
Small numbers, big bubbles: Gambler's fallacy and
hot-hand traders in a heterogeneous-agent market
Kirill Proskurin 

National Research University Higher School of Economics

Research Article

Keywords: Asset price bubbles, Law of small numbers, Heterogeneous agents, Momentum and
contrarian trading, Gambler’s fallacy, Trading volume

Posted Date: October 22nd, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11304645/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Additional Declarations: No competing interests reported.

https://doi.org/10.21203/rs.3.rs-11304645/v1
https://doi.org/10.21203/rs.3.rs-11304645/v1
https://doi.org/10.21203/rs.3.rs-11304645/v1
https://creativecommons.org/licenses/by/4.0/


1 

Small numbers, big bubbles: Gambler’s fallacy and hot-hand 1 

traders in a heterogeneous-agent market 2 

Abstract In this paper I build a simple heterogeneous-agent model of asset price bubbles. The 3 

behavioural traders in the model believe in the “law of small numbers” of Rabin (2002). They 4 

think of price changes as draws from an urn with up and down balls. Contrarian traders know 5 

the starting mix of the urn, so they expect reversals. This is the gambler’s fallacy. Momentum 6 

traders do not know the mix and estimate it from the last price change, so they expect the 7 

change to continue. This is the hot-hand fallacy. These traders trade with fundamentalists, 8 

who know the fundamental value but have limited risk-bearing capacity, and with liquidity 9 

traders. With CARA utility and normal beliefs, the market-clearing price has a closed form. I 10 

show that the model has a unique steady state at the fundamental value. Near this steady state, 11 

the gap between the price and the fundamental value follows a simple second-order difference 12 

equation with one coefficient. This coefficient combines the share of momentum traders, the 13 

share of fundamentalists, fundamental risk and the precision of beliefs. It tells whether the 14 

market is stable and how large and long bubbles are. In simulations, one change in the 15 

fundamental value, or one liquidity shock, creates a bubble that overshoots, a crash below the 16 

fundamental value and smaller secondary bubbles. Trading volume peaks together with 17 

mispricing. The model also gives a psychological foundation for the extrapolative demand 18 

used in earlier bubble models. 19 

Keywords Asset price bubbles · Law of small numbers · Heterogeneous agents · Momentum 20 

and contrarian trading · Gambler’s fallacy · Trading volume 21 

JEL Classification G12 · G41 · D84 · C62 22 

1 Introduction 23 

Asset price bubbles are episodes in which prices move far away from fundamental 24 

values and then collapse. They have a long history, from the Dutch tulip mania to the dot-com 25 

bubble (Kindleberger and Aliber 2005; Ofek and Richardson 2003). Bubbles misallocate 26 

capital, redistribute wealth and can hurt the real economy. So it is important to understand 27 

how they start, grow and burst. 28 

There are two broad groups of models of bubbles. In rational bubble models, a bubble 29 

can exist because investors expect to sell the asset later at a higher price (Blanchard and 30 
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Watson 1982; Tirole 1985). These models say little about how a bubble starts and why it 31 

bursts. In behavioural and disagreement models, bubbles come from biased beliefs or from 32 

disagreement between investors (De Long et al. 1990; Scheinkman and Xiong 2003; Barberis 33 

et al. 2018; Liao et al. 2022). Many behavioural models use extrapolation: some investors 34 

expect recent price changes to continue. Extrapolation fits survey data on investor 35 

expectations well (Greenwood and Shleifer 2014). But in most models it is simply assumed. 36 

There is also a large literature on heterogeneous-agent models (HAMs), where 37 

fundamentalists trade with chartists (Day and Huang 1990; Lux 1995; Brock and Hommes 38 

1998; Hommes 2006). These models show that simple trading rules can create bubbles, 39 

crashes and complex price dynamics. They can also be estimated on real data (Boswijk et 40 

al. 2007; Chiarella et al. 2014; Franke and Westerhoff 2016). However, the chartist rules are 41 

again usually assumed, not derived from a model of how people form beliefs. 42 

In this paper I derive both trend-following and contrarian demand from one well-known 43 

psychological bias. This is the belief in the “law of small numbers” (Tversky and Kahneman 44 

1971; Rabin 2002). People with this bias expect even short random sequences to look like the 45 

population they come from. Rabin (2002) models them as if they draw balls from a small urn 46 

without replacement. Rabin and Vayanos (2010) show that the same bias can lead to two 47 

different errors. One is the gambler’s fallacy, when people expect a run to reverse. The other 48 

is the hot-hand fallacy, when they expect a run to continue. I use this idea to build two types 49 

of behavioural traders. Contrarian traders know the starting mix of the urn of price changes, 50 

so after a rise they expect a fall. Momentum traders do not know the mix. They estimate it 51 

from the last price change, so they expect the change to continue. These traders trade with 52 

fundamentalists, who know the fundamental value but have limited risk-bearing capacity 53 

(Shleifer and Vishny 1997), and with liquidity traders. 54 

I keep the model simple. Each period, agents with CARA utility and normal beliefs 55 

choose positions in a risky asset, and the market clears. This gives a closed-form price. I have 56 

four main results. First, the model has a unique steady state. In it, the price equals the 57 

fundamental value and there is no trade. Second, near the steady state, the gap between the 58 

price and the fundamental value follows a second-order linear difference equation with one 59 

coefficient 𝑎. This coefficient is larger when there are more momentum traders and when 60 

fundamental risk is higher. It is smaller when there are more fundamentalists and when the 61 

momentum traders’ beliefs are more precise. The steady state is stable if and only if 𝑎 < 1, 62 

and the price converges with oscillations. Third, one change in fundamentals or one liquidity 63 

shock creates a bubble that overshoots. Then the price crashes below the fundamental value, 64 
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and smaller secondary bubbles follow. This path looks like the phases of a bubble described 65 

by Kindleberger and Aliber (2005). Fourth, trading volume rises and falls together with 66 

mispricing. This agrees with the evidence that trading volume is high in bubbles (Ofek and 67 

Richardson 2003). 68 

The paper adds to two literatures. For the behavioural literature on bubbles, it gives a 69 

psychological foundation for extrapolative and momentum demand. I show that the 70 

extrapolative beliefs of Barberis et al. (2018) and the momentum order flow of Hong and 71 

Stein (1999) are special cases of law-of-small-numbers beliefs. For the HAM literature, it 72 

gives a microfounded version of the fundamentalist–chartist model. In this version, the 73 

strength of trend-following has a clear behavioural meaning, and the stability condition has a 74 

closed form. The simulations use only the model itself and no external data. 75 

The paper is organised as follows. Section 2 reviews the related literature. Section 3 76 

presents the model. Section 4 derives the analytical results. Section 5 presents the simulations. 77 

Section 6 discusses the results, the policy implications and the limitations, and Section 7 78 

concludes. The proofs are in the Appendix. 79 

2 Related literature 80 

Rational and disagreement models. In rational bubble models, a bubble can exist when 81 

the price grows at the required rate of return and investors expect to sell to someone else 82 

(Blanchard and Watson 1982; Tirole 1985). In these models, a bubble cannot start once the 83 

asset is traded, and the bubble bursts for exogenous reasons. Disagreement models explain 84 

bubbles by differences in beliefs together with short-sale constraints. In Scheinkman and 85 

Xiong (2003), overconfident investors disagree about fundamentals. The price then includes 86 

the value of the option to resell the asset to a more optimistic investor. Doblas-Madrid (2012) 87 

builds a rational model of bubbles in which agents receive private signals at different times, 88 

and the bubble bursts endogenously. These models explain several features of bubbles, but the 89 

source of disagreement is usually exogenous. 90 

Extrapolation and behavioural models. De Long et al. (1990) show that rational 91 

speculators may buy ahead of positive-feedback traders and push prices further away from 92 

fundamentals. Barberis et al. (1998), Daniel et al. (1998) and Hong and Stein (1999) explain 93 

short-run momentum and long-run reversal with different behavioural mechanisms. Barberis 94 

et al. (2018) build a model of bubbles in which investors put weight on both a fundamental 95 

signal and an extrapolative signal and “waver” between them. This creates bubbles with high 96 

trading volume. Liao et al. (2022) get high volume from extrapolation together with 97 



