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Abstract

Based on the combination of neural networks, numerical quadrature schemes
and adaptive subspace approximation, we propose a new machine learning method
for solving interface problems. The neural network is employed to construct the
basis functions of a finite-dimensional subspace, upon which the discrete solution is
obtained via subspace approximation. In particular, an a posteriori error estimator
can be derived from the hypercircle technique within this subspace approximation
framework. This estimator can further be used as the loss function to adaptively
refine the neural network parameters. The high accuracy achieved by the proposed
method also demonstrates that machine learning approaches equipped with high
precision integration are capable of automatically handling singularities arising in
interface problems. Numerical results illustrate that the proposed method attains
high accuracy for interface problem simulations when equipped with a high precision
numerical integration scheme for designing loss functions.
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1 Introduction

In recent years, the neural network (NN) based machine learning methods for solving
partial differential equations (PDEs) have attracted increasing attention from computa-
tional mathematics and scientific computing societies. These methods are expected to be
alternatives to classical numerical methods such as the Finite Element Method (FEM),
especially for solving high-dimensional problems and singular problems. However, dif-
ferent from FEM, the lack of error control in the NN-based methods makes it difficult
for the NN-based method to achieve high accuracy in solving PDEs, although it benefits
from the strong representational capacity of NNs.

More specifically, there are several types of well-known NN-based methods such as
deep Ritz [9], deep Galerkin method [27], PINN [21], and weak adversarial networks
[39] for solving PDEs by designing different loss functions. Among these methods, the
loss functions always include computing integrations for the functions defined by NNs.
Direct numerical integration for high-dimensional functions always meets the “curse of
dimensionality”. Always, the high-dimensional integration is computed using the Monte
Carlo method along with some sampling tricks [9, 10]. Following this idea, these NN-based
machine learning methods always use the Monte Carlo method, even in low-dimensional
cases. Due to the low convergence rate of the Monte Carlo method, it is challenging to
achieve high accuracy and a stable convergence process.

Recently, to control the integration error, we propose a type of tensor neural network
(TNN) and the corresponding machine learning method to solve high-dimensional prob-
lems with high accuracy [31, 33, 32]. The reason why the TNN-based method achieves
high accuracy is that the high-dimensional integration of TNN in the loss functions
can be transformed into one-dimensional integration, which allows the classical quadra-
ture schemes with high accuracy to be implemented. The TNN-based machine learning
method has already been used to solve high-dimensional eigenvalue and boundary value
problems based on the Ritz type of loss functions [31]. Furthermore, in [34], the multi-
eigenpairs can also be computed with the machine learning method designed by combining
the TNN and the Rayleigh-Ritz process. So far, the TNN-based machine learning method
has shown a strong ability to solve high-dimensional problems.

In addition to high-dimensional problems, solving low-dimensional PDEs with singu-
larities and discontinuities is also tricky. The existence of a singularity makes the solution
of PDE have different approximate difficulties in different locations. Classical numerical
methods, such as the FEM, have developed adaptive techniques for solving singular and
interface problems. There are three important adaptive finite element methods (AFEMs):
the h-adaptive, the p-adaptive, and the r-adaptive methods. Especially, we should intro-
duce the adaptive mesh redistribution (i.e., Moving Mesh Method) in the finite element
method [13, 15, 20]. Techniques for the moving mesh method continuously reposition a
fixed number of mesh nodes and degrees of freedom, and so they improve the resolution
in particular locations of the computational domain. These methods not only inherit the
error estimation theories of FEM but also introduce a reliable a posteriori error estimate
as the indicator to find a better trial function space suitable for singular problems. Based
on this idea, in our previous work [33], the a posteriori error estimator is adopted as
the loss function of the TNN-based method for solving boundary value problems and
eigenvalue problems, and the numerical experiments on the model problems obtain the



accuracy close to the machine error and an efficient optimization path.

In this paper, inspired by the error analysis framework of FEM, we decompose and
analyze the error during the process of the NN-based method for solving PDE. We propose
a new adaptive neural network subspace method (ANNSM) based on error decomposition.
ANNSM can adaptively update the trial function space represented by NN with the
training process based on the a posteriori error estimator, thus reducing the subspace
approximation error. In particular, for the second-order elliptic interface problems, we
propose a new loss function form based on a posteriori error estimation. In addition,
ANNSM employs an alternating optimization process to iteratively obtain a better NN
subspace and an optimal Galerkin approximation on this subspace, thereby reducing the
difficulty of the optimization and controlling the optimization error.

An outline of the paper goes as follows. In Section 2, following the idea of FEMs,
we build the framework for error estimates of NN-based method for solving PDEs. As
applications of the understanding in Section 2, we will consider the NN subspace based
machine learning method in Section 3. Section 5 is devoted to designing the machine
learning methods for elliptic problems with interface and discontinuous coefficients, re-
spectively. Some concluding remarks are given in the last section.

2 Rethinking machine learning method for solving
PDEs

In this section, by replacing the finite element space with neural network space, we develop
an algorithmic framework of the NN-based machine learning method for solving PDEs
based on the idea of the FEM. Furthermore, we provide an error analysis of the proposed
method, grounded in the error estimate theory of the FEM.

Both the finite element method and the neural network approach for solving partial
differential equations can be divided into three corresponding steps in their solution
procedures. For the finite element method (FEM), the procedure is as follows:

e Space Construction: A finite element space is built from the mesh.

e Formulation: The Ritz or Galerkin weak form of the PDE is constructed on the
finite element space.

e Solution: The resulting discrete optimization or linear system is solved to obtain
the FEM solution.

Similarly, the machine learning approach follows a parallel workflow:
e Space Construction: A neural network is built to serve as the trial space.

e Formulation: A loss function is designed based on the Ritz or residual form of the
concerned PDE by NN.

e Solution: The network parameters are trained by optimizing the discrete loss
function, yielding the neural network solution.



To more clearly illustrate the solution processes of these two methods, we consider,

as an example, the following second-order elliptic equation: Find u € H{(f2) such that
-V (AVu(e)) + Bu= f(),  wED, o)
u(z) =0, x € 09, '

where A € R¥9 is a symmetric positive definite coefficient matrix and the coefficient
function [ is non-negative on the computing domain.

In order to describe the finite element method, we define the Ritz form for the problem
(2.1) as follows

u= inf / (% (Vo - AV + pv%) — fv) dx. (2.2)
Q

vEHI(Q)

From the variational theory, the problem (2.2) is equivalent to the original problem
(2.1). The finite element method is defined by restricting the Ritz problem (2.1) to
the finite dimensional subspace which is built by using the piecewise polynomial on the
triangulation for the computing domain 2. Overall, the standard procedure of the finite
element method for solving problem (2.1) can be described by Algorithm 1.

Algorithm 1: Procedure of finite element method for solving problem (2.1)
1. Generate the mesh 7;, for the computing domain and build the finite element
space V}, on the mesh 7,. The finite element space V}, consists of piecewise
polynomial basis functions ¢, ; which can be denoted as follows

Vh = {901,/17 e 7%0Nh,h} ) (23)
where N, := dimV},.

2. Build the Ritz form for problem (2.1) on the finite element space V},

v EVY 2

up = inf / (1 (Vo - AV, + Bo;) — fvh> ds, (2.4)
Q

where u;, = Z;V:hl c;jp;n denotes the finite element solution.

3. Solve the deduced discrete optimization problem (2.4) to obtain the coefficient
{cj}jy:”'l and the finite element solution wuy, = Zjvzhl CjPjh-

Similar to the idea of the finite element method, the machine learning method for
problem (2.1) can be formulated by restricting the Ritz problem (2.2) to a trial space
constructed by using a neural network. Let Vyn denote the neural network-based trial
space. The corresponding restricted Ritz problem is then defined as follows

uﬁ& = inf / (% (VUN - AVuy + 61)]2\,) — fUN) s, (2.5)
Q
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Figure 1: Errors of machine learning method for problem (2.1).

where ul(\% denotes the solution to the problem (2.5).

To perform the integration in (2.5), usually we need to select quadrature points x;
and the corresponding weights w;, i = 1,--- , K, where K denotes the total number of
quadrature points. Based on this quadrature scheme, we define the computational loss
function and formulate the associated discrete optimization problem as follows

K

iRi= int 3 (5 (ol A) V(e + Bladon(@)?) - flaos(z) ) v (20

vNEVNN £
=1

where ul(\?lzl denotes the neural network solution to (2.6). To devise a numerical quadrature
scheme with reasonable accuracy, we require the geometric information of the computa-
tional domain. This is why we refer to this way as Geometry-Aware in this paper.

The training steps in machine learning methods essentially perform optimization for
the discrete problem (2.6). We denote by “1(\%21 the approximation solution obtained from
ul(\?l)\I after sufficient training steps. Based on these considerations, the machine learning
method for solving the problem (2.1) can be described by the procedure outlined in
Algorithm 2, and the corresponding error decomposition is given in Figure 1.

