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Abstract

The identification and characterization of spatial patterns play an important role

in fields ranging from medical imaging and materials science to laser physics

and complex systems. Here, we introduce a recurrence-based framework for the

analysis of two-dimensional patterns by extending concepts originally developed

for nonlinear time series analysis. Spatial recurrence data are generated from

pixel arrays and decomposed into recurrence motifs, whose statistical distribu-

tion is used to construct entropy-based descriptors of spatial organization. By

systematically varying the recurrence threshold, we obtain a two-dimensional

representation defined by the threshold and its associated recurrence entropy,

providing a compact and interpretable feature space for pattern characteriza-

tion. The proposed framework is validated using synthetic datasets, including

fractional Brownian surfaces and Turing patterns, as well as real-world textures

from the Kylberg dataset. The results show that recurrence entropy provides a

complementary description of spatial organization, capturing structural changes

associated with variations in spatial correlations and texture organization.

Keywords: recurrence entropy; spatial patterns; recurrence microstates; texture
analysis; pattern characterization
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1 Introduction

Spatial patterns emerge in a broad range of physical, biological, and technological
systems, and their quantitative characterization is relevant to applications in diverse
areas, including medical imaging, biotechnology, nanomaterials and materials science,
computer vision, urban morphology and landscape characterization, remote sensing
and Earth observation sciences [1–20]. In nonlinear physics and complex systems, spa-
tial descriptors based on information-theory measures have been used to characterize
textures, art works, laser speckle patterns and investigate transitions in vegetation
fields and climatological spatio-temporal data [21–28]. These diverse applications moti-
vate the development of descriptors capable of capturing relevant aspects of spatial
organization in a general and interpretable manner.

Here, we introduce a recurrence-based framework for characterizing spatial pat-
terns through the entropy of local recurrence configurations. For each pixel, recurrence
is evaluated with its eight neighboring pixels, i.e., the pixels immediately surrounding
it, according to a prescribed threshold, generating a binary configuration that defines
a recurrence motif. The distribution of these motifs across the image describes how
local recurrence configurations are organized and provides the basis for computing
recurrence entropy [29, 30]: repetitive spatial structures tend to favor a smaller set
of motifs, whereas more heterogeneous local arrangements produce a broader distri-
bution of configurations. Rather than evaluating this entropy at a single recurrence
threshold, we systematically vary the threshold and examine the resulting entropy
profile, probing how the diversity of local recurrence configurations changes as the
recurrence criterion is relaxed. The threshold corresponding to the maximum entropy
is then selected as the representative threshold, together with its associated entropy
value, providing a compact descriptor of the spatial pattern [30]. From this depen-
dence, we extract characteristic entropy and threshold values that provide compact
descriptors of the spatial pattern.

Several approaches have been developed to characterize spatial patterns, each
emphasizing different aspects of spatial organization. Statistical descriptors based on
gray-level distributions and co-occurrence matrices provide measures such as contrast,
homogeneity, and correlation [31], while Fourier and wavelet methods character-
ize spectral and multiscale properties [32]. Geometrical descriptors, including fractal
dimension and lacunarity, quantify self-similarity, roughness, and scale-dependent
organization [33, 34]. Machine learning and deep learning methods have also achieved
remarkable performance in image classification and segmentation, particularly when
large annotated datasets are available [13, 35, 36]. These approaches provide powerful
and complementary descriptions, but their sensitivity to specific spatial proper-
ties, representations, or training procedures motivates the development of additional
descriptors based directly on spatial configurations.

