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Abstract

This study models striped and orbicular patterns in metamorphic rocks using
a Caputo time-fractional Gray—Scott reaction—diffusion system. Simulations for
a € {0.99,0.95,0.90,0.85} and six mafic diffusivities reveal a spot-to-stripe transi-
tion, with lower a producing more diffuse patterns. Stability analysis at a = 0.85
gives a Matignon angle of 76.5°, Turing instability for x € [0.0597,0.1003], critical
wavenumber k. = 17.77, and dimensionless wavelength A = 0.3535. Convergence
tests confirm accuracy, and the Lyapunov functional decays monotonically with
A = 0.032603 > 0, confirming dissipativity. The model qualitatively reproduces
the four interface morphologies reported from the Chotanagpur Granite Gneissic
Complex, India, and is presented as a complementary framework to thermody-
namically based geophysical models for memory-driven transport in metamorphic
rocks.
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1 Introduction

Pattern formation in geological systems provides a record of the coupled chemical, ther-
mal, and mechanical processes that shape the Earth’s crust. Striped banding in meta-
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morphic rocks and concentric orbicular textures in granites are two striking examples of
self-organization in geological media [13], [14]. Reaction—diffusion models, following the
seminal work of Turing [I5], have been widely used to interpret such patterns. In partic-
ular, Baruah et al. [I] identified four interface morphologies in the Chotanagpur Granite
Gneissic Complex (CGGC), India: planar, wavy, fingering, and incoherent. These mor-
phologies were interpreted using a Turing-type reaction—diffusion model with diffusion
coefficients, nonlinear coupling, and a pinning field.

The Gray—Scott reaction—diffusion model has been applied to striped patterns in meta-
morphic rocks [I4], while a Gierer-Meinhardt-type model has been used for orbicular
granites [I3]. The best-documented field example of orbicular structures is the Sierra de
Velasco granitoid in NW Argentina, where Grosse et al. [5] measured orbicule diameters
of 3-15 cm, dark biotite layers of 0.2-3 mm, and characteristic core and shell proportions.

(Classical reaction—diffusion models assume Markovian dynamics and Fickian transport.
In geological media, however, transport is often anomalous, with memory, trapping, and
long-tailed waiting times. Fractional calculus provides a natural extension by replacing
integer-order time derivatives with nonlocal operators [8, [12]. Recent studies have shown
that fractional reaction—diffusion systems can alter instability thresholds and pattern
scales relative to their integer-order counterparts [3) 4, [16].

It is important to distinguish this approach from thermodynamically based geophysical
models. Direct geophysical models typically couple solid and fluid pressures, porosity,
stress, and viscoplastic rheology to explain specific structures such as compaction bands,
melt segregation in migmatites, or zebra rocks [6l [0, [11]. Such models aim at quantita-
tive predictions of band spacing and physical conditions. The present fractional reaction—
diffusion model is not intended to replace these models. Instead, it is a phenomenological
framework that explores a different physical regime: pattern selection under anomalous,
memory-driven transport. Its contribution is to introduce the fractional order o as a
control parameter for pattern sharpness and stability, and to compare the resulting mor-
phologies qualitatively with field observations.

The remainder of the paper is organized as follows. Section [2] summarizes the geophys-
ical context. Section |3 presents the model equations and numerical scheme. Section
gives the local stability and Turing analysis. Section [5| reports the numerical stability
results. Section [6] describes convergence tests. Section [§ compares model output with
field observations. Section [7| reports pattern simulations, and Section [10| concludes.

2 Geophysical Context

2.1 Striped Patterns in Metamorphic Rocks

Striped patterns consist of alternating thin dark bands and thicker light bands. The dark
and light bands contain similar minerals, but the dark bands include additional trapped
materials such as fluid pockets or extra mineral grains. In a two-component reaction—
diffusion framework, the interacting components u and v can form out-of-phase domains,
producing striped patterns.



2.2 Orbicular Granites

Orbicular granites contain spherical to ellipsoidal structures called orbicules, with con-
centric mineral bands around a central core. These patterns have been attributed to self-
organizing chemical processes driven by diffusion and nonlinear mineral interactions dur-
ing cooling and solidification [I3]. The Sierra de Velasco granitoid is a well-documented
example [5].