4 

realisation utility. Bordalo et al. (2019) link overreaction to diagnostic expectations. In most 98 

of these papers, extrapolation itself is an assumption. I derive it from the law of small 99 

numbers. 100 

The law of small numbers. Rabin (2002) models people who believe that random draws 101 

come from a small urn without replacement. So they expect too much reversal in short 102 

sequences. If they do not know the composition of the urn, they draw too strong conclusions 103 

from short streaks. Rabin and Vayanos (2010) develop this idea into a general model of the 104 

gambler’s and hot-hand fallacies. They apply it to fund flows and to momentum and reversal 105 

in asset returns. Their model studies how a single investor forms beliefs about a signal 106 

process. Here I put two types of such investors into a simple market-clearing model and study 107 

the price dynamics they create. Laboratory evidence also shows that uninformed traders 108 

follow momentum and contrarian strategies (Bloomfield et al. 2009). 109 

Heterogeneous-agent models. HAMs study markets where fundamentalists and 110 

chartists trade with each other (Day and Huang 1990; Lux 1995; Brock and Hommes 1998). 111 

In the influential model of Brock and Hommes (1998), traders switch between simple 112 

forecasting rules depending on past performance. This can lead to bifurcations and chaotic 113 

dynamics. The surveys by Hommes (2006) and He (2013) show that these models can 114 

reproduce excess volatility, bubbles and crashes. Estimated versions find strong evidence of 115 

behavioural heterogeneity in stock prices (Boswijk et al. 2007; Chiarella et al. 2014). Simple 116 

herding models can also match the stylised facts of daily returns (Franke and Westerhoff 117 

2016). My model belongs to this family. But here the trading rules come from the law of 118 

small numbers, and the strength of trend-following depends on how many “balls” traders 119 

think are drawn each period. The population shares in my model are fixed. So it is closest to 120 

the simple fundamentalist–chartist models of Day and Huang (1990) and Chiarella (1992), not 121 

to models with strategy switching. 122 

3 The model 123 

3.1 Market setup 124 

Time is discrete, ݐ = 0,1,2, … There are two assets. The risk-free asset has a net return of 125 

zero. The risky asset has a fundamental value ܨ௧, which follows a random walk: 126 ܨ௧ = ௧−1ܨ + ௧ߥ  ,௧ߥ ∼ ܰ(0,  ఔ2) (1)ߪ

Each period, agents choose a position ܺ௧ in the risky asset at price ௧ܲ and hold it for one 127 

period. This is the same as trading a one-period forward contract. It removes the need for 128 
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intertemporal optimisation, as in Barberis et al. (2018). All agents have CARA utility over 129 

next-period wealth with risk aversion ߛ, and they believe that the next price is normally 130 

distributed. Under these assumptions, the optimal position of an agent with expected price 131 

change ߤ௧ and variance ݏ௧2 is 132 ܺ௧ =  ௧2 (2)ݏߛ௧ߤ

There are four types of traders. Fundamentalists have mass ߠ. Traders who believe in the 133 

law of small numbers (LSN traders) have mass 1 −  A share ߬ of them are momentum 134 .ߠ

traders, and a share 1 − ߬ are contrarian traders. Liquidity traders submit an exogenous 135 

demand ܺ௧௅. The net supply of the risky asset is zero, and short sales are allowed. 136 

3.2 Fundamentalists 137 

Fundamentalists know ܨ௧ and expect the price to move towards it. So their expected 138 

price change is ܨ௧ − ௧ܲ, and their perceived variance is the fundamental variance ߪఔ2. By Eq. 139 

(2), their demand is 140 ܺ௧௙ = ௧ܨ − ௧ܲߪߛఔ2  (3) 

Fundamentalists do not trade the price fully back to the fundamental value. Their 141 

positions are limited by risk aversion and by fundamental risk. This is a simple way to capture 142 

limits to arbitrage (Shleifer and Vishny 1997). This demand is the same as in Barberis et 143 

al. (2018) when the asset supply is zero. 144 

3.3 Beliefs of LSN traders 145 

LSN traders do not know the fundamental value. Following Rabin (2002), they think of 146 

price changes as draws from an urn with ܰ balls. A share ߣ of the balls are “up” balls, which 147 

raise the price by one unit. The rest are “down” balls, which lower it by one unit. Each period, 148 ܯ balls are drawn without replacement, where ܯ is large but much smaller than ܰ. If ܯ௧+ up 149 

balls are drawn, the price change is 150 ߂ ௧ܲ = ௧ܲ+1 − ௧ܲ = +௧ܯ2  (4) ܯ−

Because ܯ ≪ ܰ, the number of up balls is approximately binomial. Because ܯ is large, 151 

it is also approximately normal, ܯ௧+ ∼ 1)ߣܯ,ߣܯ)ܰ −  152 ߣ So an LSN trader with belief .((ߣ

expects a price change of ߣ2)ܯ − 1) with variance 41)ߣܯ −  By Eq. (2), the demand of 153 .(ߣ

an LSN trader is 154 ܺ௧ = ߛ1 ℎ(ߣ௧),  ℎ(ߣ) = ߣ2 − 1)ߣ14 −  (5) (ߣ
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The function ℎ is increasing, equals zero at ߣ = 1/2, and has slope ℎ′(1/2) = 2. An 155 

LSN trader buys when she thinks up balls are more likely and sells when she thinks down 156 

balls are more likely. The parameter ܯ measures how “lumpy” the trader thinks price changes 157 

are. A larger ܯ means that one observed price change says less about the urn, so beliefs move 158 

less. The two types of LSN traders differ in what they know about the urn. 159 

3.4 Contrarian traders 160 

Contrarian traders know that the urn starts with the same number of up and down balls, 161 0ߣ = 1/2. This is the only starting value at which the expected price change is zero, which 162 

fits a zero interest rate. After they observe a price change ߂ ௧ܲ−1, they infer from Eq. (4) that 163 (ܯ + ߂ ௧ܲ−1)/2 up balls were taken out of the urn. Then the urn is refilled with ܯ new balls 164 

in the original proportion. I also let beliefs return slowly to 1/2 at rate ߢ ∈ [0,1), so that 165 

contrarians cannot hold wrong beliefs forever. Their belief evolves as 166 ߣ௧௖ = ௧−1௖ߣ − ߂ ௧ܲ−12ܰ + ߢ (12 − ௧−1௖ߣ ) (6) 

After a price rise, fewer up balls are left in the urn. So contrarians expect a fall and sell. 167 

This is the gambler’s fallacy. Because ܰ is large, one price change moves their belief only a 168 

little. 169 

3.5 Momentum traders 170 

Momentum traders do not know the composition of the urn. They estimate it from the 171 

last draw, using the share of up balls among the ܯ balls drawn. By Eq. (4), this gives 172 ߣ௧௠ = ܯ+௧−1ܯ = 12 + ߂ ௧ܲ−12ܯ  (7) 

After a price rise, they believe that the urn has more up balls, so they expect the rise to 173 

continue. This is the hot-hand fallacy. Their beliefs react much more strongly to price changes 174 

than those of contrarians, because they learn from ܯ draws instead of updating an urn of ܰ 175 

balls. If we substitute Eq. (7) into Eq. (5), we get the momentum demand 176 ܺ௧௠ = ߛ1 ߂ܯ ௧ܲ−12ܯ − ߂ ௧ܲ−12  (8) 

Eq. (7) requires |߂ ௧ܲ−1| <  ௧௠ is a probability. This is a natural limit of the 177ߣ so that ,ܯ

model: a trader cannot see more up balls than the number of balls drawn. I come back to it in 178 

