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Abstract

Designing incentives that promote cooperation is a central problem in public policy. Such in-
centives are typically evaluated by the stable cooperation level, which implicitly assumes that
they last forever. In practice, incentives are costly and must end, after which the cooperation
they built may erode. Since cooperation counts for as long as it lasts, a more practically relevant
question is how to spend a limited budget to maximize the cooperation accumulated over the
evolutionary process. Here, we develop a framework for maximizing cumulative cooperation in
evolving populations through rewards or punishments. For general social dilemmas, including
the prisoner’s dilemma, snowdrift game, and stag-hunt game, we show that reaching a target
state at minimum cumulative cost follows a minority-control principle: reward minority coop-
erators or punish minority defectors. Furthermore, under a fixed control budget, to maximize
the cumulative cooperation, the optimal strategy is to apply this principle to drive the population
to a desired state, then maintain that state until the budget is exhausted, and finally allow natu-
ral evolution. Our results shift the focus from maximizing cooperation at a single time point to

maximizing cooperation accumulated over time.

*Correspondence: qisu@sjtu.edu.cn
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Introduction

Cooperation is fundamental to the prosperity of living systems because it enhances collective
welfare, yet it is difficult to sustain when individuals prioritize private interests over collective
outcomes. This tension has motivated extensive research on why cooperation emerges and how
it can be promoted among self-interested individuals [1-6]. Among the mechanisms explored,
incentive-based approaches seek to promote cooperation by rewarding cooperative contributions
or punishing defection, thereby altering the relative payoffs of cooperation and defection [7-9].
The effectiveness of rewards and punishments in promoting cooperation has also been demon-
strated experimentally [10, 11]. Because the two mechanisms target different strategies, their
relative effectiveness can vary with population composition, providing a basis for coordinating
institutional incentives as cooperation evolves [12, 13]. These studies provide a foundation for
actively regulating the evolution of cooperation through the design and coordination of rewards

and punishments.

Despite these advances, most studies have focused on the eventual state of an evolving sys-
tem, typically measured by the frequency of cooperation in a single time step or at equilibrium.
Much less attention has been paid to cumulative cooperation throughout the evolutionary pro-
cess. This distinction is important because the viability and prosperity of many systems depend
not on cooperation at a single time step, but on the total amount of cooperation sustained over
time. It becomes especially critical when maintaining cooperation is costly. In real-world set-
tings, promoting cooperation often requires regulatory investment in areas such as water-demand
management [ 14, 15], fisheries governance [16—18], and forest conservation [19-21]. Once such
costs are considered, incentive mechanisms can no longer be treated as cost-free interventions
that can be applied indefinitely. A cooperative state that persists only under continuous reg-
ulation requires sustained expenditure [10, 22-24], whereas real regulatory budgets are finite
[25-27]. Thus, the central question shifts from whether cooperation can be promoted to how

limited regulatory resources should be allocated to maximize cumulative cooperation over time.

Here, we develop a framework for studying cumulative cooperation in an evolving population
under external control through rewards or punishments. We formulate two optimal control prob-
lems: how to reach a prescribed cooperation level with minimal cumulative cost, and how to
maximize cumulative cooperation under a fixed cumulative cost. For general cooperation dilem-
mas, including the prisoner’s dilemma, snowdrift game, and stag-hunt game, we show that the
least-cost strategy follows a minority control principle: rewarding minority cooperators or pun-
ishing minority defectors. We further show that, under a fixed budget, the optimal strategy is
to apply this minority control principle to drive the population to an appropriate cooperation
level, maintain that state until the budget is exhausted, and then allow the system to evolve natu-
rally. This strategy maximizes cumulative cooperation throughout the evolutionary process and
shows that, when sustaining cooperation is costly, the primary objective should be to maximize
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cooperation accumulated over time rather than cooperation at any single time step.

Model

We consider a well-mixed population of N individuals. In each generation, every individual
adopts either cooperation, denoted by C, or defection, denoted by D, and plays a pairwise game

with every other individual. The payoff matrix for each interaction is

C D
C (a b . (1)
D \c d

Mutual cooperation gives each cooperator payoff a, whereas mutual defection gives each defec-
tor payoff d. Unilateral cooperation gives payoff b to the cooperator and payoff c to the defector.
Difterent orderings of a, b, ¢, and d correspond to different cooperation dilemmas, including the
prisoner’s dilemma with ¢ > a > d > b, the snowdrift game with ¢ > a and b > d, and the stag-
hunt game with a > c and b < d. Let nc denote the number of cooperators in the population.

Since the population is well mixed, its state can be fully described by nc.

We introduce external regulation by allowing a controller to assign an additional payoff, either
positive or negative, to individuals according to their strategies and interaction contexts. We
consider two classes of control modes: strategy-based control and interaction-based control.
Under strategy-based control, the additional payoff received by a focal individual 7 depends
only on its own strategy. This gives rise to two control schemes. In C-based control, individual
1 receives an additional payoft u, if it cooperates and receives no additional payoft if it defects.
In D-based control, individual 7 receives an additional payoff w, if it defects and receives no
additional payoffif it cooperates. Under interaction-based control, the additional payoff depends
on both the focal individual’s strategy and its opponent’s strategy. This gives rise to four schemes.
In CC-based control, individual ¢ receives ucc when both individuals cooperate. In CD-based
control, individual 7 receives ucp when it cooperates and its opponent defects. In DC-based
control, individual i receives upc when it defects and its opponent cooperates. In DD-based
control, individual ¢ receives upp when both individuals defect. Together, these two control
modes define six basic control schemes, whose combinations and coexistence can give rise to

more complex forms of regulation.

After all pairwise interactions in a generation, each individual accumulates payoffs from both
game interactions and regulation, from which we compute its average payoff. For example,

under C-based control, a cooperator obtains

a(nc — 1) + b(N — nc)
e N—-1

+ Uy, (2)

3
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whereas a defector obtains

cne + d(N —nc — 1)
N —1 '

When u, = 0, C-based control reduces to the classical evolutionary system without external

3)

Tp —

regulation. We emphasize that u, need not be constant; rather, it may vary over time or depend
on the current population state (namely the fraction of cooperators in the population). Analogous
payoff expressions for the other five control schemes are provided in Methods, with illustrations

shown in Fig. 1.

At the end of each generation, strategy updating occurs through pairwise imitation. A random
individual ; is selected for updating, and another random individual j is selected as a role model.

Individual 7, with payoff m;, adopts the strategy of individual j, with payoff 7;, with probability

1

P = :
1 + CeXp [-W(?Tj — 7T7,)]

4)

Here, w is the selection intensity, which determines how strongly payoff differences affect strat-
egy updating. With the complementary probability, individual ¢ retains its current strategy.