2.3 Petrological Mixing in the CGGC

The CGGC underwent amphibolite- to granulite-facies metamorphism at approximately
775-900°C and 7-11kb. Four interface patterns have been recognized: planar, wavy,
fingering, and incoherent [I]. Quantitative field measurements from the CGGC include
low-amplitude planar irregularities of 2-7mm, wavy interfaces with fractal dimensions
around 1.68-1.73, fingering interfaces with aspect-ratio mode 3.3, and incoherent inter-
faces with relic mafic masses following a power-law size distribution. These observations
provide qualitative benchmarks for the present model.

3 Model Formulation

3.1 Governing Equations

Let u(x,y,t) denote the activator (mafic or dark mineral concentration) and v(zx,y,t) the
inhibitor (felsic or light mineral concentration) on 2 = [0, L] x [0, L]. The time-fractional
reaction—diffusion system is

u2

C Nna
Dou =V - (D, (z,4)V o,
et (Du(,y) u>+1+f<cuv+*ysatu p

(1)
YD = DyAv +u* — v,

where ¢ D¢ is the Caputo derivative of order 0 < o < 1,

C Nna _ 1 ! QS/(T)
o) = K7y |, o

The variables u and v represent mafic and felsic components, respectively. The spatially
varying diffusivity D, (x,y) models heterogeneous rock permeability, while D, is constant.
The parameters K, Ysat, 4, and v represent mineral interaction strength, saturation, and
linear decay rates.

Initial conditions are

u(x7ya0) :U()('I,y), U('rvy)O) :Uﬂ(xay)7

and periodic boundary conditions are used in both directions.

3.2 L1-IMEX Discretization

The Caputo derivative is approximated by the L1 scheme:
1 n—1
Cna n—k n—k—1
DYo(t,) ~ ———— — , 2
t¢( ) F(Q—Q)Atakz:;wk (¢ ¢ ) ( )
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with
wy, = (k+ 1) — ke, k=0,1,2,... (3)

The diffusion terms are treated implicitly and the reaction terms explicitly. The hetero-
geneous diffusion term is discretized conservatively with harmonic averaging at cell faces,
while the constant diffusion term uses the standard five-point Laplacian.

4 Stability Analysis

4.1 Local Stability

The positive homogeneous steady state (u*,v*) satisfies

(U*>2 2
— * * — *. 4
1 + Ku*v* + Yeap al ()" = v (4)

Define

u2

1+ Kuv + Yeartt K

(2 8)
Gu Yo

u, g(u,v) = u* — vo.

f(U,U) =

The Jacobian at (u*,v*) is

with
7, = 20 (1 + KU V™ + Ygapu™) — (U*)Q(’Kw* + Ysat) .
“ (1 4+ ruv* + Ygapu*)? H
B ﬁ(u*)B
fo== (1 4 Ku*v* + Ygapu*)?’
Ju = 2u”, gy = — 1.

For normal modes exp(ot)px(x,y) with —A¢y, = A\p¢x, the mode-dependent matrix is
fu - Du>\kz fv )
M, = .
g ( Gu Gv — Dv>\k
By Matignon’s theorem [9], the steady state is locally asymptotically stable if

|arg(0)] > - (5)

For oo = 1, this reduces to Re(o) < 0.

4.2 Turing Instability

Diffusion-driven instability occurs when at least one eigenvalue of M violates for
some A\, > 0. The characteristic equation is

o? — tr(My)o + det(My) = 0,

where
tr(Mk:) = fu + go — (Du + Dv))\lm
and
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4.3 Lyapunov Functional
Define L(z) =x —Inz — 1, x > 0, and

vy =Y [uL(‘;J) + U*L@j)] . (6)

1,3

Let
A = min{pu*, vo* — pu*, vo*}.

If A >0, then V(¢) is non-increasing along trajectories.

5 Numerical Results of Stability Analysis

The stability analysis is performed at o = 0.85. The parameters are
v =0.0100, & =0.5000, e = 0.0100, D, =1.00x 1075, D, =1.00 x 1073.