Sect. 6. 179 
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3.6 Liquidity traders and equilibrium 180 

Liquidity traders trade for reasons that are not related to the asset, for example because 181 

they need cash. Their demand ܺ௧௅ is an exogenous process with mean zero. The market clears 182 

when total demand equals the zero net supply: 183 ܺߠ௧௙ + (1 − ௧௠ܺ߬](ߠ + (1 − ߬)ܺ௧௖] + ܺ௧௅ = 0 (9) 

Proposition 1 (Equilibrium price). For any beliefs ߣ௧௠, ௧௖ߣ ∈ (0,1) and any liquidity 184 

demand ܺ௧௅, the market clears at a unique price 185 

௧ܲ = ௧ܨ + ߠఔ2ߪ {(1 − (௧௠ߣ)ℎ߬](ߠ + (1 − ߬)ℎ(ߣ௧௖)] +  ௧௅} (10)ܺߛ

The proof is in the Appendix. Only the fundamentalists’ demand depends on the current 186 

price. So the market-clearing condition is linear in ௧ܲ and has exactly one solution. 187 

Fundamentalists absorb the net demand of the other traders, and the price moves away from 188 ܨ௧ until they are willing to do this. The gap is larger when there are few fundamentalists 189 

(small ߠ) and when they see the asset as risky (large ߪఔ2). 190 

I define the bubble as the gap between the price and the fundamental value, ܤ௧ = ௧ܲ −  ௧ 191ܨ

(Brunnermeier 2001). I call an episode a bubble when |ܤ௧| is above some threshold. The risk-192 

free rate is zero and the asset supply is zero, so ܤ௧ measures mispricing directly. I measure 193 

trading volume as the total size of long positions. This equals the total size of short positions: 194 

௧ܸ = 12 |௧௙ܺ|ߠ] + (1 − |௧௠ܺ|߬(ߠ + (1 − 1)(ߠ − ߬)|ܺ௧௖| + |ܺ௧௅|] (11) 

4 Analytical results 195 

4.1 Steady state 196 

Proposition 2 (Steady state). Suppose that the fundamental value is constant, ܨ௧ =  197 ,ܨ

there is no liquidity demand, and ߢ > 0. Then the model has a unique steady state. In it, ߣ௠ ௖ߣ 198= = 1/2, the price equals the fundamental value, ܲ =  the expected price change is zero, 199 ,ܨ

and there is no trade. 200 

In the steady state, all price changes are zero. Then, by Eq. (7), momentum traders 201 

believe that the urn is balanced, and by Eq. (6), the contrarians’ belief goes back to 1/2. Both 202 

LSN groups have zero demand. So fundamentalists must also hold zero positions, and this 203 

happens only at ܲ =  The steady state is therefore the efficient-market outcome: the price 204 .ܨ

equals the fundamental value and grows at the risk-free rate of zero. In this model, bubbles 205 

are temporary deviations from this state, and they are caused by shocks. 206 
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4.2 Dynamics after a shock 207 

Now consider a one-time change in the fundamental value. The market is in the steady 208 

state before period ܶ. At ܶ, the fundamental value jumps from ܨ to ܨ +  and stays there. 209 ܨ߂

There is no liquidity demand. 210 

In period ܶ, beliefs are still at 1/2, because they depend only on past price changes. So 211 

LSN traders do not trade, and the price jumps to the new fundamental value, ்ܲ = ܨ +  212 .ܨ߂

Fundamentalists do not trade either, so there is no volume. Kindleberger and Aliber (2005) 213 

call this phase “displacement”. In period ܶ + 1, momentum traders see the price change 214 ܨ߂ 

and become optimistic. If we ignore the small contrarian term, Eqs. (8) and (10) give the first 215 

bubble: 216 1+்ܤ = 𝑎 1ܨ߂ − 2(ܯ/ܨ߂) ,  𝑎 = ఔ2(1ߪ − ܯߠ߬(ߠ  (12) 

The coefficient 𝑎 shows how strong trend-following is in the market. It is the price 217 

impact of momentum demand. It equals the share of momentum traders, (1 −  times the 218 ,߬(ߠ

price that fundamentalists need to absorb one unit of demand, ߪߛఔ2/ߠ, times the sensitivity of 219 

momentum demand to the last price change, 1/(ܯߛ). After this first step, the bubble feeds on 220 

itself. The next price change is 1+்ܤ. It changes momentum beliefs again, and so on. 221 

Proposition 3 (Local dynamics). Near the steady state, and ignoring the contrarian 222 

term, which is of order 1/ܰ, the bubble follows 223 ܤ௧ = 𝑎(ܤ௧−1 − ݐ  ,(௧−2ܤ ≥ ܶ + 2 (13) 

Then: (i) if 0 < 𝑎 < 4, the bubble changes sign over time, that is, convergence or 224 

divergence is oscillatory; (ii) the steady state is stable if and only if 𝑎 < 1, and in this case 225 |ܤ௧| shrinks by a factor of about √𝑎 per period; (iii) the oscillations have a period of 2226/ߨ arccos(√𝑎/2). 227 

The proof is in the Appendix. Eq. (13) has a simple meaning. Momentum traders buy 228 

when the price has just risen, and this pushes the price above the fundamental value. When 229 

the price stops rising, they lose their optimism, and fundamentalists push the price back. The 230 

fall in the price makes momentum traders pessimistic, so the price overshoots below the 231 

fundamental value. When 𝑎 < 1, each swing is smaller than the one before. This mechanism 232 

creates sequential bubbles: after the first bubble comes a smaller negative bubble, then a 233 

smaller positive one, and so on. So the steady state of Proposition 2 is not automatically 234 

stable. Proposition 3 shows that it is stable only if 𝑎 < 1, that is, 235 ߪఔ2(1 − ߬(ߠ <  (14) ܯߠ
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So a market can be unstable if it has few fundamentalists, high fundamental uncertainty, 236 

many momentum traders or very reactive momentum beliefs (small ܯ). In such a market, 237 

small shocks create growing swings. Contrarians work in the opposite direction. They add a 238 

term 2ܿ ℓ௧ to Eq. (13), where ℓ௧ = ௧௖ߣ − 1/2 is their belief deviation, which falls after price 239 

rises, and ܿ = ఔ2(1ߪ − 1)(ߠ − ߂ Since ℓ௧ moves by only .ߠ/(߬ ௧ܲ−1/(2ܰ) per period, this 240 

term is very small when ܰ is large. In the baseline calibration below, it changes the price by 241 

less than 0.1. 242 

Proposition 4 (Size of bubbles). The first bubble 1+்ܤ in Eq. (12) is increasing in the 243 

share of momentum traders ߬, in fundamental risk ߪఔ2 and in the size of the fundamental shock 244 |ܨ߂|, and decreasing in the share of fundamentalists ߠ and in the precision parameter ܯ. It is 245 

more than proportional to ܨ߂: large changes in fundamentals create disproportionately large 246 

bubbles. 247 

This follows directly from Eq. (12). The last property comes from the variance term in 248 

the momentum demand. A large price change raises the expected price change of momentum 249 

traders. It also makes them more certain about it, because ߣ௧௠(1 −  ௧௠ moves 250ߣ ௧௠) falls whenߣ

away from 1/2. 251 

Liquidity bubbles. Now let the fundamental value be constant, and let liquidity traders 252 

buy ܺ௅ units in only one period ௅ܶ. By Eq. (10), the price rises by ߪߛఔ2ܺ௅/ߠ in that period. 253 

Then momentum traders see a price rise, and from period ௅ܶ + 1 the dynamics are the same as 254 

in Eq. (13). So a liquidity bubble is a bubble without any change in fundamentals. For an 255 

observer who sees only prices, it looks the same as a fundamental bubble. This is a difference 256 

from Barberis et al. (2018), where bubbles start from good news about fundamentals. 257 

