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Abstract 024

Anthropogenic warming bears the risk of climate instabilities, some of which 025

might have already been initiated. Due to their multidecadal to millennial transi- 026

tion times, their interaction with weather has rarely been investigated and their 027

discounted economic impact has been considered relatively low. Here we show 028

that (1) even rapidly changing, i.e. weather-induced, forcing influences systems 029

with multidecadal collapse times such as the Atlantic overturning and the Ama- 030
zon rainforest, (2) approaching their tipping temperature immediately increases

weather-induced volatility long before the tipping point is reached and well 031

after the tipping point is passed, (3) unpredictability of these systems is further 032

increased by noise-enhanced tipping and (4) for multidecadal systems variability 033

increases by up to 120% and unpredictability by more than 300%. The faster the 034

internal system time the stronger the increase in variability and unpredictabil- 035

ity. Thus, in addition to the fundamental long-term changes, volatility poses 036

an immediate societal and economic risk from climatic tipping that is directly 037

related to the tipping process itself. 038
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1 Introduction

Self-amplifying feedbacks within climatic subsystems such as the Atlantic meridional
overturning circulation or the ice sheets on Greenland and Antarctica may lead to
threshold behaviour in the response of these systems to global warming [1, 2]. Some
of the corresponding tipping temperatures might have already been passed [3-6].
Research has so far focused on investigating the mechanism of the instability [7-10],
detecting the tipping points [11-14], developing early warning [11, 15, 16], understand-
ing the fundamental change that is associated with the qualitatively different state
that emerges [17-19] and the cascading effects between different tipping elements [20—
22]. Due to the decadal- to millennial-scale transition times of the tipping elements,
macro-economic consequences have often been estimated to be small due to discount-
ing [23-25]. Recently, we suggested that variability of these systems close to the tipping
point might make societal and economic relevance of these instabilities immediate [26].

In situations where the system dynamics is faster than the increase in global tem-
perature, i.e. the gradual forcing, this variability is well-known from the detection
of early warning signals (EWS) based on critical slowing down (CSD). As a system
approaches an instability its restoring ability weakens, which leads to stronger and
longer lasting deviations from its mean state. While CSD has been used to detect EWS
[1, 12, 15, 27, 28], systems with a long internal time scale compared to the forcing time
scale are not expected to exhibit EWS [29], [30], [31]. The growth of fluctuations that
informs us about the approach of a tipping point come with their own cost: the loss
of short-term predictability [26]. The more a system fluctuates, the harder it becomes
to predict its state a few years ahead. With several tipping elements already showing
signs of destabilisation, it is not only relevant whether tipping approaches, but also
how unpredictable a tipping system will become and how this influences the climate
system around it, both before and beyond the tipping point.

Here, we differentiate between two sources of unpredictability. Fluctuation-driven
unpredictability is caused by the variability around the mean state captured by
CSD. Trajectory-driven unpredictability arises once the system is destabilised. Small
weather-induced perturbations are then no longer damped but can siginificantly alter
the future evolution of the system, because in the vicinity of the instability the system
dynamics response strongly asymmetrically to forcing, i.e. the weather-induced noise.
We use a generic saddle-node-bifurcation equation to analyse its unpredictability along
the whole tipping process and most importantly for interacting time scales, i.e where a
'separation of times scales’ is not possible (for a list of systems that obey such a bifur-
cation see Supplementary Note 1). We find a predictability barrier, lying between the
tipping point and the point of no return. For systems with transition times of about 50
years such as the Atlantic Overturning Circulation (AMOC), the fluctuation variance
increases by up to 150% and the uncertainty in the 10 year state evolution by more
than 300%. We derive an analytic expression for the predictive uncertainty in such sys-
tems and show that fluctuation-driven unpredictability dominates until shortly after
the tipping point and trajectory-driven unpredictability afterwards. The risk of tip-
ping elements for society thus does not only lie in the transition to a different state
but also in the unpredictability caused by the destabilisation of the tipping element
throughout the tipping process.



2 Weather-induced fluctuations

Although details of the instabilities associated with different tipping systems might be
different, the generic representation of tipping dynamics can be captured by a saddle
node bifurcation. We use its normal form with red noise as detailed in the Methods. A
list of systems that follow this normal form is provided in Supplementary Note 1. The
system state is denoted by x and the forcing which represents the temperature increase
by 6. We will use the relative forcing with respect to the critical forcing, T'= 6/6.. In
order to investigate their interaction we specifically represent and distinguish four time
scales. The correlation time scale of the noise is associated with weather variability.
It is the fastest time scale and is fixed to 7, = 10days. Throughout the paper we use
a forcing time scale of 74 = 125yr, defined as the time it takes to reach the tipping
temperature § = 6, or T = 1. In order to investigate the societal relevance we set a
prediction horizon of 7, = 10 yr which however is mostly relevant for analysis purposes.
The central time scale for this study is the that of internal system dynamics 7. It is
the parameter linearly related to the internal response time.

