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Order selection rules and interband
geometry in dissipative nonlinear transport

Rate-independent nonlinear transport probes quantum geometry, although its coefficients
can also contain contributions determined solely by the dispersion and depend on the
dissipative steady state. Here we establish a parity selection structure across response
orders in a controlled open system: a Bloch Hamiltonian coupled to a uniform wide-band
fermionic bath. Taking the dc limit before weak coupling at fixed positive temperature,
we prove that the rate-independent coefficient, or finite part, vanishes at every odd order
for a smooth periodic scalar band, irrespective of spatial symmetry, whereas finite terms
remain allowed at even orders. Closed interband paths can supply the phase absent
from scalar vertices and lift this restriction. For separated bands, a nonzero finite part
at odd orders therefore requires virtual interband processes, even when only one band
crosses the chemical potential. We derive the full transverse third-order finite part for two
bands in closed form. In a tilted Chern model, competing geometric terms reverse the
sign of the curvature—metric contribution alone, while comparison with two relaxation-time
prescriptions resolves the dependence on the description of the steady state. Within the
same bath model, subleading longitudinal terms combine with nonlinear poles to shift the
asymptotic conductivity scaling intercept away from the microscopic finite part. The result-
ing framework connects a selection rule and its interband mechanism to the calculation
and extraction of rate-independent nonlinear transport.

Introduction

Nonlinear Hall effects reveal how the geometry of Bloch wavefunctions shapes charge
transport, including in systems whose symmetries forbid a linear Hall response [1]. At
second order, a Berry curvature dipole produces a Hall current in conductors that preserve
time reversal but break inversion symmetry [2—4]. A quantum metric dipole generates
a second-order Hall current in P7T-symmetric antiferromagnets [5-7]. These responses
make electrical transport sensitive to the structure of electronic states in momentum space
beyond the information contained in the linear Hall conductivity.

Third-order Hall signals have also been observed [8, 9]. Their proposed geometric
mechanisms include Berry curvature quadrupoles [10, 11], Berry connection polariz-
ability [12, 13], and second-order field-induced Berry curvature [14]. Quantum metric
quadrupoles also contribute to third-order transport [15—-18]. The coexistence of these
contributions makes their identification a central part of interpreting nonlinear signals.
Their different powers of the relaxation time 7 offer a useful distinction; in particular, the 7°
term is conventionally called intrinsic and associated with band geometry [19, 20].

Rate independence alone, however, does not establish a geometric origin. Self-energy
calculations and exact treatments of a fermionic bath show that dissipation changes geo-
metric weights and occupations of the steady state [21, 22]. The preparation of the steady
state and its relaxation dynamics thus enter the definition of an intrinsic current [23, 24].
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The second-order bath response contains a finite term determined solely by the dispersion
[22], while third-order geometric weights depend on the relaxation prescription [15]. These
observations raise a question about the structure of the response: can its order deter-
mine when an origin in the dispersion alone is excluded? A selection rule across orders
would identify when interband processes are necessary before their individual geometric
contributions are resolved.

Here we establish an even—odd selection structure for a uniform wide-band fermionic
bath, taking the dc limit before weak coupling at fixed positive temperature. A smooth
periodic scalar band has no odd-order finite part, regardless of spatial symmetry, whereas
even-order finite parts remain allowed. This distinction follows from a phase constraint:
scalar vertices are real, while closed interband paths can supply the imaginary component
needed for a real odd-order finite part. For separated bands, a nonzero odd-order finite
part therefore requires virtual interband processes, including when only one band crosses
the chemical potential.

We make this mechanism quantitative with an expression in closed form for the full two-
band transverse third-order finite part. Its geometric terms can compete strongly enough to
change the sign predicted by the curvature—metric contribution alone. We then connect this
microscopic coefficient to the conductivity scaling intercept: within the same bath model,
subleading longitudinal terms mix with nonlinear poles and shift the intercept even as the
broadening vanishes. The selection rule, its interband mechanism, and this asymptotic
relation provide a common basis for identifying, calculating, and extracting the finite part.
Applying the intercept relation to disorder-controlled measurements requires a microscopic
correspondence between the scattering mechanism and the bath description.