4.3 Volume 258 

Proposition 5 (Volume and mispricing). (i) In period ܶ there is no trade. (ii) In every 259 

period, ௧ܸ ≥  with equality when all other traders take positions opposite to the 260 ,(ఔ2ߪߛ)/|௧ܤ|ߠ

fundamentalists. (iii) When contrarian positions are negligible (large ܰ) and there is no 261 

liquidity demand, volume is proportional to |ܤ௧|, so it is highest when the bubble is largest. 262 

When momentum traders buy, fundamentalists must sell, and the size of their short 263 

position is proportional to the mispricing. So volume and mispricing rise and fall together. In 264 

the model, people trade because LSN traders and fundamentalists disagree, and they disagree 265 

most at the top of the bubble. This agrees with the high volume at the peak of the dot-com 266 

bubble (Ofek and Richardson 2003). It also agrees with the disagreement-based explanation 267 
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of volume in Scheinkman and Xiong (2003). Short sales are allowed, so contrarians can also 268 

trade against the bubble, and this adds volume at the peak. 269 

4.4 Links to extrapolation models 270 

The law-of-small-numbers beliefs nest two popular forms of trend-following demand. 271 

Corollary 1 (Extrapolation). Suppose that momentum traders estimate ߣ௠ as an 272 

exponentially weighted average of past draws, ̂ߣ௧ = (1 − ∑(ߞ ௞−1௞≥1ߞ +௧−௞ܯ ߞ with ܯ/ ∈273 (0,1). Then their expected price change is ߣ2̂)ܯ௧ − 1) = (1 − ∑(ߞ ௞−1௞≥1ߞ ߂ ௧ܲ−௞, which is 274 

the extrapolative expectation of Barberis et al. (2018) with weight 275 .ߞ 

Corollary 2 (Momentum order flow). For small price changes, |߂ ௧ܲ−1| ≪  the 276 ,ܯ

momentum demand (8) is approximately linear, ܺ௧௠ ≈ ߂ ௧ܲ−1/(ܯߛ). This is the order flow of 277 

momentum traders in Hong and Stein (1999) with a one-period horizon and slope 1/(ܯߛ). 278 

Both results follow by substitution. They show that the “extrapolation parameter” of 279 

earlier models has a behavioural meaning here. It is the number of balls ܯ that traders think 280 

are drawn each period. Traders who think that price changes come from many small 281 

independent draws (large ܯ) react less to any single price change. 282 

5 Simulations 283 

5.1 Calibration 284 

Now I simulate the model to show the bubble dynamics. I do not try to match a particular 285 

market. I only want to illustrate the mechanisms of Sect. 4. Table 1 shows the parameters. The 286 

share of fundamentalists is small, ߠ = 0.07, and most LSN traders are momentum traders, 287 ߬ = 0.9, so trend-following matters. In period ܶ = 7, the fundamental value rises from 10 to 288 

60. With ܨ߂ = 50 and ܯ = 100, momentum beliefs stay inside (0,1). The coefficient 𝑎 is 289 

0.299 in the baseline and 0.436 in the “sequential bubbles” case with higher fundamental risk. 290 

So both cases are stable. 291 
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Table 1 Parameters of the simulations 292 

Parameter Symbol Baseline Sequential bubbles Liquidity bubble 

Risk aversion 2 2 2 ߛ 

Share of fundamentalists 0.07 0.07 0.07 ߠ 

Share of momentum traders among 

LSN traders 
߬ 0.9 0.9 0.9 

Balls drawn per period 100 100 100 ܯ 

Balls in the urn ܰ 10,000 10,000 10,000 

Belief correction of contrarians 0.05 0.05 0.05 ߢ 

Fundamental variance 2.5 3.65 2.5 2ߥߪ 

Fundamental value 10 ݐܨ for ݐ < 7, 60 for ݐ ≥ 7 
10 for ݐ < 7, 60 for ݐ ≥ 7 

10 

Liquidity demand ܺ0.25 0 0 ܮݐ at ݐ = 9, 0 

otherwise 
Trend coefficient 𝑎 0.299 0.436 0.299 

The coefficient 𝑎 is defined in Eq. (12). For any ߢ between 0 and 0.2, the price path changes by less 293 

than 0.02, because the contrarian term is small when ܰ is large 294 

I wrote the simulation code in Python, and it is provided as Online Resource 1. 295 

Generative AI tools were used to help write and check the simulation code. I checked all code 296 

and results. 297 

5.2 A fundamental bubble 298 

Fig. 1 shows the baseline simulation. In period 7, the fundamental value rises to 60, and 299 

the price jumps with it. There is no trade, because beliefs have not changed yet. In period 8, 300 

momentum traders react to the price rise. Their belief ߣ௠ rises to 0.75, and the price 301 

overshoots to 79.9, about 33% above the new fundamental value. Volume reaches its 302 

maximum. In period 9, the price rise is smaller, momentum traders become less optimistic, 303 

and the price falls to 66.2. In periods 10 and 11, the price falls below the fundamental value, 304 

to 55.8 and 56.9, because momentum traders now extrapolate the fall. Volume rises again, but 305 

less, during this crash. After a small rebound above the fundamental value in period 13 (+1.0), 306 

the price settles at 60. The gap stays above 0.5 in absolute value for only six periods after the 307 

shock. 308 
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 309 

Fig. 1 Baseline fundamental bubble. Top: price (solid line with markers) and fundamental 310 

value (dashed line). Bottom: trading volume ௧ܸ from Eq. (11). The fundamental value rises 311 

from 10 to 60 in period 7. Parameters as in Table 1 312 

The path follows the phases of a bubble described by Kindleberger and Aliber (2005). 313 

The change in fundamentals is the displacement (period 7). The overshooting with high 314 

volume is the boom and euphoria (period 8). The fall in periods 9–11, when the price goes 315 

below its fundamental value, is the distress and revulsion. Then the market recovers. The 316 

small rebound in period 13 does not last, so it looks like a “bull trap” during the recovery. 317 

5.3 Sequential bubbles 318 

When fundamental risk is higher (ߪఔ2 = 3.65), fundamentalists are less willing to trade 319 

against mispricing, and 𝑎 rises to 0.436. Fig. 2 shows that the first bubble is larger: the price 320 

reaches 89.1, almost 50% above the fundamental value. The crash is also deeper, to 50.6 in 321 

period 11. After it comes a second positive bubble (+3.6 in period 13). The swings now die 322 

out more slowly, by a factor of about √0.436 = 0.66 per period instead of √0.299 = 0.55. 323 

The gap stays above 0.5 for nine periods. So one shock to fundamentals creates several 324 

bubbles in a row, as Proposition 3 predicts. 325 
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 326 

Fig. 2 Sequential bubbles with higher fundamental risk (ߪఔ2 = 3.65). Top: price and 327 

fundamental value. Bottom: trading volume. Other parameters as in Table 1 328 

5.4 A liquidity bubble 329 

Fig. 3 shows a bubble without any change in fundamentals. The fundamental value stays 330 

at 10, and in period 9 liquidity traders buy 0.25 units. The price jumps to 27.9, which is 331 ߪߛఔ2ܺ௅/ߠ = 17.9 above the fundamental value. After that, momentum traders take over. The 332 

price falls back, overshoots below the fundamental value (by 3.8 in period 11) and converges 333 

with the same oscillations as in Fig. 1. So a liquidity shock that lasts one period creates a 334 

bubble that lasts several periods. 335 
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 336 

Fig. 3 Liquidity bubble. The fundamental value is constant at 10, and liquidity traders buy 337 

