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Abstract

Supervised–Residual Dimension Reduction (SRDR) is proposed for high-dimensional regression and
classification, where response-guided and variance-based predictor information may provide comple-
mentary predictive information. SRDR first constructs a response-guided block Krylov subspace and
then estimates principal directions from the predictor variation remaining after projecting out the
entire supervised subspace, rather than applying PCA to the original predictors. The resulting super-
vised and residual loading spaces are orthogonal, and cross-validation selects the Krylov order and
residual dimension, allowing supervised-only, residual-only, or mixed representations. An equivalent
formulation based on the n×n Gram matrix avoids forming a p×p covariance matrix. We establish
exact finite-sample orthogonality, an exact primal–dual equivalence, and deterministic perturbation
bounds for the resulting loading space. Simulation studies in regression and classification show that
the selected allocation between supervised and residual directions depends on the underlying signal
structure, with predictive gains when useful predictor variation remains outside the fitted supervised
space. Applications with up to 32,321 predictors demonstrate computational feasibility for dense and
sparse data and illustrate the selection of supervised-only and mixed representations.

1 Introduction

High-dimensional data are common in genomics,
neuroimaging, and other biomedical applications,
where the number of predictors p can far exceed
the sample size n (Vogelstein et al. 2021; Shen
et al. 2016). When p > n, the sample covari-
ance matrix is singular, and methods that require
its inverse need modification (Bickel and Lev-
ina 2004). Regularization methods, such as the
lasso and elastic net, address high-dimensional
estimation through coefficient shrinkage and vari-
able selection (Tibshirani 1996; Zou and Hastie
2005). Dimension reduction instead replaces the

original predictors with a smaller set of linear
combinations, which can be useful when predic-
tive information is distributed across correlated
variables.

Principal component analysis (PCA) pro-
vides one such reduction by selecting orthogonal
eigendirections that successively maximize pre-
dictor variance (Pearson 1901; Hotelling 1933).
Principal component regression uses a selected
number of these components for prediction (Massy
1965). Because their ordering is determined by the
predictor covariance alone, the leading principal
directions need not coincide with directions asso-
ciated with the response; components with small
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eigenvalues can also be important in regression
(Jolliffe 1982). Sparse PCA adapts this variance-
based construction by imposing sparsity on the
loading directions (Zou et al. 2006).

Sufficient dimension reduction (SDR) provides
a complementary response-oriented approach by
seeking a low-dimensional subspace that pre-
serves the conditional distribution of the re-
sponse given the predictors (Li 1991; Cook 2007).
Classical methods include sliced inverse regres-
sion (SIR) and sliced average variance estimation
(SAVE), while subsequent work has developed
high-dimensional, sparse, and prediction-oriented
extensions of SDR (Zhang and Mai 2019; Zeng
et al. 2024). Recent developments have also ex-
panded the methodological scope of SDR through
slicing-free approaches and other modern frame-
works (Li et al. 2024). The present work does not
seek to estimate a sufficient dimension-reduction
central subspace. Instead, we target a predictive
loading space in which response-guided direc-
tions can be complemented by residual predictor
variation.

Related response-guided dimension reduction
methods have been developed with a more di-
rect emphasis on prediction, among which partial
least squares (PLS) is particularly prominent.
PLS constructs response-guided components from
predictor–response association and is commonly
used with strongly correlated predictors (Wold
et al. 1984). For a univariate response, the con-
struction is closely related to a Krylov subspace
generated by the predictor covariance and the
predictor–response cross-covariance (Wold et al.
1984; Helland 1988). SIMPLS provides a formu-
lation for multivariate responses (de Jong 1993),
and high-dimensional PLS has been studied when
both n and p increase (Cook and Forzani 2019).
PLS is also connected to predictor envelopes, de-
fined in linear regression as the smallest reducing
subspace of the predictor covariance that contains
the regression coefficient space (Cook et al. 2013).
Envelope methods extend beyond linear regres-
sion (Cook and Zhang 2015), and their connec-
tions with principal component regression have led
to non-iterative procedures for high-dimensional
problems (Zhang et al. 2023).

A working supervised space initialized only
by linear predictor–response cross-covariance can
omit predictive directions. For example, classes

may have equal predictor means but different co-
variance matrices (Vogelstein et al. 2021). The
population cross-covariance between the predic-
tors and centered class contrasts is then zero,
as is the Krylov sequence generated from it, al-
though the covariance differences may still permit
discrimination. This example motivates retaining
predictor variation outside the cross-covariance-
based supervised space considered here.

Several methods combine predictor variation
with response information. Continuum regression
connects principal component regression, PLS,
and ordinary least squares (Stone and Brooks
1990); principal covariates regression accounts for
predictor variation and response fit (de Jong and
Kiers 1992); and linear optimal low-rank pro-
jection combines class-mean differences with di-
rections obtained from class-centered covariance
estimates (Vogelstein et al. 2021). These methods
provide different compromises between response
association and predictor covariance structure.
A separate issue arises when variance-based di-
rections are added to a fitted supervised space:
principal components of the original predictors
may overlap with directions already represented
by that space. Orthogonalizing those components
after estimation does not generally recover the
leading eigendirections of the covariance restricted
to the orthogonal complement. To retain the lead-
ing predictor variation remaining outside that
space, the additional directions are therefore de-
fined conditional on the entire fitted supervised
space.

Supervised–Residual Dimension Reduction
(SRDR) addresses this problem by first estimating
a response-guided block Krylov subspace and then
applying PCA after projecting the predictors onto
its orthogonal complement. The resulting estima-
tor is referred to as SRDR throughout. Categorical
responses are represented by centered class con-
trasts, whereas continuous responses can be used
directly or represented by specified response fea-
tures. LetXc denote the centered predictor matrix
and P̂sup(a) the orthogonal projector onto the
fitted supervised space. The residual predictor
matrix is

Xres(a) = Xc{Ip − P̂sup(a)},

and its retained leading right singular vectors as-
sociated with positive singular values define the

2



residual principal subspace. The resulting loading
space is

Ŝ(a, b) = Ŝsup(a)⊕ Ŝres(a, b),

where a is the Krylov order and b is the max-
imum number of residual principal directions.
Cross-validation selects (a, b) and thereby allows
supervised-only, residual-only, and mixed repre-
sentations. SRDR targets a predictive loading
space rather than a sufficient dimension-reduction
central subspace.

The analysis establishes exact finite-sample
orthogonality of the supervised and residual load-
ing spaces, an exact primal–dual equivalence for
the resulting projectors, and deterministic per-
turbation bounds for loading-space estimation at
fixed tuning parameters. The dual formulation
uses the n × n centered Gram matrix and avoids
forming or diagonalizing a p × p covariance ma-
trix. The perturbation analysis traces estimation
error in the predictor covariance and predictor–
response cross-covariance through the sequential
supervised–residual construction.

Simulation studies in regression and classifica-
tion examine how predictive behavior and the se-
lected supervised–residual allocation change with
the signal structure. Applications to dense and
sparse datasets with up to 32,321 predictors as-
sess held-out prediction, computational feasibility,
and the selection of supervised-only and mixed
representations.

2 Methods

2.1 Problem setup

Let X ∈ R
n×p contain n observations on p pre-

dictors, and let Y1, . . . , Yn be either categorical or
continuous responses. Write 1n for the n-vector of
ones and

Mn = In − n−11n1
⊤
n , Xc = MnX.

The response is represented by a feature map h :
Y → R

q. If H0 = [h(Y1), . . . , h(Yn)]
⊤, its centered

sample matrix is

H = MnH0 ∈ R
n×q.

Algorithm 1 SRDR embedding for fixed (a, b)
Require: Predictor matrix X, response-feature matrix H0,

Krylov order a, residual budget b, and relative tolerance τ

Ensure: Loading matrix Q̂(a, b), scores Z, and effective di-
mension reff

1: Center X and H0 to obtain Xc and H; remove dependent
response-feature columns and set q ← rank(H)

2: Set the requested nominal dimension r ← aq + b

3: Σ̂← X⊤

c Xc/n and Ĉ ← X⊤

c H/n
4: if a = 0 then

5: Set Q̂sup ← [ ]
6: else

7: Form K̂a ← [Ĉ, Σ̂Ĉ, . . . , Σ̂a−1Ĉ]

8: Retain its left singular vectors with sj > τs1 as Q̂sup;
then dsup(a) ≤ aq

9: end if

10: Xres ← Xc(Ip − Q̂supQ̂
⊤

sup)
11: if b = 0 then

12: Set Q̂res ← [ ]
13: else

14: Retain at most b leading right singular vectors of Xres

satisfying s2j (Xres)/n > τλ1(Σ̂) as Q̂res

15: end if

16: Re-orthogonalize Q̂res against Q̂sup for floating-point sta-
bility

17: Q̂(a, b)← [Q̂sup, Q̂res] and Z ← XcQ̂(a, b)

18: reff ← ncol{Q̂(a, b)} ≤ r

19: return Q̂(a, b), Z, and reff

Only the column space of H is relevant. Lin-
early dependent response features are therefore
removed, and the optional normalization H ←
H(H⊤H/n)−1/2 can be used on the retained
columns. This whitening changes the coordinates
of the response representation but not the esti-
mated predictor subspace.

For a K-class response, let GY ∈ R
n×K

be the class indicator matrix. A full-rank con-
trast representation has the form H = MnGY B,
where B ∈ R

K×(K−1) spans the contrast space.
This formulation includes baseline coding, effect
coding, and orthonormal contrasts. For a scalar
continuous response, the default choice is H =
Mn(Y1, . . . , Yn)

⊤, while a prespecified collection
of basis functions may be used when nonlinear
response features are scientifically motivated.

The objective is to estimate a low-dimensional
loading space Ŝ ⊆ R

p and scores Z = XcQ̂, where
Q̂ is an orthonormal basis of Ŝ. The space is con-
structed to retain response-associated variation
together with leading residual predictor variation.
It is a predictive loading space; no conditional-
independence claim of the form Y ⊥ X | Q̂⊤X is
imposed.
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2.2 Overview of the proposed

embedding

The estimator has two mutually orthogonal com-
ponents,

Ŝ(a, b) = Ŝsup(a)⊕ Ŝres(a, b).

The supervised component is a block Krylov space
generated by the sample predictor covariance and
the predictor–response cross-covariance. Its first
block contains the empirical mean-contrast direc-
tions for categorical responses or the predictor–
response covariance directions for continuous re-
sponses. Subsequent blocks propagate these ini-
tial directions through the predictor covariance,
providing partial least squares (PLS)-type exten-
sions. The initial directions and their covariance-
propagated extensions jointly span the supervised
component. The residual component consists of
leading principal directions after the entire super-
vised component has been removed.

The tuning parameter a ≥ 0 is the Krylov
order, and b ≥ 0 is the maximum number of
residual principal directions. With q retained re-
sponse features, the requested nominal dimension
is r(a, b) = aq + b. The convention a = 0 gives
an empty supervised space, whereas b = 0 omits
the residual block. Numerical ranks determine the
actual fitted dimension reff(a, b) ≤ r(a, b). Algo-
rithm 1 gives the primal construction; its exact
p≫ n dual implementation appears in Section 3.3.

2.3 Supervised block Krylov

subspace

Define the sample covariance and predictor–
response cross-covariance matrices by

Σ̂ =
1

n
X⊤c Xc ∈ R

p×p, Ĉ =
1

n
X⊤c H ∈ R

p×q.

For an integer a ≥ 1, the supervised block Krylov
matrix is

K̂a =
[
Ĉ, Σ̂Ĉ, . . . , Σ̂a−1Ĉ

]
∈ R

p×aq.

Its column space,

Ŝsup(a) = col(K̂a),

is the supervised loading space of order a. Let
dsup(a) = rankτ (K̂a) denote its numerical rank
under a fixed relative singular-value tolerance τ ,
and let Q̂sup(a) ∈ R

p×dsup(a) contain the retained
left singular vectors. The associated orthogonal
projector is

P̂sup(a) = Q̂sup(a)Q̂sup(a)
⊤.

For a = 0, both K̂0 and Q̂sup(0) are empty and

P̂sup(0) = 0.

The first block Ĉ contains the empirical
response-covariance directions. Under categori-
cal contrast coding, these directions span the
weighted class-mean contrasts; for a continuous
response, they are the usual predictor–response
covariance directions. The subsequent blocks ap-
ply powers of Σ̂ and therefore recover the sequence
of supervised directions used by covariance-based
latent-component methods. The single Krylov
space thus unifies first-order class contrast and
higher-order PLS information without introducing
two potentially overlapping supervised blocks.