Results

Driving the system to a target state at minimum cumulative cost

A general 2 X 2 matrix game can be classified into four types: the harmony game (HG), prisoner’s
dilemma (PD), snowdrift game (SG), and stag—hunt game (SH). These games exhibit different
dynamical regimes. HG and PD are dominance games, in which cooperation and defection are
dominant, respectively. SG is characterized by stable coexistence, whereas SH is a coordination
game with bistability [28]. HG and PD have no interior equilibrium, while SG and SH each

possess an interior equilibrium. These differences require distinct control treatments.

We first consider games without an interior equilibrium, namely HG and PD. For a sufficiently
large population, let z = nc/N denote the fraction of cooperators. In the absence of control,
the average payoff difference between cooperators and defectors is ®(x) = Ky + Kjx, where
Ky =0b—dand K; = a — b— c+ d. The fraction of cooperators then evolves according to the

following replicator equation (see Methods):
W
T = §x(1 —x)®(x) = F(x). (5)

For each of the six control schemes illustrated in Fig. 1, k& € {r, p, CC,CD, DC, DD}, the repli-
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Figure 1: Six control schemes in evolutionary games. a, Game-playing interactions in the
absence of external control. Red nodes denote cooperators, and blue nodes denote defectors.
The payoff II; shown next to each node ¢ is the baseline payoff obtained without external con-
trol. We consider two strategy-based control schemes: C-based control, in which each coop-
erator receives an additional payoff u, in each interaction (b); and D-based control, in which
each defector receives an additional payoff u, in each interaction (e). We also consider four
interaction-based control schemes: CC-based control, in which a cooperator receives an addi-
tional payoff ucc when both participants cooperate (¢); CD-based control, in which a cooperator
receives an additional payoff ucp under unilateral cooperation (d); DC-based control, in which a
defector receives an additional payoff upc under unilateral defection (f); and DD-based control,
in which a defector receives an additional payoff upp under mutual defection (g). In all other
cases, no additional payoff is assigned. The panels illustrate the accumulated payoffs of selected
individuals under different control schemes. For example, under C-based control, individual i,
as a cooperator, receives a total additional payoff of Hu, from five interactions, resulting in an
accumulated payoft II; + 5u,.

cator equation under control can be written in the following unified form (see Methods):
W
&= Su(l-1z) [®(2) + Ag()ug] .- (6)

Here, u;, denotes the control intensity under scheme k, while Ay (x) quantifies how this control
modifies the payoff difference between cooperators and defectors. For example, under C-based
control, Egs. (2) and (3) yield 7c — mp = ®(z) 4 u,, implying that A, (z) = 1. The corresponding

expressions for the other five control schemes are summarized in Table S1.

We treat control as costly and define an instantaneous cost for each control scheme. For scheme
k, the cost depends not only on the control intensity u, but also on the extent to which the
control is applied. We characterize the latter by ['x(z), which accounts for both the fraction
of individuals receiving the additional payoff wu; and the fraction of their interactions affected

by the corresponding control scheme. Consider C-based control as an example. Cooperators
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constitute a fraction = of the population, and each cooperator receives the additional payoff v,
in every interaction. It therefore follows that I'.(z) = x. The corresponding expressions for the
other five control schemes are summarized in Table S1. Motivated by the quadratic cost function
commonly adopted in the control of complex networks [29-31], we define the instantaneous cost

under scheme k as
U(x) = (Tr(@)ug)? . (7)

Given the controlled replicator dynamics in Eq. (6), we determine, for each control scheme £,
the control input uy, that drives the system from an initial state x at time ¢, to a prescribed target
state ¢, while minimizing the cumulative control cost. We define the terminal time ¢ as the
first time at which the target state is reached. Because ¢ is not prescribed in advance, it is treated
as a free terminal time. The cumulative cost functional is given by J;, = j:;f Uk(z(t)) dt. The

resulting optimal-control problem is formulated in detail in the Methods.

For each control scheme k, we use dynamic programming to obtain two candidate solutions: zero
control, uy, = 0, and active control, uy, = —2®(x)/Ax(x) (see Supplementary Information sec-
tion 2.1). Unlike zero control, the active control is state-dependent and varies with the fraction of
cooperators x. We next determine the conditions under which each candidate control is optimal.
For games without an interior equilibrium, ®(x) has the same sign throughout the state space:
®(z) > 0 for HG, whereas ®(x) < 0 for PD. In the absence of control, Eq. (5) implies that
& > 0 when ®(z) > 0, such that z increases monotonically. Conversely, & < 0 when ®(x) < 0,
such that « decreases monotonically. Therefore, when ®(x) and x ; — x¢ have the same sign, the
uncontrolled dynamics naturally drive the system from z, toward the target state x;. Because
the target can be reached without incurring any control cost, the optimal control is v}, = 0. By
contrast, when ®(x) and = ; —z, have opposite signs, the uncontrolled dynamics drive the system
away from xf, and active control is required to reverse the direction of evolution. Combining

these two cases, the optimal control under scheme k is

0, sign(®(x)) = sign(z; — o),

up(z) = 20(z) . - ®
_ Ak(x) , Slgn((l)(,r)) 7§ Slgl’l(l’f - $0)7

Here, sign(-) denotes the sign function, with sign(z) = 1 for z > 0 and sign(z) = —1 for z < 0.
We assume throughout that z; # x.

We next compare the state trajectories and instantaneous costs generated by the six basic con-
trol schemes under their respective optimal controls. This comparison identifies the most cost-
effective scheme at each population state and thereby determines the optimal regulation strategy.
We begin with the state trajectories. Substituting the optimal control in Eq. (8) into the controlled
replicator dynamics in Eq. (6) shows that zero control, u}(z) = 0, gives & = F'(x), whereas the
active control uj(x) = —2®(z)/Ax(x) yields &£ = —F(x). Thus, active control exactly reverses
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the direction of the uncontrolled dynamics while preserving their magnitude. The implicit time-
dependent solution for the optimal trajectory and the explicit expression for the terminal time
ts are derived in Supplementary Information Section 2.2. Neither the optimal trajectory nor the
terminal time depends on the scheme-specific factors Ay(x) and I'y(x). Consequently, all six
control schemes generate the same optimal state trajectory and reach the target state at the same
terminal time, as shown in Supplementary Fig. 1. The schemes therefore differ not in the state
trajectory they produce, but in the control cost required to generate that trajectory.

