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Abstract 

Dimensional quality in injection molding is hard to model when process variables act through coupled 

pressure, flow, and cycle-history effects and the experimental budget is small. This study develops an 

interpretable hybrid surrogate for that setting. The method combines process-informed feature engineering, 

symbolic regression with PySR, Gaussian Process (GP) residual correction, and surrogate-based optimization. 

Two design-of-experiments campaigns produced 127 runs, which were consolidated into 27 representative 

operating conditions by averaging repeated or overlapping conditions. Four controllable variables were retained 

(holding pressure, counter-pressure, cycle time, and injection speed) and expanded into twelve model inputs 

through pressure ratios, normalized pressure contrasts, multiplicative interaction terms, and rate-like 

combinations. A compact symbolic equation selected from the search served as the deterministic baseline. It 

reached R² = 0.8665 and RMSE = 9.37 µm on the full dataset, and R² = 0.8423 and RMSE = 10.19 µm under 

leave-one-out cross-validation (LOOCV). A GP with an RBF + White kernel, trained on the symbolic residuals, 

lowered the LOOCV RMSE to 9.32 µm and raised R² to 0.8681. Embedding the two surrogates in a Differential 

Evolution optimizer over the experimentally explored ranges gave predicted minima of about 33.25 µm for the 

symbolic model and 23.73 µm for the hybrid. These are model-based predictions and were not verified 

experimentally. The contribution is methodological: a transparent way to pair equation discovery with 

probabilistic residual refinement when only a few representative operating conditions are available. The 

framework keeps an explicit analytical core and adds a flexible correction layer and predictive uncertainty for 

engineering decision support. 

Keywords: Injection molding; symbolic regression; PySR; Gaussian Process; residual learning; process-informed feature 

engineering; small-data modeling; surrogate modeling; process optimization; uncertainty quantification. 

Nomenclature 

Symbol / term Meaning Unit Role 
P Holding pressure bar Primary process input 
C Counter-pressure bar Primary process input 
T Cycle time s Primary process input 
V Injection speed mm/s Primary process input 

Def Diameter deviation 
mm (reported in µm for 
evaluation) 

Response 

SR Symbolic regression – Interpretable baseline 

GP Gaussian Process – 
Residual correction and 
predictive variance 

LOOCV 
Leave-one-out cross-
validation 

– Primary validation strategy 

DE Differential Evolution – 
Surrogate optimization 
algorithm 𝑃̃ 

Min–max normalized holding 
pressure 

– Input of Eq. (1) ߮̃Δ𝑃 
Normalized pressure 
contrast, (P − C)/P 

– Input of Eq. (1) 
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1. Introduction 

Injection molding is a high-throughput process in which dimensional consistency has to be maintained 

despite strong coupling between pressure, filling behavior, thermal history, material response, and cycle timing. 

In production, the quality indicator of interest is rarely a single machine setting; it is the geometric outcome of 

how the settings interact. Diameter deviation is a good example. A change in holding pressure can shift the final 

dimension by different amounts depending on the counter-pressure and the preceding injection conditions, and 

cycle time can act through the evolving state of the material. Predicting such a response is therefore a process-

level problem and not a one-factor regression task. 

Classical process development still rests on Design of Experiments (DoE), response analysis, and careful 

adjustment of machine settings. DoE matters here because it decides how a limited experimental budget is 

spread over the design space. Comparative work on injection molding has shown that the choice of 

experimental design affects the performance of the machine-learning models trained afterwards, so data 

coverage is itself a modeling decision [1]. Reviews of machine learning in injection molding likewise point to the 

variety of quality-prediction tasks and to the lasting importance of data quality and feature representation [2]. 

Machine learning has widened the range of available predictors. Published studies use conventional 

learners, sensor-based models, neural networks, multitask architectures, feature-selection frameworks, and 

transfer learning to predict part quality under increasingly varied process conditions [3–12]. Models built on 

process settings and sensor signals have produced useful quality predictions from fairly compact experimental 

datasets [3,4], and recent attention-based and multitask architectures combine time-series process variables 

with non-time-series settings to predict several quality characteristics at once [7]. Other work addresses limited 

data directly through deep transfer learning and multi-feature fusion [8,12]. 

These advances come with a practical trade-off. A more flexible model may predict better, but it is harder to 

inspect and harder to explain to a process engineer. Feature-selection and explainability studies go some way 

toward closing that gap, yet a post hoc explanation is not the same as an explicit process relationship [9,17]. A 

model can flag a feature as important without showing how it enters the response, and different explainability 

methods can attribute the same black-box model in conflicting ways [17]. For process tuning, maintenance, and 

quality assurance this matters, because engineers usually want a prediction together with a short account of 

why it changes when a setting is moved. 