Algorithm 2: General procedure of machine learning method for solving prob-
lem (2.1)
1. Choose some types of architecture to build the neural network Vyn as the trial
space;

2. Build the loss function by using the Ritz form and define the corresponding
discrete problem (2.6) wiht some type of quadrature scheme.

3. Implement sufficient training steps to the optimization problem (2.6) to obtain
the approximation ul(\% as the final neural network solution.

During training, the neural network parameters are iteratively adjusted to improve the
quality of its solutions. It’s important to note that the number of parameters remains
constant throughout the training process. This characteristic is similar to that of the
moving mesh method used in finite element schemes. From this viewpoint, the neural
network-based machine learning approach can be understood within the framework of
the finite element method, enabling us to perform a corresponding error analysis.



For the following analysis, we define the bilinear form a(-,-) as follows
a(u,v) = / (Vv - AVu + Buv) dQ, Yu € Hy(Q), Yv € Hy(Q), (2.7)
Q

and then the energy norm as ||v||, = v/a(v,v).
It is easy to know that the exact solution u of (2.1) satisfies the following Galerkin
formula

a(w,0) = (f,0), Vo€ HYQ) (25)
where (-,-) denote the L?()-inner product
() = [ sode.
Q
Similar to the Céa lemma, it holds that the function USIZI defined by (2.5) and the exact

solution (2.2) satisfy the following error estimate

1 .
Ju—ulk|| = it fu=vl,. (2.9)

Meanwhile, from the definition of the discrete loss function (2.6) and the error estimate

for the numerical integration, we have the following inequality for the error between uf\%ﬁl

and ul(\?lzl

1 (2
o8 — o2

< Eint- (2.10)
The machine learning method then proceeds to the training phase, which involves opti-
mizing the discrete loss function to obtain the final neural network solution ul(\?lzj For this
step, the optimization error can be defined as follows:

3 2
o — w2

’ Sgopt- (211)
a

Based on the above analysis, the total error of the neural network solution can be
expressed as follows:

Hu—ufj&” < inf |Jlu—v||, + €int + Eopt- (2.12)
a vEVNN
Regarding the approximation error, it is well known that neural networks possess

strong expression ability which leads that the error ir‘}f |u—v||, can be sufficiently
VEVNN

small with high efficiency. As for the integration error, from the definitions of loss func-
tions (2.5) and (2.6), there includes integration which are computed always by using
Monte Carlo or sampling methods in common machine learning methods such as Deep-
Ritz or Deep-Galerkin methods. Of course, when () is a low-dimensional domain, the
classical quadrature schemes can also be used to perform the integration with high accu-
racy. Unfortunately, since neural network functions are generally not polynomial, classical



numerical quadrature inevitably introduce integration errors. In addition, the optimiza-
tion error should not be overlooked, as the loss function associated with neural networks
is generally non-convex. Therefore, it is essential to employ suitable optimization al-
gorithms and incorporate specialized techniques to enhance the convergence speed and
ensure stability during the training process.

Based on the analysis and understanding of machine learning methods for solving
PDEs, we hope to simultaneously control these errors. Correspondingly, we propose an
adaptive neural network subspace method. Detailed considerations of the method will be
presented in the following sections.

3 Adaptive neural network subspace method

Inspired by the subspace approximation theory of finite element method, we introduce the
concept of NN subspace, based on which we design the corresponding machine learning
method for solving PDEs.

In order to describe the adaptive subspace based machine learning method, we first
define the neural network subspace as follows

‘/p = Spa‘n{@](x79)7 j: ]-7 7p}a (31)

where ¢;(x;0) denote the j-th output of the concerned NN 1)(z,6) : R — RP. In what
follows, we aim to find the best approximation ¥ (x;c, @) to the PDE solution within the
subspace V),, where ¥ takes the form

p
U(z;c,0) = cjpi(a;0), (3.2)
j=1
with ¢ = (c1,¢2,+++ ,¢,)" € RP denoting the coefficient vector associated with the NN

subspace V,. Here, the specific architecture of the network ¢ (z, ) is flexible, and can be
chosen as either a fully connected neural network (FNN) (cf. Figure (2a)) or a tensor
neural network (cf. Figure (2b)) [31, 33, 32]. The parameter 6 represents the weights and
biases of the NN, and p is the dimension of the subspace. Based on this subspace V},, we
can follow the subspace approximation process to obtain the solution w, € V. For this
aim, we define the variational form for the problem (2.1): Find u € V such that

a(u,v) = (f,v), YveV, (3.3)

where V := H}(Q). Here and hereafter in this paper, the bilinear form a(-,-) is defined
as (2.7) and the energy norm || - ||, is defined as ||v||, = \/a(v,v).

The standard Galerkin approximation scheme on subspace V), for the problem (3.3)
is: Find w, € V, such that

a(up, vp) = (frvp), Vo, €V, (3.4)

Based on the basis of the subspace V,, in (3.1), we can assemble the corresponding stiffness
matrix and right hand side term as in the finite element method. By solving the deduced
linear system, we obtain the Galerkin approximation ¥ (3.2) in subspace V.

7
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Figure 2: The neural network architecture of FNN and TNN.

Then following the idea of the adaptive finite element methods or moving mesh meth-
ods, we update the subspace V,, adaptively during the training process. By “adaptively”,
we mean that the NN parameters and thus the fixed-structure NN subspace are updated
based on some criterion, which in this case is the optimization of the loss function, to
achieve better accuracy performance. For example, if the Ritz-type loss function

1
L(W) = Sa(¥, )~ (£, V) (35)
is used, then the training process is actually to minimize the error ||u — ¥||, of the NN
approximation ¥ in the energy norm.
The details of the proposed method are given in Algorithm 3.

Remark 3.1. In [77], the TNN is adopted to build the NN subspace for solving high-
dimensional PDFEs. Furthermore, based on the finite dimensional subspace approximation,
the a posteriori error estimator is designed for the TNN approximation. Then, following
the idea of adaptive finite element method, a type of TNN-based machine learning method
1s designed for solving high-dimensional PDEs with high accuracy, where the a posteriori
error estimator acts as the loss function and the training step is adopted to update the
TNN subspace. For more information, please refer to [33].

Remark 3.2. Sheng and his collaborators develop a subspace-based neural network, which
includes a subspace layer, to solve PDFEs. Their approach involves doing some training
steps to the subspace neural network to improve the approrimation accuracy than the
random initial neural network. About more information about the random neural net-
works and their applications to solving PDEs, please refer to [2, 7, &8, 10, 21, 25, 28].
Using the learned subspace, the final solution to the PDE is obtained through a least-
squares method. In their works [0, 22, 37], they applied this method to solve some types
of equations, including one-dimensional Helmholtz equations, one-dimensional convec-
tion equations, one-dimensional parabolic equations, two-dimensional Poisson equations,
anisotropic diffusion equations, and eigenvalue problems, achieving impressive computa-
tional accuracy.



Algorithm 3: Adaptive neural network subspace method for elliptic problem
(2.1)
1. Initialization step: Set ¢ = 0 and build initial NN W(z;c®,0®). Set the loss
function L(V(x;c¢,0)), the maximum training steps M, the parameters setting of
optimization algorithm.

2. Define the p-dimensional space Vp@) as follows
V;?(e) — Span{goj(x; 9(@)7 j=1,-- ’p} )

Assemble the stiffness matrix A®) and the right-hand side term B® on V},(E) as
follows

AR = a(@y o)), BY = (f,¢5), 1 <m,n <p.

m,n m

3. Solve the following linear equation to obtain the solution ¢ € RP:
AW¢e = BO,

Update the coefficient parameter as c“*Y) = ¢. Then the Galerkin approximation
on the space V. for problem (3.3) is U(z; 41, 9(0).

4. Update the neural network parameter 8¢) of NN through some optimization steps,
i.e., optimizing the loss function £(W(z; V), 0)).

5. Set £ =7+ 1 and go to Step 2 for the next step until £ = M.

Different from the fixed neural network subspace in these methods, the approach pro-
posed in this paper improves accuracy by continuously and adaptively updating the neural
network subspace during training.

In Algorithm 3, the NN subspace is updated by minimizing the loss function which
defines the target of the training steps. Similar to adaptive finite element methods, the a
posteriori error estimators can also be employed to construct the loss functions in machine
learning approaches for solving PDEs. In order to derive the a posteriori error estimate
for the subspace approximation u,, we introduce the following eigenvalue problem: Find

(A, u) € R x V such that
a(u,v) = Mu,v), YveV. (3.6)
It is well known that the eigenvalue problem (3.6) has the following eigenvalue series
D<A < < - <A <vs = 400,
Then the mimimum eigenvalue \;, = A\; and the following inequality holds

lvllz

> Moin >0, Yo eVl (3.7)

oN

o]



The following integration by parts formula plays as a key role to derive the a posteriori
error estimate.

Lemma 3.1. Let Q C R? be a bounded Lipschitz domain with unit outward normal n to
the boundary 0X2. Then the following Green’s formula holds

/ vdivydS) + / y - Vod2 = / vy -nds, Yve& H'Y(Q), Vy € W, (3.8)
Q Q o0

where W := H(div, ).

