(u,v) e VxV:u#v, u=vin G}, (5)

and d(u,v) is the length of a shortest directed
path from u to v. Thus, G need not be (strongly)
connected; the average is taken only over ordered
pairs that are reachable by a directed path (i.e.,
pairs in R) [22]. The value 0 when |R| = 0 is
an assigned value for graphs with no reachable
ordered pairs, and should not be interpreted as a
zero path length.

3.3 Boolean networks, attractors, and basins
Given a graph G = (V, E) with |V| = N, we
associate a Boolean state to each vertex at each
discrete time t € Z>o. The state vector is

S(t) = (Sl(t), e ,SN(t)) - {0, 1}N,

with a chosen initial condition S(0) € {0,1}. A
Boolean network on G is the deterministic map

F:{0,1}" = {0,1}",

_ (6)
S(t) = F(S(1)) = (f(S)), .

7fN(S(t)))7

where each coordinate function f; : {0,1}¥ —
{0,1} depends only on the states of the in-
neighbours of the vertex v; in G [5, 6]. In Eq. (6),
— specifies the domain and codomain of F', while
— means “maps to” and shows how the state S(t)
is mapped to F'(S(t)). The synchronous evolution
is then

S(t+1) = F(S(t)).

An update scheme specifies when node states are
updated. In the synchronous scheme, all nodes
update simultaneously at each integer time step
according to Eq. (6). Asynchronous variants (e.g.,
random-order or general-asynchronous) update
subsets or single nodes per step; in this study we
focus on synchronous updates [6, 38].

An wupdate rule specifies the coordinate func-
tions f; used in Eq. (6) and, together with the
update scheme, determines the next state S(t+1)
from S(t) [6]. A widely used rule in signed regu-
latory models is the signed—threshold rule,

s;(t+1) = 1(%%7’ si(t) o 9]'), (7)

i=1

where a;; € {—1,0,4+1}, 6; € R is a node-specific
threshold, and the comparison symbol o € {>, >
}; in this study we use the strict comparator “>"
throughout (see Sec. 4) [6, 3, 39].

An attractor is a minimal set A =
{So,...,Sr-1} € {0,1}" such that F(S,) =
Se+1ymoa . for all » € {0,...,L — 1}. Equiv-
alently, F(S,) = S, with no smaller positive



period. The period is L € {1,2,...} (a fixed
point is the case L = 1). The state transition
graph places a directed edge S — F(S) on the
2NV states (out-degree 1 per state); attractors are
precisely the directed cycles (with fixed points as
1-cycles) [6, 8.

From a given initial state S(0), the trajectory
S(0), S(1), ... eventually repeats because {0, 1}V
is finite. The transient length from S(0) is

Ty, = min{t > 0: S(t) € A},

i.e., the first time the trajectory enters the repeat-
ing cycle.

Basins of attraction. For an attractor A, the
basin of attraction is the set of initial states whose
trajectories eventually enter A. Formally,

BA) ={Sec{0,1}V:3t>0, Fi(S)c A}.
(8)
When the full state space is considered, the
basins of all attractors partition {0,1}": every
initial state belongs to the basin of exactly one
attractor. If the attractors are Ay,..., Ag, the
corresponding basin proportions are

B(A,)
T =K _ 11m/ AN :17"'7
OSSR BA)

and the basin entropy is

K
Hp=-) m logm,. (10)
r=1

Here and throughout, log denotes the natural
logarithm [10].
Hamming distance. The Hamming distance be-
tween two states S, S € {0, 1}V is

Du(8,S) = Z 1[s; # 54, (11)

and the corresponding Hamming fraction is

1 _
~Du(8,9).

The normalised form is used when perturbation
size is reported as a fraction of nodes rather than
as a raw count.

h(S,S) = (12)

Period summaries from many initial states.
When summarising outcomes over many initial
states, we report the arithmetic mean period and
mean log period. From n.,; > 0 detected trajec-
tories with periods L,

B 1 Ntraj
L= S L, (13)
Niraj 12
and
1 Ntraj
Y = > log L,. (14)
Ntraj =1

The geometric mean period is Lge, = exp(Y’), and
a difference AY corresponds to a multiplicative
factor €Y on Lye, [8, 40).

3.4 Depth-1 canalising rules

For node vj, the signed input at time ¢ is

N

15(0) = 3 sy si(h). (15)
i=1

Using the strict comparator adopted in this pa-

per, the signed—threshold rule in Eq. (7) may be

written as

sj(t+1) = 1[I;(t) > 0;].

Threshold rules are useful because they provide a
simple signed approximation to regulatory logic
[16, 28, 15].

To add canalisation, let

Zj S {0, 1}

indicate whether node v; has a canalising rule. If
z; =1 and N~ (v;) # 0, one regulator

vr(j) € N (vy)

is designated as the dominant regulator. Here,
r(j) is the index of that regulator. If N~ (v;) = 0,
we set z; = 0, and no dominant regulator is
assigned. This regulator has a canalising input
a; € {0,1} and a canalised output b; € {0,1}.
The canalising condition is

zj =1 and s, (t) = ay. (16)



If this condition is met, node v; is forced to b;.
Otherwise, it follows a fallback rule f]fb. In general
form,

b,

() {fjfb (S(t)), otherwise.