The data regime of industrial experimentation points toward a different strategy. Machine time, material, part 

inspection, and scheduling all cap the number of experiments that can be run. Recent injection-molding studies 

have turned to transfer learning, small-sample deep learning, and mixed-effects modeling to get more out of 

limited observations [8,12,13]. Gaussian Process Regression (GPR) suits this setting well because it offers 

nonlinear regression in a probabilistic formulation with a predictive variance [13,22]. Bayesian optimization has 

also been used to find process settings on experimentally expensive response surfaces [14], and learning-

based control studies show the growing role of surrogate and data-driven models in real-time process 

management [15,16]. 

Symbolic regression offers a complementary strength. Rather than fixing a parametric architecture in 

advance, it searches for an explicit mathematical expression. The idea goes back to genetic-programming-

based equation discovery [18] and has become a practical scientific-computing tool through free-form law 

discovery, AI Feynman, and PySR [19–21]. The result is an analytical expression that can be inspected, 

Symbol / term Meaning Unit Role ܸ߮̃ܶܥ 
Normalized interaction term, 
C·V·T 

– Input of Eq. (1) ̂ݑݕ 
Normalized symbolic 
prediction 

– Output of Eq. (1) ݕmin,  range Minimum and range of theݕ 
target used for scaling 

mm Scaling in Eq. (2) ̂ݕSR,    hybrid Symbolic and hybridݕ̂
predictions of Def 

mm Model outputs ݎ = ݕ −  SRݕ̂
Residual of the symbolic 
baseline 

mm Target of the GP 
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evaluated, differentiated, and placed directly inside an optimization routine. Its weakness is just as clear: a 

single expression may capture the dominant trend and still miss local nonlinear structure caused by 

measurement variability or by effects that the chosen inputs do not represent. 

 

 

 

 

This motivates the hybrid formulation developed here. Instead of choosing between symbolic regression and 

a Gaussian Process, we give each a different job. Symbolic regression supplies the interpretable baseline and 

the dominant relationship. The GP is then trained only on the residual left by that baseline, so it acts as an 

adaptive correction layer and does not replace the equation with a second black box. The formulation is related 

to residual and delta-modeling approaches in surrogate modeling, where a low-complexity baseline is refined 

by a second model [23,24]. The difference in our case is that the baseline is itself a data-driven symbolic model 

and not a simulator or an externally prescribed mechanistic law. 

A second methodological choice is central to the study: we treat feature engineering as part of symbolic 

discovery. Instead of giving PySR only the four raw process variables, we construct pressure ratios, normalized 

pressure contrasts, multiplicative pressure–speed–time terms, and rate-like combinations. These features do 

not define a unique physical law. They make process-relevant interactions directly available to the symbolic 

search, so the resulting equation should be read in the context of the engineered representation and not as an 

unrestricted expression chosen from raw variables alone. 

With this background, the objective of the present work is to develop and evaluate an interpretable, small-

data surrogate for diameter deviation in injection molding. The scope is deliberately local. We do not aim for a 

universal law of injection molding; we aim for a transparent predictive model over the experimentally explored 

operating region, and we ask whether a GP residual layer changes the resulting optimization landscape. 

1.1 Research questions and contributions 

• Can a process-informed engineered representation enable PySR to recover a compact symbolic 

relationship for diameter deviation from only 27 representative operating conditions? 

• Does Gaussian Process residual learning provide measurable predictive refinement beyond the selected 

symbolic baseline while preserving an interpretable analytical core? 

• How does the residual correction change the model-based optimum in the experimentally explored 

parameter domain, and what can the GP variance add to the interpretation of that recommendation? 

The work makes four contributions. First, it defines a sequential symbolic-plus-GP surrogate architecture for 

small-data molding experiments. Second, it shows a feature-engineering strategy in which pressure ratios, 

normalized contrasts, and interaction terms are built on purpose to guide symbolic equation discovery. Third, it 

evaluates the standalone symbolic and hybrid models under LOOCV and reports both R² and RMSE in 

engineering units. Fourth, it links prediction to surrogate optimization and predictive-uncertainty analysis, while 

keeping model-predicted improvements clearly separate from experimentally demonstrated ones. 

2. Related Work and Research Gap 

2.1 DoE and data-efficient process modeling 

The quality of a learned surrogate is bounded by the quality and geometry of its training data. In injection 

molding, DoE is therefore more than a preliminary statistical exercise, because it determines which process 

interactions can be identified. Heinisch et al. compared experimental-design strategies for neural-network 

modeling of injection molding and showed that the chosen design affects model performance [1]. For small-data 

modeling the consequence is direct: when only a few dozen representative conditions are available, the 

experimental design is effectively part of the modeling pipeline. 