Then the Galerkin approximation w, satisfies the following a posteriori error estima-
tion.

Theorem 3.1. [20, Theorem 1] Assume u € V andu, € V,, CV are the exact solution of
(5.3) and subspace approzimation u, defined by (3.4), respectively. The following upper
bound holds

||U - up”a S ylél\gV 77<Up» Y)7 (39)

where n(u,,y) is defined as follows

1

1, y) = (11873 (f = B, + div(AV)I + A3y = Vo IF) . (3.10)

These a posteriori error estimates provide an upper bound of the approximation errors

in the energy norm. As we know, the numerical methods aim to produce approximations

that have optimal errors in the sense of the energy norm. This inspires us to use these a

posteriori error estimates as the loss functions of the NN-based machine learning method
for solving the concerned problems in this paper.

Take the homogeneous Dirichlet type of boundary value problem as an example.

Denote the Galerkin approximation on the space V, for problem (3.3) as u, = u,(V}).

Now, consider the subspace V}, C V' with a fixed dimension p. From Theorem 3.1, as long

as V, C V, the following inequality holds

(V) < b g (V). ) (3.11)
dim(Vp)=p dim(Vp)=p

The error of the best p-dimensional-subspace Galerkin approximation can be controlled by
solving the optimization problem on the right-hand side of the inequality (3.11). Based
on the above discussion, we can define the following loss function at the ¢-th step in
Algorithm 3

— 2 ()
L(uy) = inf 17 (up(V,7), y)-
In real implementation, in order to improve the computational efficiency, we choose y =

Vu, € W and define the loss function as follows

2

L(uy) =1 (g, V) = ||37% (F = By + V - (AVa,)) (3.12)

0

10



To further interprete the loss function (3.12), we introduce the equality relationship
between the a posteriori error estimate and the errors associated with the primal prob-
lem (3.3) as well as its dual problem. From [29], the minimization problem in (3.9) is
equivalent to another variational problem, which is called the dual problem to (3.3), that
is: Find y* € W such that

a*'(y*,z) = F'(z), VzeW, (3.13)

where
a*(y*,z) = / (B~ div(Ay*)div(Az) + y* - Az)dQ, F'(z) = —/ Bt fdiv(Az)dQ.
Q Q

It is obvious that the bilinear form a*(-,-) induces an inner product in W and the corre-
sponding norm is ||z|l« = y/a*(z,z). Due to the Riesz representation theorem, the dual
problem (3.13) has an unique solution y* = Vu and n (u,, y*) = |[u — upl|, [29].

Assume that y is any approximation to y* for the dual problem (3.13), and wu,, is the
Galerkin approximation. Then the following equality holds

lu = upllz + 1ly* = ylZ = 7*(up, ¥)- (3.14)

Therefore, the loss function in (3.12) actually demonstrates the sum of the errors
[ — up| and [[y* — V|2, ie.,

L(wp) = n*(up, Vip) = lu = w[l + [[y* = V|- (3.15)
Furthermore, since y* = Vu, we have
L(wp) = lu—wllz + [[Vu = Va3 (3.16)

For more information and the detailed proof, please refer to [29, Corollary 1].
For the case of § = 0, we modify the loss function (3.12) to the following form

L(uy) =1 (up, V) = ||f — Bu, + V - (AV,) . (3.17)

The corresponding a posteriori error estimate in this case can be deduced in the same
way. We omit the proof here.

From another perspective, if we devide the unknown parameters in the trial functions
(3.2) into two parts, i.e., the linear coefficients ¢ and the neural network parameters 6,
then Algorithm 3 can be interpreted as an alternating optimization procedure, where the
linear coefficients ¢ are updated via the Galerkin approximation scheme and the neural
network parameters ¢ are updated by minimizing the loss function. It is well known that
the Galerkin approximation yields the best approximation in the energy norm within the
subspace. Numerical results has indicated that obtaining the optimal linear coefficient ¢ in
the energy norm or in the least-squares sense [2, 25, 37] rather than jointly optimizing all
parameters, can lead to better convergence and stability of the training process. Overall,
ANNSM proposed in this paper takes into account both the optimization error and the
approximation error, and when combined with high-precision integration scheme, it aims
to achieve improved accuracy for solve PDEs.

11



4 Adaptive neural network subspace method for sin-
gular problem

In order to show that the machine learning method has the ability to solve the singular
problem when the integration in the loss function is computed with high accuracy, we
consider the following Laplace problem on the unit square with singularity: Find v € V'

such that

—Au

f, in Q,

{ u 0, on 0f), (4.1)
where = (0,1) x (0,1) and the right hand side term f is chosen as
[ 1\ % /70 11 1\ 4]
f:—ﬂ?g(l’g—]_) (1‘1—5) §$1($1—1)+€)+2(l’2—§>
[ 1\ 5 /70 1 AT
_ .Tl(l'l — 1) (LEQ — §> §$2 (fL’Q — 1) + E) —+ 2 (1'1 — 5)
such that the exact solution is
1\ 3 1\ 3
Uy = x1(1 — 21)22(1 — 29) ($1 — 5) + (:BQ — 5) . (4.2)

It ie easy to observe that the solution exhibits “line” singularities along the lines z; = =

1
2

and zo = % This problem is commonly used to evaluate the performance of adaptive
finite element methods [23]. We solve this problem using the standard h-adpative finite
element method (AFEM) with linear and quadratic elements. Using adaptive refinement
technique, we obtain the finite element space of 128888 elements for linear element and
86926 elements for quadratic element, only achieving the accuracy of 2.320817 x 10~ and
2.333962 x 1072 for the finite element solution with respect to the relative error in the L2
norm. In this work, we adopt the NN subspace-based machine learning method to solve
the problem (4.1). For this aim, we build the trial function wuyy as follows

Unn (2, 0) == 21 (1 — 21)x2(1 — 22) U (2, 0). (4.3)
Then the trial function uyy is guaranteed to satisfy the Dirichlet boundary condition.

We define the Ritz type of loss function for (4.1) as follows

Luxy) == = / |Vt [2dQ — / fndS2. (4.4)
In Section 2, we provide the error estimate (2.12) for the neural network solution
obtained by the machine learning algorithm. This result indicates that, in order to
achieve high-accuracy numerical solutions with machine learning, it is essential to ensure
the high accuracy of the loss function computation.
In the loss function (4.4), the term 3||Vuyy||§ can be computed using the Gauss-
Legendre quadrature. However, the singularity of the right-hand side function f poses
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difficulties in achieving high accuracy for evaluating the term (f, uyy). To handle the
singular integral components (z; — )73 and (x5 — 1)7%3 appearing in f, the integration
domain is partitioned into subdomains. Through a suitable coordinate transformation,
these singular terms are treated as weight functions, enabling the use of Gauss-Jacobi
quadrature for accurate numerical integration.

We now briefly introduce the Gauss-Jacobi quadrature which is commonly used to
compute weighted integrals over [—1, 1] with the weight function (1 —z)(1 + x)?, where
a > —1and § > —1. Specifically, using n nodes {z;} and weights {w;}, the Gauss-Jacobi
quadrature formula is given by

/lﬂ@ﬂ—xfﬂ+@W$%§:wﬁm,

where the n nodes are the roots of the n-th Jacobi polynomial Péa"g ) (x), and the weights
can be computed using the formula:

207 M (n 4+ a+ 1)I'(n+ B+ 1)
w; = n .
nID(n 4+ a+ B+ 1)(1 — 22) [P (2:)]2

The Gauss-Jacobi quadrature formula with n nodes is exact for polynomials of degree up
to 2n—1. Here, we denote the Gauss-Jacobi quadrature formula with the weight function
(1 —2)*(1 + z)° as the (o, 3)-Gauss-Jacobi quadrature. For a detailed introduction to
the Gauss-Jacobi quadrature, please refer to [20].

Next, we describe the computating details for the term (f, uyy). Here, we omit the
notation 6 in uyy and express it simply as uyy (21, Z2):

<f7 Unn

)
_ 01 /01 (1, 22) ( (s — 1) le - %)_ <%0x1 (21— 1)+ %) +2 (:1:2 - %)]
(= 1) [(xg _ %) (?:@ (22— 1) + %1) 42 (xl - %) é] )dmld:vg

=L+ 1L+ I3+ 1.
First, we define

70 11

(1, v2) = —x2(29 — 1) (5551 (1 — 1)+ E) Unn (1, 72),

~ 70 11
UQ(Z'l, xz) = —33'1(5171 — 1) (51’2 (.1’2 — 1) + E) UNN(.Tl,fEQ).

