Amplification of Elliptically Polarized
Sub-Femtosecond Pulses in Neon-Like
X-Ray Laser Modulated by an IR Field:
Supplementary Information

|. Theoretical model

Propagation of the XUV radiation through the medium is described by the one-
dimensional wave equation
2E (XUV) ~2p 25
2L-h T (s1)
OX c” ot c ot

where E is the electric field strength of the HH field, g;fUV) zl_wil/wz is the dielectric con-

stant of the plasma for the XUV radiation, o, :‘,4”Neez/me is the electron plasma frequen-

cy, N is the concentration of free electrons in the plasma, e and m, are the charge and mass of
the electron, respectively, c is the speed of light in vacuum, and P is the resonant polarization
of the medium, which is determined by the density matrix elements of the Ti*** ions as

P= Nion (plzazl + p13a31 + p14a41) +C.C. (S2)

In Eq. (S2) Nion is the density of Ti**" ions in the 1), 12), [3), and |4) states at the initial instant
of time, whereas d, are the dipole moments of transitions |i)«<>|1), i=2,3,4, and py; are the
quantum coherences (off-diagonal elements of the density matrix) at these transitions. The

evolution of the quantum state of Ti*** ions under the influence of XUV radiation is described
by the density matrix equations
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where pj; are the density matrix elements, w;j(t,x) are the frequencies of quantum transitions
[iy—|j) given by Egs. (4) of the main text, # is the Planck’s constant, 4 is the rate of sponta-
neous radiative transition from the |1) state to each of the |2), |3), and |4) states, 1/4 = 242.5 ps
[1], and y; are the relaxation rates of the density-matrix elements, which are determined as
follows. The relaxation rate of the density matrix diagonal element p;; is the sum of the rates
of radiative transitions from the [i) state to all lower-energy ionic states, T , and the rate of

tunneling ionization from the [i) state under the influence of the IR field, w® (which is calcu-
lated using the Perelomov-Popov-Terent'ev formula [2]), i.e. y, =T®

M +w . Note that in the
range of IR intensities under consideration, ionization from resonant states is not significant,
wl) < T4 (vi). The relaxation rate of an off-diagonal element p;; of the density matrix is

ion

determined as yij = (i+yij)/2+ycon, Where yco is the frequency of collisions in the plasma.



Next, we turn to the local time t —» 7 =t —x /gE)IXUW /c and look for a solution of the sys-
tem of equations (S1)-(S3) using the approximation of slowly varying amplitudes, i.e. assum-
ing that

F(x,7) = (z F,(x,7) + ¥,F, (x,7) )exp(-ier) +c.C., where F standsfor E or P,

plz(x,f):ﬁlz(x,‘r) e, plB(X T) ﬁlg(x,r)e‘iﬁ”, plA(X'T) p14(X T)e_lm (54)

oy = p; and o (X,z’) = ,bij (X,z’) if ij= {12, 21,13,31,14,41}.

Here F,(x,r) and F (x,r) stand for slowly varying complex amplitudes of the polarization
components of either the XUV radiation or the resonant polarization of the medium,
|a|fzvy/af| /6x| < a,)e™) /c whereas 5, (x,7) are slowly varying
amplitudes of the densny matrix elements of the medium, |5,0i,-/61| < w|,0i,-| and
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|5/3i,-/5x| ) /gLIXUV) |,5".|/c . With this substitution, the wave equation for the HH field turns to
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while the density matrix equations take the form
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where d,=D/+/3 and d, = D/\/6, whereas DE|<3p150 I D”351p1>| is the reduced matrix

element of dipole moment of the inverted transition 3p'Sy«—3s'P;. In Egs. (S6) we also as-
sume that the HH field is nearly resonant to the transitions |1) < [2) and |1) < |3),[4):
|a,_ &< w and |a)_ a—,t(ry>| < w, and use the rotating wave approximation.