Response-surface and optimization methods remain relevant because they offer structured ways to study 

factor effects with few runs. Taguchi designs, Response Surface Methodology, and population-based 
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optimization have been combined for injection-molding settings [5]. We keep this process-development logic 

but replace the fixed response-surface form with an equation-discovery stage followed by a probabilistic 

residual model. 

2.2 Machine learning for injection molding quality prediction 

Machine-learning research on injection molding covers both conventional and deep models. The review by 

Selvaraj et al. documents applications in quality prediction, process modeling, and parameter optimization 

across several machine-learning families [2]. Párizs et al. demonstrated an Industry 4.0 quality-prediction 

workflow built on machine data [3], and Schulze Struchtrup et al. described a holistic part-quality prediction 

strategy that integrates several process variables [4]. Fernández et al. compared linear regression with neural 

networks for quality assessment and showed the value of nonlinear learners for process–quality relationships 

[6]. 

More recent work puts the emphasis on richer representations rather than simply larger networks. Kim et al. 

developed a deep feature-selection framework for quality prediction [9]. Qian et al. combined a DL-BiGRU 

architecture, multi-feature fusion, and deep transfer learning to handle small-sample quality prediction [8]. Muaz 

et al. introduced a multitask encoder–decoder model that merges time-series and non-time-series process 

parameters to predict several quality characteristics together [7], and Liparoti et al. used neural networks to 

predict flow length under different machine settings [10]. These studies give strong evidence that nonlinear 

interaction structure matters, but their solutions also demand more architecture and more data than an explicit 

equation does. 

Our approach does not compete with these architectures on model capacity. It targets a different goal: a 

compact local surrogate, built from very few representative operating conditions, whose analytical form stays 

inspectable. The question is not whether a deep network can fit the response surface. It is whether a carefully 

structured equation with a local residual correction is enough for the intended operating domain. 

2.3 Interpretability and process-informed representation 

Interpretability has become more important in manufacturing because quality prediction is often just a step 

toward diagnosis or parameter adjustment. Muaz et al. showed that different explainability methods can give 

conflicting feature attributions in injection molding, which affects root-cause analysis [17]. This separates two 

things: explaining a black-box function after training, and building a model whose mathematical structure is 

explicit by construction. 

Feature engineering sits between raw data and symbolic discovery. In sensor-based molding studies, 

pressure descriptors and other stage-specific summaries can encode process mechanisms that are hard to 

capture from raw measurements [3,4]. Here the engineered features have a narrower purpose. They expose 

selected interaction structures to the symbolic search so that PySR can combine them directly. The contribution 

is not simply more features but a representation designed to make particular process interactions discoverable. 

2.4 Symbolic regression and physics-aware learning 

Symbolic regression searches over mathematical structures rather than tuning parameters inside a fixed 

architecture. Genetic programming set out the general framework for this kind of equation discovery [18], and 

Schmidt and Lipson later showed that compact physical relationships can be recovered automatically from 

experimental data [19]. AI Feynman introduced a physics-inspired symbolic-regression strategy [20], and PySR 

with SymbolicRegression.jl provides practical tools for large-scale interpretable equation search [21]. 

We use the term physics-informed with care. The study does not impose a governing differential equation, a 

conservation law, a mechanistic simulator, or a hard physical constraint. Process-informed feature construction 

only biases the symbolic search toward combinations that have a clear engineering meaning. The model is 

therefore a process-informed symbolic-regression model and not a physics-constrained governing-equation 

model. Work on physics-informed Gaussian Processes shows that domain knowledge can enter through priors, 

kernels, mean functions, or data structure [25], and those mechanisms should not be confused with the feature-

engineering strategy used here. 
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The distinction bears on the claimed novelty. What we claim is the sequential coordination of three 

components in a small-data molding setting: process-informed feature engineering, symbolic equation 

discovery, and GP residual learning. We do not claim a new governing physical model. 

2.5 Gaussian Processes and hybrid surrogate modeling 

Gaussian Processes define a distribution over functions through a mean function and a covariance kernel, 

which gives a flexible nonparametric regression framework [22]. For small datasets this is attractive: predictions 

come with a variance, and the kernel can represent smooth nonlinear relationships. In injection molding, Luo et 

al. used mixed-effects GP modeling to account for structured variability [13]. Jung et al. applied Bayesian 

optimization and constrained inverse design to process optimization [14], Ren et al. developed a learning-based 

model predictive control strategy for injection-speed tracking [15], and Cheng et al. demonstrated data-driven 

online prediction and control of molding quality [16]. 