0.25 units in period 9. Top: price and fundamental value. Bottom: trading volume. Other 338 

parameters as in Table 1 339 

5.5 Comparative statics 340 

Table 2 shows how the bubble changes with the parameters, and Fig. 4 shows the same 341 

results in graphs. If the share of fundamentalists doubles (to 0.14), the coefficient 𝑎 halves 342 

and the first bubble falls from 19.9 to 9.2. A more balanced mix of LSN traders (߬ = 0.5) has 343 

a similar effect. If ܯ doubles, momentum traders react half as strongly to each price change, 344 

and the bubble falls to 8.0. A smaller fundamental shock (ܨ߂ = 25 instead of 50) creates a 345 

bubble that is much less than half as large (8.0 instead of 19.9). This is the convexity in 346 

Proposition 4. The right panel of Fig. 4 shows the stability boundary 𝑎 = 1. Both calibrations 347 

are in the stable region. But markets with fewer fundamentalists or higher fundamental risk 348 

can move into the unstable region. 349 
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Table 2 Comparative statics of the fundamental bubble 350 

Case 𝑎 
Peak 

bubble 
Deepest 

crash 

Periods 

with |ܤ௧| ≥ 0.5 Peak 

volume 
Half-life of 

swings 
Period of 

swings 

Baseline 0.299 19.91 –4.20 6 0.279 1.15 4.86 

More fundamentalists (ߠ =0.14) 
0.138 9.21 –1.11 3 0.258 0.70 4.54 

Fewer momentum traders (߬ =0.5) 
0.166 10.99 –1.62 4 0.155 0.77 4.60 

Higher fundamental risk (2ߥߪ =3.65) 

0.436 29.07 –9.44 9 0.279 1.67 5.09 

Less reactive beliefs (ܯ = 200) 0.149 7.95 –1.03 3 0.112 0.73 4.57 

Smaller shock (ܨ߂ = 25) 0.299 7.96 –1.68 4 0.112 1.15 4.86 

Peak bubble and deepest crash are the largest positive and negative values of ݐܤ = ݐܲ  Half-life 351 .ݐܨ−

and period (in periods) are computed from Proposition 3 as ln0.5/ln√𝑎 and 2ߨ/arccos(√𝑎/2). All 352 

other parameters as in the baseline of Table 1 353 

 354 

Fig. 4 Comparative statics. Left: peak deviation of the price from the fundamental value after 355 

a fundamental shock of 50, as a function of the share of fundamentalists, for three shares of 356 

momentum traders. Right: stability region of the steady state, 𝑎 < 1 (light area), for ߬ = 0.9 357 

and ܯ = 100; the markers show the baseline and the sequential-bubbles calibration 358 

5.6 A stochastic version 359 

Finally, I simulate the model with random shocks to see which stylised facts it can 360 

produce. The fundamental value follows Eq. (1) with standard deviation ߪఔ. Liquidity demand 361 

is normal with mean zero and standard deviation 0.02. I run 20,000 periods and drop the first 362 

100. Table 3 shows the results. 363 
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Table 3 Statistics of the stochastic simulations 364 

Statistic Baseline 2ߥߪ = 3.65 ߬ = ߠ 0.5 = 0.2 

Std. dev. of price changes 2.57 3.65 2.52 1.73 
Std. dev. of fundamental changes 1.57 1.90 1.57 1.57 
Autocorrelation of price changes, lag 1 –0.01 0.07 –0.14 –0.01 
Autocorrelation of price changes, lag 2 –0.32 –0.42 –0.21 –0.11 
Autocorrelation of price changes, lag 3 –0.09 –0.21 –0.01 –0.00 

Correlation of volume with |ܤ௧| 0.93 0.91 0.97 0.97 

Excess kurtosis of price changes 0.00 0.00 –0.01 0.02 
Autocorrelation of absolute price changes, 

lag 1 
0.01 0.02 0.03 0.00 

20,000 periods after a burn-in of 100 periods. Fundamental shocks are normal with variance 365 ;2ߥߪ 

liquidity demand is normal with standard deviation 0.02. Other parameters as in the baseline of Table 366 

1 367 

The model produces two well-known features of asset prices. First, prices are more 368 

volatile than fundamentals. In the baseline, the standard deviation of price changes is 2.57, 369 

against 1.57 for the fundamental value. So excess volatility is about 60%. It falls when there 370 

are more fundamentalists. Second, price changes are negatively autocorrelated at short lags. 371 

This reflects the overshooting and correction after each shock. Volume is also strongly 372 

correlated with mispricing. However, the model does not produce fat tails or volatility 373 

clustering: excess kurtosis and the autocorrelation of absolute price changes are close to zero. 374 

This is expected, because the population shares are fixed. In HAMs, these features usually 375 

come from switching between strategies (Brock and Hommes 1998; Franke and Westerhoff 376 

2016). This is a natural extension of my model. 377 

6 Discussion 378 

6.1 What the model explains 379 

The model explains bubbles with one psychological bias and a simple market structure. 380 

The same bias leads to two kinds of behaviour. Traders who know the composition of the urn 381 

expect reversals, and traders who must estimate it expect continuation (Rabin 2002; Rabin 382 

and Vayanos 2010). In this market, momentum traders create the bubble, and fundamentalists 383 

end it with some help from contrarians. Momentum traders react to price changes, not to price 384 

levels. So the bubble bursts on its own: when the price stops rising quickly, their optimism 385 

disappears. The model therefore does not need an exogenous event to end the bubble. Here it 386 

differs from rational bubble models, where the bubble bursts for exogenous reasons 387 
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(Blanchard and Watson 1982). It is close to Barberis et al. (2018), where the bubble ends 388 

when the demand of extrapolators weakens. 389 

The model also explains why bubbles often come in a series. After the first bubble, 390 

momentum traders extrapolate the fall, and the price drops below the fundamental value. This 391 

creates a negative bubble and later a smaller positive one. Such oscillations are typical of 392 

fundamentalist–chartist models (Day and Huang 1990; Chiarella 1992; Hommes 2006). What 393 

is new here is that their size and speed depend on a coefficient 𝑎 with a clear psychological 394 

meaning, and that the stability condition (14) has a closed form. 395 

6.2 Policy implications 396 

The model suggests three ways to reduce bubbles. First, the coefficient 𝑎 falls when the 397 

share of informed traders ߠ rises. Policies that make information about fundamentals cheaper 398 

and easier to get, such as better disclosure, increase this share. Then bubbles become smaller 399 

and shorter. Second, 𝑎 falls when fundamental uncertainty ߪఔ2 falls. Clear communication 400 

about fundamentals reduces the size of the first bubble, for example communication about 401 

new technologies at the start of a boom. Third, a market participant who is ready to absorb the 402 

net demand of LSN traders could prevent bubbles. By Eq. (10), if such a stabiliser traded 403 −(1 − ௧௠ܺ߬](ߠ + (1 − ߬)ܺ௧௖] each period, the price would always equal ܨ௧. In practice this 404 

requires knowing the fundamental value, which is difficult. But it shows why liquidity 405 

provision by informed market makers is stabilising. Liquidity shocks, on the other hand, can 406 

create bubbles by themselves (Sect. 5.4). So sudden large flows into or out of an asset can be 407 

destabilising even without news. 408 

6.3 Limitations and extensions 409 

The model has several limitations. First, momentum beliefs are defined only for price 410 

changes smaller than ܯ in absolute value, because the estimated share of up balls must be 411 

between 0 and 1. So very large shocks need rescaling, for example by measuring price 412 

changes in percent, or a transformation such as a logistic function. Second, the shares of 413 

traders are fixed. If traders could switch between strategies depending on past profits, as in 414 