With increasing forcing 7', the system undergoes a tipping transition with or
without weather-induced noise (Fig. la, gray and black lines). If weather is present it
provokes a variability in the system (Fig. la, red line and uncertainty range) which
increases when approaching the tipping temperature because the time-dependent
internal relaxation time 7(t) = 75/0, f(x(t),0) becomes larger (see Methods). This
mechanism is generally considered critical slowing down (CSD). In early warning of
tipping it is assumed that the system time scale is slow compared to weather, but
fast enough to respond to its variability. Along its trajectory the system undergoes
three qualitatively distinct points: the tipping temperature, the tipping point and the
point of no return.

The tipping temperature (or tipping forcing) is the forcing value at which the
system destabilises if this forcing were to be maintained at this level. It is a value of
the control parameter 6. In the governing equation this is the forcing at which the
current equilibrium ceases to exist (Fig. 1 b).

The tipping point, in distinction, is a value of the state variable x which is reached
if the temperature is maintained at or above the tipping temperature for long enough
for the system to indeed become unstable. Most climatic subsystems have inertia and
thereby the tipping point is reach significantly later than the tipping temperature. As
soon as the system crosses the tipping point, the self-amplifying feedback [32] pulls
it to the new attractor. Beyond the tipping point, the system stops lingering in the
vicinity of the ’ghost’ of the old equilibrium and starts accelerating towards the new
equilibrium (Fig. 1 b). The transition time between the tipping temperature and the
tipping point depends on the internal time scale of the system 74 and the forcing time
scale 7y and will be further discussed in Fig. 3.

The point of no return (POR) [33] is the system state after which the tipping
process can not be reversed anymore, even if the forcing was immediately set back
to the initial value. In the climate system this translates to the system state beyond
which the system would collapse even if global mean temperature would go back to
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Fig. 1 Temporal evolution of weather induced variance while a system undergoes tipping. The
internal time scale of the system is 75 = 1yr, the forcing time 77 = 125 yr, the noise time 7, = 10 days.
a) Exemplary trajectory with weather (gray) and the locally fitted deterministic trajectory without
weather (black) used for detrending (Methods), plotted over time relative to point of no return (z = 0).
The relative forcing 7" is shown in blue in the lower panel, the tipping temperature is crossed at 7' = 1.
The mean increase in variance of the system with weather relative to its initial value is shown in red
with its standard error. Variance increase peaks at 300% after the tipping temperature is crossed.
Tipping temperature (blue), tipping point (orange) and point of no return (red) are marked by
dashed lines, horizontal dashed lines give the corresponding system state. Tipping phases (Methods)
are represented by shading in the back and named underneath the panel. b) Bifurcation diagram,
with equilibrium state x* plotted over relative forcing T'. At the crossing of the tipping temperature
(blue), the old equilibrium ceases to exist, but the trajectory (black) lingers close to it throughout
the inertia phase, until it reaches the tipping point (orange). Point of no return marked in red. c¢)
Potential landscape. Solid purple line is at zero relative forcing T' = 0. Increasing forcing changes the
potential (light purple line) and the equilibrium sthte (black dots) until the old equilibrium vanishes.
Once the point of no return (red) has been reached, the system falls into the other equilibrium, even
if T is suddenly set back to zero.



pre-industrial values (red dot in the potential landscape of Fig. 1 ¢ corresponding to
zpor = 0).

Already for the fast system with 7, = 1yr depicted in Fig.1, the maximum
variance increase of 300% occurs significantly after the tipping temperature, in the
inertia phase between the tipping temperature and the tipping point. Thus short-term
unpredictability, as represented by the variance, peaks in the inertia phase, in which
the system is still lingering close to its old equilibrium, but has lost its attraction
point to relax to after a perturbation. In this sense, the system is already in a state
of free fall [26], in which perturbations can not be damped anymore and the system
is highly unstable. For slower systems the variance peaks at higher and higher system
states (Fig. 2). Unpredictability starts to decrease again in the attraction phase, after
the POR where the fluctuations get damped by the strong drift towards the new
equilibrium, but even at the POR the variance is still 100% above its initial value for
Ts = 1lyr. Once the system settles in its new equilibrium, the fluctuation variance
also settles to its new equilibrium value.

