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Complex systems can shift abruptly when they approach tipping points, but the11

earliest warning signs may emerge only in small parts of the system. Here we show12

theoretically that Dynamical Network Biomarkers (DNBs) can form through local13

nucleation: when the critical mode is heterogeneous, a subset of variables becomes14

strongly correlated first and then expands into the full DNB region. To detect this15

hidden precursor without searching over all possible subsets, we map correlation16

networks to clique complexes and analyze higher-order Hodge-Laplacian spectra.17

In addition, gene-expression data from TSOD and TSNO mice, such a fingerprint18

appears in TSOD mice before the conventional DNB signal peaks. These findings19

reveal a local stage of DNB formation that may provide earlier warning of critical20

transitions.21

I. INTRODUCTION22

Complex dynamical systems can undergo abrupt state transitions as they approach tip-23

ping points, and early detection of such transitions is important in a wide range of phe-24

nomena, including disease onset [1–9]. Dynamical Network Biomarker (DNB) theory[1–9],25

or Dynamical Network Marker (DNM) theory[5, 8, 10–14] provides a framework for de-26

∗ satoshi.kanno06@g.softbank.co.jp



2

tecting pre-critical states without reconstructing detailed dynamical models by exploiting27

characteristic changes that arise near a critical transition: increased fluctuations and in-28

ternal correlations within a specific group of variables, together with a relative decrease in29

correlations with variables outside the group [1–9].30

However, more localized structural changes may arise before the conventional DNB signal31

becomes pronounced. When a single critical mode is dominant and its components are32

heterogeneous, variables with large contributions to the critical mode can become strongly33

correlated first, forming a small local structure that subsequently grows into a broader DNB34

region. We refer to such an early strongly correlated structure as a local nucleus, and view35

DNB formation as a process that develops from local nucleation toward a global structure.36

Because a local nucleus may remain embedded in a large background network, detecting37

it using conventional graph statistics or by searching over unknown subsets is difficult. To38

address this problem, we lift the correlation network to a clique complex and use the spectra39

of higher-order Hodge Laplacians to detect localized higher-order structures [15–20]. In a40

clique complex, higher-dimensional simplices are formed only when multiple edges coexist41

coherently, allowing internally coherent structures to be emphasized while suppressing acci-42

dental background connections. Moreover, coherent local structures generate characteristic43

high-multiplicity features in the Hodge spectrum, providing a potential means of detecting44

a local nucleus without specifying its location in advance.45

In this study, we first show theoretically that heterogeneity of the critical mode can lead46

to the earlier formation of a local nucleus, and then develop a framework for detecting such47

structures through higher-order Hodge spectra. We further demonstrate the local-to-global48

formation process using an analytically tractable stochastic dynamical model and apply the49

framework to longitudinal gene-expression data from TSOD and TSNO mice [21–23]. In50

TSOD mice, higher-order spectral structures consistent with a local nucleus were observed51

before the time point at which the conventional DNB indicator became most pronounced.52

These results suggest that higher-order spectral analysis can complement conventional DNB53

analysis by capturing an earlier local stage of DNB formation.54
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II. RESULTS55

A. Dynamical Network Biomarkers and the Critical Mode56

Consider a nonlinear dynamical system described by57

dx

dt
= f(x, µ), x(t) = (x1(t), . . . , xn(t))

⊤,58

where µ is a bifurcation parameter. Let x∗(µ) be a stable equilibrium and define the fluctu-59

ation around it as η(t) = x(t)− x∗(µ). Linearization around the equilibrium gives60

dη

dt
= J(µ)η, J(µ) =

∂f

∂x

∣∣∣∣
x=x∗(µ)

.61

At a stable equilibrium, all eigenvalues of J(µ) have negative real parts. As µ changes, a62

critical transition can occur when the real part of a dominant eigenvalue, denoted by λ1(µ),63

approaches zero from a negative value. In this regime, the restoring force along the cor-64

responding eigendirection becomes weak, and fluctuations along this direction are strongly65

amplified. We refer to this dominant eigendirection as the critical mode. Detecting the66

approach to such a loss of stability is important because it provides a means of anticipating67

a large change in the state of the system through bifucation. In many applications, how-68

ever, the detailed form of f , the bifurcation parameter µ, and the Jacobian matrix J(µ)69

are not directly available. Dynamical Network Biomarker (DNB) theory[1–9] is designed to70

detect the approach to the critical transition without requiring explicit knowledge of these71

quantities.72

To describe fluctuations near the stable equilibrium, we introduce the stochastic linearized73

system74

dηt = J(µ)ηt dt+ Σ dWt,75

where Wt is a Wiener process. Suppose that only one eigenvalue λ1(µ) of J(µ) becomes76

soft, with λ1(µ) → 0−, while all other modes remain uniformly stable. Then the covariance77

matrix can be written near the tipping point as78

C(µ) = E[ηtη
⊤

t ] = α(µ)vv⊤ +R(µ),79

where v is the critical mode, R(µ) is a bounded contribution from noncritical modes, and80