Then I, I, I3, and I, are expressed as follows:

1,1 1 -2
[1 = / / (%1 — —) al(l’l,l'g)dﬂﬁldﬂfz,
0 0 2
1 1 1\~
IZ = / / (IQ — —) ag(xl,ﬂfg)dfﬁlditg,
0 0 2

13
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- N
13 = / / —25(]2({[‘2 — 1) <I2 - §> uNN(xhx?)dxldI%
0 0
Y N
1, = / / —233'1(.%1 - 1) <ZU1 - 5) uNN(x17x2)dx1dx2'
0 0

Now we introduce the computational method for I;. The integral I; can be computed in
a similar manner, while I3 and I, can be computed using the Gauss-Legendre quadrature
over [0,1]%. The detailed computation of I; is as follows:

1,1 1 -2
Il = / / ([El — —) al(l'l,[)’}g)dl'ldl’g
0 0 2
1 % 1\~ 1
= / / (;Ul — —> al(l’l,l'g)dl’ldﬂfz +/ /
o Jo 2 o Ji
1 1 1
/ / (1- xl)_%ﬁl (xl i ,932> drydwy
0 J-1 4

1 1
N 3
—{—4%/ / (1+$1)_%U1 (xlz_ ,-TQ) dxydrs.
0 —1

We treat (1—z1) "3 as the weight function with parameters (o, 8) = (—2,0) and (1421)73
as the weight function with (o, 8) = (0,—%). Therefore, the integration is carried out
as follows. For the first integral term, we employ the (—%, 0)-Gauss-Jacobi quadrature
in the z; direction and the composite Gauss-Legendre quadrature over [0,1] in the xo
direction to evaluate the two-dimensional integral of the function (“jl,xg). For the
second integral term, we use the (0, —%)—Gauss—Jacobi quadrature in the x; direction,
and again apply the composite Gauss-Legendre quadrature over [0, 1] in the x5 direction
to compute the integral of u; (1113, mg).

Next, we describe the numerical experiment settings for this example. We choose
TNN structure to build the NN subspace with dimension p = 100. Each sub-network
of the TNN (cf. Figure (2b)) is an FNN with three hidden layers, each of width 100.
When computing the integrals in the loss function, we use 200 quadrature points for the
Gauss-Jacobi quadrature method. For the Gauss-Legendre quadrature scheme included,
the integration region is divided into 100 subintervals, with 8 Gauss-Legendre quadrature
points selected in each subinterval.

The Adam optimizer with a learning rate of 0.001 is used for the first 50,000 training
steps, followed by the LBFGS optimizer with a learning rate of 0.1 for the following
10,000 steps to obtain the final result. Figure 3 shows the comparison between the
numerical solution obtained by the algorithm and the exact solution, as well as the error
distribution. The L? relative error between the numerical solution and the exact solution
is 2.893995 x 107°.

Additionally, we calculate the relative error of the numerical solution uyy against the

exact solution u, on a uniformly distributed 1001 x 1001 test points {z*) k =1,..., K}

win

ﬂl(:cl, xg)dl'ldl'z

H
VRS
8
|
N | —
N
wl\l\.')

=

=4
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over [0, 1]?. The relative error at the test points is defined as

I

which yields 2.190126 x 1075.

(s (2®) = 1, (2®))?

M=

1

S (o (a09))?

k=1

Approximation uyn(x, y) Reference u+(x,y) Absolute error

0.010 0.010

0.75 0.75 0.75 5

0.008 : 0.008

0.006 0.006

0.004 0.004

0.002 0.002

0.0 0.000 0.0 0.000 .
0.0 0.25 0.5 0.75 1.0 0.0 0.25 0.5 0.75 1.0 . . 0.5 0.75 1.0

X X X

Figure 3: Numerical results for solving problem (4.1): the left panel shows the approxi-
mate solution, the middle panel shows the exact solution, and the right panel shows the
error distribution.

To further verify the assertion that the integration accuracy affects the accuracy
of the machine learning solution, we use 4000 Gauss-Legendre quadrature points per
dimension to compute the loss function. Note that although a significantly larger number
of quadrature points are employed, the singularity in the loss function is not explicitly
treated. All other parameters remain unchanged, and under this setting, the resulting
relative error on uniformly distributed test points is only 4.601047 x 1072. When the
quadrature is refined near the singularity regions [0.49, 0.51] and [0.499, 0.501], the
relative errors are reduced to 1.249979 x 1072 and 5.822244 x 1073, respectively. These
results indicate that as the integration accuracy improves, the overall precision of the
algorithm also increases. In particular, the introduction of the Gauss-Jacobi quadrature
method addresses the singularities in the integrand more effectively, resulting in the
highest accuracy among all tests.

Finally, we also investigate the performance of the subspace which is built by a two-
dimensional-input FNN with 4 hidden layers, each of width 64, and dimension p =
100. The two-dimensional quadrature points were generated as the Cartesian product
of one-dimensional quadrature points. The number of quadrature points, optimization
process, and optimization parameters are kept consistent with those used in the TNN
case. The resulting relative L? error between the numerical solution and the exact solution
is 4.567496 x 107°, and the relative error on the test points is 4.621387 x 10~°. Overall,
these results demonstrate that the proposed method, when combined with high-precision
numerical integration, is capable of solving the singular problem with high accuracy.
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5 Adaptive neural network subspace method for in-
terface problem

In this section, we apply the proposed machine learning method to an important class of
problems: second-order elliptic interface problems with discontinuous coefficients. These
problems commonly arise in fields such as materials science, fluid dynamics, and elec-
tromagnetics, where discontinuities in coefficients across material interfaces lead to so-
lutions that are smooth within subdomains but lack global regularity. Due to the low
global smoothness and potentially complex interface geometries, achieving high accuracy
by the finite element method is often challenging. Various finite element methods [3, 4, 5]
and machine learning methods based on NNs have been developed for solving interface
problems [35, 36, 38].

Unlike problems where the coefficients of the diffusion term are continuous, the gra-
dient of the neural network approximation in interface problems is no longer globally
continuous but instead piecewise continuous and may exhibit discontinuities across inter-
faces. This necessitates corresponding modifications to the a posteriori error estimator.
This section will demonstrate how to design the NN-based machine learning method for
solving interface problems. Additionally, we will also investigate the performances for
both Ritz-type loss function and the one by the a posteriori error estimator.

Let  C R? be a convex polygonal and €; C € be an open domain with Lipschitz
boundary I' = 0y C Q. Let Qy = Q\ (see Figure 4).

o0

Qo

Figure 4: The boundary 02, subdomains 2y, {2, and interface I'.

Here, we consider the following elliptic interface problem: Find u € H} () such that

V- (aVu)+ pu = f, in Q3 UQy,
u = 0, on 05, (5.1)

[u] =0, [ag—;ﬂ = g, across I,

where [v] is the jump of a quantity v across the interface I" and n the unit outward normal
to the boundary 0. For definiteness, let [v](z) = vi(z) — vo(z), x € I', with vy and vy
the restrictions of v on 2; and €2y, respectively. For the ease of description, we assume
that the coefficient function 5 > 0 and « is positive and piecewise constant, i.e.

a(z) =y forx € Qy; a(r) =ay for x € Q.

But the results of this section can be easily extended to more general elliptic interface
problems.
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For building the trial function, we use the functions w(z) and (z) to denote the
boundaries 02 and I" implicity, i.e.

0Q = {z e R’lw(z) =0}, I :={zeRy(x)=0}.

In order to derive the a posteriori error estimates as the loss function, we first define
the corresponding variational form for (5.1) as follows: Find u € H}(£2) such that

a(u,v) = (f,v) + {g,v), Vv € Hy(), (5.2)

where the bilinear forms a(-,), (-,-) and (-, -) are defined as follows

a(u,v) = / (Vo -aVu+ puv)dQ, (f,v) = / fodQ,  (g,v) = /gvds.
0 Q r
Based on the bilinear form a(-, -), we can define the energy norm || - ||, as follows

lv]la = Val(v,v), VYve€ Hi(Q).

It is easy to know the Ritz form for the problem (5.2) is

w = inf (%a(v,v) ~(fv) - (g,v)) | (5.3)

ueV

Then the Ritz-type loss function for the NN function ¢ can be defined as follows

£08) = 50(6,8) = (£:6) — (9,4). (5.4

Similarly, we can also derive the loss function by using the a posteriori error estimates
for the interface problem. It is easy to know Vu € H(div, Q) N H(div,€s) but Vu &
H(div, Q) [5]. Before deriving the a posteriori error estimate, we introduce the following
formula of integration by parts

(p, Vv) + (divp,v) = ([n-p|,v), ¥p & H(div,Q)N H(div,Q), Yo € HJ(Q). (5.5)

In order to measure the relation between two norms || - ||or and || - ||, we define a
Steklov eigenvalue problem: Find (Ar,u) € R x H}(f2) such that

V- (aVu)+pfu = 0, in Q3 UQy,
u = 0, on J9, (5.6)
[u] =0, [a2%] = Apu, acrossT.

on
The corresponding weak form is defined as follows: Find (Ar,u) € R x H}(2) such that
a(u,v) = A\p(u,v), Yo € Hy(Q). (5.7)
It is well-known that eigenvalue problem (5.7) has the eigenvalue series
O0<AMir<or < Agr < -0 — +00.