We then compare the instantaneous costs of the six control schemes under their respective op-
timal controls. When u; = 0, the minimum instantaneous cost vanishes, U; = 0. When
wi(z) = —2&(z)/Ag(z), the minimum instantaneous cost Uy (x) becomes (—2®(x)z)> for
k € {r,CC,CD}, and (2®(x)(1 — x)) for k € {p,DC,DD} (see Supplementary Information
section 2.3). Thus, the three schemes that act on cooperators have the same optimal instantaneous
cost, whereas the three schemes that act on defectors also have the same optimal instantaneous
cost. It is therefore sufficient to compare one representative cooperator-based scheme with one
representative defector-based scheme, namely the C-based control scheme r and the D-based
control scheme p.

The condition U (x) = U, (z) gives * = 0.5. Moreover, U (z) < U;(x) for z < 0.5 and
Uf(z) > Uy(x) for z > 0.5. Because all six basic control schemes generate the same optimal
state trajectory and terminal time, the scheme with the lowest instantaneous cost at each state

also minimizes the cumulative control cost. The resulting optimal regulation is therefore

9
uy(z), x> 0.5. ©)

{uf(x), x < 0.5,

Here, u; (z) and u(z) are given in Eq. (8), that is, u; = u; = 0 when sign(®(z)) = sign(z; —
o), and vy (z) = —2®(x) and u;(z) = 2®(x) when sign(®(xr)) # sign(x; — o). Equation (9)
reveals a minority control principle: control should be applied to cooperators when cooperators
constitute the minority, x < 0.5, and to defectors when defectors constitute the minority, x > 0.5.
In other words, the minimum-cost strategy always targets the less abundant strategy. We illustrate
this result using two examples in which the system is driven from a low initial cooperation level,
xo = 0.1, to a high target cooperation level, z; = 0.9. In HG, the uncontrolled dynamics
naturally drive the system from z, toward ;. No control is therefore required, and u(t) =
U(t) = J(t) = 0 throughout the trajectory (Fig. 2a). In PD, by contrast, the natural dynamics
oppose the desired increase in cooperation over the entire trajectory. The system must therefore
be driven entirely by active control. As the cooperation level crosses © = 0.5, the optimal scheme
switches from controlling cooperators to controlling defectors, in accordance with the minority
control principle, as shown in Fig. 2b.

We proceed with the study of games with an interior equilibrium, namely SG and SH. Note that
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for the games without an interior equilibrium considered above, the state dynamics under the
optimal control can carry the system continuously from x, to z;. By contrast, when the game
admits an interior equilibrium z* = — K/ K; (determined by ®(z) = Ky + K;z = 0) and z*
lies between x, and ¢, the control problem requires additional treatment. Under the optimal
controls derived above, the state dynamics take the form & = £F'(z). Because F'(z*) = 0, the
interior equilibrium remains non-crossable and therefore acts as a dynamical barrier between the

initial and target states.

To overcome this barrier while preserving the payoff-based interpretation of the control input,
we introduce a local deterministic pulse in a neighbourhood of x*, inspired by pulse-control
approaches developed for other dynamical systems [32-34]. We define the local equilibrium
neighbourhood as NV, (z*) = {x : |z — z*| < €}, where ¢ > 0 is sufficiently small. For each
control scheme k € {r,p, CC,CD, DC, DD}, let uy . denote the local pulse required to drive the
state across N (z*) within the local characteristic time scale At = 2/(wz*(1 — 2*)|K;|) . This
time scale is determined by the linearized dynamics near the interior equilibrium, as detailed in

Supplementary Information Section 2.4. The required pulse is approximately

sign(xy — x0)| K€ 1
~ th{-=]. 1

The local pulse therefore removes the non-crossability of the interior equilibrium while chang-
ing the dynamics only within N.(z*). The instantaneous cost induced by this pulse is U, he =
(|K:|ecoth(1/2)z*)? for k € {r,CC,CD}, and Uy, = (|Kilecoth(1/2)(1 — x*))* for k €
{p,DC,DD}. Thus, the three schemes acting on cooperators have identical pulse costs, as do

the three schemes acting on defectors. It is therefore sufficient to compare u, and u,.. The

Ure, o5 < 0.5,
u = (1)
Upe, T° > 0.5.

optimal regulation in N, (z*) is

This result extends the minority control principle to the neighbourhood of an interior equilibrium.
When cooperators constitute the minority at z*, the pulse is applied to cooperators. Conversely,
when defectors constitute the minority, the pulse is applied to defectors. At x* = 0.5, the two
pulse schemes have the same cost, and either can be selected without affecting optimality.

We illustrate these results using two examples in which the interior equilibrium z* = 0.375 lies
between the initial state 2o = 0.1 and the target state 2 = 0.9, thereby preventing the state from
crossing continuously under the dynamics ©# = +F(x). Because z* < 0.5, the optimal pulse
within N (2*) is v} = u, .. In SG, the state first evolves naturally from z, toward =*, and hence
u* = 0 for x < z* — €. The pulse u, . then drives the state across N (z*). Once the equilibrium
neighbourhood has been crossed, active control is applied to drive the system toward the target,
as shown in Fig. 2c. In SH, active control is initially required for x < z* — € to drive the state out
of the low-cooperation basin. The pulse u, . then carries the state across N, (z*). Once z > x*+e,
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the natural dynamics drive the system toward the target, and the optimal control returns to zero,
as shown in Fig. 2d.

Because regulation is costly, we further examine the minimum cumulative cost across a broader
parameter space. We fix a = 1 and d = 0, and vary b € [—1,1] and ¢ € [0, 2]. This parameter
plane is partitioned into four classical game regions: HG for b > 0 and ¢ < 1, SG for b > 0 and
c>1,SHforb < 0andc < 1,and PD for b < 0 and ¢ > 1. Supplementary Fig. S2 summarizes
the optimal regulation strategies for these four game classes. Based on these strategies, Fig. 2e
shows the minimum cumulative cost required to drive the system from o = 0.1 to zy = 0.9.
As b decreases and c increases, cooperation becomes progressively less favorable, thereby in-
tensifying the social dilemma and increasing the minimum cumulative cost. We also examine
the time required to reach the target under optimal regulation. As shown in Fig. 2f, the terminal
time is generally longer in SG and SH, where the presence of an interior equilibrium slows the

controlled transition toward the target state.