α(µ) → ∞ as λ1(µ) → 0−, so that the contribution associated with the critical eigenvalue81
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becomes dominant as λ1 → 0−. The general single-critical-mode decomposition and its82

derivation are given in Supplementary S1.83

Let84

S = {i : vi ̸= 0}, |S| = m,85

be the support of the critical mode. For i, j ∈ S, the Pearson correlation coefficient is86

ρij(α) =
αvivj +Rij√

(αv2i +Rii)(αv2j +Rjj)
.87

Since the rank-one critical contribution dominates as α → ∞, one obtains |ρij| → 1 for88

i, j ∈ S. In contrast, for i ∈ S and j /∈ S, the critical contribution is absent from the j89

component, and under the same boundedness assumptions one obtains |ρij| → 0. These90

limits provide the dynamical basis for the conventional DNB conditions,91

SDin ↑, PCCin ↑, PCCout ↓ .92

A conventional DNB index may therefore be defined, for example, as93

IDNB(S) = SDin(S)
PCCin(S)

PCCout(S) + ε
,94

and an increase in this quantity is interpreted as a pre-critical signal. A simpler index95

IDNB(S) = SDin(S)PCCin(S) is also widely used [1]96

To obtain a graphical interpretation, we construct an unweighted Pearson correlation97

graph98

Gτ = (V,Eτ ), (i, j) ∈ Eτ ⇐⇒ |ρij| ≥ τ,99

for a fixed threshold value 0 < τ < 1. Since |ρij| → 1 for all i, j ∈ S, sufficiently close to the100

tipping point the induced subgraph on the DNB region satisfies101

Gτ [S] = Km.102

In the ideal limit, correlations between S and the remaining variables also become sufficiently103

weak that the DNB region can appear as an isolated complete component. In realistic104

observations, however, finite sampling, measurement noise, and a finite distance from the105

tipping point generally prevent such perfect separation. It is therefore more natural to regard106

an emerging DNB region as a strongly coherent local structure that may remain embedded107

in the background network. We refer to such an internally coherent but not necessarily108



5

graph-isolated structure as a local nucleus. This viewpoint motivates a description of DNB109

formation as a process in which a coherent local structure develops within the background110

network and subsequently grows into the full DNB region.111

B. Heterogeneous Critical Modes and Early Local Nucleation112

The limiting result |ρij| → 1 for i, j ∈ S does not imply that all variables correlate at the113

same rate. Let the critical mode be nonuniform and order its components as114

|v1| ≥ |v2| ≥ · · · ≥ |vm| > 0.115

Such nonuniformity can arise naturally in structurally heterogeneous systems, for example116

when state variables differ in their local dynamics, coupling strengths, or network positions[8,117

24–27]. In networked dynamical systems, dominant modes can exhibit strongly nonuniform118

participation or become localized on particular nodes, mesoscale motifs, or network cores.119

The correlation formula120

ρij(α) =
αvivj +Rij√

(αv2i +Rii)(αv2j +Rjj)
121

shows that pairs with larger |vi| and |vj| can become dominated by the critical rank-one122

contribution at smaller values of α. Consider a subset Q ⊊ S, with |Q| = q, consisting of123

variables with relatively large critical-mode loadings. If the correlations within Q approach124

unity faster than the correlations between Q and S \Q, then there exists a sufficiently high125

threshold value τH < 1 and a finite range of the critical amplification parameter for which126

|ρij| ≥ τH (i, j ∈ Q),127

while128

|ρij| < τH (i ∈ Q, j ∈ S \Q).129

Consequently,130

GτH [Q] = Kq, GτH [S] ̸= Km.131

Thus, a small complete or nearly complete nucleus can emerge before the entire DNB re-132

gion becomes globally correlated (fig 1). A more explicit sufficient condition based on the133

asymptotic convergence rates of the correlations is derived in Supplementary S2.134
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FIG. 1. Conceptual illustration of local-to-global DNB formation. A local nucleus first emerges

among nodes with high critical-mode loadings and subsequently grows into the DNB region.