Results

An order selection rule for the dc finite part

We begin with a microscopic steady state in which the role of dissipation is fixed. Consider
a Bloch Hamiltonian hy (k) coupled to a fermionic bath that produces the same momentum-
independent broadening in every orbital [21, 22, 25]. All orbital positions are taken at the
cell origin. The field enters through h4(k) = ho(k — A), withe =h =1 and E(w) = iwA(w)
(Supplementary Information, Sec. I). For a bath in thermal equilibrium, the self-energies
and propagators are

SRA — Fir K, YS(v) =20 fo(v + s) W,
GRA(2) = [z — ho 217, (1)

Here f, is the Fermi function, and s is the external frequency shift at an insertion of the
lesser self-energy. Although the retarded and advanced widths are energy independent,
the lesser self-energy retains the full energy dependence of f,. The zero-field occupations
are therefore spectrally broadened (Supplementary Information, Sec. 1l.A). This occupa-
tion structure is essential to the finite part. Structured reservoirs require the extensions
discussed in Supplementary Information, Sec. V.C.

Expanding the Peierls coupling generates vertices linear in the vector potential and
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contact vertices containing two or more field factors. Keeping all of them makes a static
uniform vector potential a pure momentum shift [26—29], which renders the dc response
regular at finite I' (Supplementary Information, Secs. | and Il). We integrate over bath
energy and the Brillouin zone before taking the dc limit and expand the symmetric order-n
kernel =,(0;T) at fixed T > 0. We call the T° coefficient the finite part (FP). It remains a
well-defined expansion coefficient even when the conductivity diverges in the clean limit:

o™ = FPr_,, Zn(0;T), On = En/nl, (2)

where o,, multiplies £ in the current; at third order, j* = aii)chbEcEd/?)!. Matching the
Drude terms of the scalar band to Boltzmann theory gives 7 = 1/(2I"), so the finite part is
what a 7 expansion calls the 7° term (Supplementary Information, Secs. | and II).

For a scalar band, ho(k) = (k) has no internal orbital degrees of freedom. For any
smooth periodic ¢, its finite part obeys the order selection rule

o ml0lsb _ (n odd), o0 £ 0, (3)

Here “sb” denotes a single scalar band. Equation (3) excludes an origin in the dispersion
alone for a nonzero odd-order finite part without requiring spatial symmetry. Divergent odd-
order terms, including the Drude pole, remain. The condition of fixed T" > 0 is essential:
the limit at zero temperature can fail to commute with weak coupling at critical fillings
(Supplementary Information, Sec. V.D).

The selection rule follows from the phase needed to produce a real dc current. At order
n, conversion from vector potentials to electric fields contributes i~", which is imaginary
for odd n and real for even n. Frequency differentiation separates each closed response
path w into a bath energy moment M, and a vertex product 7,,; its contribution to the finite
part is proportional to i~—"M,7,. After rescaling the energy about the scalar-band pole as
v = ¢ + 'z, reflection x — —x maps the integrand defining the finite part to its complex
conjugate. The moment M, is therefore real (Supplementary Information, Secs. Ill.A and
IV.B).

A scalar Hamiltonian has no internal orbital states to mix. Every vertex is a real derivative
of the same dispersion, so its product ., distinct from the relaxation time, is real as well
[Fig. 1(b)]. The scalar vertices therefore cannot supply an additional imaginary factor. At
odd order the finite-part contributions are purely imaginary, whereas the dc response and
its Laurent coefficients must be real; their sum of finite parts is consequently zero. At even
order no such phase obstruction remains. Changing the shape or spatial symmetry of a
scalar dispersion does not change this phase counting.

At second order, the residues in the direct sector cancel and the finite contribution comes
from contact vertices (Supplementary Information, Sec. 11.B); integration by parts over the
periodic Brillouin zone gives

9.0 1 dk 4
oin = 2 /o, anvbvcfé (e), Va = Du. (4)
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Figure 1

Here j* = %aﬁ)chEc. This term depends only on the band dispersion [22], whereas
a relaxation-time model of a scalar band contains only a rate pole at each order [30].
Thus even-order finite terms depend on the description of the steady state, whereas
the bath phase constraint excludes their odd-order counterparts. An allowed even-order
contribution can still integrate to zero for particular dispersions or symmetries. Figure 1(a)
illustrates the phase pattern through n = 6; Supplementary Information, Sec. Ill, gives the
proof at all orders and explicit checks.