Maximizing cumulative cooperation under a fixed budget

In this section, we consider how to maximize total cooperation over a finite time interval under
a fixed cost budget 5. We focus on cooperation dilemmas where cooperative behavior is disfa-
vored, corresponding to ®(z) < 0. In the prisoner’s dilemma, ®(z) < 0 throughout the state
space; in the snowdrift game, ®(x) < 0 holds for x > z*; and in the stag—hunt game, ®(x) < 0
holds for x < z*. In these cases, cooperation would decay without external control, and there-
fore promoting or maintaining cooperation necessarily incurs a cost. To quantify this objective,
we define cumulative cooperation, denoted by X, as the integral of the cooperation frequency

x(t) over time.

We propose a form of regulation in which the system is first driven to a certain state (defined as
the reaching phase), the remaining budget is then used to maintain this state (defined as the main-
tenance phase), and finally the system follows its natural dynamics until cooperation declines to
a small extinction threshold (defined as the uncontrolled phase). We denote by :v‘} e (0,1)
the desired state to be reached and maintained during regulation. Whether this desired state is
achievable depends on the available budget (Fig. 3a). When the budget is sufficient, the system
starts from the initial state xq at time ¢y and reaches the desired state x‘} at time ¢,.. Itis then main-
tained until time ¢,,,. After that, control is withdrawn, and cooperation declines to the extinction
threshold at extinction time ¢, defined by x(¢.) = 107!, as shown in Fig. 3b. When the budget
is insufficient, the system cannot reach the desired state a:‘}. Instead, there exists a maximum at-
tainable state, denoted by z(13), with Z(B) < x§. Since no budget remains to maintain z(13), the
system is left uncontrolled after reaching z(B) at ¢,.. In this case, no maintenance phase occurs,

so the maintenance ending time coincides with the reaching time, ¢,, = ¢,,, as shown in Fig. 3c.



a HG:b=03,¢c=05 b  PD:b=-03¢c=15 €

Cumulative cost, J(tf)

1.0 1.0
1.0 1 o 200
8 0.5 3 0p— &8 0.5 s 00+--F --
0.5
0.0 i %% , 2000 10 2000 200
0 t 2000 0 t 2000 ' = 00
! ! 02 100
0.5
S0 ~ 0 p— > 0.1
-1 -1 o.o 1.0 0
0 2000 0 2000 2000 o 2000 0.0 1.0 2.0
t t t c
C SG: b=03 ¢=15 d SH: b= _%3 c=05 f Terminal time, log(,)
1.0 pulse zone 0.5 pulse zone, 5 10 5
505 / s 00 L so0s
0.0 - _(1)-2 0.5 5
) 10000 0 10000 10000 10000
t t 3 = 0.0
0.03 40 4107 )
S) ” ~ 20 , 5 zk\ |/ 05
0.00 (=== ov -1.0 3
0 10000 0 10000 10000 10000 0.0
t t
C

Figure 2: Optimal regulation across general pairwise games. a—d, State, control, and cost
dynamics under optimal regulation for the four classes of pairwise games. In all panels, blue
denotes the cooperation level (), red the control input u(t), green the instantaneous cost U (t),
and purple the cumulative cost J(t). a, Harmony game, with b = 0.3 and ¢ = 0.5. The natural
dynamics drive the system toward the target state; therefore, no control is required, and u(t) =
U(t) = J(t) = 0 throughout the trajectory. b, Prisoner’s dilemma game, with b = —0.3 and
¢ = 1.5. The natural dynamics oppose the desired direction of evolution over the entire trajectory,
and active control is therefore required throughout. The instantaneous cost reaches its maximum
at z = 0.5, where the optimal scheme switches from u; for x < 0.5 to u; for x > 0.5. c,
Snowdrift game, with b = 0.3 and ¢ = 1.5. The state initially evolves naturally toward the
interior equilibrium z*, with u(¢) = U(t) = 0 until it reaches the equilibrium neighbourhood
Ne(x*). The pale-blue band indicates the local pulse region around z*, within which the optimal
local pulse ue* enables the state to cross the otherwise impassable equilibrium. After crossing
this region, the system continues toward the target under active control v*. d, Stag-hunt game,
with b = —0.3 and ¢ = 0.5. Active control u* first drives the system out of the low-cooperation
basin. The state then traverses N (z*) under the optimal local pulse u*, indicated by the pale-
blue band. Once the state has crossed the equilibrium neighbourhood, such that z > x* + ¢, the
natural dynamics carry it toward the target, and both w(¢) and U (¢) return to zero. e, Minimum
cumulative cost J(¢s) required to drive the system from zp = 0.1 to xy = 0.9 across the (b, ¢)
parameter plane. Grey dashed lines partition the plane into the four game regions: HG (b > 0,
c<1),SG®B>0,c>1),SH(® < 0,c < 1),and PD (b < 0, ¢c > 1). Colours indicate the
minimum cumulative cost, which increases as decreasing b and increasing c intensify the social
dilemma against cooperation. f, Terminal time over the same parameter plane, plotted as log(ty)
to improve visual contrast. Terminal attainment is slowest in SG and SH. Parameters: a = 1,
d=0,w=001,€e=0.01, 2 = 0.1, zy = 0.9.
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During regulation, cooperation may need to be increased, maintained, or decreased, and we
adopt different control methods for these cases. For increasing cooperation, we use the minority
control principle (Eq. (9)). Here, u; acts on cooperators and is interpreted as reward, whereas u
acts on defectors and is interpreted as punishment. Specifically, cooperators are rewarded with
uf = —2®(r) if v < 0.5, or defectors are punished with u; = 2®(z) if r > 0.5. For maintaining
cooperation at desired state x;ic, the control needs to balance the natural drift. Thus, cooperators
are rewarded with uf = —®(x§) if 24 < 0.5, or defectors are punished with u; = ®(z¢) if
xjﬁ > 0.5. In the decreasing case, no active control is applied, because the natural dynamics

already reduce cooperation.

Taken together, we formulate an optimization problem: under a fixed budget B, we solve for
the desired state that maximizes cumulative cooperation X, thereby determining the optimal
regulation. We use the same instantaneous cost as defined in Eq. (7), and the cumulative cost
incurred over the reaching and maintenance phases is constrained by j;im U(x(t))dt = B. A

detailed formulation is provided in the Methods.