This observation suggests a local-to-global growth picture. Define nested subsets Qq =135

{1, . . . , q}. As the critical amplification increases, a small high-loading subset can first136

become coherent, after which variables with smaller critical-mode loadings are progressively137

incorporated. In an ideal thresholded graph, this process is represented by an increasing138

sequence of complete subgraphs,139

Kq1 ⊂ Kq2 ⊂ · · · ⊂ Km.140

In finite and noisy observations, the more appropriate interpretation is the progressive141

growth of an almost-complete coherent nucleus into a larger coherent region and eventu-142

ally into the global DNB structure. The central point is that, under sufficient critical-mode143

heterogeneity, the formation time Tnuc of a local nucleus can precede the time TDNB at which144

the global DNB structure becomes sufficiently developed to be detected by conventional145

DNB observables,146

Tnuc < TDNB.147

Since conventional DNB quantities average fluctuations and correlations over a larger region,148

the contribution of a small correlated subset can be diluted when q ≪ m. Detecting the local149

nucleus itself could therefore provide access to an earlier stage of critical-mode amplification.150

This local-nucleation stage is not necessarily universal. If the critical mode is approx-151

imately homogeneous, many variables correlate at comparable rates and the distinction152

between local and global correlation becomes weak or disappears. The claim made here153

is therefore conditional: sufficiently heterogeneous critical-mode participation can create a154
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finite parameter regime in which a small coherent nucleus is already present while the full155

DNB region has not yet formed. The next subsection provides an exactly solvable example156

in which this separation can be calculated explicitly.157

C. An Exactly Solvable Model of Local-to-Global DNB Formation158

To provide an explicit nonlinear dynamical origin for the linear model considered below,159

we first introduce a bistable system undergoing a saddle-node bifurcation. Let u ∈ Rm
160

satisfy ∥u∥ = 1, and define161

P = uu⊤, z = u⊤x.162

The vector u represents the critical direction. We consider the nonlinear deterministic system163

ẋ = −(I − P )x+

(
1

2
z − z3 − hβ

)
u,164

where165

hβ =
β

3

√
3− 2β

6
, 0 ≤ β ≤ 1.166

This system can be written as a gradient flow,167

ẋ = −∇Vβ(x),168

with potential169

Vβ(x) =
1

2
∥(I − P )x∥2 + Φβ(z),170

where171

Φβ(z) =
1

4
z4 − 1

4
z2 + hβz.172

Thus, all directions orthogonal to u remain uniformly stable, whereas the dynamics along u173

is governed by a tilted double-well potential.174

At β = 0, one has hβ = 0, and Φβ is a symmetric double-well potential with two stable175

equilibria separated by one unstable equilibrium. As β increases, the potential becomes pro-176

gressively tilted, and the stable equilibrium on the positive-u side approaches the neighboring177

unstable equilibrium.178

The stable equilibrium that disappears at the transition is179

x∗

β = aβu, aβ =

√
3− 2β

6
.180
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Indeed,181

1

2
aβ − a3β − hβ = 0.182

As β → 1−,183

aβ −→ 1√
6
,184

and the stable equilibrium coalesces with the adjacent unstable equilibrium. At β = 1, the185

two equilibria therefore undergo a saddle-node bifurcation, and one of the two stable states186

disappears.187

This saddle-node scenario provides a canonical nonlinear realization of the single-critical-188

mode setting underlying DNB theory. In particular, the eigenvalue associated with the u189

direction at x∗

β is190

λc =
1

2
− 3a2β = −(1− β),191

and hence192

λc → 0− as β → 1−.193

In contrast, all eigenvalues in directions orthogonal to u remain equal to −1. Thus, only a194

single mode becomes progressively softer as the critical transition is approached, while all195

noncritical modes remain uniformly stable.196

We now linearize the nonlinear dynamics around the disappearing stable equilibrium.197

Writing198

x = x∗

β + η,199

we obtain, to first order,200

η̇ = J(β)η,201

where202

J(β) = −(I − P ) +

(
1

2
− 3a2β

)
P = −I + βuu⊤.203

Therefore, the linearized dynamics has the critical eigenvalue204

λc = −(1− β)205

along u, whereas every direction orthogonal to u has eigenvalue −1.206

To describe fluctuations around this stable equilibrium, we introduce isotropic stochastic207

forcing and consider the m-dimensional Ornstein–Uhlenbeck process208

dXt = J(β)Xt dt+ σ dWt, J(β) = −I + βuu⊤,209
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where 0 < β < 1 and ∥u∥ = 1. Here, Xt denotes the fluctuation around the stable equi-210