2.4 Residual structural variance

subspace

Residual variation is defined after removing the
full supervised Krylov space:

Xres(a) = Xc{Ip − P̂sup(a)},

with residual covariance

Σ̂res(a) =
1

n
Xres(a)

⊤Xres(a)

= {Ip − P̂sup(a)}Σ̂{Ip − P̂sup(a)}.

Let Q̂res(a, b) contain the eigenvectors associated
with the largest, at most b, residual eigenvalues
satisfying

λj{Σ̂res(a)} > τλ1(Σ̂).

The reference is the largest eigenvalue of the
original predictor covariance within the current
training fit. If fewer than b eigenvalues pass this
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threshold, all qualifying directions are used. Ac-
cordingly,

dres(a, b) = rank{Q̂res(a, b)} ≤ b,

P̂res(a, b) = Q̂res(a, b)Q̂res(a, b)
⊤.

Every retained residual loading belongs to the
range of Ip − P̂sup(a). Hence the residual block is
exactly orthogonal to the entire supervised block,
not only to its last Krylov direction.

2.5 Final embedded representation

The final loading matrix and projector are

Q̂(a, b) =
[
Q̂sup(a), Q̂res(a, b)

]
,

P̂ (a, b) = Q̂(a, b)Q̂(a, b)⊤.

Because the two blocks are constructed in orthog-
onal loading spaces, Q̂(a, b) already has orthonor-
mal columns and no post hoc orthogonalization is
required. Its effective dimension is

reff(a, b) = dsup(a) + dres(a, b)

≤ r(a, b) = aq + b.

The inequality can be strict after numerical-rank
truncation. The training scores, with reff(a, b)
columns, are

Z = XcQ̂(a, b) =
[
Zsup, Zres

]
.

For a new observation x, the same training
mean and loading matrix are used to form (x −
x̄tr)

⊤Q̂(a, b). Orthogonality of the loading blocks
is a geometric property in predictor space; it does
not require the two score blocks to be empirically
uncorrelated.

2.6 Prediction in the embedded

space

The embedding can be followed by any predictor
suitable for the response type. For a training–test
split, let Q̂tr(a, b) be estimated using the training
observations only. The centered training and test
matrices are projected as

Ztr = Xc,trQ̂tr(a, b), Zte = Xc,teQ̂tr(a, b).

A prediction rule g is fitted to (Ztr, Ytr) and
evaluated on Zte:

Ŷte = g{Zte;Ztr, Ytr}.

Both score matrices have the reff(a, b) columns re-
tained by the training fit. The downstream learner
uses these columns, with any prescribed feature
expansion applied to the retained scores. Linear
or regularized discriminant analysis is a natural
choice for a categorical response. Linear regres-
sion, ridge regression, or another low-dimensional
regression rule may be used for a continuous re-
sponse. The subspace estimator itself is not tied
to a particular downstream model.

2.7 Cross-validation and dimension

selection

The embedding depends on the Krylov order a
and residual budget b. Candidate models may be
indexed by triplets (a, b, r) subject to the nomi-
nal identity r = aq + b. This requested dimension
indexes the tuning grid; the effective fitted di-
mension is reff(a, b) = dsup(a) + dres(a, b) ≤ r.
Numerical-rank truncation is applied separately
within every fit, so the same candidate can have
different effective dimensions across folds.

Let

{(Rj , Tj)}kj=1

denote the k cross-validation splits. For each fold
j, centering, response encoding, the embedding,
and the downstream predictor are estimated using
only Rj . They are then applied to the held-out set
Tj .

For classification, a possible fold-wise loss is
the misclassification error

L̂cls
j (a, b) = 1− 1

|Tj |
∑

i∈Tj

I(Ŷi = Yi),

whereas for a continuous response the squared-
error loss is

L̂reg
j (a, b) =

1

|Tj |
∑

i∈Tj

(Yi − Ŷi)
2.
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For a task-specific loss L̂j , define

CV(a, b) = k−1
k∑

j=1

L̂j(a, b).

Only candidates successfully evaluated in every
fold are eligible. For SRDR, ties are resolved by
the smaller mean fold-specific effective dimension,
then the smaller a, and then the smaller b. The
final embedding and predictor are refitted on the
full training sample, with the effective dimension
recomputed in that fit. Stability or oracle proper-
ties of this selection step are not asserted in the
present theoretical development.

3 Theoretical and

Computational Properties

3.1 Population targets and sample

estimators

Population quantities for the two-block loading
space are expressed for a centered predictor vector
X ∈ R

p and a centered response feature h(Y ) ∈
R

q satisfying E(X) = 0 and E{h(Y )} = 0. Define

Σ = E(XX⊤), C = E{Xh(Y )⊤}.

Motivated by the Krylov representation of PLS
(Helland 1988), for a ≥ 1 define the population
block-Krylov matrix and supervised space by

Ka = [C,ΣC, . . . ,Σa−1C], Ssup(a) = col(Ka).

Let d0sup(a) = rank(Ka), Qsup(a) be any orthonor-
mal basis of this space, and

Psup(a) = Qsup(a)Qsup(a)
⊤.

For a = 0, the space is {0} and Psup(0) = 0.
The population residual covariance is

Σres(a) = {Ip − Psup(a)}Σ{Ip − Psup(a)}.

For b ≥ 1, let Qres(a, b) contain orthonormal
eigenvectors associated with the b largest positive
eigenvalues of Σres(a), or all positive-eigenvalue
eigenvectors if fewer than b exist. When truncation
is required, the results below assume a positive

eigengap at the truncation boundary. Write

Pres(a, b) = Qres(a, b)Qres(a, b)
⊤,

d0res(a, b) = rank{Pres(a, b)}.

The population target and its projector are the
orthogonal direct sum

S(a, b) = Ssup(a)⊕ Sres(a, b),
P (a, b) = Psup(a) + Pres(a, b).

When b = 0, the residual space and projector are
defined to be zero.

The sample estimator replaces (Σ, C) by

(Σ̂, Ĉ) and applies the same construction. To make
the finite-sample rank convention explicit, suppose
a matrix A has singular values s1(A) ≥ s2(A) ≥
· · · . For a fixed relative tolerance τ ∈ (0, 1), define

rankτ (A) = #{j : sj(A) > τs1(A)},

with rank zero when A = 0. The columns of
Q̂sup(a) are the left singular vectors retained by
this rule. Up to b residual eigenvectors are retained
using

λj{Σ̂res(a)} > τλ1(Σ̂).

These conventions determine the effective fitted
dimension reff(a, b) ≤ r(a, b), with r(a, b) = aq+ b
the nominal budget.

The projectors, rather than particular basis
matrices, are the statistical estimands. A basis can
be rotated within its column space without chang-
ing scores up to an invertible orthogonal coordi-
nate transformation. At a residual eigenvalue tied
across the truncation boundary, a b-dimensional
leading eigenspace is not unique. The results be-
low therefore assume a positive boundary eigengap
whenever truncation is required.

Remark 3.1 (Scope of the target). The space
S(a, b) is a predictive supervised–residual load-
ing space. It is not asserted to be a suffi-
cient dimension-reduction central subspace, be-
cause the construction does not require Y ⊥
X | P (a, b)X. Moreover, Euclidean loading or-
thogonality gives Q⊤supQres = 0, but generally

Cov(Q⊤supX,Q⊤resX) = Q⊤supΣQres ̸= 0.
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3.2 Exact geometry

The first main result establishes orthogonality be-
tween the supervised and residual loading spaces
in both the population and sample constructions.
We present the sample version below, using hats to
denote sample quantities. The orthogonality holds
exactly in finite samples.

Proposition 3.2 (Strict supervised–residual or-
thogonality). For every a, b ≥ 0, the retained

loading matrices satisfy

Q̂sup(a)
⊤Q̂res(a, b) = 0,

Q̂(a, b)⊤Q̂(a, b) = Ireff (a,b).

Consequently,

P̂ (a, b) = P̂sup(a) + P̂res(a, b)

is an orthogonal projector and Ŝ(a, b) = Ŝsup(a)⊕
Ŝres(a, b).

This orthogonality follows from the defini-
tion of the residual covariance, rather than from
orthogonalizing two separately constructed sets
of directions. The residual covariance is defined
on the orthogonal complement of the entire su-
pervised Krylov space, so the retained residual
directions capture predictor variation outside that
space. The budget b therefore has a conditional
interpretation: it limits the number of additional
directions retained after the supervised block has
been removed. The proof is given in Appendix C,
Section C.1.

Further geometric properties are collected in
Appendix C.2, together with their precise state-
ments, qualifications, and proofs. Under the con-
ditions stated there, the projector is invariant
under nonsingular changes of response coordi-
nates (Proposition C.1 and Corollary C.2), and
its effective dimension is bounded by the sample
row-space rank (Proposition C.3). The supervised
spaces are nested in a, while the residual spaces
are nested in b for fixed a (Proposition C.6).
The final spaces need not be nested in a, how-
ever, because changing a also changes the residual
covariance.

3.3 Primal–dual equivalence and

computation

Directly forming a p × p covariance matrix is
unnecessary. An algebraically equivalent represen-
tation uses matrices of order n and is preferable
when p ≫ n. Define the centered Gram matrix
and the dual Krylov matrix by

G =
1

n
XcX

⊤
c ∈ R

n×n,

Ua = [H,GH, . . . , Ga−1H] ∈ R
n×aq.

The dual Krylov identities

Σ̂jĈ =
1

n
X⊤c GjH (j ≥ 0),

and hence

K̂a =
1

n
X⊤c Ua, K̂⊤a K̂a =

1

n
U⊤a GUa.

These identities are established in Lemma C.8 of
Appendix C.3.

Let the positive retained eigendecomposition
of the small matrix in the preceding display be

1

n
U⊤a GUa = V DV ⊤,

D = diag(d1, . . . , dsup), dj > 0.

Then a primal orthonormal basis and its training-
score matrix are recovered as

Q̂sup = K̂aV D−1/2 =
1

n
X⊤c UaV D−1/2,

Tsup = XcQ̂sup = GUaV D−1/2.

These formulas require only an aq × aq eigen-
decomposition after the Gram matrix has been
formed.

For the residual block, put A = Ip − P̂sup(a)
and recall that Xres = XcA. Its observation-space
Gram matrix is

Gres =
1

n
XresX

⊤
res = G− 1

n
TsupT

⊤
sup.

If Gresuj = λjuj with λj > 0 and ∥uj∥2 = 1, the
corresponding residual loading and score vector
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are

qres,j =
X⊤resuj

(nλj)1/2
, Xcqres,j = (nλj)

1/2uj .

The second equality uses qres,j ∈ col(A), so that
Xcqres,j = Xresqres,j .

Theorem 3.3 (Exact primal–dual equivalence).
Assume that Xc and H are centered, that the same

positive singular-value and eigenvalue thresholds

are used in both implementations, and that resid-

ual directions are retained only for positive eigen-

values. Then the primal construction based on

(Σ̂, Ĉ) and the dual construction based on (G,Ua)
yield identical supervised, residual, and final pro-

jectors. Their training-score spaces are also iden-

tical. Bases may differ only by signs or by or-

thogonal rotations within repeated singular-value

or eigenvalue subspaces.

This equivalence is exact rather than an
approximation introduced for scalability. It
means that the observation-space implementation
changes the size of the matrices being diagonalized
without changing the statistical estimand. In par-
ticular, any difference between the two routes can
arise only from numerical thresholding or the ar-
bitrary orientation of a tied eigenspace, not from a
different definition of the loading space. The proof
is given in Appendix C.3.

Remark 3.4 (Computational cost). Forming G
costs O(n2p) operations. Generating Ua by re-
currence costs O(an2q), forming its small Gram
matrix costs at most O{n(aq)2} after the required
products are available, and its eigendecomposition
costs O{(aq)3}. A full eigendecomposition of Gres

costs O(n3), while recovering reff primal loadings
costs O(npreff). The leading memory requirement
is

O{n2 + naq + preff}.

The dual route avoids storing or diagonalizing
a p × p covariance matrix. Projection of ex-
ternal observations still requires either the re-
covered p-dimensional loadings or test–training
cross-products with Xc.