We first investigate the optimal desired state in the prisoner’s dilemma. In the main analysis, we
restrict the admissible desired state to m‘fi € [0.01,0.99] and verify the robustness of the results
by extending this range closer to the boundaries 0 and 1 in Supplementary Fig. S3. As shown in
Fig. 4a, the optimal desired state remains at the low-cooperation endpoint x;{ = (.01 under small
budgets. Rather than increasing continuously with the control budget, it undergoes an abrupt
transition to the high-cooperation endpoint a:jic = 0.99, once the budget exceeds the critical value
B. = 125.6. The optimal desired state is defined as the value of xft that maximizes cumulative
cooperation X (xgl) Accordingly, the low-cooperation boundary is optimal when X (0.01) >
X (0.99), whereas the high endpoint 24 = 0.99 is optimal when X (0.99) > X (0.01). As the
budget increases, the difference X (0.01) — X (0.99) changes from positive to negative at B,.,
marking the transition from maintaining a low level of cooperation to locking the system at a high
level of cooperation (Fig. 4b, upper panel). At the critical budget, X depends non-monotonically
on xfc and attains its largest values at the two boundaries of the admissible interval (Fig. 4b, lower
panel). Notably, the low desired state can be maintained for a longer duration across the entire
budget range. The transition therefore does not occur because the low-cooperation state loses
its lifetime advantage. Instead, beyond the critical budget, the substantially higher cooperation
level associated with x‘} = (.99 compensates for its shorter maintenance duration and ultimately

produces greater cumulative cooperation.

The trajectories at the critical budget further reveal how the available budget is allocated under
the two optimal solutions. For x‘} = (.01, the desired state is reached without control because
the natural dynamics already drive cooperation downward. The entire budget can therefore be
devoted to maintaining the low-cooperation state through a positive reward applied to cooper-
ators. This produces a long controlled lifetime and cumulative cooperation of approximately
X = 1.378 x 10°, as shown in Fig. 4c. For x‘} = 0.99, by contrast, active control must first drive

11
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Figure 3: The optimal regulation of cumulative cooperation under a fixed budget. a, Attain-
able desired states under budget constraints. The horizontal axis denotes the cost budget B, and
the vertical axis denotes the desired state x‘}. The black curve shows the maximum attainable
state 7(13), derived from the minimum-cost control analysis. Desired states below the curve,
x4 < z(B), are attainable because the minimum cost required to reach them does not exceed
the available budget (the blue region), whereas desired states above the curve, xj'c > z(B), are
infeasible because the minimum cost required to reach them exceeds the budget (the pink re-
gion). b, Schematic illustration of the regulation process under a sufficient budget. The system
starts from the initial state z at time ¢, and reaches the desired target $‘} at time t,. The state is
then maintained until time ¢,,,. After that, the system evolves naturally until time ¢.. The upper
panel shows the state trajectory, with the green shaded area denoting cumulative cooperation X .
The middle panel shows the optimal control that depends on the state, switching from rewarding
cooperators u; to punishing defectors uj after z = 0.5. The lower panel shows that the cumu-
lative cost reaches the budget I3 at the end of the maintenance phase. ¢, Schematic illustration
of the regulation process under an insufficient budget. When the desired target exceeds the at-
tainable limit under the available budget B, the system can only reach the maximum attainable
state z(B) at ¢,, and then evolves naturally until .. The middle panel shows that the control
follows the minority control principle during the reaching phase. The lower panel shows that
the budget is exhausted at time ¢,., so no maintenance phase occurs. In panels b,c, solid line seg-
ments denote evolution under control, dashed line segments denote evolution without control,
and purple, yellow and grey backgrounds denote the reaching, maintenance, and uncontrolled
phases, respectively. Parameters: a = 1,0 = —0.3,c=1.5,d = 0, w = 0.01, g = 0.1.
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Figure 4: Optimal desired state shifts from low cooperation to high cooperation in pris-
oner’s dilemma. a, Optimal desired state x‘} as a function of the cost budget B. Under small
budgets, the optimum remains at the low-cooperation endpoint a:‘} = 0.01, but it switches
abruptly to the high-cooperation endpoint 51:31 = (.99 once the budget exceeds the critical thresh-
old B, = 125.6. b, The optimal desired state is determined by which endpoint, x‘} = 0.01
or :L“} = 0.99, yields greater cumulative cooperation. The upper panel shows the difference in
cumulative cooperation, X (0.01) — X (0.99) (green, left axis), and the difference in extinction
time, £.(0.01) — ¢.(0.99) (grey, right axis). The brown dashed line marks B = 125.6. The sign
change of X (0.01) — X'(0.99) identifies the optimal desired state, with positive values favour-
ing x‘} = 0.01 and negative values favouring x‘} = 0.99. By contrast, t.(0.01) — ¢.(0.99) > 0
throughout, indicating that the low desired state lasts longer. The lower panel shows, at the crit-
ical budget B,., cumulative cooperation X and extinction time ¢, as functions of x‘}. Both vary
non-monotonically, with cumulative cooperation maximized at the two endpoints. ¢,d, At the
critical budget B,, trajectories of the state, control and cumulative cost are shown for x‘} =0.01
and x‘} = 0.99, respectively. ¢, For x‘} = (.01, the system first decays to the low desired state
without control. The budget is then used to maintain this state by rewarding cooperators until
it is exhausted. The blue shaded area denotes cumulative cooperation, X ~ 1.378 x 10°. d,
For x‘} = 0.99, active control rapidly drives the system towards the high desired state. As coop-
eration increases, the optimal control switches from reward to punishment. Most of the budget
is spent during the reaching phase, after which high desired state is maintained until the budget
is exhausted. The blue shaded area denotes cumulative cooperation, X ~ 1.378 x 10°. Insets
in ¢,d show early-time dynamics. Parameters: a = 1, b = —0.3, ¢ = 1.5, d = 0, w = 0.01,
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the system against its natural evolutionary drift. Following the minority control principle, the
regulation switches from rewarding cooperators to punishing defectors as the cooperation level
crosses * = (.5. Most of the available budget is consumed during this reaching phase, leaving
only a small fraction for maintaining the high-cooperation state (Fig. 4d). The early-time insets
in Figs. 4c¢,d highlight these contrasting patterns of budget allocation. Despite their markedly dif-
ferent trajectories and control strategies, the two endpoint states yield nearly identical cumulative
cooperation at the critical budget.

We then investigate the optimal desired state in the snowdrift game. In the case shown in Fig. Sa,
xo < x* — €, so reaching this region requires a local pulse across NV (z*). The pulse incurs only
a small cumulative cost, denoted by J. (J. ~ 0.045 in Fig. 5b). Once the pulse enables the
system to cross N(z*), admissible desired states are restricted to 2§ € [z + ¢,0.99]. The
schematic in Fig. 5a shows the corresponding process. The state first approaches the stable
interior equilibrium, crosses the pulse neighbourhood, and reaches the desired state. It is then
maintained until the budget is exhausted, after which the system evolves without control. Since
the system would remain near this equilibrium in the absence of control, performance is measured
by the cooperation gain AX. The results show that, in the snowdrift game, the optimal desired
state switches discontinuously from z* + € to 0.99 at the critical budget 5. = 39.44 (Fig. 5b).
At this critical budget, AX first decreases and then increases as x‘} varies, attaining maxima at

the two admissible endpoints =* + € and 0.99 (Fig. 5¢).