librium. The vector u represents the critical mode, while β controls the proximity to the211

tipping point. Along u, the eigenvalue is212

λc = −(1− β),213

whereas every direction orthogonal to u has eigenvalue −1. Hence,214

λc → 0− as β → 1−,215

while all noncritical modes remain stable.216

The stationary covariance is [28]217

C =
σ2

2

(
I +

β

1− β
uu⊤

)
.218

Introducing219

g =
β

1− β
220

gives221

C =
σ2

2

(
I + guu⊤

)
,222

so that g directly measures the amplification of the critical mode.223

To introduce a controlled heterogeneity, let S = {1, . . . ,m} and choose a high-loading224

core Q ⊂ S with |Q| = q < m. We define225

ui =





r√
qr2 +m− q

, i ∈ Q,

1√
qr2 +m− q

, i ∈ S \Q,

r ≥ 1,226

where r is the heterogeneity parameter. The homogeneous case corresponds to r = 1, while227

r > 1 gives larger critical-mode loadings to the variables in Q. It is convenient to define the228

rescaled amplification parameter229

t = g
r2

qr2 +m− q
.230

The three possible pairwise correlations are then231





ρHH(t) =
t

1+t
,

ρHL(t) =
t√

(1+t)(r2+t)
,

ρLL(t) =
t

r2+t

232
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where HH, HL, and LL denote high–high, high–low, and low–low pairs, respectively. For233

every fixed r > 1 and t > 0,234

ρHH(t) > ρHL(t) > ρLL(t).235

Thus, the high-loading core correlate first, followed by the correlations between the core and236

the remaining variables, while the low-loading variables correlate last.237

For a fixed threshold value 0 < τ < 1, the high–high pairs cross the threshold value at238

tH(τ) =
τ

1− τ
,239

whereas the low–low pairs cross at240

tL(τ, r) = r2
τ

1− τ
.241

The high–low threshold-crossing scale tX is defined by ρHL(tX) = τ . For r > 1, the three242

scales satisfy243

tH < tX < tL.244

The exact expression for tX and the derivation of this ordering are given in Supplementary S3.245

The thresholded correlation graph therefore passes through distinct structural regimes.246

For t < tH , no pair exceeds the threshold value. For tH ≤ t < tX , only high–high pairs247

exceed the threshold value and248

Gτ [S] = Kq ⊔ (m− q)K1.249

A small local nucleus Kq is therefore present while the remaining variables are still outside250

the coherent structure. For tX ≤ t < tL, high–low correlations also exceed the threshold251

value, and the correlated region expands beyond the original core. Finally, for t ≥ tL, all252

pairwise correlations exceed the threshold value and253

Gτ [S] = Km.254

The model therefore exhibits an explicit local-to-global formation process in which a small255

coherent nucleus appears before the complete DNB region.256

The separation between local and global formation is controlled directly by the hetero-257

geneity parameter. Since258

tL
tH

= r2,259
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FIG. 2. Conceptual illustration of higher-order detection of a local DNB nucleus.

a larger r produces a wider interval between the formation of the small nucleus and the260

completion of the global DNB structure. In contrast, for r = 1 one has ρHH = ρHL = ρLL261

and hence tH = tX = tL; namely, the intermediate local-nucleation regime disappears.262

This exactly solvable model therefore confirms that local nucleation is not an automatic263

consequence of DNB formation itself, but can arise from heterogeneity of the critical mode.264

It also shows why detecting the small nucleus before the system reaches tL could provide265

information about the approaching critical transition at an earlier stage. The next section266

addresses the remaining problem: how to detect such a small nucleus when its location and267

size are not known in advance and when it remains embedded in a much larger background268

network.269

D. Higher-Order Spectral Detection of a Local Nucleus270

The local nucleus described in the previous section need not be completely separated271

from the background network, making it difficult to detect using ordinary graph structure272

alone. In contrast, many mutually consistent edges are concentrated within the local nucleus,273

leading to the formation of higher-order cliques, whereas such higher-order structures are274

less likely to arise in sparse background regions (fig 2). We therefore lift the correlation275

graph to a clique complex and use the spectra of higher-order Hodge Laplacians to detect276

the local nucleus. A quantitative analysis showing that clique-complex lifting suppresses277
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incoherent background connections is provided in Supplementary S4.278

Ideally, if a local nucleus consisting of q vertices forms a full simplex ∆q−1 and is separated279

from the background at the higher-order level, the pth Hodge Laplacian satisfies280