Brock and Hommes (1998), the dynamics would become nonlinear. This could produce fat 415 

tails and volatility clustering, which the current model does not produce (Sect. 5.6). Third, the 416 

risk-free rate is zero and positions are held for one period. A positive interest rate could be 417 

added by applying the urn model to deviations of returns from the risk-free rate. Fourth, short 418 

sales are allowed. A short-sale constraint, as in Scheinkman and Xiong (2003) and Barberis et 419 
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al. (2018), would remove contrarian selling at the peak. It would make bubbles larger and 420 

reduce the negative bubbles after the crash. Finally, I do not estimate the model. A natural 421 

next step would be to estimate 𝑎 on market data, as other studies do for HAMs (Boswijk et 422 

al. 2007; Chiarella et al. 2014). 423 

7 Conclusion 424 

In this paper I build a heterogeneous-agent model of bubbles in which behavioural 425 

traders believe in the law of small numbers. Contrarian traders expect price changes to 426 

reverse, and momentum traders expect them to continue. Which one they expect depends on 427 

what they know about the “urn” that generates price changes. Together with fundamentalists 428 

and liquidity traders, the model has a closed-form price and a unique steady state at the 429 

fundamental value. Near this steady state, the bubble follows a simple second-order difference 430 

equation with one coefficient. This coefficient depends on the share of momentum traders, the 431 

share of fundamentalists, fundamental risk and the precision of beliefs. The steady state is 432 

stable only when the coefficient is below one, and convergence always has oscillations. 433 

The simulations show that one shock to fundamentals or to liquidity creates a bubble that 434 

overshoots. Then the price crashes below the fundamental value, and smaller secondary 435 

bubbles follow. Trading volume peaks together with mispricing. The model also gives a 436 

psychological foundation for the extrapolative demand that many bubble models use. Future 437 

work could add switching between strategies, short-sale constraints and positive interest rates. 438 

It could also estimate the key coefficient on market data. 439 

References 440 

Barberis N, Greenwood R, Jin L, Shleifer A (2018) Extrapolation and bubbles. Journal of 441 

Financial Economics 129(2):203–227. https://doi.org/10.1016/j.jfineco.2018.04.007 442 

Barberis N, Shleifer A, Vishny R (1998) A model of investor sentiment. Journal of Financial 443 

Economics 49(3):307–343. https://doi.org/10.1016/S0304-405X(98)00027-0 444 

Blanchard OJ, Watson MW (1982) Bubbles, rational expectations and financial markets. In: 445 

Wachtel P (ed) Crises in the economic and financial structure. Lexington Books, 446 

Lexington, MA, pp 295–315 447 

Bloomfield RJ, Tayler WB, Zhou FH (2009) Momentum, reversal, and uninformed traders in 448 

laboratory markets. The Journal of Finance 64(6):2535–2558. 449 

https://doi.org/10.1111/j.1540-6261.2009.01510.x 450 



19 

Bordalo P, Gennaioli N, La Porta R, Shleifer A (2019) Diagnostic expectations and stock 451 

returns. The Journal of Finance 74(6):2839–2874. https://doi.org/10.1111/jofi.12833 452 

Boswijk HP, Hommes CH, Manzan S (2007) Behavioral heterogeneity in stock prices. 453 

Journal of Economic Dynamics and Control 31(6):1938–1970 454 

Brock WA, Hommes CH (1998) Heterogeneous beliefs and routes to chaos in a simple asset 455 

pricing model. Journal of Economic Dynamics and Control 22(8–9):1235–1274. 456 

https://doi.org/10.1016/S0165-1889(98)00011-6 457 

Brunnermeier MK (2001) Asset pricing under asymmetric information: Bubbles, crashes, 458 

technical analysis, and herding. Oxford University Press, Oxford 459 

Chiarella C (1992) The dynamics of speculative behaviour. Annals of Operations Research 460 

37(1):101–123. https://doi.org/10.1007/BF02071051 461 

Chiarella C, He XZ, Zwinkels RCJ (2014) Heterogeneous expectations in asset pricing: 462 

Empirical evidence from the S&P500. Journal of Economic Behavior & Organization 463 

105:1–16. https://doi.org/10.1016/j.jebo.2014.03.003 464 

Daniel K, Hirshleifer D, Subrahmanyam A (1998) Investor psychology and security market 465 

under- and overreactions. The Journal of Finance 53(6):1839–1885. 466 

https://doi.org/10.1111/0022-1082.00077 467 

Day RH, Huang W (1990) Bulls, bears and market sheep. Journal of Economic Behavior & 468 

Organization 14(3):299–329. https://doi.org/10.1016/0167-2681(90)90061-H 469 

De Long JB, Shleifer A, Summers LH, Waldmann RJ (1990) Positive feedback investment 470 

strategies and destabilizing rational speculation. The Journal of Finance 45(2):379–395. 471 

https://doi.org/10.1111/j.1540-6261.1990.tb03695.x 472 

Doblas-Madrid A (2012) A robust model of bubbles with multidimensional uncertainty. 473 

Econometrica 80(5):1845–1893. https://doi.org/10.3982/ECTA7887 474 

Franke R, Westerhoff F (2016) Why a simple herding model may generate the stylized facts 475 

of daily returns: Explanation and estimation. Journal of Economic Interaction and 476 

Coordination 11(1):1–34. https://doi.org/10.1007/s11403-014-0140-6 477 

Greenwood R, Shleifer A (2014) Expectations of returns and expected returns. The Review of 478 

Financial Studies 27(3):714–746. https://doi.org/10.1093/rfs/hht082 479 

He XZ (2013) Recent developments in asset pricing with heterogeneous beliefs and adaptive 480 

behaviour of financial markets. In: Bischi GI, Chiarella C, Sushko I (eds) Global analysis 481 

of dynamic models in economics and finance. Springer, Berlin, Heidelberg, pp 3–34. 482 

https://doi.org/10.1007/978-3-642-29503-4_1 483 



20 

Hommes CH (2006) Heterogeneous agent models in economics and finance. In: Tesfatsion L, 484 

Judd KL (eds) Handbook of computational economics, vol 2. Elsevier, Amsterdam, pp 485 

1109–1186 486 

Hong H, Stein JC (1999) A unified theory of underreaction, momentum trading, and 487 

overreaction in asset markets. The Journal of Finance 54(6):2143–2184. 488 

https://doi.org/10.1111/0022-1082.00184 489 

Kindleberger CP, Aliber RZ (2005) Manias, panics, and crashes: A history of financial crises, 490 

5th edn. Wiley, Hoboken, NJ 491 

Liao J, Peng C, Zhu N (2022) Extrapolative bubbles and trading volume. The Review of 492 

Financial Studies 35(4):1682–1722. https://doi.org/10.1093/rfs/hhab070 493 

Lux T (1995) Herd behaviour, bubbles and crashes. The Economic Journal 105(431):881–896 494 

Ofek E, Richardson M (2003) DotCom mania: The rise and fall of internet stock prices. The 495 

Journal of Finance 58(3):1113–1137. https://doi.org/10.1111/1540-6261.00560 496 

Rabin M (2002) Inference by believers in the law of small numbers. The Quarterly Journal of 497 

Economics 117(3):775–816. https://doi.org/10.1162/003355302760193896 498 

Rabin M, Vayanos D (2010) The gambler’s and hot-hand fallacies: Theory and applications. 499 

The Review of Economic Studies 77(2):730–778. https://doi.org/10.1111/j.1467-500 

937X.2009.00582.x 501 

Scheinkman JA, Xiong W (2003) Overconfidence and speculative bubbles. Journal of 502 

Political Economy 111(6):1183–1220. https://doi.org/10.1086/378531 503 

Shleifer A, Vishny RW (1997) The limits of arbitrage. The Journal of Finance 52(1):35–55. 504 

https://doi.org/10.1111/j.1540-6261.1997.tb03807.x 505 

Tirole J (1985) Asset bubbles and overlapping generations. Econometrica 53(6):1499–1528 506 

Tversky A, Kahneman D (1971) Belief in the law of small numbers. Psychological Bulletin 507 