Information-theoretic approaches offer a complementary perspective by quantify-
ing statistical organization and uncertainty without requiring a specific model for the
underlying system. Since the seminal work of Shannon [37], entropy-based measures
have been widely applied to signal and image analysis [38, 39], with permutation
entropy providing a simple and robust framework for extracting information from the
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ordinal structure of data [40]. In this context, recurrence plots provide a natural frame-
work for describing relationships between local configurations. Originally introduced
by Eckmann et al. [41] for the visualization of recurrences in phase-space trajectories,
recurrence plots were later complemented by recurrence quantification analysis (RQA)
[42, 43]. Their use was subsequently extended to spatially distributed systems and
images, including spatial recurrence plots [44], generalized recurrence plots and gener-
alized recurrence quantification analysis [45]. Spatial recurrence measures have been
used to characterize Turing patterns and to identify structural changes and dynamical
regimes in reaction-diffusion systems [46, 47].

Despite these developments, recurrence-based descriptions generally require the
recurrence threshold to be fixed or selected according to a prescribed criterion before
recurrence measures are evaluated. The threshold therefore determines which config-
urations are considered recurrent, but its dependence has rarely been explored as a
source of information about the spatial organization of a pattern itself [30, 48]. Here,
we investigate whether the variation of recurrence entropy across threshold values
can provide additional information about spatial structure. Because recurrence motifs
are defined from local relationships between neighboring pixels, spatial variations in
these relationships are expected to modify the distribution of motifs. Thus, interfaces,
boundaries, local heterogeneities, and regions with different degrees of spatial orga-
nization can be reflected in the statistical composition of recurrence configurations.
This provides a basis for testing the sensitivity of recurrence entropy to different forms
of spatial structure and for assessing whether its threshold dependence provides a
meaningful descriptor of pattern organization.

To this end, we evaluate the framework using four complementary classes of spatial
patterns: fractional Brownian surfaces, Turing patterns, Voronoi tessellations, and tex-
tures from the Kylberg dataset. Typical examples are shown in Fig. 1. These patterns
were selected to probe distinct aspects of spatial organization. Fractional Brownian
surfaces provide controlled variations in spatial correlations and roughness, Turing
patterns exhibit organized structures and characteristic spatial scales, Voronoi tes-
sellations provide a controlled geometry with systematically varying interfaces and
spatial heterogeneity, and the Kylberg textures provide real-world examples with
diverse local organizations. Together, these datasets allow us to test whether recur-
rence entropy responds systematically to controlled changes in spatial structure and
whether the resulting entropy profiles provide a compact description of qualitatively
different patterns.

2 Results

2.1 S̄ × δ̄: a diagram for characterization of spatial patterns

2.1.1 Fractional Brownian Surfaces

To test the sensitivity of the proposed descriptors to controlled variations in spatial
correlation, we first consider fractional Brownian surfaces, whose spatial organization
can be systematically varied through the Hurst exponent H. Figure 2 shows the results
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Fig. 1 Examples of the spatial patterns analyzed in this study. The first row shows synthetic pat-
terns: (a) fractional Brownian surface, (b) Turing pattern, and (c) Voronoi tessellation. The second
row shows three examples from the Kylberg texture dataset: (d) blanket, (e) canvas, and (f) ceiling 2.

for the Brownian surfaces generated on a 1024× 1024 grid, with pixel values normal-
ized between 0 and 1. The results are presented as error bars corresponding to the
mean value plus or minus one standard deviation, computed from 100 independent
realizations. Each color represents a different Hurst exponent, with H values ranging
from 0 to 1 in steps of 0.1 (see Sec. 4.2.1 for details). In panel (a), we plot the repre-
sentative entropy S̄, as defined in Eq. (4), as a function of H and observe a decreasing
trend as H increases. This behavior is consistent with the increasing spatial correla-
tion of surfaces with higher Hurst exponents, which leads to more spatially organized
structures. In panel (b), we show the corresponding threshold δ̄, defined in Eq. (5),
as a function of H, which also exhibits a monotonic decrease. In panel (c), we present
the average recurrence rate ⟨ϱ⟩, as defined in Eq. (7). As discussed in [49], distinguish-
ing between surfaces with low Hurst exponents can be challenging, particularly when
using entropy-based measures. Finally, in panel (d), we present the (S̄, δ̄) diagram.
The data points are more evenly distributed in this representation, facilitating the
visual distinction between surfaces generated with different H values.