Lp(∆
q−1) = qI( q

p+1)
.281

Its spectrum therefore contains the eigenvalue282

λ = q283

with multiplicity284 (
q

p+ 1

)
.285

Thus, a coherent local structure appears in the spectrum through its characteristic scale q286

together with a high eigenvalue multiplicity.287

In practice, a local nucleus need not form a complete simplex. We therefore consider a lo-288

cal structure consisting of a coherent q-vertex simplex core ∆q−1 together with an incomplete289

surrounding structure L. Let290

aj(η) = #
{
µ ∈ Spec L̃j(L) : 0 ≤ µ ≤ η

}
291

denote the number of low-lying eigenvalues of the reduced jth Hodge Laplacian of L. The292

theoretical multiplicity of eigenvalues generated near λ ≃ q in the pth Hodge spectrum is293

then294

Mp,q(η) =

p∑

j=−1

aj(η)

(
q

p− j

)
.295

We refer to this cross-order binomial multiplicity pattern as a binomial spectral fingerprint.296

The full simplex is recovered as a special case, for which297

Mp,q =

(
q

p+ 1

)
.298

If, for example, a−1 = 0, a0 = 1, a1 = 0, a2 = 0, · · · , then299

Mp,q =

(
q

p

)
.300

These values provide the theoretical spectral fingerprint used in the empirical analysis below.301

When coupling to the background or perturbations of the internal structure are present,302

the exact eigenvalue degeneracy is generally lifted. However, if these perturbations are303
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sufficiently small, the corresponding eigenvalues remain concentrated as a high-multiplicity304

cluster near λ ≃ q. Thus, the cross-order multiplicity pattern in the higher-order Hodge305

spectra can be used to detect not only an ideal complete local nucleus but also an imperfect306

one. Detailed derivations and perturbation analyses are provided in Supplementary S4.307

E. Empirical Detection of Local Nucleation in TSOD Mice308

We next applied the higher-order spectral framework introduced in the preceding section309

to longitudinal gene-expression data from TSOD mice and examined whether a smaller310

local higher-order structure could be detected before the conventional DNB signal became311

pronounced. We used the previously identified 147-gene DNB region [21] as a fixed analysis312

domain. The purpose of the present analysis was not to identify a new DNB gene set, but313

to determine whether a local coherent structure had already formed within a region known314

to subsequently exhibit a pronounced DNB signal.315

We first examined the temporal behavior of the conventional DNB indicator in this 147-316

gene region. The DNB score in the TSOD group was 0.337 at week 3 and 0.439 at week 4,317

but increased sharply to 2.218 at week 5 and subsequently decreased again at weeks 6 and318

7. At week 5, the within-region fluctuations and correlations also increased, consistent with319

the conventional DNB conditions (fig 3). We therefore regarded week 5 as the time point at320

which the conventional DNB signal of the 147-gene region became most pronounced in this321

dataset.322

We then examined whether a smaller coherent structure was already present at week 4,323

one week before the DNB peak, using the higher-order Hodge spectra. Both the second- and324

third-order Hodge Laplacians exhibited a pronounced concentration of eigenvalues around325

the common characteristic scale326

λ ≃ 14.327

In the second-order Hodge spectrum, the near-14 cluster contained328

N2,14(0.5) = 91329

eigenvalues, whereas the corresponding cluster in the third-order Hodge spectrum contained330

N3,14(0.5) = 364331
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FIG. 3. Conventional DNB score from week 3 to week 7 in TSOD and TSNO mice. The DNB score

was evaluated using the fixed 147-gene DNB region previously identified by Koizumi et al. [21]. A

pronounced peak is observed at week 5 in the TSOD group, whereas the score remains substantially

lower at week 4.

eigenvalues. In both cases, the cluster was followed by a clear spectral separation from the332

subsequent eigenvalues (fig 4).333

These multiplicities coincide with the binomial spectral fingerprint derived in the preced-334

ing section for a local structure consisting of a coherent core with q = 14 and a−1 = 0, a0 =335

1, a1 = 0, a2 = 0, · · · ,336

M2,14 =

(
14

2

)
= 91, M3,14 =

(
14

3

)
= 364.337

Thus, at two independent Hodge orders, not only did the spectral locations indicate the338

same characteristic scale q = 14, but the corresponding multiplicities simultaneously agreed339

with the theoretically predicted cross-order binomial pattern.340

These results indicate that a higher-order coherent structure substantially smaller than341

the full 147-gene DNB region was already present at week 4, before the conventional DNB342

signal reached its maximum at week 5. However, the spectral information alone does not343

uniquely identify a specific set of 14 genes, nor does it imply that the local structure is344

an exact 14-vertex clique. We therefore interpret the observed structure as a spectral local-345

nucleus candidate with characteristic scale q = 14.346
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FIG. 4. Smoothed spectral multiplicity distributions of the second- and third-order Hodge Lapla-

cians for TSOD mice at week 4. The dashed vertical line indicates the characteristic spectral scale