76(2):105–110. https://doi.org/10.1037/h0031322 508 

Appendix: Proofs 509 

Proof of Eq. (2). With CARA utility −exp(−ߛ ௧ܹ+1), wealth ௧ܹ+1 = ௧ܹ + ܺ௧߂ ௧ܲ and 510 ߂ ௧ܲ ∼ ,௧ߤ)ܰ ߛ−)௧2), expected utility is −expݏ ௧ܹ − ௧ߤ௧ܺߛ + 1 2⁄  ௧2). Maximising the 511ݏ2ܺ௧2ߛ

exponent over ܺ௧ gives the first-order condition ߤ௧ − ௧2ݏ௧ܺߛ = 0, so ܺ௧ =  Eqs. (3) 512 .(௧2ݏߛ)/௧ߤ

and (5) follow by substituting ߤ௧ = ௧ܨ − ௧ܲ and ݏ௧2 = ௧ߤ ఔ2 for fundamentalists, andߪ ௧ߣ2)ܯ 513= − 1) and ݏ௧2 = ௧(1ߣܯ4 −  ௧) for LSN traders. ▫ 514ߣ
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Proof of Proposition 1. Substituting Eqs. (3) and (5) into the market-clearing condition 515 

(9) gives 516 ߠ ௧ܨ − ௧ܲߪߛఔ2 + 1 − ߛߠ [߬ℎ(ߣ௧௠) + (1 − ߬)ℎ(ߣ௧௖)] + ܺ௧௅ = 0. 517 

The beliefs depend only on past prices, so this equation is linear in ௧ܲ with slope 518 −ߠ/(ߪߛఔ2) ≠ 0. It therefore has exactly one solution, which is Eq. (10). ▫ 519 

Proof of Proposition 2. In a steady state ௧ܲ = ܲ for all ݐ, so ߂ ௧ܲ = 0. Then Eq. (7) gives 520 ߣ௠ = 1/2, and Eq. (6) gives ߣ௧௖ − 1/2 = (1 − ௧−1௖ߣ)(ߢ − 1/2), which converges to zero for 521 ߢ > 0. With ℎ(1/2) = 0 and ܺ௅ = 0, Eq. (10) gives ܲ =  All demands are zero, so there is 522 .ܨ

no trade. Conversely, if ௧ܲ ≠  in some period, Eq. (10) requires non-zero demand from LSN 523 ܨ

traders, so ߣ௧௠ ≠ 1/2 or ߣ௧௖ ≠ 1/2, and the price changes in the next period. Hence the steady 524 

state is unique. ▫ 525 

Proof of Eq. (12) and Proposition 3. Ignore the contrarian term and liquidity demand. 526 

For ݐ ≥ ܶ + 1 the fundamental value is constant, so Eqs. (8) and (10) give 527 ܤ௧ = ఔ2(1ߪ − ߠ߬(ߠ   ߂ܯ ௧ܲ−12ܯ − ߂ ௧ܲ−12 = 𝑎 ߂ ௧ܲ−11 − ߂) ௧ܲ−1/528 .2(ܯ 

At ݐ = ܶ + 1 the last price change is ߂ ்ܲ = ݐ which gives Eq. (12). For ,ܨ߂ ≥ ܶ + ߂ 529 ,2 ௧ܲ−1 = ௧−1ܤ − ܲ߂ ௧−2. Linearising aroundܤ = 0 gives Eq. (13). Its characteristic equation is 530 2ݎ − 𝑎ݎ + 𝑎 = 0, with roots ݎ = (𝑎 ± √𝑎2 − 4𝑎)/2. (i) For 0 < 𝑎 < 4 the roots are 531 

complex, so the solution is ܤ௧ = ݐ߱)௧cosݎܣ + ߶) and changes sign. (ii) Complex roots have 532 

modulus √2ݎ1ݎ = √𝑎, so |ܤ௧| shrinks by the factor √𝑎 per period and the steady state is stable 533 

if and only if 𝑎 < 1. For 𝑎 ≥ 4 the roots are real and one of them is larger than one, so the 534 

steady state is unstable. (iii) The argument of the roots satisfies cos߱ = Re(ݎ)/|ݎ| =535 (𝑎/2)/√𝑎 = √𝑎/2, so the period is 2ߨ/߱. Including contrarians adds the term ܿ ℎ(ߣ௧௖) ≈536 2ܿ ℓ௧ with ℓ௧ = (1 − ℓ௧−1(ߢ − ߂ ௧ܲ−1/(2ܰ), which is of order 1/ܰ. ▫ 537 

Proof of Proposition 4. In Eq. (12), 𝑎 is increasing in ߬ and ߪఔ2 and decreasing in ߠ and 538 ܯ, and the factor 1)/ܨ߂ − ܨ߂ is positive and increasing in (2(ܯ/ܨ߂) ∈ with 539 1/(1 ,(ܯ,0) − (2(ܯ/ܨ߂) > 1 increasing in |ܨ߂|. So ܨ߂/1+்ܤ increases with |ܨ߂|. The factor 540 1/(1 −  541 ▫ .ܯ which strengthens the effect of ,ܯ is also decreasing in (2(ܯ/ܨ߂)

Proof of Proposition 5. (i) In period ܶ beliefs are 1/2, so LSN demand is zero, and with 542 

no liquidity demand ்ܲ =  so fundamentalists’ demand is also zero. (ii) Because the 543 ,்ܨ

market clears, total long positions equal total short positions, and both equal ௧ܸ. The 544 

fundamentalists’ position has size ߠ|ܺ௧௙| =  and is on one side of the market, so 545 (ఔ2ߪߛ)/|௧ܤ|ߠ
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௧ܸ ≥  If all other traders are on the other side, the fundamentalists are the only 546 .(ఔ2ߪߛ)/|௧ܤ|ߠ

traders on their side, and the inequality holds with equality. (iii) Without liquidity demand and 547 

with negligible contrarian positions, only fundamentalists and momentum traders trade, on 548 

opposite sides, so ௧ܸ =  549 ▫ .(ఔ2ߪߛ)/|௧ܤ|ߠ

Proof of Corollaries 1 and 2. For Corollary 1, ߣ2̂)ܯ௧ − 1) = (1 − ௞−1ߞ ௞≥1550∑(ߞ +௧−௞ܯ2) +௧−௞ܯand 2 ,(ܯ− ܯ− = ߂ ௧ܲ−௞ by Eq. (4). For Corollary 2, a first-order 551 

expansion of Eq. (8) around ߂ ௧ܲ−1 = 0 gives ܺ௧௠ = ߂ ௧ܲ−1/(ܯߛ) + ߂)ܱ ௧ܲ−13 ). ▫ 552 
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  𝜏 = 0 . 5


    𝜎  𝜈 2 = 3 . 65


    F  t −   P  t


  M = 200


  𝛥 F = 25


    B  t =   P  t −   F  t


  ln 0 . 5 / ln  a


  2 𝜋 / arccos  (  a / 2 )


  a < 1


  𝜏 = 0 . 9


  M = 100


    𝜎  𝜈


    𝜎  𝜈 2 = 3 . 65


    𝜎  𝜈 2


  𝜏 = 0 . 5


  𝜃 = 0 . 2


  |   B  t |


    𝜎  𝜈 2


  a


  a


  𝜃


  a


    𝜎  𝜈 2


  −  ( 1 − 𝜃 )  [ 𝜏   X  t  m +  ( 1 − 𝜏 )   X  t  c ]


  a < 1


    X  t  f =     F  t −   P  t  𝛾   𝜎  𝜈 2


    F  t


  M


  a


  − exp  ( − 𝛾   W  t + 1 )


    W  t + 1 =   W  t +   X  t 𝛥   P  t


  𝛥   P  t ∼ N  (   𝜇  t ,   s  t 2 )


  − exp  ( − 𝛾   W  t − 𝛾   X  t   𝜇  t +  1 2   𝛾 2   X  t 2   s  t 2 )


    X  t


    𝜇  t − 𝛾   X  t   s  t 2 = 0


    X  t =   𝜇  t /  ( 𝛾   s  t 2 )


  N


    𝜇  t =   F  t −   P  t


    s  t 2 =   𝜎  𝜈 2


    𝜇  t = M  ( 2   𝜆  t − 1 )


    𝜇  t = M  ( 2   𝜆  t − 1 )


    s  t 2 = 4 M   𝜆  t  ( 1 −   𝜆  t )


  ▫


  𝜃     F  t −   P  t  𝛾   𝜎  𝜈 2 +   1 − 𝜃  𝛾  [ 𝜏 h  (   𝜆  t  m ) +  ( 1 − 𝜏 ) h  (   𝜆  t  c ) ] +   X  t  L = 0 .