Equations (S5) and (S6) were solved numerically, assuming that (i) there is no reflections
from the boundaries of the medium, so that E(x=0,z)=E™(t); (ii) at 7=0 among the
states |1)- |4), only the state [1) is populated: 5, (x,z =0)=1 while 5 (x,z=0)=0 for i=1;
and (iii) there are random initial values of the quantum coherences at the inverted |1) < |2),
[3), |4) transitions, responsible for simulation of the amplified spontaneous emission (ASE) of
the medium (see [3-6]), whereas the initial values of the remaining coherences are equal to
zero. We also note that at 7 =0 the XUV radiation in the medium is absent (with the excep-
tion of its front boundary): E(x#0,7=0)=0.

In the numerical simulations for all the harmonics from the seeding XUV radiation, we

assume the envelope
EX (1) =E{ [6 (7= Tero ]sm (77/ Ter0 )
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where k . <k <k (see Eq.(3) of the main text), 6(z) is the Heaviside unit step function:

min —
O(r)=0for <0 and 6(z) = 1 for > 0; while the parameter ., determines the duration of
the seed field envelope from zero to zero. In further calculations, we assume z,e,, = 750 fs. In
this case, the FWHM of intensity envelope is about 270 fs. These values of the parameters
were chosen from the consideration that for efficient amplification of the incident field, its
duration should exceed the transient time for resonant polarization of the active medium,
which in our case is about 200 fs.

11. Analytical solution

In order to derive the analytical solution given by Egs. (5) of the main text, we made
the additional assumptions. In particular, we assume that (i) during the considered time inter-
val the populations of states don't change, 5. (x,7) = p,(x,z =0), i=1,2,3,4, (ii) the coherences

on the dipole-forbidden transitions between the |2), |3), and |4) states are identically equal to
zero, and (iii) the coherences at the dipole-allowed |1)«[2), |1)<>|3), and |1)«>[4) transitions
are equal to zero before the arrival of the XUV field, which corresponds to neglecting the
spontaneous emission of the medium. In these approximations, the amplification of the polar-
ization components of the XUV radiation occurs independently and can be analyzed separate-
ly. In such a case, z- and y-polarization components of the HH field satisfy the equations
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respectively, where y, =y, and y =y, =y,, while AK, &, @, Al and Al are de-

fined in the main text.
To derive the analytical solution, we assume the instantaneous switch on of the field of
each harmonic from the seeding XUV field (3): E%) (r) =0(z)EY) and EX) (r)=0(r)EL).
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where E®) and Eyko) are complex numbers, and look for a solution for the polarization com-
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ponents of the HH field in the form
k

[ max .
Z EX(x,7)0(c)e™ and E = > EF (x,7)0(r)e ", (S9)
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where k gkgkmax (see Eq. (3) of the main text), while E® (x,r) and EY (x,r) are the
slowly-varying amplitudes of polarization components of the “k-th” harmonic. At the
entrance to the medium E® (x,r): Ez(,ko) and Ey‘) (X,z’): Ey(f‘(,)- We also assume that (i) the dif-
ference between the time-averaged frequencies of the transitions |1) <> |2) and |1) < |3),|4) is
an even multiple of the modulation frequency, @\’ - @” =2Qp, where p is an integer, and
(ii) the carrier frequency of seeding harmonic fleld coincides with the time-averaged frequen-
cy of the transition [1)—[2), o = &".

Let us start with Eqgs. (S8a) and seek the solution for 5, (x,z) in the form:

ﬁlz(x,r)=,512(X,r)exp[ y, 0 —iP! S|n(2§27+2AKx)] (S10)

where P\ = Al?) /(22) is the modulation index of the transition [1)—2), and 5, (x,7) obeys
the following equation
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which was derived using Eq. (S9) and the Jacobi-Anger expansion, gtising _ Z J (p)e*'”¢

J,(x) is the Bessel function of the first kind of order n. Implying also the inertialess relation-

ship between the resonant polarization of the medium and the XUV radiation (see [7]) and
assuming Q/y, >1, we integrate Eq. (S11) and find the following solution for P (X1):