λ = 14, and the shaded region denotes the interval |λ − 14| ≤ 0.5 used to evaluate the near-14

multiplicity. For L2, the interval contains N2,14(0.5) = 91 eigenvalues, matching the theoretical

binomial prediction M2,14 =
(
14
2

)
= 91. For L3, the corresponding multiplicity is N3,14(0.5) = 364,

matching M3,14 =
(
14
3

)
= 364. Thus, both Hodge orders exhibit a spectral concentration around

the same characteristic scale q = 14 with multiplicities consistent with the predicted cross-order

binomial spectral fingerprint.

Taken together, these results show that, within the previously established DNB region, a347

more localized higher-order structure can be detected as a binomial fingerprint in the Hodge348

spectrum before the conventional DNB signal becomes pronounced. This observation is349

consistent with the local-nucleation scenario proposed in this study, in which heterogeneity350

of the critical mode leads to the prior formation of a local nucleus that subsequently develops351

into a larger DNB structure. Temporal comparisons across all time points in the TSOD and352
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TSNO groups are provided in the next subsection.353

It should be noted that the present analysis is a proof-of-principle study in which the354

previously identified 147-gene DNB region was used as a fixed analysis domain to examine355

whether an unknown local nucleus existed within it, rather than an attempt to identify356

the DNB region itself at an earlier stage from the whole transcriptome. In addition, the357

characteristic scale q = 14 obtained from the spectrum does not uniquely identify a specific358

set of 14 genes. The present result should therefore be interpreted as showing that, within359

a previously established DNB region, a smaller higher-order coherent structure can form360

before the conventional DNB signal becomes most pronounced. In this sense, the binomial361

spectral fingerprint observed at week 4 provides empirical support for the local-nucleation362

scenario proposed in this study.363

F. Temporal Specificity of the q ≃ 14 Local-Nucleus Spectral Fingerprint364

To examine whether the binomial spectral fingerprint observed at TSOD week 4 represents365

a temporally distinctive structure, we fixed the correlation threshold at τ = 0.995, the366

characteristic scale at q = 14, and the spectral window at δ = 0.5, and applied exactly the367

same analysis to all time points from week 3 to week 7 in both TSOD and TSNO mice368

(fig 5). For each condition, we calculated the near-14 multiplicities of the second- and third-369

order Hodge Laplacians, N2,14 and N3,14, and compared them with the theoretical values370

M2,14 = 91 and M3,14 = 364. We further defined371

R2 =
N2,14

91
, R3 =

N3,14

364
,372

to evaluate the consistency with the theoretical fingerprint across the two Hodge orders373

(fig 6).374

At TSOD week 3, (R2, R3) ≃ (0.68, 0.24), whereas at week 4,375

N2,14 = 91, N3,14 = 364,376

giving (R2, R3) = (1, 1) and therefore exact agreement with the theoretical binomial fin-377

gerprint at both Hodge orders. At week 5, N2,14 = 90 and N3,14 = 355, corresponding to378

(R2, R3) ≃ (0.989, 0.975), indicating that the same cross-order structure was largely pre-379

served. In contrast, the corresponding near-14 multiplicities were no longer observed at380

weeks 6 and 7.381
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FIG. 5. Temporal comparison of the fixed-q spectral fingerprint in TSOD and TSNO mice

from week 3 to week 7. The upper and lower panels show the normalized near-14 multiplici-

ties N2,14/M2,14 and N3,14/M3,14, respectively, at the fixed correlation threshold τ = 0.995. The

dashed horizontal line indicates the theoretical binomial prediction. TSOD week 4 exactly matches

the theoretical multiplicity at both Hodge orders, whereas TSOD week 5 remains close to the pre-

diction.