3.4 Perturbation of the estimated

loading space

The preceding results are exact. Errors in the co-
variance and cross-covariance operators propagate
to the estimated loading space according to the de-
terministic bounds below. The argument combines
a direct bound for the block-Krylov matrix with
classical singular and eigenspace perturbation the-
ory (Davis and Kahan 1970; Wedin 1972; Yu et al.
2015). Our result tracks these errors through the
sequential supervised–residual construction, while
separating its geometry from distribution-specific
concentration arguments.

For fixed a ≥ 1 and b ≥ 1, define

εΣ = ∥Σ̂− Σ∥op, εC = ∥Ĉ − C∥op,

and suppose

max{∥Σ∥op, ∥Σ̂∥op} ≤ L.

Let d0sup = rank(Ka) and define the supervised
separation

δsup = sd0
sup

(Ka) > 0,

the smallest nonzero singular value of Ka. Let
θ1 ≥ · · · ≥ θp ≥ 0 be the eigenvalues of Σres(a),
let d0res = d0res(a, b) be the retained residual rank,
and define

δres = θd0
res
− θd0

res+1 > 0,

where θp+1 = 0. This condition excludes a tie
across the retained residual boundary. We assume
that the sample rank rule retains the same su-
pervised and residual ranks as the population
construction. The assumption is necessary because
a target projector of fixed dimension cannot be
continuously identified at a zero singular value
or a zero eigengap. The bounds below assume
d0sup, d

0
res ≥ 1; if a block is empty, its projector

error is zero and the corresponding part of the
argument is omitted.
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For a ≥ 1, define

Aa(L) =

⎛
⎝

a−1∑

j=0

L2j

⎞
⎠

1/2

,

Ba(L,C) = ∥C∥op

⎛
⎝

a−1∑

j=1

j2L2j−2

⎞
⎠

1/2

,

where the second sum is zero when a = 1. Then
Lemma C.9 shows that the Krylov-matrix error is
bounded by

εK = Aa(L)εC +Ba(L,C)εΣ, ηsup =
2εK
δsup

.

Theorem 3.5 (Sample loading-space error). Sup-
pose εK < δsup/2 and the supervised rank is stable.

Then

∥P̂sup(a)− Psup(a)∥op ≤ ηsup.

Furthermore, define

εres = εΣ + 2∥Σ∥opηsup.

If εres < δres/2 and the residual rank is stable, then

∥P̂res(a, b)− Pres(a, b)∥op ≤
2εres
δres

,

and the final projector obeys

∥P̂ (a, b)− P (a, b)∥op ≤ ηsup +
2εres
δres

.

The projector norm in Theorem 3.5 is the
largest sine of the principal angles between the es-
timated and population loading spaces. If a Frobe-
nius loss is preferred and both final projectors have
rank r0, then

∥P̂ − P∥F ≤
√
2r0∥P̂ − P∥op.

The bound exposes the sequential nature of
the estimator. Error in Ĉ and Σ̂ first perturbs
the full supervised Krylov space through εK/δsup.
Because the residual covariance is defined condi-
tionally on that estimated space, the same error
then enters the residual block through 2∥Σ∥opηsup,
in addition to the direct covariance error. The
two separation parameters therefore have distinct
roles: δsup identifies the response-guided space,

whereas δres identifies which remaining struc-
tural directions are retained. The technical Krylov
lemma and the proof of the theorem are given in
Appendix C.4.

Remark 3.6 (What the bound does and does not
imply when p ≫ n). Theorem 3.5 is determinis-
tic. Consistency follows only under a probabilistic
model for which εC and εΣ vanish relative to the
two separation parameters. For an unrestricted
dense covariance matrix, operator-norm covari-
ance error need not vanish when p is much larger
than n; the displayed result alone does not claim
otherwise. Under a Gaussian model, for example,
effective-rank conditions yield dimension-adaptive
operator-norm bounds for the sample covariance
(Koltchinskii and Lounici 2017). Spiked, sparse, or
regularized covariance and cross-covariance vari-
ants require their own structural assumptions, and
the resulting rate depends on those assumptions.

Appendix C.5 gives a regression prediction-
risk bound in terms of the projector error. The
result assumes a linear model with Gaussian pre-
dictors and independent samples for estimating
the loading space and fitting the regression coef-
ficients. Because it requires stronger assumptions
than the three main results above, we present it
as a supplementary result. We do not derive a cor-
responding classification-risk bound, which would
require additional assumptions on class margins
and the fitted classifier.

4 Simulation Studies

The simulations examine when residual principal
directions add predictive information beyond a fit-
ted response-associated subspace and how the se-
lected supervised–residual allocation changes with
the data-generating mechanism. The classification
experiments include binary and three-class re-
sponses with mixture, class-covariance, and latent
suppressor structure. The continuous-response ex-
periments vary the proportion of signal repre-
sented by a truncated response subspace and
include a partially nonlinear mechanism.
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4.1 Simulation design and

evaluation protocol

All experiments use p = 1000 predictors, n = 100
training observations, 100 Monte Carlo replica-
tions, and an independently generated test sample
of size 1000. Tuning is based on 10-fold cross-
validation performed entirely within the training
sample. Each selected model is refitted on all
training observations and evaluated once on the
independent test sample. PCA, PLS, and SRDR
are compared for both response types; LOL is also
included in the classification experiments. Candi-
date nominal dimensions are 1–50 for classification
and 1–20 for continuous responses. SRDR jointly
selects the supervised Krylov order a and the
residual budget b, subject to the relevant nominal-
dimension constraint. In classification, r = a(K −
1)+b. Appendix A.1 gives the full candidate grids,
tie-breaking rules, numerical-rank convention, and
fold-specific fitting procedure.

4.2 Classification experiments

Four scenarios were fixed before the reported
Monte Carlo runs. The two QDA designs have
equal class means. One distinguishes the classes
through XOR mixture geometry, whereas the
other reverses a diagonal covariance spectrum be-
tween the classes. Centered indicator coding there-
fore gives C = Cov(X,H) = 0, and the population
PLS/Krylov sequence has no first-order starting
direction. In contrast, a variance-based subspace
may retain directions along which the mixture or
covariance structure differs. The remaining sce-
narios are three-class and binary latent suppressor
designs analyzed by LDA. Their correlated su-
pervised and complementary coordinates assess
whether response-associated directions and resid-
ual predictor variation can both contribute under
a common covariance classifier. Every embed-
ding method uses the same downstream classifier
within a scenario. For SRDR, the requested nom-
inal dimension is r = a(K − 1) + b. Appendix A.1
gives the complete data-generating specifications.

All methods use the same stratified 10-fold
splits. Each independent test sample contained
nte = 1000 observations generated separately from
its corresponding training sample. Centering, re-
sponse coding, embedding estimation, numerical-
rank decisions, and classifier fitting are repeated

within each fold. The selected configuration is
then refitted on all training observations. The test
labels were never used for dimension selection, em-
bedding estimation, classifier fitting, or refitting.
A separate population-oracle QDA calculation
examines complementary information in known
supervised and residual subspaces under hybrid
mean–covariance populations; Appendix A.2 gives
its design and results.

The independent-test comparisons depend on
the classification mechanism (Table 1). In the
two equal-mean QDA designs, SRDR has the
lowest mean error, improving on PCA by ap-
proximately 0.042 for the XOR mixture and
0.025 for reversed diagonal covariance. PLS re-
mains near the 0.5 chance benchmark because
the linear response-feature map provides no pop-
ulation cross-covariance seed. This is a limitation
of the response representation used here; nonlin-
ear response or predictor features would define a
different supervised subspace. In the two latent
suppressor designs, PLS has the lowest mean er-
ror, although the three-class difference between
PLS and SRDR is small at the reported Monte
Carlo resolution. Paired comparisons are given in
Appendix A.2.

The dimension-wise CV profiles show the same
mechanism-dependent pattern (Figure 1). For
each requested nominal dimension r, the SRDR
value is first profiled over admissible (a, b) pairs
within a replication and then averaged across
replications. Its separation from the baseline pro-
files is most pronounced in the two QDA designs
and is smaller in the LDA suppressor designs.

SRDR compares several (a, b) allocations at
each nominal dimension r; these allocations may
have different effective dimensions. The resulting
CV profiles are tuning diagnostics, not unbi-
ased estimates of test risk. We therefore use the
independent-test results for predictive compar-
isons. Selected allocations and paired Monte Carlo
differences are reported in Appendix A.2.
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Table 1 Independent-test classification error over 100 Monte Carlo replications. Entries are means with Monte Carlo
standard errors in parentheses; lower values are better. The smallest mean within each scenario is shown in bold. All
methods use the classifier listed for that scenario, and each test sample contains 1000 observations.

Scenario Classifier PCA PLS LOL SRDR
XOR mixture QDA 0.09672 (0.00347) 0.50374 (0.00153) 0.40734 (0.00465) 0.05486 (0.00179)
Equal means, reversed diagonal covariance QDA 0.11206 (0.00305) 0.49856 (0.00149) 0.31665 (0.00422) 0.08708 (0.00211)
Three-class mixed suppressor LDA 0.51344 (0.00267) 0.49454 (0.00380) 0.50723 (0.00211) 0.49803 (0.00260)
Binary mixed suppressor LDA 0.35327 (0.00238) 0.33215 (0.00222) 0.35217 (0.00196) 0.34347 (0.00212)

SRDR

Figure 1 Aggregated inner 10-fold cross-validation error profiles across 100 Monte Carlo replications. Curves are quadratic
LOESS summaries with span=0.9; ribbons show one Monte Carlo standard error around the smoothed means, and diamonds
mark the minima of the displayed smooths. Smoothing is graphical only and does not change the discrete candidates selected
within a replication. The horizontal axis denotes the requested nominal dimension r. In the QDA panels, all four methods
use the common conservative cap r ≤ 43, although the axis shows the range 1–50; covariance fitting uses the actual retained
scores. In the three-class LDA panel, LOL is unavailable at r = 1 because its intrinsic supervised rank is two.

4.3 Continuous-response

experiments

The four scenarios use a 24-factor predictor model,
a 20-dimensional response, and a six-dimensional
signal-bearing response subspace. The response
features are obtained by principal response reduc-
tion (PRR) (Yoo and Cook 2008)(Yoo 2018). In
practical terms, PRR replaces the 20-dimensional

response vector by a small number of linear
combinations that capture its dominant sample
variation. The primary analysis retains h = 2
fold-estimated response components for both PLS
and SRDR, thereby omitting four signal-bearing
response directions. The three linear scenarios
set η ∈ {0.4, 0.6, 0.8} to vary the fraction of
response signal associated with the retained two-
dimensional subspace. The fourth scenario, with
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η = 0.4, combines two linear components with
four nonlinear functions of higher-variance pre-
dictor factors. These settings examine the con-
tribution of residual predictor directions when
the working supervised subspace is incomplete or,
in the nonlinear case, mismatched to the signal.
Appendix A.1 gives the complete factor model,
spectra, and signal functions.

PCA, PLS, and SRDR use the same 10-fold
splits; LOL is omitted because the available LOL–
LDA pipeline is classification-specific. With h = 2,
PCA and SRDR are evaluated at nominal di-
mensions 1–20, whereas block PLS is available
at the even nominal dimensions. Within every
training fold, we eigendecomposed the fold-specific
sample response covariance matrix and retained
the leading h = 2 eigenvectors; the correspond-
ing scores were whitened to form H2. Both PLS
and SRDR used this same H2, so this is not a
comparison against PLS supplied with the full
six-dimensional signal-bearing response subspace.
The retained response-reduction dimension is h =
2, and the requested nominal SRDR dimension
is r = 2a + b. Ordinary least squares is used in
the three linear scenarios. The linear–nonlinear
scenario uses multivariate ridge regression on stan-
dardized scores, squared scores, and pairwise score
interactions; its penalty is selected jointly with
the embedding. Response reduction, preprocess-
ing, embedding estimation, and regression tuning
are repeated within each training fold. A paired
h = 6 analysis provides an oracle-dimension sensi-
tivity check while retaining the same fold-specific
estimation and training-only tuning protocol. Full
tuning details are provided in Appendix A.1.

In the three linear scenarios, the training-
CV profiles generally decrease toward the upper
end of the prespecified nominal-dimension range
(Figure 2). The profiles therefore do not lo-
cate an interior optimum for every method. At
a given nominal dimension r, SRDR is profiled
over admissible (a, b) allocations, and the linear–
nonlinear scenario also profiles over the ridge
penalty. PLS is evaluated only at its feasible even
nominal dimensions.

