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Abstract

Earthquake swarms on volcanoes are critical precursors to eruptions, reflecting
the complex interplay between rock deformation, hydrothermal or magmatic fluid
migration, and fault activation. Standard Epidemic-Type Aftershock Sequence
(ETAS) models often fail to accurately replicate these sequences because their
scale-free triggering kernels do not account for the distinct, time-bound, and
spatially restricted clustering typical of volcanic environments. To address these
limitations, this study introduces the Swarm-Informed ETAS (SIETAS) model.
The SIETAS framework incorporates a modified temporal kernel where the
standard power-law decay features an exponential cutoff governed by a char-
acteristic relaxation time, alongside a normalized generalized isotropic spatial
kernel motivated by the cored and sigmoidal spatial organization observed in
stacked volcanic swarms. The SIETAS model was applied to comprehensive seis-
mic catalogs from six volcanic systems worldwide: Bardarbunga, Etna, Hawaii
(Mauna Loa—Kilauea), Nevado del Ruiz, Vesuvius, and Yellowstone. For five of
the six analyzed catalogues, the presented SIETAS solutions yield lower negative
log-likelihood, AIC, and BIC values than standard ETAS. To establish a phys-
ical mechanism for this Gamma-like seismic rate decay, we introduce a simple
frictional two-block model where deformation occurs via velocity-strengthening
stable creep. The strong agreement between the analytical formulation and
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empirical results confirms that swarm seismicity is governed by a deformation-
controlled, self-exciting triggering process linked to Andrade-type transient
creep.

Keywords: Swarm Informed ETAS model, Time and space kernels, Plastic
deformation, Volcanic swarms

Introduction

Earthquake swarms provide a window into the processes that redistribute stress
within volcanic and hydrothermal systems. Unlike classical mainshock-aftershock
sequences, they develop without a single dominant mainshock and may involve multi-
ple earthquakes of comparable magnitude [1-3]. Their temporal evolution and spatial
organization offer complementary information on the interplay between earthquake
triggering, fluid migration and aseismic deformation. A central challenge is to repre-
sent these features within a common framework that allows quantitative comparison
across volcanic systems.

Earthquake activity is seldom uniform over time, frequently presenting as localized
bursts or intervals of accelerated seismicity [3, 4]. These swarms are mostly confined to
limited geographical regions and regularly emerge near active fault systems, geother-
mal areas, or volcanic centers [5, 6]. Unlike standard mainshock-aftershock sequences,
which are chiefly driven by stress redistribution on the fault and/or coseismic stress
transfer, swarms represent the response of a fault network to external transient pertur-
bations [7, 8]. The underlying driving mechanisms include fluid-induced pore-pressure
diffusion [9, 10], magmatic or hydrothermal fluid transport within volcanic zones
[11-13], and slow aseismic slip that progressively loads small locked asperities [14-17].

Volcanic swarms are frequently characterized by transient activation phases, recur-
ring seismic bursts, and spatial clustering associated with hydrothermal and magmatic
systems. Although standard ETAS kernels include characteristic temporal and spatial
scales, their prescribed decay shapes may limit their ability to reproduce these fea-
tures. In particular, the modified Omori kernel lacks an intrinsic exponential taper,
while the standard spatial kernel constrains the shape of the transition between
its central region and its power-law tail. We therefore test whether introducing an
exponential temporal taper and an additional spatial shape parameter improves the
description of seismicity at six volcanic systems relative to standard ETAS. Indeed,
empirical kernels for volcanic earthquakes often deviate from standard tectonic mod-
els. Specifically, temporal triggering decays as a power law with an exponential cutoff
[18]. A recent analysis of stacked volcanic-earthquake swarms showed that the dis-
tribution of distances from the largest events of each swarm is characterized by an
approximately uniform short-distance regime followed by a rapid decay [19]. This
empirical profile was represented by the logistic relation

_ k
1+ exp[a(d — )]’

pa(d) (1)



Fig. 1 Global geographic framework of the six volcanic systems analyzed in this study. Yellow
circles mark the locations of the magmatic and hydrothermal complexes investigated: Bardarbunga
(Iceland), Etna (Italy), Hawaii/Mauna Loa-Kilauea (USA), Nevado del Ruiz (Colombia), Vesuvius
(Ttaly), and Yellowstone (USA).