Interband geometry in the third-order response

With multiple bands, current and field vertices connect distinct internal states. Products of
their matrix elements around a closed path can be complex even though every vertex is
Hermitian. The eigenstate phase choices cancel around the loop, so this complex structure
is independent of those choices. Its imaginary component supplies the additional factor
needed for a real odd-order finite part. This is how interband structure can lift the restriction
for a scalar band. To identify the contributing paths, we resolve the propagator into band
projectors:

P,
o= E.Ph G =) ©)

n

Each path contains a closed trace Tr[PV P---.J|, and the phase constraint selects its
imaginary component at odd order and its real component at even order. Interband tran-
sitions thus permit a nonzero odd-order finite part, but symmetry or cancellation can still
make it vanish.

To isolate interband effects, we subtract from the full response the sum of independent
scalar-band responses with the same dispersions E,(k); the difference is R. For non-
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degenerate bands separated throughout the Brillouin zone, these dispersions are smooth
and periodic. Each scalar reference then has zero odd-order finite part. The full response
therefore satisfies

o™ —FPR  (nodd). (6)

Equation (6) establishes the need for virtual interband transitions whenever the odd-order
finite part is nonzero. This distinction matters even with a single band at the chemical
potential: an isolated band within a multiorbital system retains virtual transitions that a
scalar dispersion does not.

We evaluate the full transverse third-order component o2, for two bands. This com-
ponent includes both Hall and Ohmic contributions; their separation requires permutations
of the current index with the field indices. A closed two-band path has an even number of
band changes and, at third order, at most four vertices. It therefore makes zero, two,
or four transitions. The zero-transition traces are real and give no finite part. Hence
FPR = FP(T, + T4), where T, and T, contain two and four transitions, respectively
[Fig. 1(c)]. The corresponding decomposition at finite I" is given in the Supplementary
Information (Sec. IV.A).

Only imaginary trace components survive in the third-order finite part, which makes it
a polar tensor odd under time reversal. Time reversal symmetry makes its density in
momentum space odd, so the Brillouin zone integral vanishes. For the nondegenerate
bands considered here, a PT-type symmetry instead forces the density to vanish at each
momentum (Supplementary Information, Sec. V.A).

The surviving traces with two or four transitions can be expressed in terms of band
geometry. For h = dyog +d - o, setr = |d|, n = d/r, and A = 2r. The map n(k) sends
momentum space to the Bloch sphere, where squared lengths encode the quantum metric
and oriented areas encode the Berry curvature [Fig. 1(d)]. For the lower band, define
¥ =mn-(0,n x Jymn)/2 and ¢** = {|0,d|* — (n - ,d)?}/A? The path that alternates
between P, and P, then gives

Im Tr[PyV, PV, PV, P J,] = 8r* Q¥ g™, (7)

This path generates the curvature—metric product. The remaining paths generate terms
involving gap gradients and interband derivatives. Their weights follow from the bath
energy residue expansion in Supplementary Information, Sec. IV.B. At fixed T" > 0 and
nonzero direct gap, the exact result is

3
rl[/(gzx(k> = fgsea + Z Z féq) <E8)gs’q’

s=0,1 ¢g=1
d?k
@o— [ L o g 8
O-y:mcac /BZ (2ﬂ_>dry:pxw( )7 ( )

where Ey, = dy F r and f = fo(Ey) — fo(Ey). The indices s and ¢ label the band and the
order of differentiation with respect to energy. The occupation difference weights the Fermi
sea term. Derivatives of f, weight the terms concentrated near the chemical potential,
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making the geometric response sensitive to filling and temperature.
The coefficient of the first derivative illustrates why several geometric terms must be
retained. With Q = 2r2Q%*, G = 4r%¢**, and A = n - (9,d x §?d), its weight for the lower