2.1.2 Turing Patterns

To assess the sensitivity of the proposed descriptors to organized spatial structures
and characteristic pattern scales, we next consider Turing patterns with different mor-
phologies and characteristic sizes. Figure 3 shows the S̄× δ̄ (a) and ⟨ϱ⟩× δ̄ (b) diagrams
for the four distinct Turing patterns generated using Eqs. (8) and (9) (see Sec. 4.2.2 for
details). The error bars represent one standard deviation from the mean, calculated
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Fig. 2 Quantitative analysis of Brownian surfaces with distinct Hurst exponents H ∈ [0, 1] in steps of
0.1, generated as described in Sec. 4.2.1. Each point represents the average value over 100 realizations
on a 1024× 1024 grid with pixel intensities normalized between 0 and 1. Panel (a) shows the entropy
S̄ as a function of H, and panel (b) presents the dissimilarity index δ̄ versus H, both exhibiting a
decreasing trend with increasing H. Panel(c) displays the average recurrence rate ⟨ϱ⟩ as a function of
H. Panel (d) displays the (S̄, δ̄) diagram, where the measures provide a clearer separation between
surfaces generated with different H values. Error bars correspond to one standard deviation.

over 100 independent realizations. The two representations separate the different pat-
terns in the feature space. Notably, similar values of S̄ do not necessarily correspond
to similar spatial structures, as differences in δ̄ provide an additional dimension for
distinguishing the patterns. In particular, panel (a) shows that patterns with differ-
ent characteristic sizes occupy distinct regions of the (S̄, δ̄) space. Larger circular and
stripe patterns are associated with lower values of both S̄ and δ̄, whereas smaller pat-
terns occupy regions characterized by higher values of these quantities. This behavior
can be related to the spatial organization of the patterns: as the characteristic size of
the structures decreases, the number of interfaces and local spatial variations increases
throughout the image. Consequently, a greater diversity of local recurrence configu-
rations is observed, leading to a broader distribution of recurrence motifs and higher
entropy values. These results indicate that recurrence entropy is sensitive not only to
the morphology of the patterns but also to their characteristic spatial scale.

2.1.3 Kylberg Dataset

To assess the behavior of the proposed descriptors on real-world textures, we finally
consider the Kylberg dataset, which provides a more challenging test due to the greater
variability and complexity of naturally occurring spatial structures. Figure 4 presents
the S̄× δ̄ (a) and ⟨ϱ⟩× δ̄ (b) diagrams obtained for the Kylberg dataset (see Sec. 4.2.3
for details). Since the pixel intensities are discrete integer values ranging from 0 to 255,
the recurrence threshold δ was varied in integer steps within this interval. The result-
ing diagrams show that different texture patterns tend to occupy distinct regions of the
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Fig. 3 (a) S̄×δ̄ and (b) ⟨ϱ⟩×δ̄ diagrams, for the four distinct turning patterns generated as described
in Sec. 4.2.2. The error bars correspond to one standard deviation over 100 distinct realizations of
the spatial patterns.

feature space, indicating that recurrence-based descriptors are sensitive to their under-
lying spatial organization. The separation is particularly evident in the S̄ × δ̄ plane.
Although some overlap is observed for textures with similar visual appearance, many
texture types form relatively well-defined regions characterized by distinct entropy
and threshold values. This behavior suggests that recurrence entropy captures differ-
ences in local spatial arrangements and texture organization. In contrast, the ⟨ϱ⟩ × δ̄
plane exhibits substantially greater overlap. Although the recurrence rate still reflects
variations in local texture organization, its smaller dynamic range provides less sepa-
ration between the different patterns. These results indicate that recurrence entropy
provides information beyond the overall recurrence rate, with the pair (S̄, δ̄) offering
a richer representation of spatial texture organization.