SRDR has the lowest mean training-CV RMSE
across the three linear panels, but its separa-
tion from PLS decreases as η increases and
more response signal is assigned to the retained
two-dimensional subspace. In the linear–nonlinear

panel, the low-RMSE region occurs at lower nom-
inal dimensions for PCA and SRDR, whereas the
PLS curve continues toward the upper bound-
ary. These curves describe training-stage tuning
behavior only. Table 2 reports the selected CV
minima, independent-test RMSEs, and SRDR al-
locations; paired comparisons are reported in
Appendix A.3.

The h = 2 results are conditional on a de-
liberately incomplete PRR representation. Under
this restriction, SRDR has lower mean test RMSE
than PLS in all four scenarios. Its improvement
over PCA in the three linear settings is modest,
ranging from approximately 0.002 to 0.006, and
PCA has slightly lower mean RMSE in the linear–
nonlinear setting. The difference between SRDR
and PLS also decreases as η increases, consistent
with the larger fraction of signal assigned to the
retained response directions.

Retaining all six signal-bearing response com-
ponents changes the comparison. In the three
linear scenarios, the paired h = 6 analysis re-
duces PLS test RMSE by approximately 0.020–
0.058 and narrows or reverses its difference from
SRDR. SRDR also assigns fewer dimensions to
the residual subspace as the supervised response
representation becomes more complete. Thus the
h = 2 results describe compensation for omit-
ted response-associated directions, not evidence
that retaining fewer response directions is gener-
ally beneficial. The linear–nonlinear results change
little at h = 6 because the four additional response
components have zero linear cross-covariance with
X. Complete paired results and allocation changes
are reported in Appendix A.4.

Residual principal directions are useful in the
equal-mean QDA settings, where the population
linear response-associated starting block is zero,
and when PRR is restricted to two response com-
ponents (h = 2). The gains are smaller or absent
in the LDA suppressor settings and in the linear
PRR settings when all six signal-bearing response
components are retained (h = 6). The selected
residual budget also decreases as the supervised
representation becomes more complete. These re-
sults suggest that the benefit of residual variation
depends on the setting. SRDR does not perform
best across all settings. Tables 1 and 2 report the
independent-test results. Appendix A gives the
paired Monte Carlo comparisons.
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SRDR

Figure 2 Training-only 10-fold cross-validation RMSE profiles for the four continuous-response scenarios. At each re-
quested nominal dimension r and within each replication, the best eligible candidate is retained before averaging across 100
Monte Carlo replications. Lines are LOESS smooths of the dimension-wise means, ribbons show plus or minus one Monte
Carlo standard error, and diamonds mark smoothed minima. At each nominal dimension, the SRDR profile minimizes over
admissible (a, b) allocations satisfying r = 2a+ b; PLS is evaluated only at even nominal dimensions. Effective fitted dimen-
sions may be smaller than r. Here PLS denotes block PLS constructed from the same fold-estimated PRR representation
with h = 2 used by SRDR. The common vertical scale permits comparison across panels. These curves are tuning diagnos-
tics rather than independent-test risk estimates.

Table 2 Continuous-response performance and selected SRDR dimensions over 100 Monte Carlo replications. Panel A
reports the mean replication-specific minimum training-CV RMSE and the mean independent-test RMSE, with Monte
Carlo standard errors in parentheses for the test results. CV minima are tuning scores and are not unbiased estimates of
test risk. Panel B reports mean selected SRDR dimensions: r = 2a+ b is the requested nominal dimension and reff is the
fitted dimension after numerical-rank truncation. Lower RMSE is better.

Selected training-CV RMSE Independent-test RMSE (SE)
Scenario PCA PLS SRDR PCA PLS SRDR
PRR, h = 2, η = 0.4 1.13463 1.15909 1.12838 1.12905 (0.00101) 1.15479 (0.00114) 1.12665 (0.00103)
PRR, h = 2, η = 0.6 1.16914 1.18765 1.16128 1.16692 (0.00108) 1.18774 (0.00121) 1.16352 (0.00109)
PRR, h = 2, η = 0.8 1.19703 1.19939 1.18603 1.20330 (0.00123) 1.20556 (0.00126) 1.19733 (0.00127)
Linear–nonlinear, η = 0.4 1.19528 1.20849 1.19356 1.18606 (0.00201) 1.20158 (0.00203) 1.18826 (0.00209)
Panel B: selected SRDR allocation
Scenario ā b̄ r̄ r̄eff
PRR, h = 2, η = 0.4 1.37 16.93 19.67 19.64
PRR, h = 2, η = 0.6 1.16 16.95 19.27 19.19
PRR, h = 2, η = 0.8 1.98 13.77 17.73 16.85
Linear–nonlinear, η = 0.4 1.06 5.12 7.24 6.83
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Appendix B reports six additional high-
dimensional binary-classification stress tests.
These supplementary simulations examine compu-
tational feasibility and allocation behavior across
distinct mean and covariance mechanisms; they
are not used as primary evidence of predictive
superiority.

5 Real Data Applications

Two high-dimensional binary-classification ap-
plications were used to examine computational
feasibility and held-out predictive performance.
GSE80796 provides a dense gene-expression exam-
ple with moderately imbalanced classes, whereas
DEXTER is a sparse text- classification bench-
mark with balanced official training and validation
sets. These analyses illustrate the behavior of the
dense and sparse implementations when p ≫ n;
they are not intended to establish broad predictive
superiority.

5.1 Datasets

GSE80796.

GSE80796 contains gene-expression profiles from
nasal epithelial brushings collected from current
and former smokers undergoing evaluation for pul-
monary lesions Perez-Rogers et al. (2017). The
processed GEO Series Matrix contains 505 sub-
jects measured on 32,321 Affymetrix Human Gene
1.0 ST features. The binary outcome distinguishes
309 subjects diagnosed with lung cancer from
196 controls with benign disease. The downloaded
processed expression matrix was used without
outcome-guided feature screening. According to
the GEO record, the expression values had already
been jointly normalized by robust multi-array av-
eraging and corrected for array-batch effects using
ComBat. Consequently, the analysis below eval-
uates the supplied processed data rather than
reproducing the upstream microarray preprocess-
ing.

DEXTER.

DEXTER is a sparse bag-of-words benchmark for
classifying Reuters articles as being about corpo-
rate acquisitions or not Guyon et al. (2004). It
contains 20,000 predictors: 9,947 word-stem fre-
quency features and 10,053 randomly generated
probe variables. The official training set contains

300 articles (150 positive and 150 negative), and
the official labelled validation set contains an-
other 300 articles with the same class balance. The
unlabelled 2,000-article test set was not used.

5.2 Analysis and evaluation protocol

Downstream centering, embedding estimation,
tuning, and classifier fitting used only the train-
ing observations, with these steps repeated within
each cross-validation training fold. GSE80796 was
analyzed as a dense matrix, whereas DEXTER
retained its sparse bag-of-words representation
and used the dual computations in Section 3.3.
The comparison included PCA, supervised Krylov
PLS, LOL, and SRDR, followed in each case
by linear discriminant analysis on the embedded
scores.

All methods used a common stratified ten-fold
partition and the same candidate search ranges.
The primary selection criterion was ordinary er-
ror for both GSE80796 and DEXTER; balanced
error, macro-F1, sensitivity, and specificity were
retained as secondary metrics. Parameter selec-
tion minimized the unsmoothed mean training-
CV error. Details of the fixed DEXTER scal-
ing, the discriminant-rule stabilization, numerical-
rank convention, candidate grids, and random-
number seeds are provided in Appendix A.5.

GSE80796 has no external validation cohort,
so a fixed class-stratified 70/30 split assigned 353
subjects (137 controls and 216 cancer cases) to
training and 152 subjects (59 controls and 93 can-
cer cases) to the test set. All tuning, downstream
feature learning, centering, and fitting excluded
the held-out observations. DEXTER retained the
official split: model and tuning selection used
only the 300 training articles, and the officially
provided 300-article validation set was not used
during model selection. For both datasets, the
selected configurations were refitted on the com-
plete training partition and evaluated once after
parameter selection and refitting.

The GSE80796 split provides internal rather
than external validation. It is not prospec-
tively untouched because the dataset had already
been examined in earlier full-sample and hold-
out analyses, and GEO reports joint upstream
RMA/ComBat preprocessing. The lock therefore
concerns the downstream training/test partition
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and refitting procedure, not an independently
collected or independently preprocessed cohort.

5.3 Results and analysis

Figure 3 summarizes the training-stage tuning
diagnostics. The GSE80796 curves use only the
locked 353-subject training partition, whereas the
DEXTER curves use only the official 300-article
training set; no held-out labels enter either set of
curves. The profiles summarize how the mean fold
error varies with the requested nominal embed-
ding dimension and are not estimates of held-out
prediction error.

After tuning and refitting, each method was
evaluated once on the locked GSE80796 test set
or the official DEXTER validation set (Table 3).
Unlike the training-CV curves in Figure 3, these
results use held-out observations.

On GSE80796, SRDR achieved the best overall
predictive performance among the four methods.
Its ordinary error was 0.362 (55 of 152 sub-
jects misclassified), compared with 0.375 for PCA,
0.428 for LOL, and 0.454 for PLS. SRDR also
attained the lowest balanced error (0.432), the
highest macro-F1 (0.551), and the highest sensi-
tivity (0.882). It correctly identified 82 of the 93
cancer cases, compared with 79 for PCA, 70 for
LOL, and 69 for PLS. Thus, the combined met-
rics favor SRDR, with a gain in the detection of
cancer cases.

On DEXTER, SRDR and PLS achieved the
joint-best performance, with an ordinary error
of 0.067 (20 of 300 articles misclassified), out-
performing LOL (0.077; 23 misclassifications)
and PCA (0.103; 31 misclassifications). SRDR
matched PLS in balanced error (0.067), macro-F1
(0.933), sensitivity (0.973), and specificity (0.893),
and retained the strongest aggregate performance
among the evaluated methods. Across the two ap-
plications, SRDR performed competitively with
the strongest comparators, attaining the low-
est error on GSE80796 and matching PLS on
DEXTER. These results provide evidence of com-
putational feasibility and competitive predictive
performance.
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SRDR

Figure 3 Ten-fold cross-validation error curves for GSE80796 and DEXTER. The horizontal axis shows the requested
nominal embedding dimension r. Lines are degree-two LOESS summaries (span 0.9) of the dimension-specific mean fold
errors. Diamonds mark the minima of the displayed LOESS summaries and are descriptive; actual parameter selection
minimized the unsmoothed mean ten-fold CV error. The vertical scales differ between panels, and both begin at zero.

Table 3 Held-out classification performance in the two real-data applications after training-only ten-fold cross-validation
selection by ordinary error for both GSE80796 and DEXTER, followed by refitting on the complete training partition.
GSE80796 uses the locked internal test set (ntest = 152); DEXTER uses the official labelled validation set (nval = 300).
Cancer and articles about corporate acquisitions are the positive classes.

Method Error Balanced error Macro-F1 Sensitivity Specificity TN FP FN TP
GSE80796: Locked internal test

PCA 0.375 0.440 0.547 0.849 0.271 16 43 14 79
PLS 0.454 0.510 0.478 0.742 0.237 14 45 24 69
LOL 0.428 0.480 0.513 0.753 0.288 17 42 23 70
SRDR 0.362 0.432 0.551 0.882 0.254 15 44 11 82
DEXTER: Official validation

PCA 0.103 0.103 0.896 0.973 0.820 123 27 4 146
PLS 0.067 0.067 0.933 0.973 0.893 134 16 4 146
LOL 0.077 0.077 0.923 0.973 0.873 131 19 4 146
SRDR 0.067 0.067 0.933 0.973 0.893 134 16 4 146

6 Discussion

Principal components of the original predictors
can overlap with variation already represented
by a supervised embedding. Orthogonalizing the
two estimated bases afterwards does not gener-
ally yield the leading directions of the residual
covariance. SRDR instead projects out the entire
supervised Krylov space before estimating residual

principal directions. Its residual budget therefore
limits the number of directions added beyond
the response-guided space. Cross-validation can
select a supervised-only, residual-only, or mixed
representation.

The supervised and residual loading spaces
form an exact finite-sample orthogonal direct sum.
Primal–dual equivalence allows the same target to
be computed in observation space when p ≫ n,
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without forming a p × p covariance matrix. The
perturbation bound tracks covariance and cross-
covariance errors through the supervised Krylov
projector and then the residual covariance. It dis-
tinguishes two identification conditions: the super-
vised singular-value separation and the residual
eigengap.