band is
300G  3A0Y

8rd 4rt
The term containing A depends on 92d and is not captured by the curvature—metric prod-
uct. The remaining weights involve covariant interband derivatives [15, 31], gap gradients,
and band-diagonal Hamiltonian derivatives. All weights admit trace expressions invariant
under eigenstate phase changes. Integration by parts can redistribute them among ge-
ometric groups while preserving their sum. Supplementary Information, Sec. IV.D, gives
the complete expressions and separates this freedom from a physical change of orbital
embedding, which changes the current and contact vertices.
We evaluate equation (8) for a tilted Chern model of the Qi-Wu—Zhang type [32],

g071 = U?i == 8yE0. (9)

h/t = dyoo + sin ko, + sin kyoy,
+ (m — cos k, — cos ky)o,
do = Ay sink, + Ao sin(k, + k), (10)

with (m, A1, A\2) = (1.2,0.5,0.35). Energies are measured in hopping units ¢ and momenta
in units of the inverse lattice constant; the minimum direct gap is 1.6¢. Without the tilt,
an antiunitary mirror forbids the zzxzx third-order finite part but allows yxzx; the scalar
tilt breaks this symmetry and permits a longitudinal finite part. Topologically trivial variants
also give a nonzero remainder (Supplementary Information, Sec. V.A), so a nonzero Chern
number is not required. This model allows us to check equation (8) against the finite-rate
kernel and to compare the curvature—metric contribution with the complete response.

In Fig. 2(a), the bath response has a minimum near 4 = —1.4t at T = 0.1¢, close to
the lower-band saddle energy —1.38t, consistent with the filling sensitivity of the Fermi
derivative terms in equation (8). At u = —t, the temperature dependence is nonmono-

tonic [Fig. 2(b)]. Extrapolations of the finite-I" kernel follow both trends (Supplementary
Information, Sec. VI.A).

Figure 2(a) also compares the bath with two relaxation-time prescriptions. Their different
third-order geometric weights were established in quantum kinetic theory by comparing a
rate N/7 at response order N with a uniform rate 1/7 [15, Sec. VIII]. We evaluate these
two prescriptions alongside the exact bath result [13, 33, 34], holding the Hamiltonian,
electromagnetic coupling, temperature, and chemical potential fixed. At 4 = —t and
T = 0.1t, the finite parts are 0.109 for the bath, 0.177 for N/, and 0.055 for the uniform
rate, in symmetric kernel units (Supplementary Information, Sec. VI.B), and their filling
dependence differs in shape and sign [Fig. 2(a)]. The microscopic bath supplies the
spectrally broadened occupations specified by equation (1), whereas the two relaxation-
time models relax toward fy(h). These differences occur at fixed band geometry: the bath
determines both the occupations and the relaxation dynamics, while the two recursions
impose different rates on a common target density matrix.
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We next resolve the bath result into geometric contributions [Fig. 3]. Their competition
changes the sign relative to the curvature—metric contribution alone: at y = —tand 7" =
0.1¢, that group contributes —0.187, whereas the full finite part is +0.109. The contribution
from Berry curvature multiplied by the squared gap gradient is +0.116, and the remaining
derivative terms contribute 4-0.180. The first and third groups largely cancel near the Fermi
contour. The group involving the squared gap gradient is weaker pointwise but extends
over a broader momentum region. The numerical group weights refer to the decomposition
in Supplementary Information, Sec. IV.D; their sum is independent of this choice. A
complementary decomposition by interband paths also shows substantial cancellation
between the two- and four-transition sectors (Supplementary Fig. S1).

The Fermi sea term in equation (8) does not imply a finite third-order response in the
insulator at zero temperature. For two-band yxzzxz, its coefficient is a total divergence,
Gsea = 0 W, + 0,W,, with W smooth, periodic, and gauge invariant whenever the direct
gap is nonzero. Integration by parts turns the sea term into the Fermi surface integral
— Jiz %W - Vi f, which vanishes with the explicit Fermi surface terms as 7" — 0 when
the chemical potential lies in the global gap (Supplementary Information, Secs. IV.D and
V.B). The two-band yzzz finite part therefore vanishes in this insulating limit, with 7" — 0
taken after the expansion at weak coupling.