Hybrid surrogates are common in engineering optimization because a low-order baseline can capture the 

broad trend while a second model learns the remaining discrepancy [23,24]. In our framework the symbolic 

model plays the baseline role. Let (ݔ)ݎ be the residual between the measured response and the symbolic 

prediction; the GP learns (ݔ)ݎ from the original four process variables. This lightens the GP’s task, since it 
models only what the analytical baseline leaves unexplained and does not have to reconstruct the full response 

surface. 

2.6 Research gap 

The literature therefore offers strong and increasingly sophisticated solutions for injection-molding quality 

prediction, but most are organized around one dominant paradigm: statistical response modeling, black-box 

machine learning, deep representation learning, symbolic regression, Gaussian Processes, or online control. 

The combination studied here is narrower. We ask whether an interpretable symbolic equation can serve as the 

main surrogate, and whether a GP trained only on its residuals can add local probabilistic refinement when only 

27 conditions are available. A second gap concerns feature construction. Instead of using engineered variables 

only to raise accuracy, our workflow treats them as a deliberate way of designing the search space for equation 

discovery. 

3. Methodology 

3.1 Overview of the modeling workflow 

The workflow is sequential and not end-to-end. The experimental data are first consolidated into a 

representative set of operating conditions. The four retained process variables are then transformed into a 

twelve-variable process-informed representation, and symbolic regression identifies a compact analytical 

baseline from it. A Gaussian Process models the baseline’s residuals using the original four variables. Finally, 
the symbolic and hybrid surrogates are evaluated by LOOCV and, after evaluation, used as objective functions 

for Differential Evolution optimization. Figure 1 summarizes the workflow. 

 

Figure 1. Sequential hybrid workflow used in this study. The symbolic model captures the dominant relationship; the GP 
is restricted to residual correction and uncertainty estimation. 
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3.2 Experimental design and data consolidation 

The data come from two experimental campaigns. The first gave an initial characterization of the process, 

but its variables did not provide a sufficiently informative final representation for our modeling objective. The 

experimental strategy was therefore revised for the second campaign: two variables from the original 

configuration were held at nominal levels while alternative variables, more directly related to the target 

response, were explored. The two campaigns are thus complementary rather than simply additive. 

In total, 127 experimental runs were carried out across the two campaigns. Several operating conditions 

occurred in both, so repeated observations were present. We consolidated these overlapping conditions by 

averaging the repeated measurements, which gave 27 representative operating conditions. The reduction 

comes from aggregating repeated or overlapping conditions, not from discarding observations. It provides one 

representative response per operating condition and reduces within-condition measurement variability before 

symbolic model discovery. 

The four variables retained for the final model were holding pressure P_maintien (P), counter-pressure 

C_pression (C), cycle time T_cycle (T), and injection speed V_injection (V). The response is the diameter 

deviation Def, recorded in millimeters and converted to micrometers when reporting prediction errors. 

Optimization was restricted to the experimentally explored ranges: P in [280, 320] bar, C in [50, 70] bar, T in 

[30, 60] s, and V in [35, 45]. 

3.3 Process-informed feature engineering 

The four raw variables describe the process compactly, but the symbolic search space stays highly 

combinatorial unless interactions are exposed explicitly. We therefore built twelve inputs before applying PySR. 

Table 1 lists the complete representation used in the symbolic stage. 

Feature Definition Interpretive role 
P_maintien 𝑃 Raw holding-pressure effect 
C_pression ܥ Raw counter-pressure effect 
T_cycle ܶ Cycle-history contribution 
V_injection ܸ Flow-rate contribution 
P_over_C 𝑃 / ܥ Relative pressure balance 
P_minus_C_over_P (𝑃 −  𝑃 Normalized pressure contrast / (ܥ 
Vi_x_T ܸ ×  ܶ Kinematic-time interaction 
P_over_C_x_ViT (𝑃 / ܥ)  ×  ܸ ×  ܶ Coupled ratio-interaction 
PmC_P_x_ViT ((𝑃 − (𝑃 / (ܥ   ×  ܸ ×  ܶ Pressure-contrast interaction 
Vi_over_T ܸ / ܶ Rate-like dynamic term 
P_x_ViT 𝑃 ×  ܸ ×  ܶ Pressure-speed-time coupling 
C_x_ViT ܥ ×  ܸ ×  ܶ Counter-pressure-speed-time coupling 

Table 1. Raw and process-informed engineered features supplied to the symbolic-regression stage. 