where ¢ is the epicentral distance between the largest-magnitude earthquake in
each swarm and the other events belonging to that swarm, Jy is the transition
distance, and « controls the exponential decay at large distances. Equation (1), how-
ever, is a phenomenological one-dimensional distribution of distances measured from
the largest-magnitude event of each previously identified swarm. It is therefore not
directly equivalent to an ETAS triggering kernel, which must describe the normalized
two-dimensional distribution of offspring around every potential parent earthquake.
Motivated by the cored and sigmoidal structure identified by Godano and Petrillo [19],
we introduce an ETAS-compatible powered-logistic profile in logarithmic distance.
This formulation has an exact two-dimensional normalization, allows the characteris-
tic triggering length to depend on parent magnitude, and contains the standard ETAS
spatial kernel as a particular case. We hereafter refer to the ETAS model incorporat-
ing this specific kernel as the Swarm-Informed ETAS (SIETAS) model. The SIETAS
framework has previously been utilized to characterize the temporal distribution of
earthquakes in the Taupo Volcanic Zone [20].

We apply SIETAS to six volcanic systems worldwide: Bardarbunga, Etna, Hawaii
(Mauna Loa-Kilauea), Nevado del Ruiz, Vesuvius, and Yellowstone (see Fig. 1 for the
volcanoes locations). The current likelihood-based comparison favors SIETAS for five
systems, while the Hawaii fit requires further numerical refinement before a model-
selection conclusion can be drawn.

1 Data and Methods

The Bardarbunga catalogue spans the interval 2009.003-2016.000 in decimal years.
The input file contains 42741 earthquakes; 43 records that could not be parsed were
excluded. Using a completeness magnitude m, = 0.7, N = 13594 earthquakes were
retained for likelihood estimation.
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The Etna catalogue contains 10151 earthquakes and spans the interval 2019.003—
2025.002 in decimal years. Using m. = 2.2, N = 429 earthquakes were retained for
likelihood estimation.

The Hawaii catalogue contains 109743 earthquakes and spans the interval
2010.005-2024.014 in decimal years. Using m, = 2.3, N = 56555 earthquakes were
retained for likelihood estimation.

The Nevado del Ruiz catalogue contains 6981 earthquakes and spans the interval
2018.162-2026.430 in decimal years. Using m. = 1.9, N = 1049 earthquakes were
retained for likelihood estimation.

The Vesuvius catalogue contains 8797 located earthquakes and spans the interval
1998.015-2023.686 in decimal years. Each record contains occurrence time, latitude,
longitude, depth, and magnitude. Using m, = —0.2, N = 8319 earthquakes were
retained for spatio-temporal likelihood estimation.

The Yellowstone catalogue contains 38860 earthquakes and spans the interval
2010.003-2024.012 in decimal years. Using m. = 2.0, N = 6431 earthquakes were
retained for likelihood estimation.

Figure 2 shows the epicentral distributions of the six catalogues, with symbol size
indicating magnitude and colour indicating focal depth.

We assess the completeness magnitude (m.) of each catalogue using the variability
coefficient (cy) method [21], calculated as the ratio between the standard deviation
and the mean of the magnitudes. Because the Gutenberg—Richter law [22] follows an
exponential distribution for m > m., the corresponding variability coefficient is ¢y =
1. Consequently, we evaluate ¢y against a threshold magnitude myy, (for m > myy).
If my, > me, the distribution aligns with the Gutenberg—Richter law and ¢y — 1;
otherwise, catalogue incompleteness leads to ¢y # 1. In practice, m. is defined as
the minimum threshold magnitude for which the variability coefficient reaches the
prescribed value:

me = min {mth ey (mgn) > c‘%}l} ) (2)
While Godano et al. [23] recommended ct? = 0.73 based on numerical simulations, we
found that a higher threshold (¢t = 0.9) is more appropriate for small-scale areas to
avoid underestimating m..

1.1 Standard and swarm-informed ETAS models

Let the earthquake catalogue be represented by {(¢;,x;,m;)},, where t; is the occur-
rence time, x; € WV is the epicentral position inside the spatial observation window
W, and m; > m, is the magnitude. We denote by T the duration of the catalogue, by
[W)| the area of the observation window, and define

Am; = m; — me.

Both the standard ETAS model [247 —27] and the swarm-informed ETAS
(SIETAS) model [20] are formulated as marked spatio-temporal self-exciting point



processes. Their conditional intensity is

A(t,xmt):‘“wﬁ S Kexp(admy)g(t —t;) f(Ix - xill | m),  (3)
it <t

O<t—t;<H

where H; denotes the history of the process up to time ¢. The parameter p is the
total background rate over W, K exp(aAm;) is the productivity of event i, and H is
the maximum triggering-history length. The background is assumed to be uniform in
space. Both spatial kernels are isotropic; therefore, no preferred propagation direction
or anisotropy is included.