In the TSNO group, no time point from week 3 to week 7 simultaneously satisfied382

(R2, R3) = (1, 1) at both Hodge orders. Thus, under the fixed analysis conditions, TSOD383

week 4 was the only condition showing exact agreement with the theoretical 91/364 binomial384

fingerprint at both Hodge orders, while the same structure remained close to the theoreti-385

cal prediction at week 5 during the DNB peak. This temporal ordering is consistent with386



18

FIG. 6. Cross-order consistency of the q = 14 binomial spectral fingerprint across TSOD and TSNO

mice. Each point represents one strain–week condition in the plane defined by R2 = N2,14/M2,14

and R3 = N3,14/M3,14. The point (1, 1) represents simultaneous agreement with the theoretical

multiplicities at both Hodge orders. TSOD week 4 lies exactly at (1, 1), whereas TSOD week 5

remains close to this point. TSNO conditions deviate from the theoretical point in at least one

Hodge order.

the local-to-global scenario in which a local nucleus forms before the larger DNB structure387

becomes most pronounced.388

III. SUMMARY AND DISCUSSION389

In this study, we reformulated the formation of Dynamical Network Biomarkers (DNBs)390

not only in terms of conventional statistical indicators but also as the emergence of local391

geometric structures in correlation networks, and proposed a framework for detecting this392

process using clique complexes and higher-order Hodge Laplacians. In particular, we focused393

on the possibility that, before the entire DNB region becomes strongly correlated, a subset394
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of variables first forms a highly coherent local nucleus and subsequently grows into a larger395

DNB structure.396

Our theoretical analysis showed that, in a regime dominated by a single critical mode,397

heterogeneity in the critical-mode loadings can produce differences in the rates at which398

correlations increase, allowing variables with large loadings to form a local nucleus before399

the entire DNB region becomes coherent. This local-to-global formation process was fur-400

ther demonstrated explicitly using an analytically tractable model. Because a local nucleus401

may remain embedded in the background network, it can be difficult to detect from ordi-402

nary graph structure alone, whereas clique-complex lifting emphasizes mutually consistent403

higher-order structures. An ideal local simplex of q vertices produces a high-multiplicity404

Hodge eigenvalue at λ = q, and even in the presence of background coupling or internal im-405

perfections, this signature can persist as a near-q spectral cluster or a cross-order binomial406

spectral fingerprint.407

In the gene-expression data from TSOD mice, the conventional DNB signal of the pre-408

viously identified 147-gene region became pronounced at week 5, whereas a higher-order409

spectral structure with characteristic scale q = 14 was already observed at week 4. The mul-410

tiplicities observed in the second- and third-order Hodge spectra were consistent with the411

theoretically predicted binomial spectral fingerprint, supporting the possibility that a smaller412

local coherent structure forms before the conventional DNB peak. Higher-order Hodge anal-413

ysis should therefore be viewed not as a replacement for conventional DNB analysis, but as414

an additional observable for capturing an earlier local stage of the DNB formation process.415

Future work should test the generality of local nucleation and higher-order spectral signa-416

tures across different diseases, biological species, and datasets involving critical transitions417

outside biological systems. In addition, because the number of higher-order simplices in a418

clique complex grows combinatorially, application to larger datasets will require computa-419

tional improvements such as sparse matrix representations, local simplex enumeration, and420

iterative eigensolvers. Spectral analysis of large-scale Hodge Laplacians may also become a421

potential application of quantum approaches [29–38] to linear algebra and spectral estima-422

tion, although substantial challenges remain, including efficient encoding, state preparation,423

and extraction of the required spectral information.424

In summary, this study provides a framework in which DNB formation is viewed not only425

as the emergence of a completed global structure but also as a geometric process involving an426
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earlier stage of local nucleation. The theoretical analysis and TSOD results suggest that a427

small coherent structure can form before the conventional DNB signal and that information428

about this structure can be reflected in higher-order Hodge spectra. Further validation429

using independent datasets and the development of computational methods for large-scale430

higher-order Laplacians may allow this framework to evolve into a more general approach431

for detecting earlier structural changes associated with critical transitions.432

IV. METHODS433

A. Dataset and Analysis Domain434

We used the longitudinal gene-expression dataset GSE112653 reported by Koizumi et al.435

The analysis included TSOD and TSNO mice from week 3 to week 7. In the TSOD group,436

the numbers of samples were five at weeks 3, 4, 5, and 7, and four at week 6. In the TSNO437

group, five samples were available at each time point from week 3 to week 7.438

The purpose of the present study was not to identify a new DNB gene set from the whole439

transcriptome, but to examine whether a smaller local coherent structure forms within a440

previously identified DNB region before the conventional DNB signal becomes pronounced.441

We therefore used the previously identified 147-gene DNB region as a fixed analysis domain.442

The 147 genes were not re-selected separately for individual strains or time points and were443

used consistently throughout all analyses.444

For the higher-order spectral analysis, expression matrices organized by strain and time445

point were used as input. No additional normalization or transformation was applied to the446

input expression matrices in the present analysis.447

B. Conventional DNB Analysis448

The conventional DNB signal was evaluated for the fixed 147-gene region from week 3 to449

week 7. We used SDin to represent fluctuations within the DNB region, PCCin to represent450

the absolute Pearson correlation within the region, and PCCout to represent the absolute451