22}/ (1 e ) Z Z J ( ) ( )Eik)(X,T)eiZ(k—m)AKxe—iZmQr. (S12)
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By plugging Eqg. (S12) into the first equation of (S8a) and integrating the resulting expression,
we obtain the solution for the slowly varying amplitude of z-polarization component of the
high-harmonic field at the exit from the medium in the form (S9), where the amplitude of z-
polarization component of the “k-th” harmonic field has a form

Ez(k)(x’z_):E(k)e(f)exp[gﬁz ( ® rT)X],
g&z)(PS(l), ) gtotal kZ(P )(l eiﬂ)

Here gp(pm T) is the effective gain coefficient for z-polarization components of the HH

(S13)

field and o __ 270Ny,d7 s the gain factor for z-polarization components of the resonant
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XUV field in the absence of the time-dependent Stark shift. Eq. (S13) implies that the plasma
is strongly dispersive for the modulating IR field, and the value 1/ak is much smaller than

the gain length for the XUV radiation. In this case, the rescattering of HHs into each other is
suppressed (see [6,7]), and the harmonics of different orders in each polarization component
are amplified independently.

Similarly, one obtains the following solution of Eqs. (S8b) for y-polarized component
of “k-th” harmonic field:

EX (x,7)=E!6(7) exp[gﬁ’p (Pg”,r) x],
60 (PP, ) =032, (7)),

where p() — Ag>/(zg) is the IR field-induced frequency modulation index of the |1)«<|3),|4)

(S14)

transitions, g@p(p(gz),r) is the effective gain coefficient for y-polarization component of the

HH field, while () _ 4”“’Niond5 is the gain factor for y-polarization component of the res-
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onant XUV field in the absence of the time-dependent Stark shift. Egs. (S13) and (S14) coin-
cide with Egs. (5a,b) of the main text, if one takes into account that y, =y, =y =y, and

dy = dz/\/i’ S0 that gtotal = gt((:t?uxl = gt(o{zﬂ '

I11. Relevant parameters of the resonant ions and the plasma:

Parameter Value
lonization potential (unperturbed) of the ground state
of Ti* ions, |© 787.67 eV
agr
lonization potential (unperturbed) of the upper lasing state |1),
P ( p,(c) -1© : E© PP ’ | 282.06 eV
1~ lgr Tt

lonization potential (unperturbed) of the lower lasing states 323,33 6V

33e

12), 13), 14), 19, =1© —EP,, where E, =EY =E{ = E{
1.0266 eV for

The amplitude of quadratic Stark shift of the state |1), AW
P g L, A g = 8.26x10' W/em?

-6.9606 eV for

The amplitude of quadratic Stark shift of the state [2), A?

The amplitude of quadratic Stark shift of the states |3) and |4),
A(3) — A(“)

E E

Radioactive decay rate from the state |1), T,

Radioactive decay rates from the states |2)-|4), T?) —®) ()

rad — * rad rad

lonization rate from the state |1), w®

Iir = 8.26x10° W/cm?

-7.5960 eV for
Iir = 8.26x10° W/cm?

1.9941x10%° 1/s
2.9979x10 1/s

8.0789x10° 1/s for



Iir = 8.26x10' W/cm?

3.3750%10° 1/s for

lonization rate from the state |2), w®
122, Wy Iir = 8.26x10% W/cm?

4
lonization rates from the states |3) and |4), w® = w® 2.2370x10° 1/s for
13 and [4), e, = w; Iir = 8.26x10% W/cm?
The frequency of collisions in the plasma, ycon 4.6972x10% 1/s

The rate of spontaneous radiative transition from the |1) state to

4.1233x10° 1/s
each of the |2), [3), and |4) states, A *
The reduced matrix element of dipole moment of the transition

3p130<—>3slP1, D 1.0338 D
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