We now investigate the optimal desired state in the stag—hunt game. The key distinction is
whether the budget is sufficient to cross the unstable interior equilibrium z*. When the bud-
get is too small for equilibrium crossing, the state is driven to a desired state x‘} € [0.01, z* — €,
maintained there until the budget is exhausted, and then follows the natural dynamics, as shown
by the green trajectory in Fig. 5d. When the budget is sufficiently large, the system is first driven
to ¥ — € and then crosses the equilibrium neighbourhood under pulse control. After reaching
x* + €, cooperation increases naturally without further control, as shown by the pale-green trajec-
tory in Fig. 5d. Reaching z* + € requires a cumulative cost of 5.97, of which J. ~ 0.045 is spent
on the pulse control (Fig. 2d). This amount is also the critical budget 5. at which the optimal
desired state switches abruptly. When B < B,, the optimal desired state is :B(} = 0.01. When
B > B., the system can evolve toward higher cooperation without further cost after reaching
x* + €, and the optimal desired state is therefore :U‘} € [z* +¢, 1) (Fig. Se). At the critical budget
B., cumulative cooperation X first decreases and then increases with x‘} over [0.01, z* — €], yet
remains largest at x‘} = 0.01 (Fig. 5f). Together, Figs. 4 and 5 show that, under a fixed budget,
optimal regulation exhibits two distinct regimes across cooperation dilemmas. When the budget
is small, optimal regulation maintains low cooperation for a long duration; when the budget is

sufficiently large, it locks in high cooperation.

We next optimize over a broader class of regulation to determine whether the continuous-maintenance

strategy discussed above remains optimal when intermittent regulation is permitted. In this class,
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Figure 5: The optimal desired state shifts abruptly from low to high cooperation in snow-
drift and stag-hunt games. Panels a—c¢ show the snowdrift game (SG), and panels d—f show
the stag-hunt game (SH). In panels a,d, solid and dashed lines indicate the state trajectory with
and without control, respectively. Purple, yellow and grey backgrounds denote reaching, mainte-
nance and uncontrolled phases, respectively, and blue marks the pulse phase in SG. a, Schematic
for SG. Starting from xy < x* — €, the state first approaches the neighbourhood of the interior
equilibrium 2* without control. It then crosses this neighbourhood through a local pulse, reaches
the desired state xfc € [x* + ¢,0.99], and is maintained there until ¢,,. After the budget is ex-
hausted, the state evolves without control until ¢.. The green shaded area denotes the cooperation
gain AX relative to the trajectory without control. b, Optimal desired state x‘} as a function of
the cost budget B, with ¢ € [2* + ¢,0.99]. The optimum switches abruptly from z* + € to
0.99 at critical budget B. = 39.44. The grey dashed line marks the cumulative cost of the local
pulse, J. ~ 0.045. ¢, At B = 39.44, AX first decreases and then increases with :c‘}, reaching
its maxima at the two admissible endpoints, * + € and 0.99. d, Schematic for SH. The system
may follow two possible evolutionary trajectories, depending on the available budget. When the
budget is insufficient to cross the interior equilibrium, the state is driven to and maintained at
x‘} € [0.01,z* — €], and then evolves without control until ¢.. The green shaded area denotes
the cumulative cooperation X. When the budget is sufficient, the state is first driven to z* — ¢,
then reaches x* + € under pulse control, and subsequently evolves naturally toward higher co-
operation without further control. The corresponding cumulative cooperation X is indicated by
the pale-green shaded area. e, Optimal desired state xff as a function of the cost budget B. The
critical budget is B, = 5.97, with a cumulative pulse cost of J. ~ 0.045. When B < B,, the
optimal desired state is xdf = 0.01. When B > B,, all states x‘} € [z* + €, 1) can be regarded as
optimal desired states. f, At B = 5.97, X first decreases and then increases with x‘}, reaching its
maximum at x‘} = 0.01. Parameters: a = 1, d = 0, w = 0.01, e = 0.01, g = 0.1, with b = 0.3,
c=1.5forSGand b= —0.3, ¢c = 0.5 for SH.
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Figure 6: The regulation with continuous maintenance remains optimal or nearly optimal.
a, Schematic of intermittent regulation under a sufficient budget. Starting from the initial state
xo at ty, the system reaches the desired state xfc at t,, and maintains it until ¢,,,. Control is then
withdrawn, and the system decays to the reactivation threshold a:l} at t.,, before control drives
it back to x‘} at t,,. The desired state is maintained again until the budget is exhausted at ¢,,,,
after which the system undergoes a final decay without control until ¢.,. Solid and dashed lines
indicate the evolution with and without control, respectively. Purple, yellow and grey back-
grounds denote reaching, maintenance and uncontrolled phases, respectively. The green shaded
area denotes cumulative cooperation X, and the lower panels show the corresponding control
u(t) and cumulative cost [ U(t)dt. b, Heatmap of log(X) across the desired state 2 and the
reactivation threshold ml}. The red curve marks the value of a:? that maximizes X for each J:‘}.
The optimum typically lies either at continuous maintenance, ml} = x‘}, or at the low-cooperation
endpoint, :1:1} = (0.01. The inset shows that continuous maintenance remains nearly optimal: for
each given xfc, the relative gap (Xmax — XxI}:x(Jic )/ Xmax 18 negligible, where X, denotes the
maximum cumulative cooperation obtained by optimizing over xl}, and er}:xc} denotes the cu-

mulative cooperation on the continuous-maintenance line x‘} = a:df ¢, For x‘} = 0.99, cumulative
cooperation increases with xl} and is maximized by continuous maintenance, xI} = :v‘} = 0.99.
d, For xfc = 0.5, cumulative cooperation is maximized at a:f} = 0.01, but the improvement over
continuous maintenance, ml} = x‘} = 0.5, is marginal. Parameters: a = 1, b = —0.3, ¢ = 1.5,
d=0,xz9=0.1, B=300.
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control is temporarily withdrawn during the maintenance phase and then restored to drive the
state back to the desired state. Specifically, the system is first driven to x‘} and maintained there.
Control is then withdrawn, allowing the state to decay to the reactivation threshold x]}. Once this
threshold is reached, control is applied again to restore the state to x‘}. The remaining budget is
then spent on maintaining x‘} until it is exhausted, after which the system evolves without control
(Fig. 6a). The continuous-maintenance strategy is recovered as the special case a:}} = :L*‘}. More
broadly, regulation involving multiple cycles of decline, maintenance, and restoration can also

be studied within this framework.