An analytic approximation of the dynamics around the tipping point [30, 34, 35]
yield a universal scaling of the transition time between the tipping temperature (TT)
and the POR with the system- and forcing time scales

tirans = At = tyor — te ~ 7/ 72/, (1)
This theoretical prediction (lines in Fig.3) captures the median in an ensemble of
100 simulations very well (solid circles in Fig.3) as well as the deterministic values
(open circles). For further information on the derivation of the scaling law we refer
to the Methods and the Supplementary Note 2. For the inertia phase, the scaling law
reproduces the delays for the system without weather induced noise across the full
range of system time scales 75 (Fig. 3 b). Noise shortens this phase, since it can induce
early transitions, reducing the stochastic median of the delays compared to a system
without noise. The spread of the delays is higher for systems with larger internal time
scales. Since slow systems have weak restoring capabilities, different noise realisations
lead to a larger spread in possible trajectories and delay times. In the escape phase,
from the crossing of the tipping point to the point of no return, the scaling still cap-
tures the delay in a noise free system for small 7, (Fig.3 c). It becomes less accurate
for higher 74, where the point of no return is only reached after the ramp up of the
forcing and we are thus in a dynamically different regime. However here the median of
the delay of the noisy trajectories is higher than that of the system without weather
variability. The two deviations largely cancel each other in the total transition time,
i.e. the time the system takes to reach the point of no return after crossing the tipping
temperature (Fig.3 a). The median total transition time, spanning the inertia and
the escape phases, thus behaves as a robust property of the system.

Since the transition time depends on the internal time scale of the system, a
system with higher inertia takes significantly longer to complete its transition to the
point of no return and then to the new equilibrium state. For slowly responding
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Fig. 2 Variance as a function of system state. Increase in variance of the ensemble (Methods),
computed in bins of system state  and shown relative to the initial variance. The red lines show
the mean, the shading its standard error. The crossing of the tipping temperature (dashed blue line)
occurs at different system states depending on the realisation. Its standard deviation is shaded in
blue. The tipping point is shown as orange dashed line. Noise and forcing time scales are chosen as in
Fig. 1, the system time scale is a) 7. = 1yr, b) 74 = 2yr, ¢) 7s = 3yr and d) 7s = 5yr. The transition
time is the median time the system takes to reach the point of no return after the tipping temperature
is crossed (see Fig. 3). In all cases, the maximal variance is reached after the tipping temperature is
crossed. Slower systems have a lower maximal variance, which is reached at later system states.

climate tipping points like ice sheets, the transition time could be several hundred to
thousands of years. The scaling also shows us that the time climate tipping points
take to complete the transition, depends on the rate of the forcing 1/7;. Comparing
the scaling exponents to each other, however, the forcing rate has a considerably
smaller influence than the inertia of the system. This reflects the dominance of the
self-amplifying feedback that generates the tipping [32].

For a system to exhibit CSD, its internal relaxation time needs to be short com-
pared to the forcing timescale. When this separation breaks down, the system lags
behind the instantaneous equilibrium and fluctuations can no longer reflect the local
restoring rate at that equilibrium. The important property here is the ratio between
the forcing timescale and the system timescale. This also has implications for the
importance of the rate of warming: the faster the warming, the less climate compo-
nents can track their equilibrium state, and the weaker the CSD signals we can expect.
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Fig. 3 Scaling of the transition time with system time scale 75 and forcing time 7;. System time
values are 75 € {1,2,3,5,10} years and forcing times 7y € {100,125,200} years. Lines represent
the theoretical scaling Eq. (1), hollow dots are the delays read off the trajectories without noise.
For 77 = 125yr, solid dots show the median of the delays over the ensemble of n = 100 stochastic
realisations, with the error bars spanning the likely range (66%). The times at which the tipping
temperature, tipping point and point of no return are reached are denoted tc, tz ¢, tpor. a) Total
transition time from crossing the tipping temperature to the point of no return. b) Delay between
the tipping temperature and tipping point (inertia phase). ¢) Delay between the tipping point and
point of no return (escape phase). Weather variability shortens the inertia phase, but lengthens the
escape phase, making the total transition time relatively insensitive to noise.
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However, weaker CSD signals do not imply a predictable transition. Instead, a new
measure is needed; one that does not rely on a separation of time scales, but instead
captures all weather induced contributions to the unpredictability of a system. This
measure is especially important for the assessment of unpredictability of the system
after it has crossed its tipping point.