The Matignon critical angle is
am
0. = — =T76.5°.
2
5.1 Equilibrium Branches and Turing Space

A scan over pu € [0.001,0.5] with 800 points and three initial guesses for the Newton
solver yields 456 equilibria. Of these, 160 are linearly stable and 66 satisfy the fractional
Turing instability condition. The Turing-unstable range is

p € 0.0597,0.1003].
At the representative value p = 0.05971, the steady state is
(u*,v*) = (0.546024, 29.814209).
The dispersion relation has a maximum growth rate at
ke =17.77,

corresponding to the dimensionless pattern wavelength

2
Apattern = k—ﬂ = 0.3535.

These values are consistent with the output of the numerical stability scan. Figure
shows the bifurcation diagram, Figure [2] shows the dispersion relation, and Figure
shows the Matignon stability wedge.

5.2 Lyapunov Functional

At the same parameter set, the Lyapunov coefficient is
A = min{pu*, vv* — pu*, vo*} = 0.032603 > 0.

The computed Lyapunov functional decays monotonically toward zero, confirming the
dissipative character of the system. Figure |4/ shows this decay.

>



Fractional Gray-Scott Model: Bifurcation Analysis (a = 0.85)
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(b) Turing Instability Space

o Stable At © Turing Unstable Region
41 H ® Unstable |
35}
35p
3.
3}
! 25
25}
. 2.
s 2p% '3
K 15F
1504
1.
1.
05F \
05} 1
0.
0
i H i f i f 1 05k i i i i i i i
0 002 004 006 008 01 012 014 0 002 004 006 008 01 012 014
I I
Figure 1: Bifurcation diagrams of the fractional Gray-Scott model for o = 0.85.

(a) Activator equilibrium u* versus u. Green dots denote stable equilibria satisfying
|arg(A)| > 76.5°; red dots indicate unstable equilibria. (b) Turing instability region

(teal) where the homogeneous steady state becomes unstable to spatial perturbations,
localized within g € [0.0597,0.1003].
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Figure 2: Dispersion relation at p = 0.05971. The peak growth rate occurs at k. = 17.77,
corresponding to a pattern wavelength Apattern =~ 0.3535 in model-domain units.



Matignon Stability Wedge (« = 0.85, an/2 = 76.5“)
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Figure 3: Matignon stability wedge for « = 0.85 with an/2 = 76.5°. Eigenvalues for
different modes are shown; unstable modes enter the shaded red region. The homogeneous
mode (k = 0) remains stable, while certain higher-order modes (k > 0) cross into the
unstable region, corresponding to the onset of mineral banding.
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Figure 4: Time evolution of the Lyapunov functional V' (¢) at o = 0.95 and p = 0.05971,
showing monotonic decay toward zero. This confirms the dissipative nature of the system
and supports the global stability result A = 0.032603 > 0.



6 Numerical Methods and Convergence

The fully discrete scheme uses the L1 approximation ({2)) in time and second-order finite
differences in space. The nonlinear reaction terms are treated explicitly using quasilin-
earization, while diffusion is implicit.

6.1 Convergence Tests

Convergence tests are performed at o = 0.95, D, = 1.00 x 107, and T' = 0.5. The grid-
refinement L? errors are listed in Table [I The time-step errors are also listed. These
values are taken directly from the numerical output.

Table 1: Grid and time convergence of the L1-IMEX scheme at o = 0.95.

Grid L? error Time step L? error

25— 50 5.85x 107° 0.02 — 0.01 7.18 x 107
50 — 75 1.42x107°  0.01 — 0.005 4.74 x 1076
75— 100 6.26 x 1075 0.005 — 0.0025 2.39 x 1076

The grid errors decrease by approximately a factor of four per doubling of resolution,
consistent with second-order spatial accuracy. The time errors decrease as the time step
is refined, consistent with the expected L1 temporal order.

7 Pattern Simulations

7.1 Simulation Parameters

Pattern simulations are performed with the parameters listed in Table [2 The activator
diffusivity is heterogeneous:

2 2
Dy(2,y) = Dyo (1 + 0.5sin <%> cos (%)) .

The base diffusivities tested are
Dy € {1 x1074,4x 10745 x107% 6 x 107*,8 x 107%,1 x 107°}.
The fractional orders tested are

a € {0.99,0.95,0.90,0.85}.