2.2 Sensitivity to Spatial Scale in Voronoi Tessellations

To investigate the sensitivity of recurrence entropy to spatial scale, we analyzed ensem-
bles of binary Voronoi tessellations generated from randomly distributed seeds (see
Sec. 4.2.4). In contrast to the previous datasets, which were primarily employed for
pattern characterization, Voronoi tessellations provide a controlled framework in which
the characteristic spatial scale can be modified while maintaining a fixed image res-
olution. For each realization, a set of (Ns) seeds was randomly distributed over a
(512× 512) domain and the corresponding Voronoi tessellation was constructed. Only
the cell boundaries were retained, yielding binary images in which boundary pixels
assume value one and all remaining pixels assume value zero. Since the images are
binary, the recurrence analysis was performed using (δ = 0), such that two pixels were
considered recurrent only when their values were identical.

For each value of Ns, one hundred independent realizations were generated and
the corresponding recurrence entropy was computed. Figure 5 presents the resulting
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Fig. 4 S̄ × δ̄ (a) and ⟨ϱ⟩ × δ̄ (b) diagrams for the Kylberg dataset. The recurrence threshold δ is
varied in integer steps from 0 to 255. The texture classes are generally well-separated, with minor
overlaps for a few classes.

Fig. 5 (a) Mean recurrence entropy S̄ and (b) average recurrence rate ⟨ϱ⟩ as a function of the
number of Voronoi seeds Ns. Increasing Ns reduces the characteristic cell size while maintaining a
fixed image resolution (512 × 512), revealing the sensitivity of recurrence entropy to progressively
finer spatial scales.

dependence of recurrence entropy (panel a) and the average recurrence rate (panel b)
on the number of seeds. Error bars corresponding to one standard deviation are omit-
ted because their magnitude is negligible on the scale of the plots. As the number of
seeds increases, the characteristic size of the Voronoi cells decreases approximately as
ℓ ∼ L/

√
Ns [50], leading to a progressive increase in the density of interfaces and junc-

tions within the image. Consequently, the spatial organization becomes increasingly
structured across smaller scales while the total number of pixels remains unchanged.
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A clear monotonic increase in recurrence entropy, accompanied by a decrease in
the average recurrence rate, is observed as the number of seeds (Ns) increases. Since
the image resolution is fixed throughout the analysis, this variation reflects changes
in spatial organization rather than image size or sampling density. As Ns increases,
the characteristic size of the Voronoi cells decreases, leading to a higher density of
interfaces and junctions and, consequently, to a greater diversity of local recurrence
configurations. This behavior is consistent with the results obtained for the Tur-
ing patterns (see Fig. 3), where structures with smaller characteristic spatial scales
also exhibit higher entropy values. Taken together, these results indicate that recur-
rence entropy is sensitive to the characteristic spatial scale of a pattern. The Voronoi
benchmark therefore provides a controlled framework that the measure can capture
changes in geometric organization and coarse-graining even when image resolution and
grayscale intensity remain unchanged.

3 Conclusions

In this work, we introduced a recurrence-based framework for the characterization of
spatial patterns by extending concepts from recurrence analysis to two-dimensional
pattern data. The proposed approach relies on the construction of recurrence motifs
and the computation of recurrence entropy, providing a compact representation of
spatial organization through the joint analysis of the recurrence threshold and its asso-
ciated entropy. The methodology was validated using synthetic datasets, including
fractional Brownian surfaces and Turing patterns, as well as real-world textures from
the Kylberg dataset. Across these systems, recurrence entropy proved capable of dis-
tinguishing different classes of patterns and capturing structural variations associated
with changes in spatial correlations.

The results highlight both the strengths and limitations of the proposed framework.
On the positive side, recurrence entropy provides an interpretable and computation-
ally simple descriptor that can be applied to synthetic, experimental, and real-world
datasets within a unified framework. Furthermore, the Voronoi tessellation analysis
show that the method is sensitive to variations in characteristic spatial scale, revealing
systematic entropy changes as increasingly fine geometric structures are introduced
while maintaining a fixed image resolution. On the other hand, the sensitivity of the
entropy measure depends on the underlying image structure, with some highly orga-
nized patterns exhibiting relatively small entropy variations. Consequently, recurrence
entropy should be used as a diagnostic tool that captures some aspects of spatial
pattern organization, complementing the information provided by other complexity
indicators.