Then we have the following inequality

lvlz

10115

> Mr Y0#£0ve HY(Q). (5.8)
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Theorem 5.1. Assume u € V is the exact solution of (5.2) and the trial function uy €
H}(Q). The following upper bound holds

2
1 1

lu—unlle < \/1 et )\—n(uN,p), Vp € ﬂH(div;Qi), (5.9)
min 1, i=1

where 1(uy,, p) is defined as follows

1
2

M p) = (1 = Bux + divpll3 + o~ *(p — aVun) |3 + g — (- plI3 )" (5.10)

Proof. Combining (5.2), (5.5) and (5.8), for any function uy € HE(S2), we can define
w=u—uy €V, and the following inequalities hold for any p € H(div, ;) N H (div, )

lu —un|z = alu —uy,w) = (f,w) + (g, w) — auy, w)
= (f,w) 4+ (g,w0) — (aVuy, Vw) = (Bun, w) + (p, Vw) + (divp, w) — ([0 - p], w)
= (f = Pun + divp,w) + (p — aVuy, Vw) + (g — [n - p, w)
< |If = Bun + divplloflwllo + a~2 (p — aVuy)lofla Vewllo
+llg — - pllorllwlor

-

M

. _1
< (IS = Bu + divp|3 + a2 (p — aVun) |3 + lg — (- plli3)

Jun

2

1
x (Il + llad Voll3 + w3 )

N

< (I = Buy + divp[3 + lla~5(p — aVux)| + g — - vl )

1 1 \?2
< (14 —+—) (5.11)
)\min )\1,F

where A, is the constant in the inequality (3.7), Ay r is the minimum eigenvalue of (5.7).
Then based on (5.11), the following inequality holds for any p € N, H(div, €;)

1 . 1
ol < (L5 ) (1= Bus + divplf + e - aVuy)l}

)\min )\1,F
+lg = - Pl )-
This is the desired result (5.9) and the proof is complete. O

The trial function uyy by the NN functions V(z; ¢, 0) and Wy (z; ¢, 61) (3.2) are defined
as the following way

uxy = w(@)¥(z;¢,0) + v(x) ¥y (2561, 61), (5.12)

where U(z;c,0) and ¥y(x;cq,0;) are two NN functions which are defined on  and Qy,
respectively. Then it is easy to know that [uxy] = 0 and uxy € Hy (). But aVuyy is

discontinuous across the interface I' since the supporting set of ¥y is only €2;. Then we
only have aVuyy € H(div, Q) N H(div, Q).

18



With the help of aVuyy € H(div,Q;) N H(div,Qs), we can choose p = aVuyy and
the following a posteriori error estimate holds

1 1

A + E) (Hf — Buxy + V- (O‘VUNN)“g +lg — - (QVUNN>]|’(2),F)

ot = w2 < (1 ;

Based on the a posteriori error estimate, the loss function can be defined as
L(uxy) == UQ(UNNa aVuxy) = [|f = Buxn + V- (aVUNN)Hg +1lg—[n- (aVuNN)]H(Q),F(E').M)

Then we can design the NN-based machine learning method by using Algorithm 3 with
the loss function defined by (5.14) for solving interface problem (5.1).

5.1 Typical two-material diffusion problems

Consider the following diffusion problem with two materials in the computational domain:

-V (OZVU) = f, in Ql U QQ,
u = 0, ondQ, (5.15)

[u] =0, [a2%] = g, acrossT

where = (0,1) x (0, 1), the discontinuous coefficient « is defined as

_Joan, (w1,19) € (07 %] X (0,1) =: 4y,
a(z,x3) = { az, (w1,72) € (§,1) x (0,1

The exact solution of this equation is

(1, 03) = { ¢y sin(kyymay) sin(kiomas), (x1,22) € (0% X <8’ 1),

o sin(koymay) sin(koomas), (x1,29) € (%7 1) x (0,1) (5.16)

The source term f and the flux jump ¢ across the interface can be derived from the exact
solution.

First, we construct the approximation function uyy. According to the discontinuity
of the diffusion coefficient, the computational domain is divided into two subdomains
according to the interface: Q; := (O, %) x (0,1), Qy := (%, 1) x (0,1). We define three NNs
Un1, UN2, Ung in the form of (3.2) on the subdomains €2y, €25, and the entire domain
2, respectively. By multiplying these networks with different boundary functions, we
obtain Uy 1, Un2, Un,3, which satisfy the Dirichlet boundary condition and the continuity
condition across the interface:

N 2
Un1 = 21 g — I IE2(1 - I2)UN,1,
N 2

Ung = | T1 — g (1 - 3U1)5132(1 - $2)UN72,

aN73 = 271(1 — ZL‘1)$2(1 — IL‘Q)UN73.

The final approximation function is given by:

Uny = UN,1 + UN2 T UN3.
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It follows that:
u _ aN,l + aN,37 ($17$2) € (O’ %} X (07 1)7
o ﬂNQ + ﬂN@, (ml,.’lﬁg) S (%, 1) X (0, 1)

Next, we perform numerical experiments using the Ritz type of loss function (5.3)
and the one by the a posteriori error estimator (5.14).

5.1.1 Testing the loss functions

In this subsection, we investigate the performance of two types of loss functions. Specif-
ically, we test the performance of the adaptive NN subspace based machine learning
method using the Ritz loss function (5.3) and the a posteriori error estimator-based loss
function (5.14).

The parameters for problem (5.15) are set as follows: the true solution parameters are
c1=c =1, ki1 =1, k1o =2, koy = 4, and kgs = 2. We test the numerical performance
under two different material coefficient settings:

o Test-1-1: ay =4, ap = 1;
o Test-1-2: ay =4, ap = 2.

In Test-1-1, the flux across the interface is continuous, whereas in Test-1-2, the flux
jump across the interface is non-zero. For both tests, we use TNNs to construct the NN
space. Each sub-network in the TNN consists of a FNN with three hidden layers, each
of width 50, and employs sin(x) as the activation function.

For integration in subdomains 2; and €2y, the one-dimensional regions are divided
into 100 subintervals, with each subinterval using 16 Gauss-Lobatto quadrature points.
During training, the Adam optimizer with a learning rate of 0.001 is used for the first
5000 training steps, the LBFGS optimizer with a learning rate of 0.1 for the following
100 steps to obtain the final results.

We use the following three metrics to measure the errors between the NN approxima-
tion uyxy and the exact solution wu,:

1. Relative energy norm error: ez := W;
*||a

. u —Ux
2. Relative L? norm error: e, 2 := %;
*L

\/k ‘ (ten (2®)) = 1w (2®))?

Ctest +— )

3. Relative error on test points:

M=

where the test points {z®), k = 1,..., K} are uniformly distributed over [0, 1]? with
a resolution of 301 x 301 grid points.
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Table 1: Numerical results using the Ritz-type loss function

€ €r2 Ctest
Test-1-1  1.379726e-06 1.514646e-07  1.473214e-07
Test-1-2  3.571384e-07 1.642144e-07 4.6365045e-08

Table 2: Numerical results using the a posteriori error estimator-based loss function

€ €r2 Ctest
Test-1-1  4.442695e-08 1.003098e-08 1.331919e-09
Test-1-2  7.731275e-08 1.089644e-07 8.876892e-09

Tables 1 and 2 present the results of solving the problem using the two loss functions.
From Tables 1 and 2, it can be observed that the machine learning method based on
NN spaces can achieve high accuracy in solving this problem. The continuity of the
flux across the interface does not significantly affect the performance of our algorithm.
Moreover, the accuracy for using the a posteriori error estimator-based loss function is
slightly higher compared to that by using the Ritz loss function.

For example, using the a posteriori error estimator loss function to solve Test-1-2,
Figure 5 shows the numerical results of the machine learning method designed in this
section. Figure 6 displays the trajectory of the approximate solution at the material
interface (z = %) We see that the machine learning method provides accurate approxi-
mations for the function values and their partial derivatives at the interface.

Approximation uwn(x, y) Reference u-(x,y)

Absolute error

Vildssbbanasl.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0. . . . . 1.0
X X X

Figure 5: Test-1-2: Numerical results of solving (5.15) using the a posteriori error
estimator-based loss function: Left: Approximate solution, Middle: FExact solution,
Right: Error distribution.

5.1.2 Tests with large coefficient differences

In this subsection, we will use the machine learning method with the a posteriori error
estimator-based loss function to solve the interface problem with large coefficient differ-
ences. This is to test the performance of the machine learning method when the material
coefficients have significant differences.

We set the true solution parameters of the equation (5.15) as ¢; = ¢o = 1, ki = 1,
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Figure 6: Test-1-2: The approximate solution at the material interface (z = %) using the

a posteriori error estimator-based loss function for (5.15), Left: Function value approxi-
mation, Right: Left and right partial derivative approximation.

k1o = 2, ko1 = 4, koo = 2. Here, we test the numerical results for three different material
coefficient settings:

o Test-2-1: a3 =4 x 1074, ap = 1;
o Test-2-2: ay =4, ap = 1;
o Test-2-3: ay = 4000, ap = 1.