Conductivity scaling and the microscopic finite part

To extract a rate-independent nonlinear coefficient, scaling analyses often use the longitu-
dinal conductivity as a measure of relaxation: if it is proportional to the relaxation time, the
constant coefficient of a third-order scaling polynomial identifies the microscopic finite part
[15, Sec. VII]. Theories that resolve individual mechanisms go further: disorder can also
contribute to the constant, and the full set of scaling coefficients, together with symmetry,
helps identify the contributing processes [35-37]. These analyses build on microscopic
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descriptions of disorder-related nonlinear transport [38—40].

A further shift arises even within a fixed relaxation model when the longitudinal con-
ductivity departs from exact inverse-rate scaling. Although its subleading terms vanish at
weak coupling, their products with divergent nonlinear terms can remain finite. We hold
the Hamiltonian, electromagnetic coupling, temperature, and chemical potential fixed and
vary only the common bath broadening I'. For the present bath, write 0,, = D, /T’ + bI" +
T2+ O3 and Z¥,, = A3/T3 + Ay /T% + AT + o\ + O(T). For D, # 0, eliminating

I in favor of 0., feeds the divergent third-order terms into the constant coefficient of the
large-o,, expansion, in the regime where both expansions hold:

- 2A50 + 3A
R

(11)

Equation (11) separates the microscopic finite part from the contribution transferred into
the intercept by the nonlinear poles. At . = —t, T' = 0.1t, this gives CO(") = 0.194 instead of
o—;(,i)g;g]] = 0.109, in symmetric kernel units [Fig. 4(b); Supplementary Information, Sec. VI.C].
Figure 4(a) verifies the required subleading longitudinal terms against the finite-rate Kubo
bubble. In panel (b), subtracting the divergent rate terms or the positive powers of longitu-
dinal conductivity gives different constants as I' — 0. The two limits remain distinct as the
rate decreases. Recovering the microscopic finite part requires the longitudinal coefficients
b and c together with the nonlinear pole coefficients of the same bath model. Equation (11)
relates asymptotic coefficients of that model. Applying it to measurements with tunable
disorder requires a microscopic correspondence between scattering and bath broadening,
and a consistent derivation of the longitudinal and nonlinear coefficients for the relevant

scattering mechanism.
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Discussion

The selection rule distinguishes information carried by band energies from information
that requires interband processes. In the uniform wide-band bath, a smooth periodic
scalar dispersion has no odd-order dc finite part when weak coupling follows the dc limit

9
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at fixed 7' > 0. The term allowed at second order that depends solely on dispersion
[22] therefore has no odd-order counterpart. For separated bands, this gives a criterion
for assessing reduced models: reproducing the dispersion of the band at the chemical
potential is insufficient if the target response has a nonzero odd-order finite part. The
necessary virtual transitions involve the other bands even when those bands do not cross
the chemical potential.

An interband origin does not specify a unique geometric contribution. Our exact two-
band solution resolves the terms that must be combined for the bath response; their
competition can change the sign predicted by the curvature—metric term alone. This
result builds on established third-order geometric mechanisms and their sensitivity to re-
laxation prescriptions [14, 15]. The microscopic bath fixes the occupations and geometric
weights together, providing a common reference for the two relaxation-time recursions.
Their comparison makes clear why identical Bloch geometry need not imply identical
rate-independent transport.

The scaling correction addresses how that coefficient is inferred. Theories that resolve
individual mechanisms already identify disorder contributions to the constant term [36].
The additional shift in equation (11) arises within a fixed mechanism: a subleading lon-
gitudinal contribution can multiply a nonlinear divergence to leave a finite constant. The
scalar Drude sector can therefore enter the scaling intercept even though its microscopic
odd-order finite part is zero. A joint treatment of longitudinal and nonlinear transport is
needed to distinguish these two statements. For impurity scattering, the corresponding
calculation must include field-induced interband coherence [41] and multiphoton vertices
generated by the self-energy [42] consistently (Supplementary Information, Sec. V.C).