Pearson correlation between the DNB region and variables outside the region. The DNB452

score was evaluated as453
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IDNB = SDin
PCCin

PCCout + ε
,454

where ε is a small positive constant introduced to avoid division by zero. The same 147-gene455

set was used at all time points, and the time point at which the DNB score was largest in456

the TSOD group was used as the time at which the conventional DNB signal was most457

pronounced for comparison with the higher-order spectral analysis.458

C. Construction of Correlation Networks and Clique Complexes459

For each strain and time point, Pearson correlation coefficients were calculated between460

the 147 genes. Let |ρij| denote the absolute Pearson correlation coefficient between genes i461

and j. An undirected edge was placed between two genes when462

|ρij| ≥ τ.463

The main analysis used the correlation threshold464

τ = 0.995.465

Self-loops were excluded. When a Pearson correlation coefficient was numerically undefined,466

its value was treated as zero.467

A clique complex was constructed from the resulting binary correlation graph. A set of468

p+1 mutually connected vertices was treated as a p-simplex. To construct the second- and469

third-order Hodge Laplacians, triangles, tetrahedra, and five-vertex cliques were enumerated.470

An orientation was assigned to each simplex by fixing the vertex ordering, and the bound-471

ary matrices472

B2, B3, B4473

were constructed. The second- and third-order Hodge Laplacians were defined as474

L2 = B⊤

2 B2 +B3B
⊤

3 ,475

and476

L3 = B⊤

3 B3 +B4B
⊤

4 ,477

respectively. The consistency of the implementation was verified by confirming478

B2B3 = 0, B3B4 = 0.479

The boundary matrices and Hodge Laplacians were stored as sparse matrices.480
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D. Computation of Hodge Spectra481

In the main analysis, the spectra of the second- and third-order Hodge Laplacians were482

analyzed for the TSOD week-4 correlation network. To compare the observed spectra with483

the theoretical binomial spectral fingerprint, eigenvalues near the characteristic scale484

q = 14485

were evaluated.486

For large Hodge Laplacians, up to 400 eigenvalues closest to λ = 14 were computed using487

a sparse eigensolver with the shift-invert method. The number 400 was chosen to exceed488

the largest theoretical multiplicity considered in the present analysis,489

M3,14 = 364,490

so that the theoretical eigenvalue cluster would not be truncated. For smaller matrices, all491

eigenvalues were computed directly.492

To avoid numerical instability caused by choosing a shift exactly equal to an eigenvalue,493

the shift-invert calculation primarily used494

σ = 14 + 10−6.495

The convergence tolerance was set to 10−10, with a maximum of 100000 iterations. If nu-496

merical factorization failed at the primary shift, a deterministic fallback shift497

σ = 14 + 10−4
498

was used.499

E. Near-q Multiplicity and the Binomial Spectral Fingerprint500

Let λ
(p)
j denote the eigenvalues of the pth Hodge Laplacian. We defined the number of501

eigenvalues near the characteristic scale q as502

Np,q(δ) = #
{
j : |λ(p)

j − q| ≤ δ
}
.503

In the main analysis, we used504
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q = 14, δ = 0.5,505

and evaluated506

N2,14(0.5), N3,14(0.5).507

Thus, for each Hodge order, we counted the eigenvalues satisfying508

13.5 ≤ λ ≤ 14.5.509

For the degree-zero attachment profile derived in the preceding theoretical section,510

a−1 = 0, a0 = 1, aj = 0 (j ̸= 0),511

the theoretical binomial spectral fingerprint is512

Mp,q =

(
q

p

)
.513

Accordingly, for q = 14,514

M2,14 =

(
14

2

)
= 91, M3,14 =

(
14

3

)
= 364.515

The observed values of N2,14(0.5) and N3,14(0.5) were compared with these theoretical mul-516

tiplicities to assess whether the same characteristic scale and the corresponding binomial517

multiplicities appeared simultaneously across different Hodge orders.518

F. Numerical Implementation519

All analyses were performed in Python. NumPy and pandas were used for numerical520

arrays and data processing, SciPy was used for sparse-matrix construction and eigenvalue521

computation, and Matplotlib was used for visualization. Eigenvalues of large Hodge Lapla-522

cians were computed using the ARPACK-based scipy.sparse.linalg.eigsh routine with523

the shift-invert method.524
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