The selected allocation varies across the mean,
covariance, and nonlinear simulation mechanisms.
The clearest gains occur when useful predictor
structure remains outside the fitted supervised
space. With h = 6, PLS receives all six signal-
bearing response directions, the SRDR advantage
narrows or disappears, and the selected residual
budget decreases. The residual block can there-
fore compensate for information omitted by a
restricted response representation; this does not
justify withholding available response information
from a supervised method. The real-data analy-
ses establish feasibility in dense and sparse p ≫
n settings, but the held-out comparisons do not
establish a general predictive advantage.

The GSE80796 holdout adds an internal eval-
uation after training-only selection, but it com-
prises one locked split with ntest = 152. PCA and
SRDR had nearly equal balanced error, but dif-
ferent sensitivity–specificity trade-offs. Joint up-
stream preprocessing, the prior full-sample anal-
ysis, and the later harmonization of the selection
criterion further limit its independence. It is in-
ternal rather than external validation; reuse after
further method development means that these
observations are not a fresh prospective test set.

DEXTER provides an official labelled vali-
dation set that was excluded from training and
model selection. SRDR matched the lowest vali-
dation error obtained by PLS and had lower error
than LOL and PCA on this split. However, this is
a single benchmark split and does not establish a
general predictive advantage.

The supervised component depends on a pre-
specified response feature map and linear cross-
covariance, so it may miss nonlinear or distri-
butional response associations. The theory treats
(a, b) as fixed and does not quantify uncer-
tainty from cross-validation, numerical-rank se-
lection, or the downstream learner. In an un-
restricted p ≫ n model, operator-norm covari-
ance consistency requires additional structure.
Sparse, low-effective-rank, or regularized covari-
ance and cross-covariance operators are possible

extensions, alongside nonlinear response features
and selection-aware risk theory. Broader indepen-
dent validation is needed to assess when condi-
tional residual structure yields practically impor-
tant gains.

Appendix A

This appendix provides paired comparisons, allo-
cation details, sensitivity interpretation, and real-
data implementation details accompanying the
core numerical results in the main text. Train-
ing cross-validation values are tuning diagnostics,
whereas independently generated simulation test
samples and the labelled DEXTER validation set
evaluate fitted selections on observations not used
for model selection.

A.1 Simulation data-generating

mechanisms and

implementation details

Common numerical protocol.

The classification candidate nominal dimensions
were Rclass = {1, 2, . . . , 50}, with amax = bmax =
35 for SRDR. For a K-class response, the re-
tained contrast rank is K − 1 and the requested
nominal dimension is r = a(K − 1) + b. The
continuous-response candidate nominal dimen-
sions were Rcont = {1, 2, . . . , 20}. All numerical-
rank decisions used the fixed relative tolerance
τ =
√
ϵmachine ≈ 1.49 × 10−8. This tolerance was

applied to Krylov-matrix singular values for the
supervised block and to residual covariance eigen-
values relative to the largest original predictor
covariance eigenvalue for the residual block.

Classification mechanisms.

For the XOR mixture, let 0, 1, m10, and m01

denote the all-zero, all-one, and two alternating
binary location vectors. Their common weighted
center is c = 1

21, and the multiplier κ = 0.5 gives
the four locations

1
41,

3
41,

1
41+ 1

2m10,
1
41+ 1

2m01.
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Conditional on class, the two equal-weight mix-
tures are

X | Y = 1 ∼ 1
2Np

(
1
41, vIp

)

+ 1
2Np

(
3
41, vIp

)
,

X | Y = 2 ∼ 1
2Np

(
1
41+ 1

2m10, vIp
)

+ 1
2Np

(
1
41+ 1

2m01, vIp
)
,

v =
√
p/100.

Both classes have mean 1
21, so discrimination de-

pends on the mixture geometry rather than a
first-order contrast.

In the reversed-covariance design, the two
classes share

µj =
4√

2(j − 1) + 1
, j = 1, . . . , p,

but have covariance matrices

Σ1 = diag(d1, . . . , dp),

Σ2 = diag(dp, . . . , d1), dj =
100√

p− j + 1
.

All class information is therefore second order.
For the three-class suppressor design, eleven

random orthonormal directions in R
p were parti-

tioned into four supervised, three complementary,
and four nuisance directions. The class means form
an equilateral two-contrast configuration in the
supervised coordinates with δ = 2.2. The com-
mon latent covariance uses supervised variances
λ = (0.5, 1, 2, 4), complementary variances ν =
(6, 4.5, 3.5), and a rotated cross-correlation with
ρ = 0.5. The complementary coordinates have
zero marginal class-mean contrast but remain con-
ditionally relevant through this correlation. The
nuisance directions have variance 1.5 and the
orthogonal complement has unit variance. The bi-
nary suppressor design uses the same covariance
structure, two opposite class means, and δ = 2.0.

Classification tuning.

All competing methods used the same stratified
10-fold split in each replication. For fold j, the
misclassification error and its cross-fold average

were

L̂j = 1− 1

|Tj |
∑

i∈Tj

I(Ŷi = Yi),

CV =
1

10

10∑

j=1

L̂j .

PCA, PLS, and LOL selected the requested nom-
inal dimension r by minimizing this criterion,
with ties resolved in favor of the smaller nominal
dimension. SRDR searched

AK = {(a, b) : 0 ≤ a, b ≤ 35,

a(K − 1) + b ∈ Rclass}.

and retained only configurations having finite
loss in every fold. Ties were resolved sequentially
by smaller mean fold-specific effective dimension,
smaller a, and smaller b. The fitted rank was

reff = dsup(a) + dres(a, b) ≤ r = a(K − 1) + b.

Within each training fold, the predictors were
centered and the class-indicator response was cen-
tered, reduced to its nonzero contrast subspace,
and whitened to obtain H⊤H/ntr = IK−1. Writ-
ing

Σ̂X = X⊤c Xc/ntr, ĈXH = X⊤c H/ntr,

the supervised candidate matrix was

Ka = [ĈXH , Σ̂XĈXH , . . . , Σ̂a−1
X ĈXH ].

A rank-revealing factorization produced Qsup(a).
The residual matrix

Xres(a) = Xc{Ip −Qsup(a)Qsup(a)
⊤}

was used to estimate at most b residual prin-
cipal directions, followed by re-orthogonalization
against the supervised block. Because p > n, these
operations used the training-fold Gram matrix
G = XcX

⊤
c /ntr and mapped retained directions

back to the predictor space. Each downstream
classifier used the actual retained score columns,
whose number is denoted by reff for each method.
In the QDA settings, all methods used the com-
mon conservative search cap r ≤ 43 on the
requested nominal dimension. This implies reff ≤
43, but covariance feasibility still depends on the
retained scores within each class; candidates must
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have finite loss in every fold. In the three-class
LDA setting, the intrinsic LOL rank is two, so its
r = 1 candidate is unavailable.

Continuous-response mechanisms.

All four settings use a 24-factor predictor model
and a six-dimensional response signal. For obser-
vation i,

Zi ∼ N24(0, I24), Ei ∼ Np(0, Ip),

εi ∼ Nq(0,
1
2Iq),

independently, and

Xi = UΛ1/2Zi + Ei, Yi =
√
q AD1/2

η si + εi,

where U ∈ R
p×24 and A ∈ R

q×6 have orthonor-
mal columns. Fresh U and A were generated in
each replication and shared by its training and test
samples. The response allocation matrix was

Dη = diag

(
η

2
,
η

2
,
1− η

4
,
1− η

4
,
1− η

4
,
1− η

4

)
.

Together with Var(εi) = Iq/2, the
√
q scaling

gives target signal-to-noise ratio two after aver-
aging over response coordinates. The remaining
q − 6 = 14 response directions contain isotropic
noise.

The three linear PRR settings use

si = (Zi1, Zi2, Zi3, Zi4, Zi5, Zi6)
⊤

and

diag(Λ) = (1, 0.8, 8, 7, 6, 5, λ7, . . . , λ24),

where λ7, . . . , λ24 are equally spaced from 6 to 2.
The values η = 0.4, 0.6, and 0.8 vary the signal
assigned to the first two response directions. The
linear–nonlinear setting uses η = 0.4,

si =
(
Zi1, Zi2, (Z

2
i3 − 1)/

√
2,

Zi4Zi5, (Z
2
i5 − 1)/

√
2, Zi3Zi6

)⊤
,

and the stronger spectrum

diag(Λ) = (1, 0.8, 16, 14, 12, 10, λ7, . . . , λ24),

with the same nuisance sequence from 6 to 2.

Continuous-response tuning.

Within every training fold, the leading h = 2
eigenvectors of the sample response covariance
were retained and the corresponding scores were
whitened to form the common response feature
matrix H2 used by both PLS and SRDR. Here h is
the retained response-feature rank in the general
construction, so the requested nominal dimension
satisfies r = ha + b = 2a + b. PCA used (a, b) =
(0, r) for r ∈ Rcont, PLS used (a, b) = (r/2, 0) for
r = 2, 4, . . . , 20, and SRDR searched

0 ≤ a ≤ 10, 0 ≤ b ≤ 20, 1 ≤ 2a+ b ≤ 20.

Each regression was based on the actual reff re-
tained score columns, with the prescribed feature
expansion applied in the nonlinear setting. The
nominal dimension r indexed the candidate grid.
Candidate RMSE pooled squared prediction er-
rors over held-out observations and all 20 response
coordinates. Ordinary least squares was used for
the linear settings. For the linear–nonlinear set-
ting, standardized scores, squared scores, and
pairwise interactions were entered into multivari-
ate ridge regression, with penalty selected from
{10−3, 10−2, 10−1, 1, 10, 102, 103}. The minimizing
configuration was refitted on all 100 training ob-
servations and evaluated once on the independent
test sample.

A.2 Classification simulation

results

Table 1 in the main text reports the independent-
test mean errors. This section gives the paired
comparisons and selected-allocation details that
qualify those means.

As a population mechanism check, two Gaus-
sian populations divided predictive informa-
tion between orthogonal supervised and residual
blocks. Both used a four-dimensional supervised
block with covariance diag(0.5, 1, 2, 4) and class-
dependent means, together with a zero-mean
residual block having class-dependent covariance.
The binary population used δ = 2.0 and resid-
ual covariances diag(12, 4) and diag(4, 12). The
three-class population used δ = 2.2 and cyclic
residual covariances diag(12, 4, 4), diag(4, 12, 4),
and diag(4, 4, 12). Six nuisance directions had vari-
ance 3 and the remaining ambient directions had
unit variance.
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QDA was applied to the known supervised
block, known residual block, and their known
union. Table 4 reports risks estimated from 106

independent observations per population. The
combined representation improved on either block
alone in both populations, confirming the in-
tended population-level complementarity. These
oracle risks do not measure finite-sample subspace
estimation accuracy.

The two QDA rows isolate the information
carried by the first-order predictor–response cross-
covariance. The classes are balanced and have
identical population means, so C = Cov(X,H)
is zero under centered indicator coding. Conse-
quently, the population sequence C,ΣC, . . . used
by PLS is identically zero; its finite-sample direc-
tions arise from estimation noise rather than a
stable class-mean contrast. PLS errors of 0.50374
and 0.49856 are therefore near the 0.5 chance
benchmark, whereas PCA errors of 0.09672 and
0.11206 show that QDA can use informative co-
variance or mixture structure retained by an unsu-
pervised projection. Increasing the requested PLS
dimension only applies further covariance pow-
ers to the same weak starting block and does
not introduce second-order response features. This
comparison identifies a limitation of the linear
cross-covariance construction used here, not of all
possible nonlinear PLS extensions.

Paired Monte Carlo comparisons used the best
baseline according to the scenario-level mean test
error and defined the margin as best-baseline error
minus SRDR error, so positive values favor SRDR.
The mean margins were 0.04186 for XOR and
0.02498 for equal means with reversed diagonal
covariance; their paired 95% Monte Carlo inter-
vals were [0.03404, 0.04968] and [0.01880, 0.03116],
respectively. SRDR beat the best baseline in 90
of 100 XOR replications and 78 of 100 reversed-
covariance replications. These two QDA designs
therefore provide clear evidence that the combined
embedding can recover covariance and mixture in-
formation missed by purely supervised or purely
variance-based reductions.