(17)
In the present paper, the fallback rule f]ﬂo is a
signed-threshold rule. Thus, the dominant input
has priority only when its canalising condition
is met; otherwise, the node follows the fallback
signed-threshold rule. Here, depth-1 refers to the
use of at most one designated dominant regula-
tor before the rule falls back to signed-threshold
updating [17, 18, 31, 14]. The implementation-
specific choices for «;, b;, the ordinary threshold
¢;, and the fallback threshold ijb used by fjfb are
given in the Methods section.

3.5 Watts—Strogatz graph model

Fix an integer N > 3 and an integer kK €
{1,...,[(N = 1)/2]}, and let p € [0,1]. Let
V =14{0,1,...,N — 1} and for u,v € V with
u # v define the circular distance

d(u,v) = min{\u —v|, N—|u— v[}
The ring lattice L(N, k) has edge set
Eq = {{u,v} cV:1<d(uv) < /{},

so every vertex in the initial ring lattice has
undirected degree deg(u) = 2k, where k is the
ring-lattice parameter. Construct the undirected
WS graph H = WS(N, k, p) by considering each
{u,v} € FEy once and independently deciding
whether to rewire it: with probability p replace
{u,v} by {u,w}, where w is drawn uniformly
from V' \ ({u} U Ng(u)) at the time of rewiring
(avoids self-loops and multi-edges); otherwise
keep {u,v}. Here, Ny(u) is the current neigh-
bourhood of u. If no permissible endpoint is
available, the edge is retained. This preserves
m = |E(H)| = Nk and hence the mean (undi-
rected) degree k = 2m/N = 2k [21, 22, 36].

it z; =1 and Sr(j)(t) =y,

The directed WS graph Gws = m(N, K,p) is
obtained by orienting each undirected edge of H
independently and uniformly at random:

P((u,v) € E(Gws) |{u,v} € E(H))

P((v,u) € B(Guws) | {u.v} € B(H) = 1. 1)

N N

Conditioned on H,

deg&Ws (v) ~ Binomial(degH(v),
deg&ws (v) ~ Binomial(degH(v),

out

),
(19)
)7

N— N~

SO

E[degii*(v) | H] = E|degq*(v) | H] = 3

out ) degH(v)

(20)
3.6 Graph-level summaries and perturbation

measures

For graph-level summaries, 7,,; denotes the num-
ber of valid trajectories retained for one graph-
level unit: those that detect an attractor be-
fore the cap specified in Sec. 4.4. In the graph-
replicate period design, the unit is a graph-rule
replicate; in the basin-and-perturbation design,
the unit is a fixed Boolean system. Threshold han-
dling for the two designs is specified in Sec. 4.3.

If the retained periods are Ly, ..., L,,,;, the
graph-level summaries L, Y, and Lgeo are com-
puted as defined in Eqs. (13) and (14). If ng; =0
in the graph-replicate period design, these sum-
maries are undefined and the graph-level row is
excluded from the period analysis.

The graph-level fixed-point rate is the propor-
tion of detected runs with L, = 1:

1 TNtraj
FixedRate = S 1L, =1], (21
Niraj 11

for nua; > 0. The graph-level detection rate is
the proportion of sampled trajectories in which
an attractor is detected before the simulation
cap. It is reported separately as a measure of
detection completeness and is not part of the
period summaries.

If Ay,..., Ak, are the attractors reached by
the detected sampled runs in one fixed Boolean



system, with K.,s > 0, let 7,. be the fraction of
detected sampled runs that reach attractor A,.
The largest observed basin fraction is

Bhax = max 7, (22)
1<r<Kobs
and the observed basin entropy is
- Kobs
Hp=—- > #,log#,. (23)
r=1

These are summaries estimated from repeated
sampled initial states on a fixed deterministic
update map rather than exact full-state-space
quantities.

For perturbation analysis, within a fixed
Boolean system, let S be a state on an attractor
A, and let S be a one-bit perturbation of S, so
that

Du(S,5) = 1. h(s,é):;[. (24)

The return-to-same-attractor event occurs when
the perturbed trajectory re-enters the original
attractor A within the chosen return window. If
F* denotes the t-fold iterate of the update map,
the return time is

Tt =min{t > 1: FY(S) € A},  (25)

provided such a time exists within that window.
For each perturbation trial ¢, the restricted
return time is

,_Ti _ {Tret,ia
2000,
Here, a return is observed when the perturbed
trajectory re-enters the original attractor within
the 2000-update window. The restricted mean
return time is the mean of T} across the pertur-
bation trials for one fixed Boolean system.
To track perturbation spread over time, we
compare the unperturbed and perturbed trajecto-
ries after ¢ synchronous updates. The Hamming

fraction at horizon t is

1 t tQ
b=~ Dy(F'(S), F'(S)).

The initial perturbation has Hamming fraction
ho =1/N [13, 12, 14].

if a return is observed,
(26)

otherwise.

(27)

4 Methods
4.1 Simulation overview

The study uses two simulation datasets. The
graph-replicate period design generates multiple
graph—rule replicates for each controlled param-
eter combination and is used for the observed
period and fixed-point summaries and the pri-
mary period model. The fixed-system basin-and-
perturbation design uses a reduced parameter grid
to estimate basin summaries from sampled initial
states and recovery after one-bit perturbations.
Parameter grids, sample sizes, threshold handling,
and recorded outcomes are described below.