Three design principles guided the engineered representation. First, pressure ratios and normalized 

contrasts expose the relative balance between holding pressure and counter-pressure. Second, multiplicative 

terms make interactions between pressure, injection speed, and cycle time directly available to PySR. Third, 

V/T provides a rate-like descriptor that complements raw speed and cycle time. We do not claim that any 

engineered term is a complete physical law. The features encode process hypotheses in a form that an 

equation-discovery algorithm can test and combine. 

One statistical consequence deserves attention. The twelve engineered inputs are not twelve independent 

measurements; they are deterministic transformations of four underlying process variables. Their value is 

representational, because they change which algebraic structures the symbolic search can express compactly. 

With only 27 representative conditions, this choice is a real part of the model design and should be reported as 

such, not treated as incidental preprocessing. 

Within each validation fold, the engineered inputs were min–max scaled and the target was scaled to the unit 

interval, using the training observations of that fold only. Predictions were then mapped back to physical units. 

The selected equation is thus defined in normalized feature space and not directly in raw engineering units, so 

the scaling constants must be kept together with the equation when it is used. 
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3.4 Symbolic regression and equation selection 

Symbolic regression was run with PySR [21]. The operator set included standard arithmetic and nonlinear 

transformations, and parsimony pressure favored compact expressions over needlessly complex ones. 

Candidate expressions generated during development were compared by leave-one-out cross-validation. We 

also explored AI Feynman [20], but it gave weaker predictive behavior under the same validation criterion, so it 

was not retained. 

The final expression is written in normalized feature space. Let 𝑃̃ denote the normalized holding pressure, ߮̃Δ௉ the normalized pressure contrast ߮Δ௉ = (𝑃 −  𝑃 (feature P_minus_C_over_P in Table 1), and ߮̃஼௏் the/(ܥ 

normalized interaction ߮஼௏் = ܥ · ܸ · ܶ (feature C_x_ViT). Tildes indicate min–max normalization. The selected 

equation is: 

ݑݕ̂  = 0.600834𝑃̃[(0.36742553 − (ܸܶܥ̃߮ · 8.060018 · (𝑃̃ − 1.0755086) + ߮̃Δ𝑃]−0.24252947√|߮̃Δ𝑃| + 0.33141157  (1) 

Predictions in physical units are obtained by rescaling: 

SRݕ̂  = minݕ + rangeݕ ·  (2) ݑݕ̂

Here ݕmin and ݕrange = maxݕ −  .min are the minimum and the range of the target used for scaling in Eq. (2)ݕ

Equation (1) is compact in the engineered representation, but its coefficients alone are not enough for direct 

use in raw process units. The feature definitions and the normalization parameters are part of the model: an 

expression that depends on normalized variables is fully specified only when the preprocessing is supplied with 

it. 

The equation uses only three of the twelve inputs: the raw holding pressure and two engineered features, ߮Δ௉ and ߮஼௏். Cycle time and injection speed therefore enter only through the product C·V·T. The search did 

not need every engineered term to reach a compact response relation. The expression should still not be read 

as a mechanistic governing law; it is a data-derived local surrogate found within the explored operating domain. 

3.5 Gaussian Process residual learning 

Once the symbolic expression was selected, its predictions defined the residual target. For each operating 

condition ݔ௜, the residual is ݎ௜ = ௜ݕ −  A Gaussian Process was trained on these residuals using the .(௜ݔ)SRݕ̂

original four process variables, ݔ = [𝑃, ,ܥ ܶ, ܸ]. The hybrid predictor is: 

(ݔ)hybridݕ̂  = (ݔ)SRݕ̂ +  (3) (ݔ)GPݕ̂

Here ̂ݕGP(ݔ)  is the GP posterior mean for the residual. The split gives the two components distinct 

responsibilities. The symbolic expression carries the dominant, globally interpretable trend, and the GP handles 

whatever structured discrepancy remains. Because the GP does not have to reconstruct the full response 

surface, its target is typically smaller in amplitude and more localized than the original response. 

We evaluated four kernel families: Matérn 5/2 + White, RBF + White, Rational Quadratic + White, and linear-

augmented variants. The RBF + White kernel gave the best LOOCV performance and was retained for the final 

hybrid model. Hyperparameters were optimized by likelihood-based fitting with multiple random restarts, 

following the standard GPR formulation of Rasmussen and Williams [22]. 