The LDA results were more qualified. Rel-
ative to PLS, the corresponding margins were
−0.00349 in the three-class mixed suppressor
design and −0.01132 in the binary mixed sup-
pressor design, with intervals [−0.01095, 0.00397]
and [−0.01472,−0.00792]. Thus the three-class

difference was unresolved at this Monte Carlo res-
olution, whereas PLS had lower test error in the
binary design. SRDR nevertheless improved on
PCA and LOL in both LDA scenarios. The con-
trast between the favorable inner-CV profiles and
the independent-test table also illustrates why a
more flexible profiled search must be evaluated on
observations not used during tuning.

The selected SRDR allocations changed
with the data-generating mechanism. The
mean (a, b, r, reff) values, with r the nomi-
nal dimension and reff the fitted dimension,
were (14.14, 4.20, 18.34, 5.59) for XOR,
(6.95, 25.29, 32.24, 26.53) for reversed diagonal
covariance, (8.20, 11.98, 28.38, 17.00) for the three-
class suppressor, and (13.13, 10.68, 23.81, 13.68)
for the binary suppressor. In the reversed-
covariance design, the mean residual budget
b = 25.29 was much larger than the mean Krylov
order a = 6.95. Together with the PCA and
PLS errors of 0.11206 and 0.49856, respectively,
this allocation is consistent with the conditional
residual PCA block carrying a substantial share
of the usable covariance structure after the weak
supervised seed has been removed. The allocation
alone does not identify a blockwise causal contri-
bution, because no post-selection block-ablation
experiment was performed. Both LDA suppres-
sor designs retained material contributions from
the two blocks. These patterns support tuning a
and b separately rather than fixing their relative
allocation.

XOR also illustrates why nominal and effective
dimensions must be distinguished. Its mean re-
quested nominal dimension was r̄ = ā+ b̄ = 18.34,
but its mean fitted dimension was only r̄eff = 5.59.
Because q = 1, a counts the number of Krylov
powers attempted and is not the supervised di-
mension. The latter is dsup(a) = rankτ (Ka), and
the zero population starting block C explains why
increasing a need not create new stable super-
vised directions. Since reff = dsup+dres aggregates
rank loss from both blocks, the observed gap
cannot be assigned entirely to the Krylov block
from these summaries alone. It nevertheless shows
that reporting a without the effective rank can
substantially overstate the fitted dimension.

The independent-test results qualify the
dimension-wise CV patterns shown in the main
text. SRDR was strongest in the two QDA mech-
anisms, whereas its comparison with PLS was
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Table 4 Population-oracle QDA misclassification risks for the hybrid mean–covariance populations. The supervised,
residual, and combined representations use the corresponding known population subspaces. Lower is better.

Population Supervised only Residual only Combined Chance benchmark
Binary 0.158487 0.333909 0.130323 0.500
Three-class 0.221725 0.459072 0.184221 0.667

mixed in the LDA mechanisms. These results sup-
port an adaptive combination under complemen-
tary structure, not universal classifier dominance.

A.3 Continuous-response

simulation results

Table 2 separates the optimized training-CV
scores from performance on independently gener-
ated test samples. The following paired summaries
report the size and consistency of the independent-
test differences and the selected SRDR allocations.

The paired independent-test comparisons clar-
ify the size and consistency of these differences.
Relative to PLS, the mean SRDR-minus-PLS
RMSE differences were −0.02814, −0.02422, and
−0.00823 for PRR at h = 2 and η = 0.4, 0.6,
and 0.8, respectively, and −0.01332 in the linear–
nonlinear scenario. The corresponding SRDR win
rates were 100%, 100%, 84%, and 88%. Relative
to PCA, SRDR reduced mean RMSE by 0.00239,
0.00340, and 0.00598 in the three linear PRR sce-
narios, but increased it by 0.00220 in the linear–
nonlinear scenario. Paired Monte Carlo 95% inter-
vals for these four SRDR-minus-PCA differences
were [−0.00323,−0.00156], [−0.00443,−0.00237],
[−0.00752,−0.00443], and [0.00096, 0.00345], re-
spectively. These intervals summarize Monte
Carlo variation and are not multiplicity-adjusted
inferential intervals.

The selected SRDR allocations also reflected
the intended mechanism. Both blocks were se-
lected in 72%, 67%, and 65% of the linear PRR
replications at η = 0.4, 0.6, and 0.8, respectively.
Mean residual budgets remained large in these
settings, whereas the linear–nonlinear scenario se-
lected a mixed allocation in 34% of replications
and a residual-only allocation in the remainder.
Together with the boundary behavior of the CV
profiles, these results support complementary re-
covery under an intentionally incomplete PRR
representation while also identifying the prespec-
ified dimension range and nonlinear learner as
important qualifications.

A.4 Sensitivity to the

response-reduction dimension

The continuous-response data-generating mecha-
nism has six signal-bearing population response
directions, whereas the primary analysis retains
the first two fold-specific response principal com-
ponents. The other 14 population response direc-
tions contain only isotropic noise. The h = 2 PRR
setting is an intentional incomplete-representation
stress test: it asks whether the residual predictor
block can recover useful predictor structure when
the fitted supervised block is constructed from a
deliberately compressed response. It also prevents
PLS from using the full six-dimensional signal-
bearing response subspace. We therefore repeated
the tuning and independent-test evaluation with
six fold-specific response principal components.
The number six is known from the data-generating
mechanism and is therefore an oracle response-
reduction dimension, but the response principal
directions themselves were re-estimated using only
the training portion of every fold; the true load-
ing matrix A was never supplied to either method.
The data, train–test splits, CV folds, downstream
learners, penalty grid, and maximum nominal di-
mension were held fixed. The admissible allocation
grids followed r = ha + b separately for h = 2
and h = 6; the effective dimension was determined
separately in each fit.

Table 5 summarizes the paired h = 2 and h = 6
results.

The three linear PRR settings show the an-
ticipated sensitivity. Retaining all six estimated
signal-bearing response principal components re-
duces PLS RMSE by 0.01999–0.05764 and nar-
rows or removes the apparent h = 2 advantage
of SRDR. SRDR improves as well because its su-
pervised Krylov block uses the richer response
representation. Its mean selected residual budgets
change from 16.93, 16.95, and 13.77 at h = 2 to
2.91, 5.09, and 6.21 at h = 6 for η = 0.4, 0.6, and
0.8, respectively. The method therefore shifts away
from the residual block as the supervised response
representation becomes more complete.
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Table 5 Sensitivity of independent-test RMSE to the retained response-reduction dimension h over 100 paired Monte
Carlo replications. The difference is the h = 6 minus h = 2 RMSE; negative values favor retaining all six estimated
signal-bearing response principal components. Parentheses give the Monte Carlo standard error of the paired difference,
and the win rate is the proportion of replications with lower RMSE at h = 6.

Scenario Method h = 2 h = 6 Paired difference (SE) h = 6 win rate
PRR, η = 0.4 PLS 1.15479 1.09715 −0.05764 (0.00085) 100%

SRDR 1.12665 1.09715 −0.02950 (0.00054) 100%
PRR, η = 0.6 PLS 1.18774 1.14170 −0.04604 (0.00063) 100%

SRDR 1.16352 1.14235 −0.02117 (0.00062) 97%
PRR, η = 0.8 PLS 1.20556 1.18557 −0.01999 (0.00049) 100%

SRDR 1.19733 1.18811 −0.00922 (0.00073) 82%
Linear–nonlinear, η = 0.4 PLS 1.20158 1.21150 +0.00993 (0.00110) 11%

SRDR 1.18826 1.18626 −0.00200 (0.00060) 26%

In the linear–nonlinear setting, h = 6 slightly
worsens PLS and changes SRDR only marginally.
The additional signal-bearing response compo-
nents are nonlinear functions of Gaussian pre-
dictor factors and have zero population linear
cross-covariance with X; retaining them cannot
by itself make a linear supervised Krylov block re-
cover the nonlinear predictor directions. PCA is
an exact negative control: its fitted predictor space
and test RMSE are identical at h = 2 and h = 6 in
every replication because PCA does not use the re-
sponse. The primary h = 2 experiment is therefore
a targeted partial-supervision stress test, while the
h = 6 analysis is an oracle-dimension benchmark
showing that the benefit of the residual block con-
tracts when the supervised response map contains
the complete signal-bearing subspace.

A.5 Real-data implementation

details

GSE80796 was analyzed as a dense matrix. DEX-
TER was retained in sparse bag-of-words form
and processed using the dual and sparse-matrix
operations in Section 3.3. The supplied nonzero
DEXTER feature values were divided by a fixed
divisor of 1,000 before analysis. This scaling was
specified independently of the labels and applied
to both official partitions; no validation-derived
preprocessing was used.

Each embedding was followed by linear dis-
criminant analysis on its actual reff retained
score columns. If the ordinary LDA covariance
calculation was numerically singular, the corre-
sponding ridge-stabilized pooled-covariance dis-
criminant rule was used. All methods shared the
same stratified ten-fold partition, generated with

seed 20260722. The GSE80796 training/test par-
tition was generated with seed 20260918, and its
training-only CV used seed 20260722.

The numerical-rank tolerance and spectral ref-
erence convention matched those used in the
simulations: τ =

√
ϵmachine ≈ 1.49× 10−8, applied

to Krylov singular values and to residual covari-
ance eigenvalues relative to the largest eigenvalue
of the original predictor covariance. The same con-
vention was used within every cross-validation fold
and in each full-data refit.

For PCA, PLS, and LOL, the candidate nomi-
nal embedding dimension was r ∈ {1, . . . , 50}. For
SRDR, the candidate set included every admissi-
ble pair (a, b) satisfying 0 ≤ a ≤ 35, 0 ≤ b ≤ 35,
and 1 ≤ r ≤ 50. Because both outcomes are bi-
nary and the whitened response contrast has rank
one, the requested nominal SRDR dimension is
r = a+ b. The effective dimension can be smaller
when the supervised Krylov matrix or residual
covariance has deficient numerical rank.

Appendix B Supplementary

robustness

simulations

Supplementary robustness simulations in this
appendix comprise six high-dimensional binary-
classification stress tests. Their purpose is robust-
ness rather than primary evidence of superiority:
they assess whether the current algorithm can be
tuned and refitted reliably across distinct mean
and covariance mechanisms, and whether its allo-
cation between supervised and residual directions
changes with the mechanism. The experiments
therefore emphasize computational feasibility and
adaptive allocation, with all comparisons evalu-
ated on independent test samples.
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B.1 Current algorithm and

common protocol

For a fold-training sample, let Xc be the centered
predictor matrix and let H contain the centered,
whitened categorical response contrasts. With fold
size nf , the current SRDR implementation forms

Σ̂ =
X⊤c Xc

nf
,

Ĉ =
X⊤c H

nf
,

K̂a =
[
Ĉ, Σ̂Ĉ, . . . , Σ̂a−1Ĉ

]
.

For a = 0, K̂0 is the empty block. After numer-
ical rank truncation, Qsup = orth(K̂a) spans the
entire supervised Krylov space of order a. The
residual component is defined conditionally on this
full space: with P⊥ = I−QsupQ

⊤
sup, the algorithm

retains at most b leading eigenvectors of

Σ̂res = P⊥Σ̂P⊥

whose eigenvalues exceed τλ1(Σ̂), and orthogonal-
izes them against Qsup. The fitted loading matrix
is Q(a, b) = [Qsup, Qres]. Thus the residual block
is not ordinary PCA appended after PLS; it is
recomputed after conditioning on the complete
supervised space selected by a.

If there are Kcls classes, the categorical
response-feature rank is h = Kcls − 1, and the re-
quested nominal dimension is r = ha + b. Here
Kcls = 2, so h = 1 and r = a + b. Numeri-
cal dependence can reduce the realized dimensions
to dsup ≤ ha and dres ≤ b; the effective fitted
dimension is therefore reff = dsup + dres ≤ r.
The automatic solver uses the dual eigensystem
in these p = 1000, p > nf folds, while the same
implementation also provides the primal form. No
additional first-moment block is appended.

All tuning is nested within the training sam-
ple. PCA, PLS, and LOL search over the common
nominal-dimension grid

R = {1, 2, . . . , 16, 18, 19, 21, 23, 24, 26,
29, 31, 34, 36, 39, 43, 46, 50}.