4.2 Graph generation and edge signs

The underlying graph is the directed Watts—
Strogatz graph Gws = WS(N, k,p) defined in
Sec. 3.5. The simulation grid uses the degree-
control input d, which is mapped to the WS ring-
lattice parameter by

o [51)

After orientation as in Eq. (18), each nonzero
edge is assigned a sign independently:

_1’
;5 =
J +].,

Thus, prep is the probability that a nonzero edge
is inhibitory.

For each graph, we compute the average degree
k, clustering coefficient C' (Eq. (3)), and mean
directed shortest path MSP (Eq. (4)).

4.3 Rule assignment and threshold construc-
tion

(28)

with probability prep, (29)
with probability 1 — prep,

The update rule at each node is either a signed-
threshold rule or a depth-1 canalising rule with
a fallback signed-threshold rule, as described in
Sec. 3.4. The parameter ¢. controls the proba-
bility that a canalising rule is used at each node
with at least one in-neighbour.

For each node v; with N~ (v;) # (), we indepen-
dently assign a canalising indicator z; € {0,1},
with

Pr(z; =1) =q..



Nodes with no in-neighbours are assigned z; = 0.
Within each graph-rule replicate, the graph struc-
ture, edge signs, canalising assignments, dominant
regulators, and canalised outputs are fixed across
the sampled initial states.

Threshold perturbations are handled according
to the simulation design. In the graph-replicate
period design, a new vector (1,...,ey) is drawn
for each trajectory. In the basin-and-perturbation
design, one vector is drawn per fixed Boolean
system and retained across all sampled initial
states and perturbation trials. In both cases,
g; ~ N(0,0%) with ¢ = 10~*. The perturbation
€; prevents exact ties.

If z; = 0, node v; uses the signed-threshold rule
with threshold

1 N
9]' = §Zaij +€j.
=1

If z; = 1, one in-neighbour v,(;y € N~ (v;) is
chosen uniformly at random as the dominant reg-
ulator. The canalising input is fixed at a; = 1.
The canalised output is determined by the sign
of the dominant edge:

b, — {1, if ar(5),j =

0, if a,,(j),j =

Thus, within the local update rule, an active

dominant activator forces node v; to 1, while an
active dominant inhibitor forces node v; to 0.

When the canalising condition is not met, the

node follows a fallback signed-threshold rule with
fallback threshold

+1,
—1.

fb 1 al
0;" =5 (Z Wij — a?“(j),j> T
1=1

The signed input I;(t) is defined in Eq. (15). In
the fallback branch, s,(;(t) = 0, so the domi-
nant regulator contributes zero to I;(t), giving
Ii(t) = Yy @ijsi(t), while 6% is centred on the
remaining signed regulators.

The full update rule used in the simulations is
therefore

bj,
Sj(t + 1) = 1{Ij<t) > ijb} , R = 1, Sr(j)(t) = 0,

1[1](75) >9j]7 ZjZO.
The three update-rule cases are illustrated in
Fig. 1.

4.4 Trajectory-based attractor detection

All simulations use synchronous updates. For
each run, the initial state S(0) is sampled inde-
pendently with

Pr{s;(0) =1} = 0.5.

For each sampled initial state, the reached at-
tractor is detected using a compiled Rcpp imple-
mentation. Starting from the initial state, the
system is updated one step at a time. Each visited
state is converted to a binary string and stored in
a hash table. When a state repeats, the repeated
segment is returned as the attractor. Its number
of distinct states is the period L [8, 9].

The detector records the period, attractor
states, and an attractor identifier that does not
depend on which cycle state is stored first. Re-
currence must occur within max_iters = 10°
updates; runs exceeding this cap are recorded as
not found. Detection is exact along each sampled
trajectory.

4.5 One-bit perturbation trials

One-bit perturbation trials are used only in the
fixed-system basin-and-perturbation design. In
each trial, an attractor is first detected from a
sampled initial state. As a fixed convention, the
first stored state S of the detected attractor cycle
is used as the perturbation base state. One node
is then selected uniformly at random and flipped
to form S, giving the one-bit perturbation defined
in Eq. (24). Thus, perturbation trials sample one
stored phase of each detected attractor rather
than averaging uniformly over all phases of the
attractor cycle.



Signed-threshold rule

ZJ':O

‘

Ii(t) = iZausi(t), s(t+1)=1[I(t)> 0]

B C
Canalising regulator active Canalising regulator inactive

z=1, Sr(j)(t) =1 z=1, Sr(j)(t) =0

s s -3

s(t+1)=b;, b= 1 (activation), b;=0 (inhibition) li(t) = iZausi(t), si(t+1)=1[1,(t) > ej“’]

Figure 1: Examples of the update-rule scenarios. A node with z; = 0 uses the signed-threshold rule. For a
node with z; = 1, an active dominant input fixes the target state according to the sign of the dominant
edge; when the dominant input is inactive, the node uses the fallback signed-threshold rule.