Several directions for future research remain open. A natural extension is the sys-
tematic investigation of robustness against different noise sources and noise intensities.
The framework may also be generalized to color and multi-channel images, enabling
applications beyond grayscale texture analysis. In addition, the use of two recur-
rence thresholds, (δmin) and (δmax), could provide a mechanism for selecting specific
intensity ranges and isolating relevant spatial structures from either original or prepro-
cessed images. Such developments may further enhance the ability of recurrence-based
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Fig. 6 Illustration of the recurrence motif construction. The left panel shows the eight-connected
neighborhood of a central pixel x, surrounded by its neighboring pixels y1, . . . , y8. The three examples
on the right illustrate the construction of recurrence motifs from different local intensity configura-
tions. For each example, the grayscale pixel values are compared with the central pixel according to
the recurrence threshold δ, generating eight binary recurrence relations R(x, yi). The red border indi-
cates recurrent pixels. The resulting binary configuration defines the corresponding recurrence motif,
shown on the right. Here, the recurrence threshold is fixed at δ = 0.05 for illustration; changing δ

may modify the recurrence relations and, consequently, the resulting motifs.

descriptors to extract multiscale information and reveal hidden structural features in
complex spatial datasets.

4 Methods

4.1 Recurrence motifs and entropy

To quantify the spatial complexity of the patterns analyzed in our study, we intro-
duce a local entropy measure based on recurrence motifs. The method is applied to
grayscale patterns represented as two-dimensional arrays of size N ×M , where each
pixel at position (i, j) is associated with a single scalar value I(i, j), hereafter referred
to as the pixel intensity. Depending on the dataset, this intensity may be represented
either by a discrete integer value, such as in standard 8-bit grayscale images, or by a
continuous real-valued quantity obtained from numerical simulations or experimental
measurements. The proposed framework is independent of the numerical represen-
tation and can therefore be applied to both discrete and continuous patterns. For
each non-border pixel x, we consider its eight-connected neighborhood, composed of
its immediate neighboring pixels y1, . . . , y8, as illustrated in Fig. 6. For a prescribed
recurrence threshold δ, the intensity of the central pixel is compared with that of each
neighboring pixel, and a recurrence relation is assigned according to the thresholded
similarity criterion [41]:

R(x, yi) = Θ (δ − |I(x)− I(yi)|) , i = 1, · · · , 8, (1)
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where I(·) denotes the scalar intensity associated with a pixel, Θ(·) is the Heaviside
function, and δ is the recurrence threshold. Thus, each neighborhood gives rise to
eight binary recurrence relations, as illustrated by the three examples in Fig. 6. The
resulting ordered binary configuration defines the recurrence motif associated with the
central pixel:

n(x) = [R(x, y1), R(x, y2), . . . , R(x, y8)]. (2)

Since each entry in the motif vector is binary, there are 28 = 256 possible distinct
motifs. Since the recurrence motifs are defined from local relationships between neigh-
boring pixels, their distribution is expected to reflect the spatial organization of the
pattern. Different spatial arrangements can give rise to distinct sets of local recur-
rence configurations. For example, elongated structures with predominantly vertical
interfaces may produce recurrence motifs with different frequencies from those gener-
ated by circular or isotropic structures. Likewise, changes in the characteristic size of
the structures can modify the relative amount of interior and boundary regions. As
the number and spatial distribution of interfaces change, the local recurrence relations
between neighboring pixels are correspondingly altered, leading to changes in the sta-
tistical distribution of recurrence motifs. Thus, the motif distribution provides a direct
link between local spatial organization and the frequency of occurrence of each motif.
It is important to note that the proposed methodology is invariant under 90◦ rota-
tions of the image and under inversion of the pixel intensities, i.e., exchanging black
and white.