3 The predictability barrier

To capture the full unpredictability of the system, we use the spread of all trajectory
evolution starting from a given state of the system over a given prediction time hori-
zon. We choose 10 years as this time horizon, i.e. we ask the question: based on the
current system state, what is the spread of possible systems states in 10 years? The
specific horizon was chosen to be relevant for society, both for mitigation and adapta-
tion strategies, but it has an arbitrary component to it and may be chosen differently.

The spread of possible future states encompasses both the systematic drift of the
system towards the new state and the spread of possible trajectory evolutions caused
by weather variability (Fig.4 a). Removing the 10 year change the system would
experience without weather variability isolates the latter (Fig.4 b). Depending on
the current state of the system, the spread in possible evolutions in the future 10
year window differs substantially (Fig.4 c-e). Far from the tipping temperature, tra-
jectories mainly differ from each other by fluctuations around the mean state, which
increase towards the tipping temperature (Sec.2). After the tipping point is reached,
the spread becomes much larger (Fig.4 d). For a system time scale of 7, = 1yr, the
prediction within 10 years after the tipping point varies between the system being
fully tipped and not tipped at all, depending on the exact realisation of the weather
variability. The unpredictability at a given state x; is further quantified as the likely
range of trajectory spread (orange lines in Fig.4 a,b) in Fig. 5.

For all system time scales, we find a barrier of unpredictability after the tipping
point and before the POR, in which the 10 year prediction of the system becomes most
uncertain. We derive a theoretical estimate of this unpredictability barrier through the
trajectory variance, locally linearised around the deterministic solution as described
in the Supplementary Note 3. Its temporal evolution follows

av V) o2 T() Vi) o, 2

— =2——"+ 20T, ——T— R —2——— + 20°T,. 2

dt 0 T ) T @)
where 7(t) = —1/\(t) is the time dependent relaxation time of the system with

A(t) = 0, f(x,0) = (1 — 322)/(27) being the local growth rate of perturbations. The
last approximation holds whenever the noise is much faster than the system, i.e. time
scale of the system 7(t) is much larger than the time scale of the noise 7(t) > 7,; Vt.
We thus extend the fluctuation variance from Sec.2 (Fig. 1, Fig.2) by intentionally
not aligning trajectories, but instead including their spread as their major cause for
unpredictability.
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Fig. 4 Predictability of the future system state. All panels are for system time scale 7, = 1yr. a)
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solid red lines the very likely range (90%). The black line shows the mean drift of the system without
weather. b) As a), with the mean drift subtracted, giving only the weather induced unpredictability.
The orange dashed line shows the tipping point, the red dashed line the point of no return. c)-e)
Possible future trajectories over the next 10 years, starting from c) the initial state z; = —1, d) the
tipping point z; = z. and e) the point of no return z; = xpogr. The spread of possible trajectories
rises sharply after the tipping point and is small far from it and beyond the point of no return, since
for this fast system a large part of the transition falls within the 10 year prediction window.

The first term in the variance equation describes how fluctuations grow or decay
locally, depending on the sign of the restoring force 9, f(x,#). The second term is a
constant noise contribution. In the framework of critical slowing down, the weakening
of the restoring force is usually used to indicate the approach of the tipping tem-
perature. In that sense, before the tipping point, the variance equation still partly
describes the fluctuation variance, since trajectories do not yet deviate strongly from
each other. After the tipping point, the variance is instead dominated by deviating
trajectories, so unpredictability mainly stems from the large spread of possible tra-
jectories.

Integrating the variance equation forward by 10 years for current state x,
yields the theoretical curves in Fig.5. They reproduce the position of the maximum
and shape of the predictability barrier. In fact, the existence and location of the
predictability barrier follows directly from the variance equation. The damping of
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Fig. 5 Loss of predictability during tipping. Increase in the 10 year spread relative to its initial
value, plotted over the current state x¢. Blue shows the width of the likely range (66%, cf. green lines
in Fig/ 4). Black lines show theoretical predictions, obtained by integrating Eq. 2 forward by 10 years
from each x:. The orange dashed line shows the tipping point, the red dashed line the point of no
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with additional theoretical curves for 74 = 8 yr (green), 7s = 12yr (orange) and 75 = 14yr (brown).
The legend shows system time scales and transition times (Fig. 3). For slower systems, the peak loss
of predictability gets lower and moves from shortly after the tipping point to the point of no return.

perturbations weakens as the system approaches the critical point x., vanishing
entirely once it is reached. Beyond the critical point, the restoring force actually
becomes positive: small perturbations are no longer damped but actively amplified
and the restoring force becomes an amplification force. Due to the strong asymmetry
of the system dynamics in the escape and convergence phases (Fig.1 and Methods)
a small perturbation can therefore significantly deviate the trajectory, making the
system’s future state much harder to predict.