The perturbed trajectory is then followed for values hy, hip, and ho; summarise perturbation
a 2000-step return window. A trial is recorded spread [11, 13, 12, 14].
as a return if the perturbed trajectory re-enters
the original attractor within that window. Oth-
erwise, it is recorded as a non-return within the
window. A non-return does not prove that return
is impossible; it only means that return was not
observed before the return cap.
For each trial, we record whether and when the
trajectory returns to the original attractor and
the Hamming fraction h; for 0 < t < 25. The
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4.6 Simulation datasets and recorded quanti-
ties

Graph-replicate period design. The simulations

use

N € {10,20,...,100},

de{l,...,|N/10]},

p € {0.01,0.05,0.10,0.20, 0.40, 0.60},
Prep € {0.10,0.24,0.30,0.41, 0.50},

g € {0,0.25,0.50,0.75, 1}

The simulation design contained 8,250
(N,d,p,qe, prep) cells. For each original cell, 100
independently generated graph-rule replicates
were simulated from 25 initial states, giving
825,000 graph-level replicates.

For the controlled-parameter analysis, we ap-
plied the mapping in Eq. (28). This pro-
duced 3,900 unique (N, k,p, ¢c, Prep) controlled-
parameter cells. Because several values of d can
map to the same k, these cells contain differ-
ent numbers of graph replicates. The primary
graph-level model and the observed period and
fixed-point summaries treat each independently
generated graph—rule replicate as one equally con-
tributing observation.

Basin-and-perturbation design. This design
uses a reduced parameter grid:

N € {20,60,100}, p € {0.01,0.10,0.60},

Prep € {0.30,0.50},  ¢. € {0,0.25,0.50,0.75, 1}.

For each N, we use representative values of the
degree-control input:
N

e[ Ll

2
after removing duplicates. This gives d € {1,2}
for N = 20, d € {1,3,6} for N = 60, and d €
{1,5,10} for N = 100.

For each parameter combination, 30 Boolean
systems are generated. Basin summaries use 200
initial states per system, and perturbation sum-
maries use 30 one-bit perturbation trials per sys-
tem. This gives 7,200 fixed Boolean systems, with

(30)

720 systems in each of the ten (pep,q.) combi-
nations. The perturbation return window is de-
fined in Sec. 4.5; it is separate from the attractor-
detection cap in Sec. 4.4.

Basin summaries include the largest observed
basin fraction, the number of attractors reached
from sampled initial states, and observed basin
entropy. Perturbation recovery is summarised by
return probability, restricted mean return time
over the 2000-update window, return time among
successful returns, and Hamming fractions at the
specified update horizons.

4.7 Statistical modelling

For each graph-rule replicate g, the period re-
sponse Y; is the mean log period across its valid de-
tected trajectories, as defined in Eq. (14); exp(Y,)
is the corresponding geometric mean period.

The primary model estimates the effects of q.
and pyep on mean log period and tests whether
these effects vary with the controlled graph pa-
rameters N, k, and p. Clustering, realised average
degree, and MSP are not included as primary pre-
dictors. The candidate models were Gaussian
additive models with an identity link, fitted in R
using the mgcv package. Tensor-product smooths
were used for the specified continuous interac-
tions.

Four controlled-parameter models were com-
pared by maximum likelihood using the 3,900
controlled-parameter cell means. Each cell mean
was accompanied by the number of graph repli-
cates it represented, and these counts were used so
that each underlying graph replicate contributed
equally during candidate-model comparison. The
models progressively added the rewiring—rule in-
teraction, the specified pairwise smooth inter-
actions, and the targeted kK X g. X prp inter-
action. Model comparison and grouped cross-
validation selected the model containing the tar-
geted three-way interaction as the primary model.
The candidate-model sequence and comparison
results are reported in Supplementary Tables S5

and S6.
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The primary model is

Y, = Bo+te(Ney, eyg)
+DPrg X defg X Prep.f.g
+ ti(Neyg, Pg) + ti(Ke,g, D)
+ ti(Neygs Geg) + ti(Keygs Geg)
+ ti(Neyg: Prep,g) + ti(Kic,g, Prep.g)
+ ti(Keg, Gog: Prepg) + &g-

(31)

Here g indexes a graph-rule replicate, 3 is the
intercept, the subscript ¢ denotes a centred con-
tinuous graph variable, the subscript f denotes
a factor-coded variable, a tilde denotes a centred
numerical version of a controlled grid variable,
and &, denotes the model residual. The function
te represents the full smooth joint relationship be-
tween its variables, whereas ti represents a smooth
interaction after the corresponding lower-order ef-
fects have been included. The symbol x denotes
the full factor interaction, including its lower-
order terms. Rewiring probability p, canalising
probability ¢., and inhibitory-edge probability
Prep are factor-coded in the controlled-grid inter-
action and enter the tensor-product smooths as
centred numerical variables.

The primary model in Eq. (31) was refitted
to all 825,000 graph-level replicates using fast
restricted maximum likelihood. Model perfor-
mance was evaluated by five-fold grouped cross-
validation, with complete controlled-parameter
cells assigned to folds so that rows from the same
cell did not occur in both training and test data.