We iterate through all non-border pixels in the image to construct a distribution
P (m) over the observed motifs m. Finally, we compute the Shannon entropy of the
motif distribution:

S(δ) = −
∑

m

P (m) logP (m), (3)

where the sum is taken over all motifs with non-zero probability, this entropy value
S(δ) provides a quantitative measure of the spatial complexity of the image, ranging
from 0 to log(256) = 8. To facilitate comparison across different patterns and param-
eter settings, we normalize the entropy by dividing by its maximum possible value,
yielding a dimensionless quantity between 0 and 1.

A critical step in recurrence-based analyses is the selection of the recurrence thresh-
old (δ), which determines whether two states are considered recurrent. The threshold
directly controls the density of recurrence points in the recurrence matrix and there-
fore strongly influences the distribution of recurrence motifs and the resulting entropy
values. If δ is chosen too small, only a limited number of recurrences are detected,
whereas excessively large values may lead to an almost fully recurrent matrix, reducing
the discriminative power of the analysis [43, 51]. Consequently, the choice of δ remains
one of the most important practical issues in recurrence quantification analysis.

Several strategies have been proposed to select suitable threshold values, including
fixed recurrence rates, distance-based criteria, and heuristic percentages of the phase-
space diameter [43, 51]. In the present work, rather than fixing δ to a single value,
we systematically investigate how the recurrence entropy varies with the recurrence
threshold. For a given pattern, the entropy is evaluated over a range of thresholds,
yielding the entropy curve S(δ). This curve provides additional information about the
statistical organization of the patterns. In particular, different patterns may exhibit
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distinct entropy profiles, reflecting differences in the distribution of pixel intensities
and local spatial arrangements. Therefore, the threshold itself becomes an additional
source of information that can be exploited for pattern characterization.

For applications focused on pattern classification and state characterization,
we follow the entropy maximization approach proposed in [30]. In this case, the
representative entropy of the image is defined as

S̄ = maxδS(δ), (4)

which occurs at a corresponding threshold value δ̄. Thus, δ̄ is defined as the threshold
value that maximizes the recurrence entropy,

δ̄ = argmaxδS(δ). (5)

This threshold is subsequently used to characterize the representative entropy of the
pattern. The rationale behind this approach is that the entropy reaches its maximum
when the diversity of recurrence motifs is largest, indicating the threshold that reveals
the richest set of local spatial configurations present in the patterns. Inspired by the
feature extraction framework proposed in [52], the pair (S̄, δ̄) can be interpreted as a
compact descriptor of the patterns. Different spatial patterns tend to occupy distinct
regions in the (S̄, δ̄) plane, providing a simple and interpretable feature space for
characterization and classification.

To illustrate the influence of the recurrence threshold on entropy estimation, Fig. 7
presents two artificially generated images composed of independent random pixels.
Panel (a) shows an image generated from a uniform distribution and panel (b) an
image generated from a normal distribution. In both cases, pixel intensities are real-
valued and normalized between 0 and 1. Although both patterns are generated from
random processes, the distinct probability distributions of pixel intensities lead to
markedly different entropy curves S(δ), shown in panel (c). The uniform distribution
reaches a maximum entropy of S̄ = 0.997 at δ̄ = 0.29, whereas the normal distribution
reaches S̄ = 0.977 at δ̄ = 0.10. These example expose that both the entropy and
the threshold associated with its maximum contain useful information regarding the
underlying statistical properties of the image. Consequently, the entropy curve S(δ)
provides a natural framework for exploring spatial complexity across different scales
of similarity.