Comparing the different system time scales, fast systems show a very sharp and
high predictability barrier just after the tipping point, while for slower systems the
maximum decreases and shifts towards the POR. This difference depends on a new
relevant ratio of time scales: the length of the forecast window time relative to the
system’s internal time scale. How pronounced the barrier of unpredictability is then
depends on how much of the transit through the unstable regime falls within the
10 year window. For systems that transit through the destabilised regime quickly

10
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theoretical estimate in black, cf. Fig.4) closely follows the increase in fluctuation variance (red, cf.
Fig. 2) up to slightly after the tipping point. Beyond that, the fluctuation variance declines, while the
spread increases to more than twice the fluctuation variance increase. Early in the transition, the loss
in predictability thus mainly reflects the increased variability. The tipping temperature is shown by
the dashed blue line (with standard deviation shaded) and the tipping point by the orange dashed
line.

compared to the window length, the largest spread occurs shortly after the tipping
point, since the window can then capture most of the escape and convergence phase,
and thus the full spread of trajectories (Fig.4 d). For systems with slow internal time
scales, the trajectory barely changes within 10 years, so the local growth rate A(z;)
stays roughly constant. In this case, the spread measured over the 10 year horizon
simply reflects how much this constant local growth rate force amplifies the spread in
trajectories over the fixed window. Since this amplification is strongest at the POR
(z¢ = 0), the maximum variance shifts towards that system state as the internal time
scale increases. The predictability barrier for fast systems is thus governed by how
much of the destabilised regime the 10 year window can capture, while for slow sys-
tems it is governed by how locally unstable the system is at the moment the forecast
begins.

Systems with intermediate time scales combine both types of unpredictability
(Fig.6). These are system time scales that are highly relevant for climate tipping
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points. For 7, = 5yr, the transition time is about 50 yr, comparable to the time scale
estimated for the AMOC shutdown [2]. For such a system, the increase in the 10 year
spread closely follows the increase in fluctuation variance until slightly after the tip-
ping point (Fig. 6). Beyond that, the fluctuation variance declines, while the trajectory
spread increases to more than twice the variance increase. The same weather vari-
ability thus leads to different types of unpredictability depending how far the tipping
process has advanced. Until shortly after the tipping point, increasing fluctuations
around the mean state make the system more unpredictable. After that, the phase of
largest unpredictability begins. Weather variability can now push the system onto a
wide span of trajectories, making the 10 year prediction highly uncertain.

4 Discussion

We consider climatic tipping processes in a time scale regime relevant for society, i.e.
with forcing time scales of the order of 100 years and prediction time scales relevant
for society of the order of 10 years. Within this framework, we find that for relevant
systems such as the Atlantic overturning circulation and the Amazon rainforest, the
theoretically simpler separation of time scales between system dynamics and forcing
rate becomes more difficult. Instead the time scales strongly interact which makes
it necessary to introduce a new measure for unpredictability. Two mechanisms con-
tribute to this unpredictability. Up to and slightly beyond the tipping point, growing
fluctuations around the mean state make the future state less predictable. Beyond
that, unpreditability is dominated by the large spread of possible weather-induced
trajectories through the regime in which the system is destabilised. We use a 10-year
horizon as a reasonable planning horizon for human societies.

Existing work has asked the questions of whether [2, 15, 36, 37] and when [38] a
state will tip and how predictable the final state will be [39]. The unpredictability
of the transient state has received little attention. For planning, it is highly relevant
to have an estimate of how unpredictable a given climate component will be, based
on its current state. The framework presented here quantifies this state dependent
unpredictability through every phase of the transition.