Contrasts are averaged equally over parameter
combinations present in the simulations; we refer
to these as standardised contrasts. Differences
on the Y scale are exponentiated to obtain ratios
of geometric mean periods. Where multiplicity
adjustment is reported, p-values are adjusted us-
ing the Holm method within the stated contrast
family; other endpoint p-values are unadjusted.
The basin and perturbation outcomes are first
summarised within each fixed Boolean system.
Endpoint differences between ¢. = 1 and ¢. = 0
are then compared across systems using Welch
confidence intervals and tests. These are descrip-

tive comparisons, and no multiplicity adjustment
is applied to the basin or perturbation endpoint
comparisons.

Throughout the paper, unless stated otherwise,
all intervals reported in the text and tables and
all bands or error bars shown in figures are 95%
confidence intervals.

5 Results

We first tested how canalising probability ¢. and
inhibitory-edge probability p,., affected attractor
period, and then whether those effects changed
with rewiring probability p, network size N, and
the Watts—Strogatz neighbourhood parameter &.
We finally examined whether the period patterns
were accompanied by changes in basin summaries
estimated from sampled initial states and recov-
ery from one-bit perturbations. Period-model
results are reported on the mean log period scale;
exponentiated contrasts give ratios of geometric
mean periods.

5.1 Canalisation effects on attractor period

depend on inhibitory-edge probability

The observed graph-level summaries were calcu-
lated so that each independently generated graph—
rule replicate contributed equally, and were then
averaged over the simulated N, k, and p values.
Increasing q. from 0 to 1 reduced the observed ge-
ometric mean period by 7.4% at pyep = 0.10, and
by 42.8%, 47.7%, 47.0%, and 42.5% at pye, = 0.24,
0.30, 0.41, and 0.50, respectively (Fig. 2A). The
Prep = 0.10 curve was the only case that did
not decrease monotonically: the period increased
slightly between ¢. = 0 and ¢. = 0.25, then de-
creased as ¢. increased further.

From ¢. = 0 to ¢. = 1, the observed fixed-point
rate decreased at every inhibitory-edge probabil-
ity, with endpoint differences ranging from —0.054
(95% CI [-0.060, —0.048]) at prp = 0.24 to
—0.130 (95% CI [—0.136, —0.124]) at p,ep = 0.50
(Fig. 2B). Thus, the shorter periods were not
explained by an increase in the proportion of
detected trajectories reaching fixed points.

The primary model confirmed that the magni-
tude of the period effect of canalisation depended

12
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Figure 2: Observed and adjusted effects of canalisation and inhibitory-edge probability. Panel A shows
the observed geometric mean period, panel B shows the observed fixed-point rate, and panel C shows the
adjusted mean log period from the primary model, across ¢. and prep. Each independently generated
graph—rule replicate contributes equally to panels A and B. Panel C predictions are averaged equally over
controlled-parameter combinations present in the simulations.

on prep (Fig. 2C). At prep = 0.10, the adjusted
g. = 1 versus g. = 0 contrast was AY = —0.165
(95% CI [—0.174,—0.156]), equivalent to a 15.2%
shorter geometric mean period. The correspond-
ing reductions at p., = 0.24, 0.30, 0.41, and
0.50 were 55.9%, 61.3%, 61.3%, and 56.9%, re-
spectively (all Holm-adjusted p < 0.001). The
slight increase at low canalisation was retained
after adjustment: at pyep = 0.10, ¢, = 0.25 gave a
3.4% longer period than q. = 0 (95% CI for AY,
[0.025,0.042]).

Inhibitory-edge probability also had a large ad-
justed effect. Relative to prep = 0.50, prep =
0.10 reduced the geometric mean period by
74.6% when ¢, = 0 (AY = —-1.371, 95%
CI [-1.380,—1.362]) and by 50.0% when ¢. =
1 (AY = —0.693, 95% CI [-0.702,—0.685]).

Thus, canalisation narrowed, but did not remove,
the separation between the lowest and highest
inhibitory-edge probabilities. The fitted model
explained 80.8% of graph-level deviance; five-fold
grouped cross-validation gave R? = 0.804 and
RMSE = 0.560, close to the in-sample values of
0.808 and 0.554, respectively.

5.2 Rewiring modifies canalisation effects
across inhibitory-edge probabilities
The canalisation pattern across inhibitory-edge
probabilities occurred at every simulated rewiring
probability (Supplementary Table S11), but its
magnitude changed with p. Supplementary
Fig. S2 shows representative low, intermediate,
and high rewiring probabilities. For p;c, = 0.24-
0.50, the g. = 1 versus ¢g. = 0 reduction increased
from 44.4%-49.9% at p = 0.01 to 65.3%—70.4%
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at p = 0.60. The lowest inhibitory-edge probabil-
ity again behaved differently: at p., = 0.10, the
reduction weakened from 22.1% at p = 0.01 to
11.8% at p = 0.60.

After averaging predictions equally over the
simulated N—x combinations, increasing rewiring
from p 0.01 to p 0.60 shortened the
adjusted period in every (g, prep) combination,
although the magnitude depended on ¢. and
Drep (Fig. 3; complete endpoint contrasts are re-
ported in Supplementary Table S12). At pye, =
0.30, the rewiring contrast was AY = —0.099
(95% CI [—0.119, —0.078]), or a 9.4% reduction,
when ¢, = 0; it was AY = —0.624 (95% CI
[—0.645, —0.603]), or a 46.4% reduction, when
¢. = 1. The ordering was reversed at pyep = 0.10:
the period fell by 41.5% when ¢. = 0, compared
with 33.7% when ¢. = 1.