In association with S̄ and δ̄, we proceed to extract additional information from the
recurrence patterns of each pixel. One such feature is the local recurrence rate, which
quantifies the proportion of neighboring pixels that are recurrent to a given central
pixel. For a pixel located at position x, the local recurrence rate ϱx is defined as

ϱx =
1

8

8∑

i=1

R(x, yi), (6)

where R(x, yi) is the binary recurrence between the pixel x and its i-th neighbor
yi. This measure captures the local homogeneity of a pixel’s neighborhood: a value
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Fig. 7 Artificially generated patterns using uniform (a, blue scale) and normal (b, gray scale) distri-
butions for 512× 512 pixels created with values from 0 to 1, and corresponding entropy curves S(δ)
as a function of the threshold δ (c). Despite being purely noisy, differences in pixel intensity distribu-
tions lead to distinct entropy profiles, with the uniform case peaking at S̄ = 0.997 for δ̄ = 0.29 and
the normal case at S̄ = 0.977 for δ̄ = 0.1.

of ϱx = 1 indicates full recurrence (i.e., all neighbors are recurrent), while ϱx = 0
indicates the absence of any recurrence. Based on the local recurrence rates, it is also
possible to compute the average recurrence rate across the image, defined as:

⟨ϱ⟩ = 1

(N − 2)(M − 2)

N−1∑

j=2

M−1∑

k=2

ϱj,k, (7)

where ϱj,k represents the local recurrence rate of the pixel at position (j, k), and the
summation excludes the border pixels to ensure all neighborhoods are fully defined.
This global quantity reflects the overall level of recurrence or homogeneity in the
patterns, and can serve as an additional feature for texture characterization.

4.2 Dataset

4.2.1 Fractional Brownian surfaces

Fractional Brownian surfaces (fBs) are stochastic self-affine fields characterized by
long-range spatial correlations governed by the Hurst exponent H ∈ (0, 1) [53]. They
constitute a two-dimensional extension of fractional Brownian motion and have been
widely employed to model natural textures, rough surfaces, geophysical landscapes,
and heterogeneous media [54]. The Hurst exponent controls both the roughness and
correlation structure of the surface: small values ofH generate highly irregular patterns
with weak spatial persistence, whereas large values of H produce smoother structures
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Fig. 8 Artificially generated fractional Brownian surfaces (fBs) for 1024 × 1024 pixels for distinct
Hurst exponents of generation (H): (a) H = 0.2, (b) H = 0.5, and (c) H = 0.8. The larger the
parameter, the smoother the surface.

with stronger long-range correlations. Figure 8 illustrates three representative realiza-
tions of fractional Brownian surfaces of size 1024×1024 generated with different Hurst
exponents: (a) H = 0.2, (b) H = 0.5, and (c) H = 0.8.

4.2.2 Turing Patterns

Alan Turing showed that simple reaction–diffusion mechanisms can generate complex
spatial structures, providing a theoretical explanation for patterns such as stripes
and spots observed in nature [55]. Reaction–diffusion systems describe the spatiotem-
poral evolution of interacting chemical species through local reactions and diffusion
processes. In this work, we employ a classical two-species reaction–diffusion model,
inspired by the implementation presented in [56], to generate artificial spatial pat-
terns. The dynamics are governed by the concentrations (u(x, y, t)) and (v(x, y, t)),
whose evolution is described by

∂u

∂t
= Du∇2u+ Fu(u, v) (8)

∂v

∂t
= Dv∇2v + Fv(u, v) (9)

where Du and Dv are the diffusion coefficients, and Fu(u, v) = u − u3 − v + α and
Fv(u, v) = (u− v)β describe the local reaction kinetics between the two components.
The first term in each equation accounts for spatial diffusion, while the second term
models local interactions such as production, inhibition, or decay. Under appropriate
conditions, this coupling between diffusion and reaction can destabilize a homogeneous
steady state, forming spatially organized structures known as Turing patterns.

Figure 9 illustrates spatial patterns generated by a reaction-diffusion system (Eqs.
(8, 9)). The grid composed of 512 × 512 points is initialized with random concentra-
tions of the u and v, and the system evolves for 500 steps, with each step involving
100 updates. The final pattern of u(x, y) is displayed in grayscale, where darker areas
indicate lower concentrations of species u and lighter areas indicate higher concentra-
tions. Panel (a) displays a pattern consisting of small, circular formations. Panel (b)

13



shows a pattern with larger circular formations. Panel (c) presents smaller, stripe-like
structures, while panel (d) illustrates larger stripe formations.