SRDR considers every admissible (a, b) with 0 ≤
a, b ≤ 35 whose nominal dimension r = a + b

belongs to R. Within each of five folds, the em-
bedding and LDA classifier are fitted only on the
fold-training observations; LDA uses the actual
retained score columns. The mean validation er-
ror selects the candidate, after which the selected
method is refitted on all 100 training observa-
tions and scored on 1000 newly generated test
observations.

The inner-CV figures retain a one-dimensional
summary without discarding the two-parameter
search. For each replication and each nominal di-
mension r, the SRDR value is the minimum mean
fold error over all admissible (a, b) pairs with
that r. Curves then average these profiled errors
over the 100 replications, and ribbons show Monte
Carlo standard errors. The circled point minimizes
the displayed mean profile; the actual (a, b) used
for holdout evaluation is selected separately within
each replication. The holdout summaries below
report Monte Carlo means and standard errors
rather than treating inner-CV minima as test-risk
estimates.

B.2 Scenario design and parameter

settings

Table 7 summarizes the purpose of each scenario.
Detailed code-level settings are given immedi-
ately after the table in paragraph form to avoid
overloading a single table with long parameter
lists.

Scenario I: low-variance discriminative

signal.

The code uses low variance high count=60.
Therefore, when p = 1000, the discriminative co-
ordinate is coordinate 61 rather than one of the
leading high-variance coordinates. The first 60
nuisance eigenvalues decrease from 60 to 3, the
signal eigenvalue is 0.02, and the remaining tail
eigenvalues are 0.01. The noise variance is σ2 = 1,
and the target Bayes error is 0.05.

Scenario II: rotated covariance and

discriminant whitening.

The rotated-pair construction uses θ = π/4 and
n pairs = 12. The high and low eigenvalues in
each pair are 180 and 0.001, respectively. The pair
decay is 0.98, the mean-weight decay is 0.99, the
background eigenvalue is 0.01, and the nuisance
count is 0. The target Bayes error is 0.05.
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Table 6 Locked computational settings for the six supplementary robustness simulations.

Setting Value

Number of Monte Carlo replications 100
Training sample size ntrain = 100
Independent test sample size ntest = 1000
Ambient dimension p = 1000
Class balance 1 : 1
Inner cross-validation folds K = 5
Classifier after dimension reduction Linear discriminant analysis
Nominal-dimension grid R given above, with max r = 50
SRDR caps and solver amax = bmax = 35; automatic primal/dual computation

Numerical-rank tolerance τ =
√
ϵmachine ≈ 1.49 × 10−8; applied to Krylov singular values

and to residual covariance eigenvalues relative to λ1(Σ̂)
Data seed in scenario s, replication i 95000 + 10000s+ i
Train–test split seed; fold seed 97000 + i; 98000 + i
Implementation identifier supplementary robustness current ab v1

Table 7 Design purpose of the six supplementary robustness scenarios.

Scenario Purpose of the design

I. Low-variance sig-
nal

Probes recovery when discriminative information is not aligned with leading
predictor-variance directions.

II. Rotated covari-
ance

Probes the behavior of residual covariance directions when the Bayes direction is
induced by rotated covariance structure.

III. Multi-
component signal

Tests whether the method can recover class information distributed across multiple
supervised components rather than concentrated in one direction.

IV. Nuisance plus
residual covariance

Tests robustness to high-variance nuisance variation when useful lower-rank resid-
ual covariance remains after supervised directions are removed.

V. Brain-region
block correlation

Mimics block-correlated brain features, where nuisance regions may dominate the
leading covariance structure but discriminative regions are more subtle.

VI. Weak residual
network

Provides a harder stress test with weak sparse signal and a distributed brain-
network-like residual signal.

Scenario III: multi-component supervised

signal.

The signal coordinates are {25, 40, 60, 80}, with
equal weights (0.25, 0.25, 0.25, 0.25). The design
includes 20 high-variance nuisance directions, with
nuisance eigenvalues decreasing from 80 to 18. The
signal eigenvalues start at 7 and decay by a factor
of 0.94. The target Bayes error is 0.05.

Scenario IV: high-variance nuisance plus

useful residual covariance.

The design uses θ = π/4, nuisance eigenvalue 12,
residual eigenvalue 8, direct signal eigenvalue 0.2,
and noise variance σ2 = 1. The target Bayes error
is 0.05.

Scenario V: brain-region block correlation.

The features are partitioned into G = 100 re-
gions. Since p = 1000, each region has block size

10. The simulation uses 30 signal regions and 45
nuisance regions. Background within-block corre-
lations range from 0.30 to 0.60, signal correlations
range from 0.35 to 0.55, and nuisance correlations
range from 0.94 to 0.99. The signal covariance ro-
tation is 55π/180, with high eigenvalue 500 and
low eigenvalue 10−5. The target Bayes error is
0.05.

Scenario VI: weak distributed residual

brain-network signal.

This scenario uses target Bayes error 0.20, making
it intentionally harder than the first five scenarios.
The sparse signal weight is 0.8 and the distributed
network weight is 2.4. The number of network
components is 6. For p = 1000, the sparse signal
size is 30 and the network size is 250. The network
eigenvalue is 4.0 with decay 0.95. The design also
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includes 12 nuisance components, with nuisance
eigenvalues decreasing from 35 to 10.

B.3 Profiled inner-CV tuning

curves

Figure 4 shows the inner-CV tuning curves re-
tained as a diagnostic of the tuning landscape.
PCA, PLS, and LOL have one candidate at each
displayed nominal dimension r. For SRDR, each
replication-specific value is the profile minimum
over all (a, b) pairs having the same r = a +
b. Consequently, the SRDR curve represents the
full two-dimensional search and is not a curve
obtained by fixing either allocation parameter.

Lines are degree-two LOESS smooths with
span 0.75. The ribbons use the Monte Carlo
standard errors of the unsmoothed dimension-
wise means, linearly interpolated only for display.
Smoothing is graphical only: it is not used for
replication-specific tuning or independent holdout
evaluation.

B.4 Holdout test-error results

Figure 5 retains the full replication-level holdout
distributions, while Table 8 reports their Monte
Carlo means and standard errors. The scenario-
specific vertical scales improve within- scenario
readability; numerical comparisons across scenar-
ios should use the table rather than the apparent
box heights.

B.5 Paired comparisons and

selected allocations

Table 9 reports paired differences because every
method is evaluated on the same generated data
in a replication. A negative SRDR-minus-baseline
difference favors SRDR; the win rate is the pro-
portion of replications in which its error is smaller.
These summaries distinguish stable differences
from small changes in the unpaired means.

The selected SRDR allocations in Table 10
provide the more direct robustness diagnostic.
“Supervised only” means a > 0, b = 0, “residual
only” means a = 0, b > 0, and “mixed” means a >
0, b > 0. These labels describe the requested block
budgets. Candidates with zero nominal dimension
are excluded by the common grid.

B.6 Robustness interpretation

PLS has the smallest mean test error in all six
stress tests. SRDR is lower than PCA in every
scenario and lower than LOL in Scenarios II, III,
IV, and VI. Its differences from PLS are small in
Scenarios II, III, IV, and VI (0.00166–0.00634),
but are materially larger in the low-variance and
brain-block settings (0.03459 and 0.06620). The
recomputed results therefore do not support a
claim of uniform or scenario-specific dominance
over PLS.

The allocation results nevertheless show that
the joint search is active rather than collaps-
ing to one fixed block. Mixed selections occur in
72%–95% of replications, while the mean resid-
ual budget ranges from 9.71 to 24.08 and the
mean supervised order ranges from 3.23 to 9.15.
For example, the brain-block scenario assigns a
large mean residual budget of 24.08, whereas
the nuisance-residual scenario uses the largest
mean supervised order, 9.15. Alongside the com-
pleted nested-CV fits and independent holdout
evaluations in all 600 replications, this variation
demonstrates computational feasibility and adap-
tive behavior of the current algorithm. These
supplementary simulations are thus best read as
robustness evidence for adaptive allocation, not as
the primary performance argument for SRDR.

25



SRDR

SRDR

(a) Scenario I

SRDR

SRDR

(b) Scenario II

SRDR

SRDR

(c) Scenario III

SRDR

SRDR

(d) Scenario IV

SRDR

SRDR

(e) Scenario V

SRDR

SRDR

(f) Scenario VI

Figure 4 Profiled inner-CV tuning curves for the six supplementary robustness simulations. At each nominal dimension
r, the SRDR value is profiled over all admissible (a, b) pairs before averaging over 100 replications. Lines are degree-two
LOESS smooths with span 0.75; ribbons give Monte Carlo standard errors from the unsmoothed dimension-wise means,
interpolated only for display. Circled markers identify the minima of the displayed smooths. Smoothing is graphical only,
whereas each holdout fit uses the candidate selected in its own replication.
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Figure 5 Independent holdout test-error distributions for the six supplementary robustness simulations. Points show all
100 replications, boxplots summarize their distributions, and diamonds mark Monte Carlo means. The vertical scale is
chosen separately for each scenario and should not be used for cross-scenario visual comparison.
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Table 8 Independent holdout misclassification error over 100 replications. Entries are Monte Carlo means with standard
errors in parentheses. Lower is better; the smallest mean in each row is bold.

Scenario PCA PLS LOL SRDR
I 0.48559 (0.00216) 0.41617 (0.00286) 0.44010 (0.00232) 0.45076 (0.00427)
II 0.37108 (0.00475) 0.32498 (0.00473) 0.34973 (0.00503) 0.32755 (0.00521)
III 0.30302 (0.00407) 0.26061 (0.00348) 0.28948 (0.00373) 0.26695 (0.00416)
IV 0.20606 (0.00217) 0.18550 (0.00173) 0.20471 (0.00174) 0.18938 (0.00194)
V 0.44301 (0.00515) 0.32462 (0.00379) 0.38054 (0.00487) 0.39082 (0.00714)
VI 0.37366 (0.00384) 0.35501 (0.00282) 0.36828 (0.00270) 0.35667 (0.00345)

Table 9 Paired independent-test comparisons over 100 replications. Entries give mean SRDR-minus-baseline error
(Monte Carlo SE) and the SRDR win rate. Negative differences favor SRDR.

PCA PLS LOL
Scenario Difference (SE) Win Difference (SE) Win Difference (SE) Win
I −0.03483 (0.00372) 82% 0.03459 (0.00420) 12% 0.01066 (0.00416) 44%
II −0.04353 (0.00392) 94% 0.00257 (0.00494) 36% −0.02218 (0.00556) 71%
III −0.03607 (0.00329) 92% 0.00634 (0.00365) 41% −0.02253 (0.00393) 83%
IV −0.01668 (0.00205) 81% 0.00388 (0.00173) 37% −0.01533 (0.00196) 80%
V −0.05219 (0.00675) 78% 0.06620 (0.00670) 4% 0.01028 (0.00688) 59%
VI −0.01699 (0.00298) 77% 0.00166 (0.00318) 48% −0.01161 (0.00280) 71%

Table 10 SRDR selections over 100 replications under the current (a, b) parameterization.

Scenario Mean selected a Mean selected b Supervised only Residual only Mixed

I 6.46 11.18 18% 10% 72%
II 3.88 12.30 4% 1% 95%
III 3.74 12.53 6% 1% 93%
IV 9.15 10.00 22% 3% 75%
V 3.23 24.08 3% 10% 87%
VI 6.54 9.71 9% 3% 88%
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Appendix C Technical results

and proofs

This appendix contains the proofs of the three
main results and the complete statements of sup-
porting invariance, rank, nesting, and prediction-
risk results. The ordering follows the three theo-
retical and computational pillars in Section 3.

C.1 Proof of the exact geometry

Proof of Proposition 3.2 Let A = Ip − P̂sup(a). If q is

an eigenvector of AΣ̂A with eigenvalue λ > 0, then

q = λ−1AΣ̂Aq ∈ col(A).

Thus P̂sup(a)q = 0. This holds for every retained
residual eigenvector, which proves block orthogonal-
ity. Each block is orthonormal by construction, so
their concatenation is orthonormal. The stated pro-
jector identity and direct-sum representation follow
immediately. □

C.2 Response invariance, rank,

and nesting

The response representation is identifiable only
through its column space. The next proposition
makes this fact precise and removes dependence
on an arbitrary categorical baseline.