5.3 Neighbourhood size changes the direction
of the canalisation effect

The actual Watts—Strogatz neighbourhood param-
eter k had a larger effect on adjusted period than
network size N. At k = 1, increasing N from 10
to 100 changed the adjusted mean log period from
0.203 to 0.338. At N = 100, increasing s from
1 to 5 changed it from 0.338 to 3.450 (Fig. 4A).
Predictions in this panel are restricted to simu-
lated N—x combinations, avoiding extrapolation
into combinations absent from the design.

More importantly, x changed the direction of
the canalisation effect (Fig. 4B). At N = 100 and
k = 1, increasing ¢. from 0 to 1 increased the
adjusted geometric mean period by 22.1%25.8%
across inhibitory-edge probabilities. At k = 2,
the same contrast reduced the period by 35.3%—
45.8%, and reductions generally became larger as
 increased. The main exception was pye, = 0.10,
for which the reduction peaked at 55.4% at k = 3
and weakened to 20.7% at kK = 5. At Kk = 5,
the reductions for p., = 0.24-0.50 were 98.8%—
99.9%. These contrasts are model predictions for
the specified parameter settings at N = 100 and
should not be interpreted as values expected for
every graph.

Neighbourhood size also amplified the effect

of inhibitory-edge probability (Fig. 4C). Relative

t0 Prep = 0.50, prep = 0.10 reduced the adjusted

period by 9.6% at x = 1, but by 99.3% at k = 5.

The supplementary pairwise views show that the

effects involving N were comparatively small at

k = 1, the neighbourhood size available for every

N (Supplementary Fig. S3A), whereas the k—p

relationship was strongly non-linear at N = 100

(Supplementary Fig. S3B). From p = 0.01 to

p = 0.60, adjusted mean log period decreased

from 0.422 to 0.294 at k = 1, from 2.312 to 1.139

at kK = 2, and from 2.879 to 1.954 at k = 3;

it changed little at k = 4 (2.795 to 2.771) and

increased at K =5 (3.097 to 3.619).

Because the scientific question was whether con-
nectivity changes the joint canalisation—inhibition
effect, the kK X g. X prep interaction was tested
explicitly. Adding it reduced design-cell cross-
validation RMSE from 0.293 to 0.212 and gave
AAIC = —2299.95, so it was retained in the pri-
mary model. The corresponding endpoint view
at N = 100 shows the reversal at kK = 1 and the
distinct pyep, = 0.10 pattern at high s (Supple-
mentary Fig. S4). For example, at k = 5, the
g. = 1 versus ¢. = 0 contrast was AY = —0.232
at Prep = 0.10, compared with —4.417 to —6.794
at prep = 0.24-0.50.

5.4 Canalisation reduces the number of at-
tractors reached from sampled initial
states

The fixed-system analysis used p,ep € {0.30,0.50}.

Increasing g. from 0 to 1 reduced the mean num-

ber of attractors reached from 200 sampled initial

states per system. The mean fell from 12.00 to

4.77 at prp = 0.30 (difference —7.24, 95% CI

[—9.82, —4.65]) and from 10.81 to 5.07 at pyep =

0.50 (difference —5.75, 95% CI [—8.21, —3.28];

Fig. 5A).

The largest observed basin fraction did not
change clearly between ¢. = 0 and ¢. = 1.
The endpoint difference was 0.024 (95% CI
[—0.007,0.055]) at pyep = 0.30 and —0.009 (95%
CI [-0.040,0.022]) at pwp, = 0.50; both con-
fidence intervals included zero (Fig. 5B). Ob-
served basin entropy decreased from 0.715 to
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Figure 3: Rewiring modifies the rule effects. Adjusted mean log period is shown across the six controlled
rewiring probabilities for g. = 0, 0.50, and 1.00. Panels show the representative inhibitory-edge
probabilities prep, = 0.10, 0.24, and 0.50. Predictions are averaged equally over the simulated N-x
combinations. Rewiring probability is plotted as an ordered experimental level so that every label is exact.

0.505 at prep = 0.30 (difference —0.210, 95% CI
[—0.322, —0.098]). At pep = 0.50, the decrease
from 0.671 to 0.571 was uncertain because its con-
fidence interval included zero (difference —0.100,
95% CI [—0.208,0.008]; Fig. 5C). Full canalisa-
tion therefore reduced the number of attractors
reached relative to ¢. = 0, without a clear increase
in the largest observed basin fraction.

The minimum per-system detection rate at
¢ = 0 was 0.925 for p,p = 0.30 and 0.215
for prep = 0.50; the minimum was 1.0 in every
gc > 0 combination. The threshold-only basin
summaries, particularly at p.p, = 0.50, should
therefore be interpreted as summaries of detected
attractors reached from sampled initial states.
5.5 Canalisation improves recovery from one-

bit perturbations
The probability of returning to the original at-
tractor within 2000 updates increased with ¢. at

both inhibitory-edge probabilities (Fig. 6A). From
g. = 0 to q. = 1, return probability increased
from 0.8905 to 0.9537 at py, = 0.30 (difference
0.0633, 95% CI [0.0480, 0.0786]) and from 0.8817
to 0.9372 at pyep, = 0.50 (difference 0.0555, 95%
CI [0.0385,0.0725]).