The inertia associated with the internal time scale of the system determines how
this unpredictability unfolds. The importance of time scales has been discussed for
temporary threshold crossing of slow-onset systems [40, 41]. Climate tipping points
are usually identified by their tipping temperature, which obscures the fact that their
transition times vary vastly [40]. The distinction between tipping temperature, tip-
ping point and point of no return introduced here makes the role of inertia explicit.
Elsewhere, the point of no return is defined dynamically, with a dependence on the
forcing pathway [33]. The definition used here generalises this concept to allow the
definition of tipping phases that is independent of the exact forcing scenario, defining
the latest possible point of no return.
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The internal time scale also shapes the barrier of unpredictability. Fast systems
show a sharp, high barrier just after the tipping point, while for slower systems the
barrier is lower and shifts towards the point of no return. Before the tipping point,
the internal time scale determines whether the system exhibits pronounced CSD,
which requires the system to relax faster than the forcing changes [29-31]. For very
slow systems, detecting a signal would require observational records that are much
longer than those available [42]. The predictive capacity for real world climate com-
ponents is further limited by observational uncertainties [43]. Where CSD occurs, it
only captures the first part of the loss of predictability. Especially in the wake of the
discussion about the importance of rate-dependent tipping [44—46], CSD might not
be the defining signature of tipping points anymore [47]. Instead, the weather induced
spread in trajectories becomes even larger, with some trajectories tipping and others
not. In more complex models, ensemble splitting, where only part of the trajectories
tip, as well as chaotic dynamics and multiple states have been observed [47-49]. The
results presented here are therefore likely a lower bound of unpredictability.

The generic saddle-node model used here is not meant to reproduce the exact
behaviour of specific tipping elements. Instead we aim to discuss unpredictability
in a generic sense that is conceptually relevant for a large number of systems. The
dynamics here are simplified and weather is represented as additive noise of fixed
intensity and correlation time. We assume a linear ramp up of forcing and do not
include a ramp down, i.e. an overshoot scenario. The existence of rate-induced and
noise-induced tipping is not explicitly analysed. Further work is required to expand
the framework to specific climate components. In a world where the tipping temper-
atures of several tipping elements are crossed, these components can be expected to
become much less predictable. This will play out leading up to but also especially
after the crossing of the tipping point where the system is in a free fall state and
small weather-induced perturbations have a large influence on its future trajectory.

5 Methods

Running variance

The fluctuations around the mean state along the whole trajectory is analysed by
detrending the stochastic trajectories by subtracting a locally time-shifted determin-
istic reference trajectory xqe¢. The time shift is chosen to minimises the square error
of the mean (MSE) residual between the time shifted pieces of the deterministic tra-
jectory and the stochastic trajectory within a sliding window. Due to the non-linear
temporal evolution in the vicinity of the tipping point, this detrending was preferred
over linear-detrending. Both methods give very similar results.

‘ o1 o . .
shift = argmin, — Z(azsmch [i 00+ W] — 2geefi + 500+ W +5])2 (3)

13

953
954
955
5956
957
958
559
560
961
562
563
964
565
566
967
568
569
570
971
972
973
974
975
976
o977
978
979
580
581
582
583
o84
585
586
o987
588
589
590
991
592
993
994
595
596
997
598



599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644

Here x5;0ch is the stochastic trajectory, N the number of members in the ensemble,
W the window size. To get the mean variance of the ensemble in Fig. 1, the trajectories
are aligned along the point of no return. Then the average of the variance across all
trajectories is taken.

Binned variance

Instead of aligning trajectories to each other in time as in Fig.1 a, in Fig.2 we bin
the mean fluctuation variance of the ensemble over the current mean state Zget shifted
(one for each stochastic simulation, determined by the procedure above). This places
all simulations and all values of 74 on a common axis.

The variance of each detrended stochastic simulation (see above) is determined
and plotted over its locally fitted deterministic trajectory that was used for detrending
Zdet,shifted- Since different simulations are sampled at different values of x, we estimate
the mean variance on a grid of bins of equal width. To make sure that each simulation
contributes equally within each bin, first the mean of the values of each simulation in
one bin b is taken

_ 1
Vip = ” Z Vik (4)
LA™

n

where n; p is the number of values of simulation ¢ in bin b. We then average across
simulations within each bin

_ 1 _
W = N Z Vi (5)

where Nj is the number of simulations that are present in a bin. The standard error
of the mean binned variance Vj, is then given by the sample standard deviation across
simulations SEM;, = STD(V; ;) /v/Ny. The increase of variance is taken relative to the
first bin (V4/Vy, — 1) - 100.

Saddle node bifurcations

Throughout the paper we use a generic cusp normal form, in which tipping occurs
through a saddle node bifurcation.

3
%’; :;TO <_ (;) 4 ;’io +0(t)> +£(t) = f(,6,€) (6)
=- Tié T Q

Tn

a8
dt

with x describing the system state, 6 the external forcing and £(¢) the red noise. xg
is a scale that can be set arbitrarily and is set to ¢y = 1 and does not enter any relevant
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result but is physically necessary to carry in a dimensional analysis (Supplementary
Note 1). The second equation describes the dynamics of the red noise with time scale
Tn, and stationary variance o, where 7(t) stands for temporally uncorrelated, white
noise. The internal time scale parameter, 75, is the time scale at which perturbations
relax at zero forcing b = 0. As soon as the system is forced, the internal relaxation
time becomes time-dependent

T(t) = —gf(x,a,f) _ 3(37/950)2 - 1.