In Test-2-1 and Test-2-3, the solution exhibits flux jumps at the interface, and there
is a large difference in the coefficients on both sides of the interface. In all three tests, we
use TNN to construct the NN space. Each TNN has sub-networks selected as FNNs with
three hidden layers, each layer containing 50 units, and sin(z) as the activation function.
When integrating over the subregions 2; and 25, we divide the one-dimensional region
into 100 subintervals, and for each subinterval, we use 16 Gauss-Lobatto integration
points. During training, we first use the Adam optimizer with a learning rate of 0.001
for the first 5000 training steps, and then use the LBFGS optimizer with a learning rate
of 0.1 for the following 100 iterations to obtain the final result.

Table 3 presents the numerical errors for the three coefficient settings. It can be ob-
served that the difficulty of solving the equation increases when there is a large coefficient
difference, but the algorithm still achieves high accuracy. Figure 7 shows the error dis-
tribution for the three coefficient settings. From this, we can see that when oy = 4, the
error distribution is relatively uniform. However, when the coefficient difference is large,
in the region with the smaller coefficient, the ellipticity of the equation is poorer, leading
to larger solution errors, which is consistent with theoretical expectations.

5.1.3 Tests with high-frequency exact solution

Then, in this subsection, we test the performance and stability of the machine learning
method when the exact solution contains high-frequency components. For this purpose,
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Table 3: numerical results for different coefficient differences

€r €r2 Etest
Test-2-1: a3 =4 x 107*  7.546526e-07 4.964822e-06 4.923701e-06
Test-2-2: oy =4 4.442695e-08 1.003098e-08 1.331919e-09
Test-2-3: a7 = 4000 6.601858e-08 3.747886e-07 3.731660e-07

Absolute error for a; = 4000

Figure 7: Error distribution for the machine learning method with three coefficient set-
tings. Left, middle, and right correspond to oy = 4 x 1074, 4, and 4000, respectively.

we consider the following equation:

-V - (aVu) = f, in QUQ,
u = 0, ondQ, (5.17)
[u] =0, [a%} = g, across [,

where = (0,1) x (0, 1), and the discontinuous coefficient « is defined as follows

(10 (e 03] < 0.1 =0,
alz1,22) = { 2, (z1,m2) € (5,1) x (0,1

The exact solution of the equation is

[ sin(ray) sin(2mas),  (21,32) € (0,3] x (0,1),
a1, 22) = { sin(107zy ) sin(27xs), (21,22) € E%, 1]) x (0,1). (5.18)

The corresponding right-hand side f and the flux jump ¢ at the interface can be derived
from the exact solution. It can be seen from the definition, the exact solution has high-
frequency components in the right region. We label this test as Test-3-1.

We adopt the same approach as in solving (5.15), defining three NNs for the two
subregions and the entire region, and using corresponding boundary factor functions to
enforce Dirichlet boundary conditions and interface continuity conditions. The TNN is
used to construct the NN space, selecting FNNs with four hidden layers as sub-networks,
each with 50 units per layer, and sin(x) as the activation function.

The integration method and optimization parameters are exactly the same as those
used in Test-1-1 in Section 5.1.1, and we test both loss functions. Table 4 shows the
corresponding numerical errors. It can be seen that the machine learning method here
can effectively capture the high-frequency information.
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Figure 8 shows the relative energy error and relative L? error during the training pro-
cess. Along the steps correspond to the learning process of finding the optimal subspace,
the machine learning method appears stable. Figure 9 presents the error distribution
obtained using the a posteriori error estimator-based loss function.

Table 4: Numerical results for high-frequency exact solutions using machine learning
method

€g €r2 Ctest
Ritz-type 4.190128e-06 1.359826e-06 1.399258e-06
a posteriori error estimator-type: 3.702056e-07 2.251677e-07 1.690076e-07

1074

—— relative L2 error
—— relative energy error

—— relative L2 error 1074
—— relative energy error

am LBFGS

1075 \ ;
10°°

1077

0 1 2 3 4 5 0 1 2 3 4 5
Training steps (103) Training steps (10°)

Relative Error
Relative Error

10°°

Figure 8: Test-3-1: Relative energy error and relative L? error variation during the
training process of solving (5.15) with two loss functions. Left: Ritz-type, right: The a
posteriori error estimator-type.

5.2 Multi-material diffusion problems

In this subsection, we test the machine learning proposed in this paper through the multi-
material diffusion problem. For this aim, we consider the following interface problem:

~V-(aVu) = f, in CJQu

i=1
u = 0, ondQ, (5.19)
[u] =0, [ag—ﬂ = g, across [,

where the computational domain 2 = (—1,1) x (—1,1) consists of 4 subdomains (see

Figure 10)
0 :=(=1,0) x (=1,0), €:=(0,1) x (~1,0),

Oy = (=1,0) % (0,1),  Q:=(0,1) x (0,1).
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Figure 9: Test-3-1: Error distribution obtained by solving (5.15) with the a posteriori
error estimator-type loss function.

The diffusion coefficient is a piecewise constant over the four subdomains:

a(xy, zg) =

Here, we set the exact solution as

C1 sin kn’ﬂ'Il

U (xlv x?) =

Co SIn
c3sin(ksymay

aq, («T1,$2> € (_]—70] X (_170]7

a9, (171,1‘2) € (071) X (_170]7

asg, (1'1,1'2) S (_170] X (07 1)7 (520)

ay, (z1,22) € (0,1) x (0,1).

. is%ngzlgﬂ"fzg, EI1,$2§ € Eall,]()] T [110,]0],
21 TL1) S Ro2TX2), (Z1,22) € (U, 1] X |[—1,0],
)sin(kgomas), (z1,22) € [—1,0] x (0, 1], (5.21)
casin(kgymay) sin(kgpomras), (x1,22) € (0,1] x (0,1]

(
(
(
(

The source term f(x,z3) and the flux jump g are derived from the exact solution (5.21).

(—-1,1) (1,1)
a=1 a=2
a=4 a=1

(_17 _1)

(17—1>

Figure 10: The 4 subdomains and piecewise diffusion constants «.

First, we construct the approximation function uyy. Consistent with the approach in
the previous subsections, we define NNs uy 1, un 2, un 3, and uy4 in the form of (3.2) on
the four subregions. Since the solution of the equation belongs to Hj(f2), we enforce the
NNs on the subregion boundaries to be zero to ensure the continuity of the solution.

Next, we define NNs uy s, ung, un7, and uyg on the regions 25 := ) U Qy, Qg :=
Q1 UQ3, Q7 := Qs Uy, and Qg := Q3 U )y, respectively, and enforce them to be zero on
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their respective boundaries, ensuring that the approximation function wuyy has degrees of
freedom on the internal boundaries.

Finally, we define the NN ux g on the region (2 with a boundary condition of zero to
ensure the approximation function has degrees of freedom at the point (0, 0).

As an example, for the NN wuy 5 defined on €25, we multiply it by the boundary factor
function (1+21)(1—xz1)z2(1+22) to obtain uy 5, ensuring that it is zero on the subregion
boundaries.

Finally, we define the approximation function for the equation as the sum of these

locally supported NNs; i.e.,
9
UNN — Z aNJ’.
j=1

It is easy to verify that uyy satisfies the Dirichlet boundary condition and the continuity
of the solution across the interface, and belongs to H} ().
Below, we perform numerical testing using only the Ritz-type loss function (5.3).

5.2.1 Test for continuous interface flux

We perform a numerical test for the case of continuous interface flux, denoted as Test-4-
1. For this, we set the diffusion coefficients on the four subregions in (5.20) as oy = 4,
as = az = 1, ay = 2, and set the frequency parameters in the exact solution (5.21) as
kij =1, fori=1,...,4, 7 = 1,2, and the coefficients ¢; =1, co = c3 =4, cs = 2. It is
easy to verify that with these parameter settings, the flux is continuous at the interface.

We use TNNs to construct the NN space, where each TNN’s subnetwork is selected
as an FNN with 4 hidden layers, each with a width of 50. The rank of the TNN is
set to be p = 100, and we use sin(z) as the activation function. In each subregion,
the TNN function is integrated by dividing the 1D region into 100 subintervals, with 16
Gauss-Lobatto integration points per subinterval.

For the training process, the optimization parameters are consistent with those used
in the two-material diffusion problem. We first use the Adam optimizer with a learning
rate of 0.001 for the first 5000 steps, followed by the LBFGS optimizer with a learning
rate of 0.1 for 100 steps to obtain the final result. The uniform distributed 401 x 401
points on [—1,1]% are chosen as the test points.

Figure 11 shows the approximate solution and its error distribution obtained by the
machine learning method, while Table 5 provides the errors between the approximation
and the exact solution. From these results, it can be observed that the machine learning
method proposed in this paper can achieve high accuracy for this problem.