3.6 Validation protocol 

We used leave-one-out cross-validation because the final modeling set contains only 27 representative 

operating conditions. Each condition is left out once, the model is fitted to the remaining 26, and the left-out 

condition is predicted. The pooled predictions are then used to compute R² and RMSE: 

 ܴ2 = 1 − ∑ ݅ݕ) − ∑1=2݊݅(݅ݕ̂ ݅ݕ) − 1=2݊݅(ݕ  (4) 
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and the root-mean-square error is 

 RMSE = √1݊ ௜ݕ)∑ − ௜)2௡ݕ̂
௜=1  (5) 

where ݕ௜ is the measured response for condition i, ̂ݕ௜ the corresponding prediction (under LOOCV, from the 

model fitted without condition i), ݕ the mean measured response, and n = 27 the number of conditions. RMSE 

is reported in micrometers because that unit is directly meaningful for dimensional-quality assessment. We also 

report full-data performance for the standalone symbolic equation. The two sets of numbers answer different 

questions: the full-data fit describes how well the selected equation reproduces all representative conditions, 

while LOOCV is the primary out-of-sample assessment. 

One limitation of this protocol should be stated plainly. Feature scaling was refitted inside each fold, but the 

symbolic expression and the GP kernel were selected by comparing LOOCV scores on the same 27 conditions. 

The reported LOOCV values should therefore be read as cross-validated estimates conditional on the selected 

model structure, and not as fully independent test performance. A fully nested analysis, in which expression 

search and kernel selection are repeated inside every fold, would remove this dependence. 

3.7 Surrogate-based process optimization 

After model evaluation, the symbolic and hybrid surrogates were embedded as objective functions in a 

Differential Evolution (DE) routine, which minimizes the predicted diameter deviation over the experimentally 

explored domain: 

 minݕ̂ߗ ∋ ݔmodel(ݔ) (6) 

where Ω is the box defined by 280 ≤ P ≤ 320 bar, 50 ≤ C ≤ 70 bar, 30 ≤ T ≤ 60 s, and 35 ≤ V ≤ 45. For the 
hybrid surrogate the GP provides both a predictive mean and a predictive variance, but in this study the 

variance was used only to interpret candidate solutions; it was not included as a penalty or acquisition term in 

the objective. The method is therefore not uncertainty-aware in the optimization sense: the objective is a 

predicted response, and the uncertainty is examined alongside the candidate solution to judge how far it can be 

trusted. A Bayesian-optimization formulation with an acquisition function could use the uncertainty directly, but 

that lies outside the scope of this study. 
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4. Results and Discussion 

4.1 Predictive performance of the symbolic model 

The selected symbolic model reached R² = 0.8665 and RMSE = 9.37 µm on the full consolidated dataset. 

Under LOOCV it reached R² = 0.8423 and RMSE = 10.19 µm. The gap between the two is expected, since 

LOOCV predicts every observation from a model that did not see it during fitting. The results show that the 

symbolic equation captures a substantial part of the response structure within the explored domain. 

 

Figure 2. LOOCV parity plot for the standalone symbolic regression model (R² = 0.8423, RMSE = 10.19 µm). 

The predictions scatter around the one-to-one line across the observed response range, with larger 

departures at some of the lowest and highest response values. In a dataset this small, single observations can 

strongly influence the aggregate metrics, so the plot should be read together with the LOOCV protocol and not 

taken as evidence of performance outside the explored region. 

4.2 Comparison of symbolic and hybrid predictive performance 

Model Evaluation R² RMSE (µm) Interpretation 

Symbolic regression Full dataset 0.8665 9.37 
Descriptive fit on all 27 
conditions 
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Model Evaluation R² RMSE (µm) Interpretation 

Symbolic regression LOOCV 0.8423 10.19 
Primary out-of-sample 
result 

Hybrid SR + GP LOOCV 0.8681 9.32 
Best cross-validated 
result 

Table 2. Predictive performance of the selected symbolic and hybrid surrogates. 

4.3 Hybrid GP residual learning 

The RBF + White GP residual model raised the LOOCV R² from 0.8423 to 0.8681 and lowered the RMSE 

from 10.19 to 9.32 µm, a change of 0.0258 in R² and 0.87 µm in RMSE. The gain is measurable but modest. 

With only 27 representative conditions, it should not be read as proof that GP residual correction is generally 

superior. What it shows is that the residual layer improved the cross-validated reconstruction for this dataset. 

 

Figure 3. LOOCV parity plot for the hybrid symbolic regression + GP model (R² = 0.8681, RMSE = 9.32 µm). 

The hybrid parity plot (Figure 3) remains broadly aligned with the experimental measurements. As in Figure 

2, a few individual conditions account for the larger remaining errors. 
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4.4 Residual behavior and interpretation of the hybrid architecture 

 

Figure 4. Distribution of residuals before (symbolic) and after (hybrid) Gaussian Process correction. 