7.2 Activator and Inhibitor Patterns

The simulations show a clear spot-to-stripe transition as D, increases. At low diffusivity,
Do < 4 x 1074, the activator forms stable spot-like patterns with four-fold rotational
symmetry, resembling orbicular textures. As D, increases to 6 x 10~* and above, the
patterns stretch into striped domains characteristic of metamorphic banding. The in-
hibitor patterns mirror this transition but exhibit broader spatial feedback zones because
D, = 0.001 is larger than D, in the low-diffusivity regime.
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Table 2: Summary of simulation parameters for the fractional Gray—Scott model.

Parameter Value / description

D, 0.001 (constant felsic diffusivity)
] 0.001 (pattern-formation regime)
v 0.01

K 0.5

Vsat 001

L 2.0

N, 60

At 0.01

T 2.0

Do 1 x107* to 1 x 1073 (six values)
o 0.99,0.95,0.90,0.85

Initial u p~+ 0.01 cos(2mz) cos(2my)
Initial v ©? /v + 0.01sin(27x) sin(27y)

Decreasing the fractional order a makes the patterns more diffuse. At a = 0.99, the
structures are relatively sharp. At a = 0.85, the memory effect suppresses sharp interfaces
and broadens the transition zones. This is consistent with subdiffusive memory slowing
the local reaction—diffusion balance.

Figures [ and [6] show the activator patterns for all four fractional orders. Figures[7] and
show the corresponding inhibitor patterns.
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(a) a =10.99 (b) @« =0.95

Figure 5: Mafic (dark) mineral patterns u(z,y) for (a) o = 0.99 and (b) a = 0.95. Each
panel shows six base diffusivities Do € {1 x107*,4x 1074 5x107%,6 x 1074, 8 x 1074, 1 x
1073}. The spot-to-stripe transition is evident as D, increases. Lower o produces more
diffuse patterns.

The model does not compute fractal dimensions or absolute band spacings. Therefore, the
comparison with the CGGC and Sierra de Velasco observations is qualitative. The four
CGGC morphologies—planar, wavy, fingering, and incoherent—appear as limiting cases
of the spot-to-stripe transition when diffusion, fractional order, and reaction strength
are varied. Concentric banding around central cores appears in the low-diffusivity spot
regime, consistent with the qualitative structure of orbicules.
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Figure 6: Mafic mineral patterns u(z,y) for (a) @ = 0.90 and (b) o = 0.85. The reduction
in pattern sharpness with decreasing « is clearly visible. The four-fold symmetric spot
patterns at lower D, transition to striped bands at higher D,.

Inhibitor v(x.y) for a = 0.99 Inhibitor v(x.y) for a = 0.95
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Figure 7: Felsic (light) mineral patterns v(x,y) for (a) o = 0.99 and (b) a = 0.95. The
felsic component shows broader spatial feedback zones due to higher diffusivity (D, =
0.001). The spot-to-stripe transition is evident as D, increases.
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Figure 8: Broadening of felsic mineral feedback zones v(z,y) for (a) o = 0.90 and (b)
= 0.85. The spot-to-stripe transition is consistently observed across all fractional
orders.
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8 Comparison with Geophysical Models and Field
Observations

8.1 Relation to Thermodynamically Based Geophysical Models

Direct geophysical models of pattern formation in rocks are usually built from thermo-
hydro-mechanical (THM) couplings. They treat variables such as solid pressure, fluid
pressure, porosity, stress, and melt fraction, and they aim to predict quantitative fea-
tures such as band spacing and orientation [6l 10, [IT]. Such models are essential for
interpreting specific geological settings because they incorporate conservation laws and
realistic rheology.

The present model is different in kind. It is a phenomenological reaction—diffusion system
with abstract concentrations v and v. It does not resolve pressure, temperature, or defor-
mation. Its purpose is to explore how a fractional time derivative, representing memory
and anomalous transport, affects the selection of pattern morphology. The fractional or-
der « has no direct counterpart in classical THM models. Therefore, the two approaches
are complementary rather than competing. THM models provide physical realism for a
given setting; the fractional reaction—diffusion model provides a mathematical probe of
memory-driven pattern selection.

8.2 CGGC Interface Morphologies

The four interface patterns reported by Baruah et al. [I] are planar, wavy, fingering,
and incoherent. In the present simulations, planar-like interfaces occur at low diffusiv-
ity and high «, where the pattern remains smooth. Wavy and fingering morphologies
emerge as the spot-to-stripe transition proceeds. Incoherent morphologies appear when
the pattern becomes sensitive to heterogeneous diffusivity. This sequence is qualitatively
consistent with the CGGC observations, although the present model does not reproduce
the measured fractal dimensions quantitatively.