We investigate which form of regulation within this broader class maximizes cumulative coop-
eration X and find that the continuous-maintenance strategy discussed above remains optimal or
nearly optimal. Because the dynamics of cooperation decline and restoration are fixed, X does
not depend on when control is withdrawn, but only on the reactivation threshold. As shown in
Fig. 6b, across the (951}, x?) plane, the maximum of cumulative cooperation occurs either on the
continuous-maintenance line :EIJE = :chlc or at the low-cooperation endpoint xff{ = (0.01. The inset
further shows that the relative gain over continuous maintenance remains negligible, indicating
that allowing the system to decay and then restoring it almost never yields a meaningful gain
in cumulative cooperation. To examine how cumulative cooperation varies with the reactiva-
tion threshold at fixed desired states, we consider two representative cases in which continuous
maintenance is either exactly optimal or nearly optimal. For the high desired state x‘} = 0.99,
cumulative cooperation increases with x]} and is maximized at xl} = a:‘} = 0.99, so any de-
cay from the high state reduces cumulative cooperation (Fig. 6¢). For the intermediate desired
state xj‘c = (.5, cumulative cooperation is maximized at ml} = (.01, but the improvement over
continuous maintenance at xl; = x‘} = 0.5 is marginal (Fig. 6d). These results show that the reg-
ulation with continuous maintenance considered above is robust and nearly optimal. The same

conclusion also holds for the snowdrift and stag-hunt games (Supplementary Fig. S4).

Discussion

Cooperation contributes to collective welfare, yet it often conflicts with individual interests and
is therefore disfavoured in social dilemmas. This makes cooperation difficult to sustain without
regulatory support. Although many mechanisms for promoting cooperation have been proposed,
their evaluation has often focused on the eventual state of evolving systems, while treating reg-
ulation as cost-free. In practice, cumulative cooperation throughout the evolutionary process is
crucial, maintaining cooperation is costly, and regulatory budgets are finite. To this end, we
formulate two optimization problems. The first identifies the optimal regulation for driving the
system to a target state at minimum cumulative cost. By comparing six control schemes, includ-
ing two strategy-based schemes and four interaction-based schemes, we show that the optimal

regulation follows a minority control principle: rewarding minority cooperators or punishing
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minority defectors. The minority control principle also holds in finite populations (see Supple-
mentary Information section 3 and Supplementary Fig. S5). The second optimization problem
identifies the regulation that maximizes cumulative cooperation over time under a fixed cost
budget. We find that the optimal regulation is to apply the minority control principle to drive the
system to a desired state (low when the budget is small and high when it is large), maintain it
there until the budget is exhausted, and then allow natural evolution.

When regulatory budgets are finite, maximizing cumulative cooperation requires balancing the
cooperation level achieved against how long it can be maintained. For example, in common-pool
resource governance, a short burst of intensive monitoring may temporarily increase compliance,
but sustained moderate enforcement can preserve resource use over a longer horizon [35, 36].
Similarly, in climate governance, large short-term subsidies may rapidly increase participation in
mitigation efforts, whereas limited public budgets often need to be allocated over time to sustain
emission reduction, monitoring and compliance [37-39]. Existing studies have mainly focused
on increasing cooperation, without considering how finite regulatory budgets should be allocated
to maintain it over time [9, 13, 40—42]. Our results show that pursuing the highest possible
cooperation level is not always optimal. Under small budgets, maintaining low cooperation for
longer can yield greater cumulative cooperation than inducing a brief increase to a high level that
cannot be sustained. Moreover, the model predicts that cumulative cooperation increases as the
desired state approaches 0 or 1. In reality, however, strategy mutation, random exploration, and
environmental fluctuations make such homogeneous endpoint states difficult to achieve. Even
so, the model provides useful practical guidance: with insufficient budgets, cooperation should

remain low; with sufficient budgets, high cooperation should be maintained.

We examine the optimal regulation for reaching a target state at minimum cumulative cost across
general pairwise games, and show that it differs between games without an interior equilibrium
(the harmony game and the prisoner’s dilemma) and those with an interior equilibrium (the snow-
drift and stag-hunt games). In the harmony game and the prisoner’s dilemma, no interior equi-
librium blocks the dynamics, and control can continuously drive the system toward target state.
In the snowdrift and stag-hunt games, however, the optimal control approaches zero at the in-
terior equilibrium, making crossing impossible. We therefore introduce a local pulse within an
arbitrarily small neighbourhood of the equilibrium, which enables the system to cross it while
preserving the payoff interpretation of the original control term. From a practical perspective,
transient intensification of intervention is also common in real-world regulation, as illustrated
by threshold-triggered and large-scale non-pharmaceutical interventions during epidemic con-
trol [43-46].

Studies on the control of complex systems determine how external inputs should be applied
to steer a system between states with limited resources [30, 47-51]. However, the controlled
units are typically system components rather than individuals capable of autonomous decision-

making [51-54]. Evolutionary game theory captures such strategic behaviour, but it has mainly
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been used to identify mechanisms that promote cooperation rather than to optimize regulation
under limited resources. Our framework fills this gap by incorporating costly regulation into
evolutionary games. To quantify regulatory expenditure, we use a quadratic cost, a standard
choice in control theory [29-31]. Other classical forms, such as absolute-value costs, can also
be accommodated within our framework. Within this framework, we address two closely related
optimization problems: reaching a prescribed cooperation target at minimum cumulative cost

and maximizing cumulative cooperation under a fixed budget.

This work develops an optimal control framework for regulating the evolution of cooperation
through rewards and punishments, jointly accounting for the effectiveness of promoting cooper-
ation and the cost of implementing regulatory mechanisms. Nevertheless, the present framework
1s a minimal model designed to capture these key factors, and several limitations remain to be
addressed in future work. First, allowing regulation to target only a fraction of cooperators or
defectors could help identify the optimal control proportion. Second, extending the analysis
beyond well-mixed populations to populations with asymmetric interactions or multilayer struc-
tures [55, 56] could reveal how social structure affects control placement. Third, incorporating
higher-order interactions [57, 58], personalized update rates [59], and diverse behavioral moti-
vations [60] could further clarify how group interactions and individual heterogeneity affect the

optimal allocation of finite regulatory budgets.

Methods

Average payoffs under six control schemes. In a well-mixed population of NV individuals,
suppose that the population contains nc cooperators and N — nc defectors. Each individual
interacts with all other N — 1 individuals. We consider six basic control schemes, which modify

the average payoffs of cooperators or defectors.