B (®)

27,

The deterministic ODE can also be described as the negative derivative of the
double well potential (cf. Fig.1 c)

e n (e ) e

Setting f(z) = 0 and 0.f(z,0,£) = 0 yields the critical points and the
corresponding critical forcing

T, = j:ﬂ 0.

V3

We will consider cases in which x is initiated at the negative fixed point. For § = 0
this is z(t = 0) = —z¢ = —1. There are three equilibrium solutions, two stable and one
unstable one. In the potential landscape, this translates to two minima and a saddle.
With increasing forcing, the left minimum starts to rise and become flatter. When the
internal time scale of system allows it to react to the change quickly enough, this leads
to critical slowing down. At the critical forcing, the minimum ceases to exist and the
state starts moving to the other equilibrium. Due to inertia, this happens in a finite
transition time.

2
= ¢ﬁ. (10)

Scaling law for transition time

The derivation of the time delay between the tipping point and the tipping temperature
is based on the concept of the delayed bifurcation of non-autonomous systems [30, 33,
34]. In the main text, we extend this to the delay between tipping temperature and
point of no return. Since we are interested in the time scaling of the trajectory close to
the fold, we expand around the critical point and forcing (z.,0.), where 0z = = — x,
and obtain

o 0[BT 52
ox = o, o (0x)* 4+ (0 —0.) (11)

Absorbing all dimensional system parameters into the two scales Xeqie and Tieqie and
introducing the dimensionless variables & = 62/ Xscare and t = (t — t.)/Tscaie yields
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the universal normal form

t

dz 9
= =% (12)

with

1/3_2/3
Tscale ~ Tf Ts/ 5

Xscale ~ Tf_l/ng/B~ (13)

Close to the critical point, all saddle node bifurcations reduce to the same dynam-
ics, described by the universal normal form. The rescaling parameters then tell us how
the internal time scale of the system and the forcing time scale shape the transition.
For all saddle node bifurcations, the length of the transition time scales with Ti.qe
and the associated state differences scale with X.q;.. The full derivation can be found
in the Supplementary Note 2.

Tipping phases

The three dynamical points tipping temperature, tipping point and point of no return
define five qualitatively different phases of tipping. The three points are marked in
Fig. 1a as dashed lines and the phases as the shading in the background.

The gradual phase In the gradual phase (blue phase in Fig.1), the state of the
system only weakly responds to the forcing. The system tracks the slowly chang-
ing equilibrium and as such is in quasi-equilibrium. Variance might slowly start to
increase as the system moves closer towards the tipping temperature but does not yet
reach values that are significantly higher than its equilibrium value.

The tipping approach The closer the system moves towards the tipping tem-
perature, the more it starts to lose its restoring abilities. Small deviations now have
a larger impact, because the system can not immediately heal itself and restore the
equilibrium value. This is the phase in which critical slowing down (CSD) becomes
prominent and the unpredictability caused by larger fluctuations in the system starts
to rise. The variance increase of the system starts to accelerate. The tipping approach
phase terminates with the reaching of the tipping temperature (yellow phase in
Fig. 1a). Note that the gradual phase and the tipping approach might not be clearly
distinguishable for systems in which the internal time scale 75 is very large compared
to the forcing time scale and the quasi-equilibrium condition is not given to begin
with.

The inertia phase The inertia phase is the phase after the crossing of the tipping
temperature, but before the system state has reached the tipping point (orange phase
in Fig. 1a). As discussed above, due to the inertia of the system there is a finite transi-
tion time between the crossing of the critical forcing and the systems reaction (Fig. 3).
While the system still lingers close to the ghost of the old equilibrium, it has nothing
to restore to anymore. In this sense, the system is in a state of free fall, in which
perturbations can not be damped anymore and the system is highly unstable. The
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fluctuation variance within the system increases to its maximum value, increasing the
unpredictability of the system. In our simulations, the variance increases up to 300%.