Restricted mean return time, which assigns
the 2000-update cap to non-returning trials,
also decreased. It fell from 229.9 to 95.2 up-
dates at pyp = 0.30 (difference —134.8, 95% CI
[—166.1,—103.4]) and from 248.1 to 130.7 up-
dates at pyep = 0.50 (difference —117.4, 95% CI
[—152.2, —82.6]; Fig. 6B). The Hamming frac-
tion after 25 updates decreased from 0.0337
to 0.0060 and from 0.0386 to 0.0103, respec-
tively; the endpoint differences were —0.0278
(95% CI [—0.0333, —0.0222]) and —0.0283 (95%
CI [—0.0345, —0.0220]; Fig. 6C).

The supplementary perturbation summaries
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Figure 4: Network size and neighbourhood size mod

ify period dynamics. Panel A shows adjusted mean

log period across IV and the actual Watts—Strogatz neighbourhood parameter x, restricted to simulated

N-k combinations. Panels B and C show the interact
where every k value was simulated.

support the same conclusion (Supplementary
Fig. S1). Among successful returns, mean re-
turn time decreased from 16.01 to 2.82 updates
at prep = 0.30, and from 18.66 to 5.55 updates
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ions of k with ¢, and pyep, respectively, at N = 100,

at prep = 0.50. Immediate spread was less consis-
tent: the t = 1 Hamming-fraction contrast was
supported at pyep, = 0.30, but its 95% confidence
interval crossed zero at pep = 0.50. By t = 10,
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(A) the number of attractors reached, (B) the largest observed basin fraction, and (C) observed basin
entropy. Each (g, prep) combination contains 720 systems, and each system was evaluated using 200

sampled initial states.

spread was lower under full canalisation at both
inhibitory-edge probabilities; the corresponding

t = 25 result is shown in Fig. 6C.
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6 Discussion

The central result is that the period effect of
depth-1 canalisation depends on network con-
text. Canalisation shortened attractor periods
across most of the design but reversed direction
in the N = 100, k = 1 comparison, while the
response to rewiring varied with the canalisation
and inhibitory-edge settings. These results show
that network structure and update rules act to-
gether [12, 14, 41].

The period reduction under canalisation was
not explained by a higher fixed-point rate. The
fixed-point rate was lower at ¢. = 1 than at ¢. = 0
at every inhibitory-edge probability, including
conditions in which attractor periods became sub-
stantially shorter (Fig. 2). This distinction is im-
portant because shorter periods and more fixed
points are different forms of dynamical organisa-

tion. The result is consistent with work showing
that canalising structure can reduce sensitivity
and alter attractor organisation [29, 31, 12, 14].
Inhibitory-edge probability determined how
strongly the rule settings affected period. At
Prep = 0.24-0.50, the observed and adjusted anal-
yses both showed large period reductions as g,
increased. By contrast, the p., = 0.10 condi-
tion showed only a modest endpoint reduction
and a small initial increase at ¢. = 0.25. Canal-
isation therefore narrowed, but did not remove,
the separation among inhibitory-edge probabil-
ities (Fig. 2C). The effect of a dominant input
may therefore depend on the signs of the other
inputs and on the fallback threshold rule. When
inhibitory-edge probability is low, predominantly
activating interactions may leave less long-period
behaviour for depth-1 canalisation to suppress.
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This is an interpretation of the estimated pattern,
not a separately tested causal mechanism.

The neighbourhood parameter x provided the
clearest evidence that canalisation is connectivity-
dependent. At N = 100 and s = 1, full canalisa-
tion increased the adjusted geometric mean pe-
riod across all inhibitory-edge probabilities. From
k = 2 onward at N = 100, it generally shortened
the period, with larger reductions at higher con-
nectivity (Fig. 4). Network size N had a smaller
effect when compared at x = 1, the neighbour-
hood size available for every N. One possible
explanation is that increasing  gives the fallback
threshold rule more inputs and more possible in-
put combinations that may support long-period
dynamics. When the canalising value is active,
the dominant input overrides the fallback rule
and may remove more of this behaviour. At low
connectivity, the fallback rule has few inputs,
so the same override may change the dynamics
rather than shorten them. The k X g, X pyep, inter-
action and its better grouped predictive perfor-
mance support this connectivity-dependent pat-
tern, but they do not establish the proposed mech-
anism. Direct analyses of rule sensitivity and
state-transition structure would be needed to test
it [11, 12].

Rewiring provided a second interaction between
network structure and update rules. After averag-
ing over the simulated structural settings, increas-
ing p from 0.01 to 0.60 shortened adjusted periods
in every (ge,prep) combination (Fig. 3). How-
ever, the connectivity-specific analyses show that
this averaged response was not uniform across s
(Supplementary Fig. S3B). This extends the ear-
lier threshold-rule study by showing that the re-
sponse to Watts-Strogatz rewiring changes when
canalisation, inhibitory-edge probability, and con-
nectivity vary [23]. Because p changes several
graph properties simultaneously, these contrasts
describe the controlled rewiring regime rather
than an isolated clustering effect [21, 41].