The residual distributions in Figure 4 illustrate the intended role of the GP. The symbolic equation absorbs 

the dominant trend and leaves an error component that can be modeled separately. After GP correction, the 

residuals are more concentrated around zero. The hybrid architecture is easier to interpret than a more 

complex symbolic search would be, because the correction has a clearly defined target: the residual error of the 

selected baseline. 

A useful residual decomposition should not be mistaken for a causal explanation. The GP residual is not a 

new physical mechanism; it represents structure that the symbolic baseline does not explain under the chosen 

representation. Some of it may come from process variables that were not modeled, from metrology noise, or 

from local nonlinearities, and without further experiments or direct process measurements these sources 

cannot be separated. 

The feature-engineering stage also shows up here. The final expression relies on two engineered quantities, ߮Δ௉ and ߮஼௏், in addition to the raw holding pressure, so the designed representation allowed the search to 

express interaction structure compactly. The study does not include an ablation in which the same PySR 

search is repeated on raw variables only. We can therefore show that engineered features were used and that 

the selected equation depends on them, but not that any feature group on its own caused the observed 

performance. 

4.5 Optimization results 

The symbolic and hybrid surrogates were optimized separately over the same explored ranges. The 

symbolic surrogate gave a minimum predicted diameter deviation of about 33.25 µm, and the hybrid surrogate 

about 23.73 µm. The difference of 9.52 µm is about 28.6% of the symbolic-model optimum. These values are 

surrogate predictions; the process was not rerun at the optimized settings. Both also lie below the smallest 

deviation among the 27 conditions (about 50 µm; Figures 2 and 3), and the gap between them is about the size 
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of the LOOCV RMSE (9.32–10.19 µm). They should therefore be read as indications of direction and not as 

expected outcomes. 

Surrogate Predicted minimum 
Difference vs. symbolic 
baseline 

Experimental confirmation 

Symbolic 33.25 µm Baseline Not performed 
Hybrid SR + GP 23.73 µm −9.52 µm (predicted change) Not performed 

Table 3. Model-based optimization results. The differences are surrogate predictions and were not validated 
experimentally. 

 

Figure 5. Pairwise response surfaces of the hybrid surrogate over the optimization domain. Variables not shown on the 
axes are held at their mean values. 

Figure 5 gives a qualitative picture of the predicted response surface. Each panel is a conditional slice of a 

four-dimensional surrogate with the remaining variables held at their means, so the panels are not independent 

two-variable experiments. The figure shows the geometry of the model and not separately measured response 

surfaces. 

The main point of the optimization is not that the hybrid model has found the true process optimum. It is that 

adding a residual correction can noticeably change the shape of the predicted objective landscape, and with it 

the parameter recommendation the optimizer returns. That is exactly why the recommendation needs 

experimental validation: a lower surrogate value is useful only if the model remains credible in that region of the 

design space. 
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4.6 Predictive uncertainty 

 

Figure 6. GP predictive uncertainty over a representative two-dimensional slice (P, C) of the optimization domain. The 
map is essentially uniform and should be interpreted cautiously. 

A main advantage of the GP layer is that it gives a predictive variance alongside the mean residual 

correction. This lets the analyst tell a low predicted response apart from a low predicted response that comes 

with high uncertainty. That matters in surrogate optimization because model behavior can differ between 

densely sampled conditions and the sparsely sampled edges of the domain. 

In this study the uncertainty map is essentially uniform across the plotted slice (Figure 6). That should not be 

taken to mean that uncertainty is uniform over the whole four-dimensional process space. With 27 

representative conditions and four inputs, the residual GP has little spatial information from which to estimate 

how uncertainty varies. The flat map may reflect the actual residual structure, the behavior of the kernel, or 

simply the sparse sampling, and we have no independent calibration experiment that could tell these 

explanations apart. 

Predictive variance is therefore presented here as a decision-support quantity and not as a validated 

probability of error. A stronger claim would need additional test points, interval-coverage analysis, or repeated 

holdout experiments. 
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4.7 Overall interpretation of the results 

First, the symbolic model gives a useful deterministic representation despite the small number of 

representative operating conditions. The LOOCV result shows that the selected equation keeps substantial 

predictive capability when every condition is treated as unseen. The evidence is strongest for interpolation 

within the studied operating region and does not establish transfer to another machine, polymer, mold, or 

geometry. 

Second, GP residual learning refines the baseline in a disciplined way. The hybrid model neither discards 

the symbolic relation nor buries it inside a neural architecture: the equation stays visible and the GP has a 

specific correction task. That makes the hybrid easier to communicate and potentially easier to maintain as new 

observations arrive. 

Third, the predictive gain needs context. An increase of 0.0258 in R² and a reduction of 0.87 µm in RMSE 

are useful but not dramatic. The main benefit of the GP may therefore lie in the change it makes to the local 

surrogate landscape and in the availability of a predictive variance, more than in a large global improvement in 

the metrics. 