Table 5: Numerical results of the machine learning method for Test-4-1

€r €2 Ctest

5.348647e-08  5.428252e-08  5.683549¢-09

This example is commonly used to test the performance of different machine learning
method for solving multi-material diffusion equations. Table 6 shows the comparison of
the results of PINNs with that of the proposed method in this paper. From this table, it
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Approximation uyn(x, ¥) Reference u«(x, y)

1 1
0.5 0.5
0 0
-2 -2
-0.5 -0.5
-3 -3
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-4 -1.0
0 -1,
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Figure 11: Test-4-1: Numerical results for solving (5.19) using the Ritz-type loss function.
The left image is the approximate solution, the middle image is the exact solution, and
the right image is the error distribution.

can be seen that the machine learning method designed in this paper achieves the highest
accuracy for this problem.

Table 6: Comparison of error in solving the problem (5.19) in Test-4-1 using different
machine learning methods

Method Ciest
Standard PINN [38] 8.96e-01
nDS-PINN [3¥] 5.20e-04
HC-PSNN [30] 9.00e-06
Proposed Method  5.68e-09

5.2.2 Test for jump in interface flux

We perform a numerical test for the case of a jump in the interface flux, denoted as
Test-4-2. For this aim, we set the diffusion coefficients on the four subregions in (5.20)
as a3 =4, as = a3 = 1, ay = 10, and set the frequency parameters in the exact solution
(5.21) as (ki1, k12) = (3, 1), (ka1, ko) = (1,2), (ks1,ks2) = (1,4), (ka1, ka2) = (2,2), with
coefficients ¢; = 2, ¢co = 5, ¢35 = 2, ¢4 = 4. From this exact solution, it can be seen that
this is an anisotropic problem with a flux jump at the interface.

We use the same NN structure, integration point configuration, and optimization
settings as in Test-4-1. Figure 12 shows the approximate solution obtained by the machine
learning here and the corresponding error distribution, while Table 7 provides the errors
between the approximation and the exact solution. From these results, it can be seen
that the machine learning method designed in this paper also achieves high accuracy for
this anisotropic problem with a jump in the interface flux.

Figure 13 shows the behaviors in the relative energy error and the relative L? error
during the training steps. From this, we can see that the training process is a relatively
stable subspace learning process.
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Approximation uyn(x, ¥) Reference u«(x, y)
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Figure 12: Test-4-2: Error distribution for solving problem (5.19) using the Ritz-type
loss function.

Table 7: Numerical results of the machine learning method for Test-4-2

€ €r2 Ctest

3.450140e-07 7.798271e-08 6.912460e-08

—— relative L2 error
—— relative energy error

1075

Relative Error
=
o
&

1077

Training steps (103)

Figure 13: Test-4-2: Behaviors of the relative energy error and relative L? error during
the training process when solving equation (5.19).

5.3 A heterogeneous material problem within the domain

In this section, we consider the case where a material is completely enveloped by an-
other, which occurs commonly in heat transfer and oil reservoir simulation. Consider the

problem as follows:

-V - (a(z1,22)Vu) = Q(x1,x2), (21, 22) € Q1 UQy,
u(zy, £2) = sin(§ (21 +3)), 21 € [-2,2], (5.22)
u(£2,25) = sin (5 (23+3)), x€[-2,2], ‘
[w] =0, [a2:] = 0, across I,
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where Q; = {(x1,25) |22 +22 <1}, Q = (=2,2) x (=2,2), Qy = A\, [ =
{(z1,22) | 23+ 23 =1}, and
1 Q
Oé(ﬂ?l,l'g) _ ) (2517.732) S 1
47 (xth) € 927

and the source term

—4mcos (m (22 + 23 — 1)) + 4n? (22 + 22) sin (7 (22 + 22 — 1)),
($17$2) € (U,

—4meos (5 (21 + 23 — 1)) + 7% (2 4 23) sin (F (a1 + 23 — 1)),
(331,33'2) € QQ

Q(ﬂﬁl,ﬂh) =

Then the exact solution of this problem is

(21, 29) = {sin (m(z?+25—1)), (21,12) € Q, (5.23)

sin (% (23 + 23— 1)), (21,22) € Q.

To deal with the non-homogeneous Dirichlet boundary condition, following the idea
from finite element method, we set up a NN by to fit the boundary function b(xy, z5) on

0f), which is defined as

bm,@):{s%ng <w1+3>;, (21,2) € [~2,2] x {£2},

(23 +3)), (w1, x0) € {£2} x [-2,2].

'SERSE)

S1n

Then, by introducing ¢ as ¢ = u — by, we transform the original problem (5.22) into
the homogeneous-Dirichelet-boundary one:

=V - (a(x1,22)V) = Q(z1,22) + V- (a1, 22)Vby), (21,22) € Q1 UQy,
o(xy,x2) = 0, (21, 22) € 01, (5.24)
(o] =0, [ag—ﬁ] = — [aab—N} =g, across T

Just as (5.1), we define the corresponding variational form for (5.24) as follows: Find
© € H}(Q) such that

CL(QO,U) = (fv U)? Vo € H&<Q)7

where a(-, ), (+,-) are defined as follows

a(p,v) :/Q(Vv-ano) s,

_ _ . o by
v) —/QdeQ /Q(VU aVby) dQ+/F {aan] vds%—/r |:Oé an} vds

:/QdeQ—/Q(Vv-aVbN) d.

As mentioned in (5.12), we define the trial function ¢x by NN functions ¥ and ¥y,
which are supported only on € and €2y, respectively, with the following way

on = w(xy, 22)W + y(x1, 29) Uy, (5.25)
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where w(xy, 19) = (x1 — 2)(x1 + 2) (29 — 2) (22 + 2) and Y(xy, x9) = 23 + 23 — 1.
Similarly, the Ritz-type loss function and the a posteriori error estimator-based loss
function can be defined as

1

Lr(pn) = §G(¢N790N)_(f7SON)a

Lpr(en) = IV (aVen)+Q+ V- (aVby)[l + llg — - (@Ven)llgr, (5.26)

respectively. We can then design NN-based machine learning method utilizing Algorithm
3 with the loss functions (5.26) to solve (5.24). The final approximate solution for (5.22)
is given by uyy := N + by .

To interpolate the boundary function b(xy,x2) on 0f2, we use FNN (cf. Figure (2a))
with p = 100 to construct the NN space. Each FNN consists of three hidden layers with
a width of 50 and employs sin(z) as the activation function. The relative L?(92) error
between by and b(xy, z3),

HbN(Jihxz) - b(l'l, $2)||L2(aﬂ)
16(21, 22) || 22(00)

: (5.27)

is used as the loss function. For the boundary integration in (5.27) over the 4 edges of
012, the one-dimensional region is divided into 100 subintervals, and 16 Gauss-Lobatto
quadrature points are employed. The Adam optimizer with a learning rate of 0.001 and a
multi-step learning rate scheduler is utilized for 50,000 training steps. The final relative
L?*(99Q) error between by and b(xy, x3) is 4.162097e-07.

To solve (5.24) with homogeneous Dirichlet boundary condition, we employ FNN
(cf. Figure (2a)) with p = 100 to construct the NN subspaces. The corresponding NN
functions ¥ and ¥, are used to define the trial function in (5.25). Each FNN consists
of three hidden layers with a width of 50 and utilizes sin(z) as the activation function.
The a posteriori error estimator-based loss function (5.26) is employed to update the NN
subspace.

For the two-dimensional integration in the loss function (5.26), we design different
quadrature schemes for computing the integration over Q;, Q9, and I'. Let F(py) denote

the integrand. We use polar coordinate transformation to compute the integration over
)y and I':

.7:(801\/ )dQy = / / F(pn)rdrdd,

/]—"goNds—/ F(on)d

For the integration with respect to r, the interval [0, 1] is divided into 20 subintervals,
and 8 Gauss-Lobatto points are used in each subinterval. For the integration with respect
to #, N = 160 equispaced grid points in [0, 27] are used as quadrature points, with each
having a quadrature weight of % Next, we transform the integration over {25 into the
difference of integration over 2 and €2;:

Flion)dS = / Flon)d — [ Flow)d.
Qs Q (921

To compute the integration over €, the region [—2,2] x [—2,2] is divided into 20 subin-
tervals for both z; and x5. Eight Gauss-Lobatto points are used in each subinterval. The
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two-dimensional quadrature points and their corresponding weights for integration over {2
and €2y are then constructed as the Cartesian product of the one-dimensional quadrature
points.

We first use the Adam optimizer with a learning rate of 0.01 for the first 5000 steps,
followed by the LBFGS optimizer with a learning rate of 1 for 2000 steps to obtain the
final result. The uniform distributed 401 x 401 points on [—2,2] x [—2, 2] are chosen as
the test points. The relative energy norm error, relative L? norm error and the relative
error on test points between the final approximate solution uyy := @xn + by and the exact
solution w (5.23) is shown in Table 8. Figure 14 shows the approximate solution and its
error distribution obtained by the proposed machine learning method.