    P  t


  − 𝜃 /  ( 𝛾   𝜎  𝜈 2 ) ≠ 0


  ▫


  𝜆


    P  t = P


  t


  𝛥   P  t = 0


    𝜆  m = 1 / 2


    𝜆  t  c − 1 / 2 =  ( 1 − 𝜅 )  (   𝜆  t − 1  c − 1 / 2 )


  𝜅 > 0


  h  ( 1 / 2 ) = 0


    X  L = 0


  P = F


    P  t ≠ F


  M


    𝜆  t  m ≠ 1 / 2


    𝜆  t  c ≠ 1 / 2


  ▫


  t ≥ T + 1


    B  t =     𝜎  𝜈 2  ( 1 − 𝜃 ) 𝜏  𝜃     M 𝛥   P  t − 1    M 2 − 𝛥   P  t − 1 2 = a   𝛥   P  t − 1  1 −    ( 𝛥   P  t − 1 / M ) 2 .


  t = T + 1


  𝛥   P  T = 𝛥 F


  t ≥ T + 2


  𝛥   P  t − 1 =   B  t − 1 −   B  t − 2


  𝛥 P = 0


  M


    r 2 − a r + a = 0


  r =  ( a ±    a 2 − 4 a ) / 2


  0 < a < 4


    B  t = A   r  t cos  ( 𝜔 t + 𝜙 )


     r 1   r 2 =  a


   |   B  t |


   a


  a < 1


  a ≥ 4


  cos 𝜔 = Re  ( r ) /  | r | =  ( a / 2 ) /  a =  a / 2


  N


  cos 𝜔 = Re  ( r ) /  | r | =  ( a / 2 ) /  a =  a / 2


  2 𝜋 / 𝜔


  c   h  (   𝜆  t  c ) ≈ 2 c    ℓ  t


  c   h  (   𝜆  t  c ) ≈ 2 c    ℓ  t


   ℓ  t =  ( 1 − 𝜅 )  ℓ  t − 1 − 𝛥   P  t − 1 /  ( 2 N )


  1 / N


  ▫


  a


  𝜏


    𝜎  𝜈 2


    M  t +


  𝜃


  M


  𝛥 F /  ( 1 −    ( 𝛥 F / M ) 2 )


  𝛥 F ∈  ( 0 , M )


  1 /  ( 1 −    ( 𝛥 F / M ) 2 ) > 1


   | 𝛥 F |


    B  T + 1 / 𝛥 F


   | 𝛥 F |


  1 /  ( 1 −    ( 𝛥 F / M ) 2 )


  M


  𝛥   P  t =   P  t + 1 −   P  t = 2   M  t + − M


  M


  ▫


  T


  1 / 2


    P  T =   F  T


    V  t


  𝜃  |   X  t  f | = 𝜃  |   B  t | /  ( 𝛾   𝜎  𝜈 2 )


    V  t ≥ 𝜃  |   B  t | /  ( 𝛾   𝜎  𝜈 2 )


    V  t = 𝜃  |   B  t | /  ( 𝛾   𝜎  𝜈 2 )


  ▫


  M ≪ N


  M  ( 2     𝜆 ^  t − 1 ) =  ( 1 − 𝜁 )   ∑  k ≥ 1 ​    𝜁  k − 1  ( 2   M  t − k + − M )


  M  ( 2     𝜆 ^  t − 1 ) =  ( 1 − 𝜁 )   ∑  k ≥ 1 ​    𝜁  k − 1  ( 2   M  t − k + − M )


  2   M  t − k + − M = 𝛥   P  t − k


  𝛥   P  t − 1 = 0


    X  t  m = 𝛥   P  t − 1 /  ( 𝛾 M ) + O  ( 𝛥   P  t − 1 3 )


  ▫


  M


  t = 0 , 1 , 2 , …


    M  t + ∼ N  ( M 𝜆 , M 𝜆  ( 1 − 𝜆 ) )


  𝜆


  M  ( 2 𝜆 − 1 )


  4 M 𝜆  ( 1 − 𝜆 )


    X  t =  1  𝛾 h  (   𝜆  t ) ,     h  ( 𝜆 ) =   2 𝜆 − 1  4 𝜆  ( 1 − 𝜆 )


  h


  𝜆 = 1 / 2


  h ′  ( 1 / 2 ) = 2


  M


  M


    F  t


    𝜆 0 = 1 / 2


  𝛥   P  t − 1


   ( M + 𝛥   P  t − 1 ) / 2


  M


  1 / 2


  𝜅 ∈ [ 0 , 1 )


    𝜆  t  c =   𝜆  t − 1  c −   𝛥   P  t − 1  2 N + 𝜅  (  1 2 −   𝜆  t − 1  c )


  N


  M


    𝜆  t  m =     M  t − 1 +  M =  1 2 +   𝛥   P  t − 1  2 M


    F  t =   F  t − 1 +   𝜈  t ,       𝜈  t ∼ N  ( 0 ,   𝜎  𝜈 2 )


  M


  N


    X  t  m =  1  𝛾   M 𝛥   P  t − 1    M 2 − 𝛥   P  t − 1 2


   | 𝛥   P  t − 1 | < M


    𝜆  t  m


    X  t  L


  𝜃   X  t  f +  ( 1 − 𝜃 )  [ 𝜏   X  t  m +  ( 1 − 𝜏 )   X  t  c ] +   X  t  L = 0


    𝜆  t  m ,   𝜆  t  c ∈  ( 0 , 1 )


    X  t  L


    P  t =   F  t +     𝜎  𝜈 2  𝜃  {  ( 1 − 𝜃 )  [ 𝜏 h  (   𝜆  t  m ) +  ( 1 − 𝜏 ) h  (   𝜆  t  c ) ] + 𝛾   X  t  L }


    X  t


    P  t


    F  t


  𝜃


    𝜎  𝜈 2


    B  t =   P  t −   F  t


   |   B  t |


    B  t


    V  t =  1 2  [ 𝜃  |   X  t  f | +  ( 1 − 𝜃 ) 𝜏  |   X  t  m | +  ( 1 − 𝜃 )  ( 1 − 𝜏 )  |   X  t  c | +  |   X  t  L | ]


    F  t = F


  𝜅 > 0


    P  t


    𝜆  m =   𝜆  c = 1 / 2


    𝜆  m =   𝜆  c = 1 / 2


  P = F


  1 / 2


  P = F


  T


  T


  F


  F + 𝛥 F


  T


  𝛾


  1 / 2


    P  T = F + 𝛥 F


  T + 1


  𝛥 F


    B  T + 1 = a   𝛥 F  1 −    ( 𝛥 F / M ) 2 ,     a =     𝜎  𝜈 2  ( 1 − 𝜃 ) 𝜏  𝜃 M


  a


   ( 1 − 𝜃 ) 𝜏


  𝛾   𝜎  𝜈 2 / 𝜃


  1 /  ( 𝛾 M )


    B  T + 1


    𝜇  t


  1 / N


    B  t = a  (   B  t − 1 −   B  t − 2 ) ,     t ≥ T + 2


  0 < a < 4


  a < 1


   |   B  t |


   a


  2 𝜋 / arccos  (  a / 2 )


  2 𝜋 / arccos  (  a / 2 )


  a < 1


  a < 1