8.3 Sierra de Velasco Orbicular Granitoid

The Sierra de Velasco measurements [ include orbicule diameters of 3—-15 cm, dark biotite
layers of 0.2-3mm, core proportions of 20-40%, and inner and outer shell proportions
of 20-35% and 35-60%, respectively. The present dimensionless model produces con-
centric bands around localized cores in the low-diffusivity regime. Because the model is
dimensionless, absolute lengths cannot be predicted without calibrating the diffusion co-
efficients to the rock types. The qualitative structure is consistent with orbicular textures,
but quantitative calibration is left for future work.

9 Discussion

The numerical results establish three main points. First, the fractional Turing instability
occurs in a well-defined range p € [0.0597,0.1003] at @ = 0.85. Second, the critical
wavenumber k. = 17.77 and dimensionless wavelength A = 0.3535 provide a reproducible
length scale for the pattern. Third, the convergence tests confirm that the L1-IMEX
scheme is accurate and stable for the parameter regimes used here.
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The Lyapunov analysis gives A = 0.032603 > 0, which guarantees that the Lyapunov
functional is non-increasing. This supports the interpretation of the pattern-forming
system as dissipative: the patterns emerge as transient organizations on the way to a
stable homogeneous state, or as long-lived structures when the system is held away from
equilibrium by the pattern-formation parameters.

The pattern simulations show that decreasing a broadens the interfaces and reduces
sharpness. This is a direct consequence of the memory kernel in the Caputo deriva-
tive. In geological terms, this suggests that rocks that experienced anomalous transport
may preserve more diffuse mineral boundaries than rocks that followed classical Fickian
transport. The spot-to-stripe transition with increasing D, is consistent with the idea
that higher permeability or diffusivity promotes banding, while lower diffusivity favors
localized orbicular structures.

10 Conclusions

We have studied a modified Gray—Scott reaction—diffusion system with a Caputo time-
fractional derivative for pattern formation in metamorphic rocks. The main numerical
findings are:

1. At a = 0.85, the Matignon critical angle is 76.5°. A scan over 800 values of p
gives 456 equilibria, 160 stable points, and 66 Turing-unstable points in the range
u € [0.0597,0.1003].

2. At p = 0.05971, the steady state is (u*,v*) = (0.546024,29.814209). The critical
wavenumber is k. = 17.77 and the dimensionless pattern wavelength is A = 0.3535.

3. The Lyapunov coefficient is A = 0.032603 > 0, and the Lyapunov functional decays
monotonically, confirming dissipativity.

4. Convergence tests at o = 0.95 give grid errors 5.85 x 1077, 1.42 x 1075, and 6.26 x
1075, and time-step errors 7.18 x 107, 4.74 x 1075, and 2.39 x 107%. These are

consistent with second-order spatial accuracy and L1 temporal accuracy.

5. Pattern simulations for « € {0.99,0.95,0.90,0.85} show a spot-to-stripe transition
as D, increases from 1 x 107 to 1 x 1073. Lower « produces more diffuse patterns.

6. The model reproduces the qualitative morphological categories reported from the
CGGC and the qualitative concentric structure of orbicular granitoids. It does not
claim quantitative agreement with absolute field lengths or fractal dimensions.

These results support fractional reaction—diffusion systems as a complementary frame-
work for understanding self-organizing mineral patterns in geological media with anoma-
lous transport and memory effects. Future work should calibrate the model to physical
diffusion coeflicients, incorporate temperature and pressure dependence, and compare
directly with thermodynamically based geophysical models.

Limitations

The model uses a single effective interaction parameter x, neglects temperature and pres-
sure coupling, is two-dimensional, and does not include mechanical deformation. The

12



diffusion coefficients are treated as constants within each simulation. The model is di-
mensionless, so absolute field lengths require external calibration.

Future Work

Future directions include three-dimensional simulations, temperature- and pressure-dependent
diffusivities, calibration to CGGC and Sierra de Velasco rock types, integration with geo-
chemical data, and extension to Caputo—Fabrizio and Atangana—Baleanu derivatives.
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