Fig. 9 Turing patterns generated by a reaction-diffusion system [Eqs. (8 - 9)]. Panel (a) shows small
circular formations Du = 1, Dv = 100, α = −0.05, and β = 10, (b) displays larger circles Du = 1,
Dv = 200, α = −0.1, and β = 2, (c) presents smaller stripes Du = 1, Dv = 100, α = −0.001, and
β = 10, and (d) illustrates larger stripes Du = 1, Dv = 200, α = 0.5, and β = 2.

4.2.3 Kylberg Dataset

The Kylberg Dataset, consists of 28 distinct texture classes. Each class includes 160
multiple grayscale images captured under controlled conditions to ensure consistency
in scale and illumination. The textures represent a variety of natural surfaces, provid-
ing a diverse set of patterns for classification and analysis. The images are preprocessed
to highlight texture characteristics while minimizing background noise. Figure 10 illus-
trates the first sample of each class. The dataset is free and it’s available in [57].

4.2.4 Synthetic Voronoi Patterns

To further investigate the sensitivity of the proposed recurrence entropy to spatial
scale, we considered a family of synthetic patterns based on Voronoi tessellations.
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Fig. 10 The first sample of each of the 28 classes of the Kylberg Dataset [57].

Voronoi patterns provide a controlled framework in which the characteristic spatial
scale can be systematically modified while maintaining a fixed image resolution. A
Voronoi tessellation is generated from a set of Ns seed points randomly distributed
over a two-dimensional domain. Each pixel is assigned to the nearest seed according
to the Euclidean distance, partitioning the image into a collection of polygonal regions
known as Voronoi cells [50].

In the present work, images of size 512 × 512 pixels were generated by randomly
placing Ns seeds in the domain. After constructing the Voronoi tessellation, only
the cell boundaries were retained, producing binary images in which pixels belong-
ing to a boundary assume value one and all remaining pixels assume value zero. This
representation emphasizes the geometric organization of the tessellation and allows
the recurrence analysis to focus exclusively on the spatial arrangement of interfaces.
Increasing Ns introduces progressively finer spatial structures while preserving the
overall image dimensions. In this sense, the number of seeds acts as a control param-
eter governing the characteristic observation scale of the pattern. Figure 11 presents
representative realizations generated for different numbers of seeds. As the number
of seeds increases, the characteristic size of the Voronoi cells decreases, leading to a
larger number of interfaces within the same image domain.
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[12] Omarzadeh, D., González-Godoy, A., Bustos, C., Mart́ın-Fernández, K., Scotto,
C., Sánchez, C., Lapedriza, A., Borge-Holthoefer, J.: Explainable automatic
detection of fiber–cement roofs in aerial RGB images. Remote Sensing 16(8),

17



1342 (2024)

[13] Sindhura, D.N., Pai, R.M., Bhat, S.N., Pai, M.M.M.: A review of deep learn-
ing and generative adversarial networks applications in medical image analysis.
Multimedia Systems 30(3), 161 (2024)

[14] Medghalchi, S., Kortmann, J., Lee, S., Karimi, E., Kerzel, U., Korte-Kerzel, S.:
Automated segmentation of large image datasets using artificial intelligence for
microstructure characterisation and damage analysis. Materials & Design 243,
113031 (2024)

[15] Mgohele, R.N., Massawe, B.H.J., Shitindi, M.J., Sanga, H.G., Omar, M.M.: Pre-
diction of soil texture using remote sensing data. a systematic review. Frontiers
in Remote Sensing 5, 1461537 (2024)

[16] Liboni, L.H.B., Budzinski, R.C., Busch, A.N., Löwe, S., Keller, T.A., Welling,
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