The escape phase Once the tipping point has been crossed, the true accelera-
tion towards the new equilibrium begins. The trajectory starts changing very quickly
and the self amplifying feedback dominates the dynamics (red phase in Fig.la).
The trajectory escapes the region located close to the ghost of the old equilibrium.
In this phase, fluctuations start being suppressed by the strong drift. The system
gets dragged towards the new equilibrium so quickly that it does not have time to
amplify or dampen fluctuations anymore, but is dominated by the deterministic drift.
Reversibility of the tipping is still given, if the forcing is reduced to its initial value
almost instantaneously. In this regime, the unpredictability caused by fluctuations
starts decreasing, but is still high (100%-200% increase in Fig. 1).

The convergence phase After the point of no return has been crossed, even
a complete, immediate elimination of the forcing can not keep the system from
converging to the new equilibrium anymore. The system keeps moving towards the
new basin of attraction (Fig.1lc) with increasing velocity (green phase in Fig. la).
Fluctuations continue being repressed. The convergence phase ends once the system
has reached the new equilibrium, after which it settles. The fluctuation variance also
settles to its new equilibrium value.

Variance equation

To derive an expression for the variance along the whole trajectory, Eq. (6) is expanded
around the deterministic solution up to linear order dx = x — x4.¢. Here, variance
includes the fluctuations around the mean state and the deviation between possible
trajectory evolutions. For white noise, one can directly average the evolution of §x2
over noise realisations which yields a linearised equation for V = (5x2)

dV 1 Tdet 2
- 1— V +g. 14
dt Ts ( 3( To ) g ( )

where g is the noise intensity for white noise. For red noise, the derivation involves
expanding and solving the two dimensional system of equations Egs. (6), (7). Under
some quasi equilibrium assumptions (see Supplementary Note 3) and for noise time
scales much smaller than the system time scale the equation reduces to the same
simple form

v ,
= = 22OV (1) + 2077, (15)
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where the noise time scale now only enters the constant noise injection term. The
solution of the variance equation is

t
V() =V (to)ehn P 4 207, [ el gy (16)

to

For a comprehensive derivation see Supplementary Note 3. The first term in the
variance equation describes how fluctuations grow or decay locally, depending on
the sign of the restoring force 9, f(x4et). The second term is a constant noise con-
tribution. Since the variance here describes how much trajectories deviate from the
deterministic trajectory, we can think of this equation as a description of the spread
of possible trajectories. Before the tipping point, all trajectories are still located
relatively close to the deterministic trajectory, so the equation describes the increase
of the fluctuations around the mean state. This is what the critical slowing down
(CSD) framework usually tries to capture, where the weakening of the restoring force
is used to indicate the approach of the tipping temperature. In that sense, before the
tipping point, the variance equation still mainly describes the fluctuation variance.

The closer we get to the tipping point, and especially during the tipping, the
trajectories start to deviate strongly from each other. Since the equation does not
separate between fluctuations around the mean state of a single trajectory and the
spread of trajectories within the ensemble, the latter dominates in this regime, so
unpredictability mainly stems from the large spread of possible trajectories. One
should thus think of the variance equation as describing the uncertainty at a specific
time and state of the system along the tipping process.

The stability of the system can also be understood in terms of the local growth rate
At) = Tis(l — 3(2det/70)?). In the variance equation, the growth rate indicates how
much variance is damped or amplified by the stability of the system. For z4.; < —|z¢|,
so before the tipping point is reached \ acts as a restoring rate that tries to bring the
state back to its equilibrium after a perturbation. The closer the system gets to the
tipping point, the smaller the restoring abilities become, until A = 0 at xger = —|z.|.
For —|z.| < Zget < |zc|, the local growth rate becomes a positive amplification rate,
with the maximal value reached at the point of no return x = 0. In this regime the
trajectories start to escape at slightly different times, which leads to a large spread in
system states at the same time ¢ (cf. Fig. S1). Plotted over the system state x instead
of time, this means that the spread in possible future evolutions of the system based
on the current system state becomes much larger (cf. Fig. S1), greatly increasing its
unpredictability. For xge: > |z.|, the local growth rate becomes negative again and
the system is now restored to its new equilibrium state.

Data availability

The data underlying all figures are available at Zenodo (https://doi.org/10.5281/
7en0d0.23166586). The full simulation ensembles are not archived because of their
size, but can be regenerated with the code provided (see Code availability) using the
fixed random seeds.

18


https://doi.org/10.5281/zenodo.23166586
https://doi.org/10.5281/zenodo.23166586

Code availability

The code used to generate the simulation ensembles and figures is available at Zenodo
(https://doi.org/10.5281 /zenodo.23166586).

Supplementary information

Supplementary information, containing the comprehensive derivations of all equations
in the main text, is available in the accompanying file.
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