Fourth, feature engineering is a central methodological element, but this study does not isolate its effect with 

a controlled ablation. The strongest defensible statement is that the final symbolic equation was obtained from 

a process-informed representation and that it uses two engineered features, ߮Δ௉ and ߮஼௏், in addition to the 

raw holding pressure. Quantifying the contribution of each feature group is a direction for future work. 

Finally, the optimization result shows the framework working as a decision-support pipeline, but it does not 

show the manufacturing performance of the recommended settings. Experimental confirmation at the candidate 

operating point is still needed before the predicted reduction in diameter deviation can be counted as a realized 

improvement. 

5. Limitations and Reproducibility Considerations 

Sample size and scope. The final model rests on 27 representative operating conditions. That suits the 

small-data motivation of the study but limits the statistical resolution of complex effects. The model should be 

regarded as a local surrogate over the investigated domain and not as a universal injection-molding law. 

External validation. Performance was assessed by LOOCV within the available dataset, and no 

independent external campaign is reported. Validation on a different batch, machine configuration, material 

condition, or mold geometry would be needed to establish transferability. 

Experimental validation of the optimum. The predicted minima of 33.25 µm and 23.73 µm were obtained 

computationally, and the optimized settings were not retested experimentally. The 9.52 µm difference is 

therefore a model-based prediction, not an experimentally demonstrated quality improvement. Both minima 

also fall below the smallest measured deviation, so they lie outside the range of responses the models were 

trained on. 

Nested model selection. LOOCV is strictly out-of-sample for the whole modeling pipeline only if expression 

selection and hyperparameter tuning are carried out inside the training portion of each fold. Here scaling was 

refitted within each fold, while the symbolic expression and the kernel were chosen by comparing LOOCV 

scores on all 27 conditions. The reported metrics should therefore be read as conditional on the selected model 

structure, and a fully nested analysis would give a stricter estimate. 

Equation reproducibility. The selected PySR expression is defined in normalized feature space. Using it in 

raw process units requires the exact min–max scaling constants together with the feature definitions given in 

Table 1. 

Measurement and process metadata. The conclusions depend on the experimental context. Reproducing 

the experiments and judging transferability require the machine configuration, the polymer, the mold and part 

geometry, the measurement method, the number of repeated measurements per condition, and the exact 

definition of diameter deviation. These details are not needed to follow the modeling logic, but they are needed 

to reproduce the experimental work. 
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Uncertainty calibration. The GP provides a predictive variance, but its interval coverage has not been 

checked against independent observations. The uncertainty maps should be read as model-derived indicators 

and not as validated confidence statements. 

Feature ablation. The results establish that process-informed features were used but do not quantify the 

marginal value of each feature family. An ablation comparing raw-only, ratio-only, interaction-only, and full 

representations would strengthen the interpretation of the feature-engineering contribution. 

6. Conclusion 

This study developed an interpretable hybrid surrogate for diameter deviation in injection molding under a 

small-data experimental regime. Two DoE campaigns contributed 127 runs, which were consolidated into 27 

representative operating conditions. Four process variables were retained, and their representation was 

expanded through process-informed ratios, contrasts, and interaction terms before symbolic regression. 

The selected PySR equation gave an explicit analytical baseline with full-data R² = 0.8665 and RMSE = 9.37 

µm, and LOOCV values of R² = 0.8423 and RMSE = 10.19 µm. A Gaussian Process residual model with an 

RBF + White kernel lowered the LOOCV error to 9.32 µm and raised R² to 0.8681. The result supports GP 

residual learning as a refinement layer, although the global gain is modest and should be read that way. 

When the two surrogates were embedded in Differential Evolution, the predicted minimum moved from about 

33.25 µm for the symbolic baseline to about 23.73 µm for the hybrid surrogate. The shift shows that residual 

correction can noticeably influence the optimization landscape. It remains a model-based result and not an 

experimentally confirmed process improvement. 

The broader methodological point is that interpretability and flexible correction need not be mutually 

exclusive. A symbolic model can provide the dominant analytical structure while a GP learns the residual 

behavior and supplies a predictive variance. For small-data industrial problems, this division of roles is a 

practical alternative to choosing between a rigid analytical model and a fully opaque surrogate. 

The next step is rigorous validation rather than added complexity: repeat the modeling with fully nested 

cross-validation, archive the exact preprocessing and PySR configuration, test the predicted optimum 

experimentally, and evaluate the workflow across other materials, geometries, machines, and process 

windows. These steps will show how far the present local surrogate can be generalized. 
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