Under C-based control, a cooperator receives the additional payoff «, in all interactions. Thus,

(a+u)(nc—1)+ (b+ u) (N — nc)

= 12
c N — 1 ) ( )
whereas a defector obtains AN 3
Cnc — Nc —
= . 13
D N —1 (13)
Under D-based control, a cooperator obtains
— 1)+ b(N —
- a(nc — 1) + b( HC)7 (14)

N -1
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whereas every defector receives the additional payoff v, in all interactions. Thus,

(¢4 up)nc + (d + up)(N —nc — 1)
N -1 '

Tp = (15)
Under CC-based control, a cooperator receives the additional payoff ucc only when interacting
with another cooperator. Thus,

(CL + UCc)(nC — 1) + b(N — nc)

= 16
Ule N —1 ) ( )

whereas a defector obtains the payoff given in Eq. (13).

Under CD-based control, a cooperator receives the additional payoff ucp only when interacting

with a defector. Thus,

o — a(nc —1) + Ei)f—tiiCD)(N — nc), (17)

whereas a defector obtains the payoff given in Eq. (13).

Under DC-based control, a cooperator obtains the payoff given in Eq. (14). A defector receives
the additional payoff upc only when interacting with a cooperator. Thus,

(C+ Upc)nc + CZ(N — N¢c — 1)
N —1 '

(18)

D =

Under DD-based control, a cooperator obtains the payoff given in Eq. (14). A defector receives
the additional payoff upp only when interacting with another defector. Thus,

Cnc + (d + UDD)(N — Nc — 1)

] (19)

D —

The details are provided in Supplementary Information section 1.1.

Replicator dynamics. The deterministic population dynamics follow from the pairwise imita-
tion process defined in Eq. (4). Let z = nc/ N denote the fraction of cooperators. After rescaling

time as ¢ = 7/N and taking the deterministic limit N — oo, the expected rate of change in z is
. w
& = x(1 — z) tanh [5 (mc — WD)] : (20)

Under weak selection, tanh(z) ~ z, and the dynamics reduce to the replicator equation.

In the absence of control, the payoff difference in the large-population limit is

7Tc—7TD:(I)($) :K0+K1l’, (21)
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where Ky = b —dand K; = a — b — c+ d. The replicator equation without control is therefore
. w

T = §$(1 —z)P(z). (22)

Under control scheme £, the additional payoff changes the payoff difference by Ay (x)uy, giving

TTc — TTp = (I)(QT) + Ak(x)uk (23)

Here, Ay (x) measures the change in the payoff difference per unit of control under scheme k.
The expressions for all six schemes follow directly from the corresponding average payoffs given
above. Substituting Eq. (23) into the replicator equation gives

w

T = §x(1 — ) [P(z) + Ag(x)ug] . (24)

The full technical details are provided in Supplementary Information section 1.2.

Driving the system to a target state at minimum cumulative cost. Under control scheme £,
the replicator equation changes from Eq. (22) to Eq. (24). For notational simplicity, we denote the
replicator equation under control by # = F'(x, ux). Implementing control incurs a cost. The in-
stantaneous cost at time ¢ is denoted by Uy (z(t)), as defined in Eq. (7). The cumulative cost over
a time interval is therefore obtained by integrating this instantaneous cost .J, = [ Uy (x(t))dt.

We then formulate the optimal control problem as driving the system from an initial state z at
time 7, to a prescribed target state x ¢ at a free terminal time ¢ ;, while minimizing the cumulative
cost. For control scheme £, this problem is written as

min Jk = /tf Uk(l’(t)) dt,

Ug to
& = F(z,ug), (25)

x(ty) = xy.

We solve this problem using dynamic programming. Let .J;'(z) denote the minimum cumulative
cost of reaching the target state x; from state . Because the system is autonomous and the
terminal time is free, J;'(z) is time-independent and satisfies the stationary Hamilton—Jacobi—
Bellman (HJB) equation

oJ1()
ox

min {Uk(x) + F(x, uk)} =0, Ji(zg) = 0. (26)
Uk
The minimizing control in the HIB equation determines the optimal feedback control u}(z), and
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the minimum cumulative cost from the prescribed initial state is .J; (). A detailed derivation is

provided in Supplementary Information section 2.1.

Maximizing cumulative cooperation under a fixed budget. We adopt the minority control
principle, under which regulation rewards minority cooperators or punishes minority defectors.
The control is therefore
u(r), x<0.5,
u'(z) = () (27)
uy(r), = 2>0.5.

Accordingly, the replicator dynamics under control can be written as
= %x(l — ) [@(x) £ u(z)] = Gz, u). (28)

The plus sign corresponds to reward control, with u(z) = wu,(z), whereas the minus sign corre-
sponds to punishment control, with u(z) = wu,(x). This formulation is equivalent to the previous
Ay (z) notation with A,(z) = 1 and A,(z) = —1.

Under a fixed budget B, the system may not be able to reach the desired state x‘}. In this case,
the maximum attainable state is denoted by Z(B). Therefore, the actual attained target state is
2% = min{z$, 7(B)}.

The process is divided into three phases. The first is the reaching phase, ¢ € [ty,t,], during
which the system is driven from the initial state zy to the attainable target state 2%. The second
is the maintenance phase, t € [t,,t,,], during which the system is maintained at % by control.
The third is the uncontrolled phase, ¢ € [t,,, t.], after the budget has been exhausted. Control is
applied only in the reaching and maintenance phases. The cumulative cooperation is therefore
the sum of cooperation over these three phases. The instantaneous cost remains U(x(t)), as
defined in Eq. (7), and the cumulative cost is constrained by f;’” U(x(t))dt = B.

Taken together, the optimization problem is to determine the desired state :L‘E‘c € (0, 1) that max-

imizes cumulative cooperation X from the initial state x( at time ¢, to the extinction time ¢,
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=}
]

subject to the fixed budget B. This problem can be written as

d

tr tm te
maXX(x‘}) = / x(t)dt+/ x}dt—k/ z(t | u=0)dt,

If to tr tm
(& = G(z,u"), t € [to, t,],
.Clﬁ(to) = X, x(tr) = zjfa
t - a) tE t’r‘utmv
o(t) = 77 tr tm (29)
I:G(l’,O), tE [tm>te]7

s.t.

/ " Ut dt = B.

to
% = min {x?c, f([)’)} ,
Lz (te) = 10717

Detailed derivations of the costs, phase durations, and the three contributions to cumulative co-

operation are provided in Supplementary Information Section 2.5.

Data availability

All data generated or analysed during this study are included within the paper and its supple-

mentary information files.
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