The phase constraint also supplies symmetry tests. In the nondegenerate PT-type
systems treated here, the odd-order finite part vanishes at every momentum. Testing this
prediction requires separating the microscopic coefficient from divergent terms and cor-
recting any conductivity scaling intercept. Kramers-degenerate bands require an extension
to degenerate subspaces, while higher odd-order Hall signals [43] motivate examining the
criterion beyond third order. Measurements of current noise provide a complementary
route to geometry through fluctuation-dissipation relations involving nonlinear optical re-
sponses [44].

The controlled bath model therefore links a selection rule across response orders to
the interband processes that can lift it. The complete third-order expression makes those
processes calculable, and its joint expansion with longitudinal transport distinguishes the
microscopic finite part from the conductivity scaling intercept. This connection specifies
both the origin of the surviving response and how its coefficient is inferred within the model.

Methods

Response calculation and extraction of the finite part

We use the equilibrium fermionic bath in equation (1), with the same broadening in every
orbital and all orbital positions at the cell origin. The response contains every current and
Peierls contact vertex at the required field order. Bath energy and momentum integrations
precede the dc limit; the expansion at weak coupling is then taken at fixed 7' > 0. The

10
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complete kernel, static-leg identity, and construction in terms of spectral paths are given
in Supplementary Information, Secs. I-IV. All numerical results use e = h =t = a = 1,
where a is the lattice constant, and normalized Brillouin zone integrals are evaluated as
means over uniform periodic grids. Third-order values are symmetric kernels, six times the
coefficient of E2 in the current.

For the model in equation (10), the filling and temperature scans use 128 x 96 momentum
points, increased to 256 x 192 for T" < 0.07t. At 4 = —t and T = 0.1t, increasing the
square grid from 96 x 96 to 384 x 384 changes the finite part evaluated in closed form
by less than 10~ in relative terms. At finite rates, integration over the bath energy uses
Gauss—Legendre quadrature resolving the broadening around each band pole and the
thermal scale near the chemical potential. Calculations below I'/t = 0.03 use 40-digit
arithmetic to control cancellation of large pole contributions. The geometric maps use the
archived 128 x 96 samples without interpolation.

Writing v = I'/t, we fit the real finite-rate kernel to

Y(v) = Z ayy? + o0 Z (b, Iny + d;j77]. (12)

p:—N ]21

The reference fit uses N = 4, ¢ = 2, rates v < 0.03, and relative least squares. Extra neg-
ative powers and logarithms probe sensitivity to the fitting basis; the interband remainder
itself has only v~2 and v~ ! poles. The bars in Fig. 2 report the largest intercept change
for ¢ € {1,2,3} and three nested rate windows, obtained by dropping zero, one, or two of
the largest retained rates at fixed N = 4. They measure fit sensitivity rather than statistical
uncertainty. Fits including negative powers through N = 5,6 provide a separate check of
the pole basis. Supplementary Data 1 supplies the sampled rates, extrapolated values,
and measures of fit stability.

A second check subtracts analytic pole coefficients evaluated on the same momentum
grid and fits the residual with polynomials of degrees one to three over windows up to
~ = 0.03. For 13 two-band parameter points, the extracted finite part agrees with the closed
form within 3.1 x 1075. This checks the expansion against the finite-rate kernel; it is not
an independent derivation of the analytic pole coefficients. A control using a scalar band
with eigenvectors independent of momentum gives a third-order finite part of magnitude
at most 1.1 x 10~* over seven fillings. The control dispersion, exact residue identities, and
validation curves are given in Supplementary Information, Secs. Ill and VI.

Relaxation-time and conductivity scaling comparisons

The two relaxation-time calculations use the same Hamiltonian and equilibrium target p, =
fo(h), with the recursion in a fixed orbital basis

. C
1[h,pN] + TNPN = —Ebapr_l, cy =Norl. (13)

The third-order current is obtained by integrating Tr[p;0,h]. For the uniform-rate prescrip-
tion, the finite parts on 96 x 72 and 192 x 144 grids differ by less than 10~'% at 4 = —t and
T = 0.1t. Supplementary Information, Sec. VI.B, gives the expansion and normalization
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used for both prescriptions.