Proposition C.1 (Invariance to response coordi-
nates). Fix a ≥ 1 and suppose H⋆ = HR for a

nonsingular R ∈ R
q×q. In exact arithmetic, if the

residual truncation eigenspace is unique, then

P̂ ⋆
sup(a) = P̂sup(a),

P̂ ⋆
res(a, b) = P̂res(a, b),

P̂ ⋆(a, b) = P̂ (a, b).

Therefore the estimator is invariant to any non-

singular change of coordinates within the cen-

tered response-feature space. Under numerical

rank truncation, the same conclusion holds pro-

vided the threshold retains the common exact

Krylov column space. In particular, whitening both

response representations reduces their relationship

to an orthogonal coordinate transformation and

preserves all singular values used by a relative

threshold.

Proof The transformed cross-covariance is Ĉ⋆ = ĈR.
Hence

K̂⋆
a = [ĈR, Σ̂ĈR, . . . , Σ̂a−1ĈR] = K̂a(Ia ⊗R).

Because Ia ⊗ R is nonsingular, the two Krylov ma-
trices have the same column space and therefore the
same supervised projector. Their residual covariance
matrices are consequently identical. Uniqueness of the
retained residual eigenspace then gives equality of the
residual and final projectors. If both versions of H
are whitened, their whitened matrices have the same
column space and orthonormal columns under the
n−1H⊤H inner product; they are therefore related by
an orthogonal matrix O. Right multiplication of K̂a

by Ia ⊗ O preserves its singular values, which proves
the numerical-threshold assertion. □

Corollary C.2 (Categorical coding and affine re-
sponse invariance). For a categorical response, the

exact projectors are unchanged by any two full-

rank contrast codings with the same centered class-

indicator column space. This includes a change

of baseline class, a permutation of class labels,

effect coding, and orthonormal contrast coding.

The result also holds for numerical rank trun-

cation after response whitening, or whenever the

retained exact rank is stable. For a scalar contin-

uous response, replacing Y by Y ⋆ = α + βY with

β ̸= 0 leaves all projectors unchanged. If the cen-

tered response is standardized, its only change is

multiplication by sign(β).
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Proof Any two bases of the same centered categorical
contrast space are related by a nonsingular right trans-
formation. Label permutation merely changes that
basis. For the scalar response, MnY

⋆ = βMnY , so
Proposition C.1 applies with R = β. □

The same argument applies to a vector of
continuous-response basis functions if h(α+βy) =
Rh(y) + c for a nonsingular R and a constant
vector c; centering removes c. It does not cover
a change that alters the response feature column
space, such as arbitrary class-specific reweighting.
Such a change defines a different supervised target
rather than a different coding of the same target.

Proposition C.3 (Finite-sample rank bounds).

Let c = rank(Ĉ) and rX = rank(Xc) ≤ min(p, n−
1). For a ≥ 1,

c ≤ min(p, n− 1, q),

dsup(a) ≤ min{p, n− 1, ac}.

For every b ≥ 0,

dres(a, b) ≤ min{b, p− dsup(a), n− 1− dsup(a)},

and therefore

reff(a, b) ≤ min(p, n− 1).

The same conclusions hold at a = 0 with dsup(0) =
0.

Proof Because Ĉ = n−1X⊤c H, its column space is
contained in col(X⊤c ), giving the first bound. Every

block Σ̂jĈ has rank at most c, while all blocks remain
in col(X⊤c ). Thus the concatenated Krylov matrix has
rank at most min(ac, rX).

Furthermore, Ŝsup(a) ⊆ col(X⊤c ). The row space

available after right projection by Ip − P̂sup(a) has
dimension at most rX − dsup(a). Hence

rank{Xres(a)} ≤ rX − dsup(a),

and the residual covariance has the same rank. Com-
bining this fact with the budget b and with orthog-
onality to a dsup(a)-dimensional subspace proves the
residual bound. Adding the two block ranks proves the
final assertion. □

Remark C.4 (Scalar and binary responses). For
a nondegenerate scalar response, and for a bi-
nary response represented by one contrast, c ≤ 1.

If all a Krylov singular directions and at least b
residual eigenvalues pass their respective numer-
ical thresholds, then dsup(a) = a, dres(a, b) = b,
and reff(a, b) = r(a, b) = a + b. These equalities
require full retention under the stated numerical-
rank convention; they are not assumptions built
into the estimator.

Remark C.5 (Downstream LDA). With K
nonempty classes, the pooled within-class covari-
ance of an reff -dimensional score vector has rank
at most n−K. Classical unregularized LDA there-
fore requires reff ≤ n − K and a nonsingular
within-class score covariance. This restriction be-
longs to the downstream classifier; regularized
discriminant analysis does not require the same
inverse to exist.

Proposition C.6 (Valid nesting relations). For

every a ≥ 0,

Ŝsup(a) ⊆ Ŝsup(a+ 1).

For fixed a, the leading residual eigenspaces can

be chosen so that

Ŝres(a, b) ⊆ Ŝres(a, b+ 1),

provided ties are retained as complete eigenspaces

or a consistent eigenbasis is used.

Proof The columns of K̂a form the first a block
columns of K̂a+1, proving the first inclusion. For
fixed a, the residual covariance is fixed, and its or-
dered leading eigenvectors generate a nested sequence,
which proves the second inclusion under the stated
convention. □

Remark C.7 (Lack of joint nesting in a). Increas-

ing a changes P̂sup(a) and hence changes Σ̂res(a).
Although the supervised spaces are nested, the
residual spaces at orders a and a+ 1 need not be
nested. Consequently, the final spaces Ŝ(a, b) are
not generally nested as a varies.

C.3 Dual identities and

equivalence proof

Lemma C.8 (Dual representation of the su-
pervised Krylov matrix). For every integer j ≥
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0,

Σ̂jĈ =
1

n
X⊤c GjH.

Consequently,

K̂a =
1

n
X⊤c Ua, K̂⊤a K̂a =

1

n
U⊤a GUa.

Proof The identity at j = 0 is the definition of Ĉ. If
it holds at j, then

Σ̂j+1Ĉ =
1

n
X⊤c Xc

(
1

n
X⊤c GjH

)
=

1

n
X⊤c Gj+1H,

because G = n−1XcX
⊤
c . Induction proves the first

identity, and horizontal concatenation gives the ex-
pression for K̂a. Finally,

K̂⊤a K̂a =
1

n2
U⊤a XcX

⊤
c Ua =

1

n
U⊤a GUa.

□

Proof of Theorem 3.3 Lemma C.8 shows that the dual
supervised basis equals a thin eigendecomposition-
based orthonormalization of the primal matrix K̂a. It
therefore spans col(K̂a) and gives the same supervised
projector. The displayed formula for Tsup follows by
left multiplication with Xc.

For a positive eigenpair (λj , uj) of Gres, the recov-
ered loading has unit norm because

∥qres,j∥22 =
u⊤j XresX

⊤
resuj

nλj
= 1.

Moreover,

Σ̂resqres,j =
X⊤resXres

n

X⊤resuj

(nλj)1/2
= λjqres,j .

Thus the dual recovery produces exactly the positive-
eigenvalue eigenvectors of the primal residual co-
variance. Matching truncation rules gives the same
residual projector. Proposition 3.2 then gives equality
of the final projectors. Nonuniqueness of eigenvectors
within repeated eigenvalue subspaces affects only their
orientation, not the projectors or score spaces. □

C.4 Perturbation details

Lemma C.9 (Perturbation of the block Krylov
matrix). For a ≥ 1, let Aa(L) and Ba(L,C) be

defined as in Section 3.4. Then

∥K̂a −Ka∥op ≤ Aa(L)εC +Ba(L,C)εΣ.

Proof For j ≥ 0,

Σ̂jĈ − ΣjC = Σ̂j(Ĉ − C) + (Σ̂j − Σj)C.

For j ≥ 1, the telescoping identity

Σ̂j − Σj =

j−1∑

ℓ=0

Σ̂j−1−ℓ(Σ̂− Σ)Σℓ

gives

∥Σ̂j − Σj∥op ≤ jLj−1εΣ.

Therefore the norm of the jth block difference is
bounded by

LjεC + jLj−1∥C∥opεΣ.

For a horizontal block matrix [E0, . . . , Ea−1],

∥[E0, . . . , Ea−1]∥op ≤ (
∑

j ∥Ej∥2op)1/2. Applying the
triangle inequality in R

a to the preceding block bounds
proves the result. □

Proof of Theorem 3.5 Write K̂a = Ka + EK . A
Wedin-type singular-subspace perturbation inequality
for two matrices with the same retained rank (Wedin
1972) gives

∥P̂sup − Psup∥op ≤ ∥EK∥op
δsup − ∥EK∥op

.

Lemma C.9 and εK < δsup/2 yield the first bound.

Let A = Ip−Psup and Â = Ip− P̂sup. Adding and

subtracting ÂΣÂ gives

Σ̂res − Σres = Â(Σ̂− Σ)Â

+ (Â−A)ΣÂ+AΣ(Â−A).

Since orthogonal projectors and their complements
have operator norm one,

∥Σ̂res−Σres∥op ≤ εΣ+2∥Σ∥op∥P̂sup−Psup∥op ≤ εres.

The corresponding Davis–Kahan symmetric
eigenspace perturbation inequality (Davis and Ka-
han 1970); see also Yu et al. (2015), together with
εres < δres/2, gives the residual bound. Finally,

P̂ −P = (P̂sup −Psup) + (P̂res −Pres), so the triangle
inequality proves the final assertion. □

C.5 Supplementary prediction-risk

result

The subspace bound also has a direct predic-
tive interpretation for a continuous response. The
following result uses independent samples for es-
timating the embedding and fitting the regression
coefficients. Cross-fitting provides the same sepa-
ration of the two estimation stages.
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Corollary C.10 (Regression prediction risk).
Suppose X ∼ Np(0,Σ) and

Y = X⊤β + ϵ, ϵ⊥X,

E(ϵ) = 0, E(ϵ2) = σ2,

and let P̂ = P̂ (a, b) be estimated independently of

a fitting sample of size nfit. Let

γ⋆
a,b ∈ arg min

γ∈S(a,b)
(β − γ)⊤Σ(β − γ),

and define the population approximation error

Aa,b = (β − γ⋆
a,b)
⊤Σ(β − γ⋆

a,b).

Assume that the covariance of the retained scores

is nonsingular and nfit > reff + 1. If least squares
without an intercept is fitted using the centered P̂
scores, then, conditional on P̂ ,

Efit{R(f̂a,b)− σ2 | P̂}
= Âa,b + (σ2 + Âa,b)

reff
nfit − reff − 1

,

where Âa,b = infγ∈Ŝ(a,b)(β − γ)⊤Σ(β − γ). Here

R(f) = Enew{Ynew−f(Xnew)}2. If (reff+1)/nfit ≤
ρ < 1, this identity implies

Efit{R(f̂a,b)− σ2 | P̂} ≲ Aa,b +
σ2reff
nfit

+ ∥Σ∥op∥γ⋆
a,b∥22∥P̂ − P∥2op.

If ∥γ⋆
a,b∥2 ≤ Cβ∥β∥2, the final term may be re-

placed, up to a constant, by ∥Σ∥op∥β∥22∥P̂ −P∥2op.

Proof Because Pγ⋆a,b = γ⋆a,b, the vector γ̃ = P̂ γ⋆a,b
belongs to the estimated space and satisfies

β − γ̃ = (β − γ⋆a,b) + (P − P̂ )γ⋆a,b.

For the seminorm ∥v∥2Σ = v⊤Σv,

∥β − γ̃∥2Σ ≤ 2Aa,b + 2∥Σ∥op∥γ⋆a,b∥22∥P̂ − P∥2op.

Thus Âa,b is no larger than the right-hand side.
Conditional on the independently estimated space,

the retained score vector is Gaussian. Its popula-
tion linear-projection residual is independent of the
scores and has variance σ2 + Âa,b. The Gaussian de-
sign cross-product has a Wishart distribution, and
the inverse-Wishart first moment (Muirhead 1982,

Chapter 3) gives the conditional coefficient-estimation
contribution

(σ2 + Âa,b)
reff

nfit − reff − 1
.

Adding approximation error proves the exact identity.
Under (reff + 1)/nfit ≤ ρ < 1, the denominator is of

order nfit; substituting the preceding bound for Âa,b

proves the stated inequality. □

For fixed a, Proposition C.6 implies that
Aa,b is nonincreasing in b. The estimation term,
however, typically grows with reff . The risk
bound therefore formalizes the approximation–
estimation tradeoff controlled by the residual
budget.
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