Table 8: Numerical results of the machine learning method for problem (5.22)

€g €2 Ctest

3.115541e-06  5.595210e-07  5.591040e-07

Approximation uyy(X, ) Reference u-(x,y) Absolute error le-6

A 1.00 X A
. 0.75 . 0.75 . 4
X 0.50 . .50 .
. 0.25 . 0.25 . 3
> 0.0 0.00 > 0.0 0.00 > 0.0
2
-0. —-0.25 -0. -0.25 -0.
-1 —-0.50 -1. -0.50 -1 1
-1. -0.75 -1.! -0.75 -1.
-2.0 -1.00 -2.0, -1.00 -2

20 -1.5 -1.0 0.5 0.0 05 1.0 15 2.0 2.0 -1.5 -1.0 -05 0.0 05 1.0 1.5 2.0 -2.0 -1.5 -1.0 -05 0.0 05 1.0 15 20
X X X

o
o

Figure 14: Numerical results for solving (5.22) using the a posteriori error estimator-
based loss function. The left image is the approximate solution, the middle image is the
exact solution, and the right image is the error distribution.

5.4 Complex shape interface problems

We examine a flower-shaped interface problem [12] in this section to demonstrate the ca-
pability of our algorithm in handling geometrically complex interfaces. Let Q = (—1,1)?,
and the interface I' is defined as follows:

= {(:cl,:m) eER’:r= %(1 +0sin(N0)), 6 € Wﬂ} )

where (r, 0) are the polar coordinates, 6 and N are two parameters determining the shape.
Figure 15 shows the shape of interfaces for different parameters.
Define 2; and €y as

0 = {(xl,xg) € (-1,1):r< %(1 +5sin(N0))} :
Oy = {(:vl,xg) € (1,1 :r> %(1 + 5sin(N0))} .
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6=03,N=4 N 6=0.6,N=12 N 6=0.9,N=20

o - E E E o - E E E o
x x x

Figure 15: Flower-shaped interfaces for different parameters.

We now consider the following problem:

=V - (k(x1, 22)Vu(zy, 2)) = Q(x1,x2), (71,22) € Q1 UQy,

u(xl7x2) = ¢($1,$2), (111,,172) € 897 (5 28)
[u(x1, 22)] = @(21, 72), across I, '
[K(z1, 22) Vu(z, 22) - 1] = (21, 72), across I,
where
12?2 —22+3 €N
H(l’l,l’g) _ I(xl .’L’2 + )7 (x17x2) 1
g(l’lxg -+ 2), (331,.’172) c QQ.
We choose the exact solution to be
T2 + 7224+ 6 ,To) € Q,
Uy (21, T2) = Tt 23:2 + 2’ (1, 22) ! (5.29)
5 —bxy —bas, (x1,72) € Qo.

and Q(z1,x2), p(x1, z2), P(z1,x2) and ¥(xy, z5) can be obtained from the exact solution.

Before constructing the trial function ' and 4} to approximate the solution on €2,
and €y, we first construct the extension ® (1, z5) of the function ®(zy, x) over the entire
domain €, and then introduce @Y := u¥ and @) := ud’ + ®(x1, 22) to solve the following
problem, where the solution is continuous across the interface

~

=V - (k(z1, 22)VUu(zy, 22)) = Q(x1, x2), (1, x2) € Q1 UQy,
a(xbx?) = ¢($17'T2) + q)(xlny)a (x17$2) € aQa
[u(xy,22)] =0, across T,
[(@1, 2) V(21 22) - 0] = ¥(z1, 22) — K21, ﬁz)va)(xl, ) -m, across I,
(5.30)
where
~ T, Ta), x1,T) €
Oy { @) i (r1,22) €
Q(z1,22) — V- (K(x1,20) VO (21, 22)), (21,72) € Qs.

Next, similarly as Section 5.3, to deal with the non-homogeneous boundary condition on
€, we set up a NN by to fit the boundary function ¢(xq,zs) + ®(x1,22). Note that
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we have extended the boundary function to the entire domain while retaining the same
notation for simplicity. And then by introducing ¢ as ¢ = u — by, we consider the
following problem:

—V - (K21, 22) V) = Q(a1,22) + V - (k(x1, 22)Vby), (21,2) € Oy U,
(1, 22) = 0, (x1,22) € 09,
[o(21,22)] = 0, across I,

[m(xl,xQ)g‘f] = U(z1, 22) — k{1, 22) 22 — [K(z1,22) %], across I
(5.31)
Following up, we conduct the similar procedure as Section 5.3 to define the corre-
sponding variational form, build up the trial functions ¢y by introducing some locally
supported NN with some certain boundary condition, and define the Ritz-type loss func-
tion and the a posteriori error estimator-based loss function. The NN-based machine
learning method can be designed to solve (5.31) in the same way, and the final approxi-

mate solution for (5.28) is given by

by, , € (),
(e, 2) = { PV TN (@1,02) € (5.32)
on + by — P(x1,22), (21,22) € Q.

Denote p(f) = 3(1 + sin(N6)). Now we design different quadrature scheme for the
two-dimensional integration in the loss function over Qy,Qy and I'. Let F(¢n) denote
the integrand. Then, we use polar coordinate transformation to compute the integration
over ) and I':

2m rp(0)
Flon)dQy = / / F(on(rcos,rsind))rdrdd,
ol o Jo

dp(0)

[ Fenias= ”fwmmmmwm@aw»¢wwf+ﬁay)w.

0

For the integration with respect to 8§, N = 160 equispaced grid points in [0, 27] are
used as quadrature points, with each having a quadrature weight of % To generate the
two-dimensional quadrature points for the integration over €2, for each grid points 6; in
0, 27], the interval [0, p(6;)] is divided into 20 subintervals, and 8 Gauss-Legendre points
are used in each subinterval for the integration with respect to r.

Next, we transform the integration over )y into the difference of integration over €2
and ;:

~7:(90N)d92:/97:(901v)d9— ) Flon)dQ.

Qo
To compute the integration over €, the region [—1,1] x [—1, 1] is divided into 20 subin-
tervals for both z; and x,. Eight Gauss-Legendre points are used in each subinterval.
The two-dimensional quadrature points and their corresponding weights for integration
over {2 are then constructed as the Cartesian product of the one-dimensional quadrature
points.
The NN structure, the optimization process and other experiment parameters are the
same as Section 5.3 are used to construct the NN subspaces with p = 50. The relative
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energy norm error, relative L? norm error and the relative error on test points between
the final approximate solution uyy (5.32) and the exact solution u (5.29) for three shape
parameters setting is shown in Table 9. Figure 16 shows the approximate solution and
its error distribution obtained by the proposed machine learning method for § = 0.9 and
N = 20. These results highlight the potential of the proposed algorithm in handling
interface problems with complex-shaped interfaces.

Table 9: Numerical results of the machine learning method for problem (5.28)

§=03,N=4 6=06,N=12 6=0.9,N =20
er | 8.842379e-07  2.958305¢-07  1.7791856-06
e, | 8.105071e-08  2.349744e-08  1.381434e-07
Crost | 8.100888¢-08  2.348698¢-08  1.381133e-07

Approximation uyn(x, ¥) Reference u-(x, y)

8 8
6 6
> 00 : 4 > 00 : 4
2 2
0 0

Figure 16: Numerical results for solving (5.28) for shape parameters 6 = 0.9, N = 20
using the a posteriori error estimator-based loss function. The left image is the approx-
imate solution, the middle image is the exact solution, and the right image is the error
distribution.

Remark 5.1. Note that the numerical experiments constructed in this work involve exact
solutions that are infinitely smooth, which allows us to evaluate the effectiveness of the
proposed algorithm more conveniently. For interface problems with simple source terms,
finite element approximations can serve as reference solutions. Typically, in such cases,
the solution within each subdomain separated by the interface may lack smoothness, with
irreqularities often occurring near the interface. The high accuracy of the proposed adap-
tive NN subspace methods reveals that the NN space possesses the strong approximation
capability and the corresponding machine learning method with high-precision integration
has the ability to automatically handle the singularities in the problems. Consequently,
the proposed algorithm shows promise in handling problems where the solution belongs to
a function space with limited regularity, which we plan to explore in future work.

6 Conclusion

In this paper, following the idea of subspace approximation from the finite element
method, we provide the error analysis for the NN-based machine learning method for
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solving elliptic PDEs. The analysis reveals that integration errors in the loss function
computation, approximation errors in the approximate function, and optimization errors
in the machine learning method all contribute to the overall error in the approximate
solution.

Based on this understanding, we develop an adaptive NN subspace-based machine-
learning method that employs numerical quadrature to define the loss functions. The
proposed method adaptively updates the trial function space represented by the NN
during the training process using an a posteriori error estimator, thereby reducing the
subspace approximation error. In addition, we leverage a split optimization process to
alternately obtain a better NN subspace and an optimal Galerkin approximation on it,
thereby reducing the difficulty of the optimization and controlling the optimization error.
Furthermore, we employ high-precision numerical integration rules, which is another key
reason why our proposed method achieves high-precision solutions.

This article mainly applies the proposed method to interface problems. Using the
NN subspace, we derived the corresponding machine learning method and provided a
theoretical analysis of both Ritz-type and the a posteriori error estimation-type loss
functions. Numerical experiments demonstrate that our method effectively controls errors
and achieves high-precision solutions to interface problems.

Of course, the analysis and algorithms presented here can be extended to broader
class of PDEs.
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