For the scaling comparison, the finite-rate longitudinal Kubo response is evaluated with
the same bath. Its coefficients at 4 = —¢t and T" = 0.1t are D, = 0.0780, b = 0.106,
and ¢ = —0.0395; the cubic pole coefficients are A, = —0.0526 and A3 = —0.03815.
Equation (11) then gives the rounded intercept 0.194, compared with the microscopic finite
part 0.109. Supplementary Information, Sec. VI.C and Appendix B, provides the derivation,
and Supplementary Data 1 contains the finite-rate values.

Data availability

The numerical source data for the main and supplementary figures, including the finite-
rate data used for extrapolation and validation, are provided in Supplementary Data 1 as
CSV files organized by figure and panel, with column definitions. Model parameters are
specified in the corresponding figure captions.

Code availability

The custom code used to calculate the response functions and reproduce the numerical
results is available from the corresponding author upon reasonable request.

Supplementary information

Supplementary Information provides the detailed derivations and additional numerical
checks. Supplementary Data 1 contains numerical source data.
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Figure legends

Figure 1. Order selection and its interband geometric origin. The response is eval-
uated for a uniform wide-band bath, with dc taken before weak coupling at fixed 7" > 0.
(a) Peierls response loops contain field legs (squares), contact vertices (red dots), and a
current vertex J; red wavy arrows denote coupling to the bath. With a real bath moment
and a real scalar vertex product, the phase i~ forces every odd-order finite part to vanish.
The even-order check marks and # 0 symbols indicate that a finite part is allowed; its
value depends on the dispersion. (b) A closed scalar-band path has a real vertex product.
(c) Two- and four-transition interband paths can carry imaginary traces and hence an
odd-order finite part. (d) The map n(k) to the Bloch sphere relates these traces to
quantum geometry: squared tangent lengths encode the quantum metric, and oriented
areas encode Berry curvature.

Figure 2. Interband finite part across fillings, temperatures, and relaxation pre-
scriptions. Results for equation (10) with (m, Ay, A2) = (1.2,0.5,0.35). (@) o\ versus
filling at 7" = 0.1¢: the bath result from equation (8) (solid) and finite-rate extrapolations
(open circles). Bars quantify fit sensitivity: the largest intercept change across ¢ = 1,2,3
fitting bases and three nested rate windows at fixed fitted pole order N = 4 (Methods and
Supplementary Information, Sec. VI.A). They are not statistical error bars. The grey line is
the zero scalar-reference finite part. Dash-dotted and dotted curves show relaxation-time
approximation (RTA) results for an order-dependent rate N/7 (response order N) and a
uniform rate 1/7, respectively, using the same Hamiltonian. All curves use symmetric ker-
nel units 3!a. The vertical line marks the lower-band van Hove singularity (vHS) at —1.38t.
(b) Bath result versus temperature at . = —t, compared with finite-rate extrapolations.

Figure 3. Momentum-space decomposition of the third-order finite part. Momentum-
resolved third-order finite part for equation (10) at . = —t and T' = 0.1t¢: (a) total response;
(b) curvature—metric group; (c) Berry curvature multiplied by the squared gap gradient;
(d) all remaining derivative terms, including Av?, Qv™*, uB, and £ in the notation of Supple-
mentary Information, Sec. IV.D. The numbers below the maps are Brillouin zone means in
symmetric kernel units. Panels (a), (b), and (d) share a color scale; panel (c) uses its own
scale. Red and blue denote positive and negative contributions, respectively.

Figure 4. Conductivity scaling intercept and microscopic finite part. Results for
equation (10) at © = —t and T' = 0.1t. Panel (b) uses symmetric kernel units. (a) I'o,, from
the finite-rate Kubo bubble (points) and the expansion D, + bI'? + cI'* (line). (b) The total
third-order kernel F' after subtracting its divergent Laurent terms (circles) or its positive-
power terms in o,, (squares). The corresponding limits are the microscopic finite part
aéi)g;?] = 0.109 and the conductivity scaling intercept Cé") = 0.194. Their difference is
fixed by equation (11); the finite-rate data and longitudinal coefficients are detailed in
Supplementary Information, Sec. VI.C and Appendix B. Dashed horizontal lines mark the
two limiting constants.
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