The fixed-system analyses show that the period
results were accompanied by changes in basin
summaries and perturbation recovery. Compared

with ¢. = 0, full canalisation reduced the number
of attractors reached from sampled initial states at
both inhibitory-edge probabilities (Fig. 5). It also
reduced observed basin entropy at pyp, = 0.30,
although the difference was uncertain at pre, =
0.50. The largest observed basin fraction did not
change clearly. Canalisation therefore reduced
the number of attractors reached without a clear
increase in the largest observed basin fraction. A
lower number of attractors reached should not be
interpreted as evidence that the system has only
one attractor [10, 14].

After one-bit perturbations, increasing ¢, in-
creased the probability of returning to the original
attractor, reduced restricted mean return time,
and reduced the Hamming fraction at later obser-
vation times (Fig. 6). The immediate response at
t = 1 was less consistent, whereas the effects at
t =10 and t = 25 agreed at both inhibitory-edge
probabilities. Canalisation did not always prevent
the initial spread of a perturbation, but it made
that spread less persistent and improved later
recovery. Together with the basin results, this
indicates better recovery after perturbation and
fewer attractors reached from the sampled states.
It does not imply universal resistance to perturba-
tion or convergence to fixed points. This interpre-
tation is consistent with the connection between
canalising structure, reduced effective sensitivity,
and ordered Boolean dynamics [31, 12].

In this model, ¢. controls how often nodes
with at least one regulator are assigned a canal-
ising rule; it should not be interpreted as a di-
rect molecular measurement. Shoot-branching
regulation provides one motivating example be-
cause BRANCHED1 (BRC1) integrates several
hormonal and environmental signals in axillary
buds and can act as a strong local regulator of
bud outgrowth [42, 43, 44]. We use this as a bi-
ological analogy for dominant-input regulation,
not as a claim that the simulated canalising rule
represents BRC1 specifically or that one regulator
determines the behaviour of an entire biological
network.

The conclusions remain conditional on the
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model and sampling design. All networks came
from a directed, signed Watts—Strogatz construc-
tion and were updated synchronously, so the re-
sults may not transfer unchanged to scale-free,
modular, spatial, or data-derived regulatory net-
works. The simulated sizes were N = 10-100;
behaviour in much larger networks was not tested.
The canalising construction tested at most one
dominant regulator per node, the designated
canalising value was fixed, and the fallback logic
was a signed-threshold rule. The period analysis
targets mean log period and does not describe the
full tail of the period distribution. Its trajectories
were generated from sampled initial states with
threshold perturbations redrawn as specified in
the Methods, so they do not provide a complete
enumeration of all attractors for one deterministic
map. The basin summaries were estimated from
200 sampled initial states per fixed system, and
perturbation return was observed over a finite
window. The analyses therefore do not estab-
lish whether every perturbation would eventually
return [9]. The very large high-x contrasts at
N = 100 are model predictions for specified pa-
rameter settings rather than values expected for
every graph.

Future work should test whether the
connectivity-dependent reversal observed at
N = 100 and k = 1 persists under alternative
network and rule designs. It should examine
node sensitivity, effective connectivity, and
state-transition structure across k, as well as
larger networks, the full distribution and upper
tail of attractor periods, deeper canalising rules,
alternative canalising values, and asynchronous
or partially synchronous updating. The design
should also be repeated in graph families that
control clustering, modularity, and degree
heterogeneity more independently [45, 46, 47].
Applying the same prespecified period, basin, and
perturbation endpoints to literature-supported
plant regulatory networks would provide a
stronger biological test. For example, these
measures could be applied to Arabidopsis shoot-
branching models. The synthetic results give a

specific prediction for such work: conditionally
dominant regulation should not alter attractor
periods in every network in the same way; the
direction and magnitude of its period effect
should depend on connectivity and on the
balance of activating and inhibitory inputs.

7 Conclusion

Attractor dynamics in directed, signed Watts—
Strogatz Boolean networks depended on the com-
bination of network structure and update rules.
Canalisation generally shortened attractor peri-
ods and improved recovery from perturbation,
but it did not shorten periods in every setting.
Its period effect depended strongly on inhibitory-
edge probability and, at N = 100, reversed at
k = 1. After averaging over the simulated param-
eter combinations, the comparison from p = 0.01
to p = 0.60 also showed shorter adjusted peri-
ods in every (gc, prep) combination, although the
rewiring response varied with the rule settings
and connectivity. Network size had a smaller ef-
fect than neighbourhood size within the simulated
settings.

The shorter periods were not explained by a
higher fixed-point rate. Compared with ¢. = 0,
full canalisation was associated with fewer attrac-
tors reached from sampled initial states, less per-
sistent perturbation spread, and a greater proba-
bility of returning to the original attractor within
2000 updates. The main conclusion is therefore
conditional: the period effect of dominant-input
regulation depends on the network in which it is
embedded. Connectivity, the balance of activat-
ing and inhibitory edges, rewiring, and canalising
rules should be considered together when Boolean
models are used to develop hypotheses about reg-
ulatory stability.
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