For the standard ETAS model, the normalized temporal triggering kernel is the

modified Omori law ( -
t+c)”

=~ 7 < H 4

mit) = SO 0<i<H, (®)

where

H 1-p _ H)1-»
ZE(H):/ (u+c)yPdu="C (C+1 )"
0 p—=

When the complete triggering history is used, H = oo, so that

(5)

which requires p > 1.
The SIETAS temporal kernel introduces a characteristic relaxation time 7:

exp(—t/T)(t+¢)7P
Zs(H) ’

gs(t) = 0<t<H, (6)

with .
Zs(H) = /0 exp(—u/7)(u+ ¢) 7P du. (7)

This kernel behaves approximately as a power law at short and intermediate times
and is exponentially suppressed for ¢ 2 7. Unlike the infinite-horizon Omori kernel, it
remains integrable for p < 1 because of the exponential taper. The standard temporal
kernel is recovered in the limiting case 7 — oo.

In both models, the characteristic spatial length depends on the magnitude of the
triggering earthquake:

L; = L(m;) = reexp(ysAmy), (8)
where 7. is a reference length and v, controls the magnitude dependence of the
triggering distance.

The standard ETAS spatial density is

which is normalized over the infinite plane.
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1.1.1 Relation to the empirical logistic swarm profile

The empirical relation proposed by Godano and Petrillo [19], was obtained from
the stacked one-dimensional distributions of the radial distances between the largest-
magnitude earthquake and the other events belonging to each previously identified
swarm. Here g represents the transition distance between the short-distance regime
and the exponentially decaying regime, while « controls the far-field exponential decay.
This empirical distance distribution cannot be inserted unchanged into an ETAS
conditional intensity. Indeed, an isotropic ETAS kernel f(r) is a probability density
per unit area around every potential parent earthquake. Its associated radial-distance
density is
Pr(r) = 2mrf(r). (10)
Therefore, pg(r) and f(r) are densities with respect to different probability measures.
Directly identifying them would mix a one-dimensional radial density with a two-
dimensional areal density. Conversely, the literal conversion

pa(r)
2rr

fa(r) =

would produce an integrable but singular areal density at r = 0.

We therefore retain the characteristic spatial scale and the smooth core-to-tail tran-
sition suggested by the empirical analysis, while introducing a regular two-dimensional
density suitable for ETAS likelihood estimation. The SIETAS spatial kernel is

b r\° -
) = 1 — , 11
Jstrlmi) = S reBammm |1 (L) ] (11)
where 94
L; = reexplys(m; — me)], v=— H, b>0, k>0. (12)
Here B(-,-) is the beta function. The condition
bv=24+Kk>2
guarantees normalization over the two-dimensional plane:
277/ rfs(r | m;)dr =1. (13)
0

The connection with the empirical logistic profile becomes apparent by rewriting
the attenuation factor as

-V

N I I ) IS




Thus, the empirical relation in Eq. (1) is logistic in linear distance, whereas the
SIETAS attenuation is a powered-logistic function in logarithmic distance. Both for-
mulations introduce a central spatial scale and a smooth transition toward the far
field, but they do not have the same asymptotic tail.

At short distances, the SIETAS areal density behaves as

b
r
fs(r | mi) = fs(0 | my) ll —v <L> , r < L, (15)
whereas at large distances
s(r|my) ocr % = r*(%“), r> L. 16
fs(r | mq)

By comparison, the empirical logistic profile satisfies
pa(r) o< exp(—ar) for r > dy.

The SIETAS kernel should therefore be regarded as an ETAS-compatible spatial model
motivated by the cored and sigmoidal empirical swarm geometry, rather than as an
exact mathematical generalization of the exponential-tail profile proposed by Godano
and Petrillo [19].

The half-amplitude radius of the SIETAS areal profile is

1/b

rijs = Li (21/V - 1) (17)

This quantity plays a role analogous to the empirical transition distance g, although

the two are not expected to coincide because they refer to different spatial statistics.
Finally, the standard ETAS spatial kernel is recovered by setting

b=2, v=gq, k=2(qg—1). (18)

Together with the temporal limit 7 — oo, this shows that standard ETAS is nested

within SIETAS. This property permits a direct likelihood-based comparison between
the two models.

1.2 Likelihood, boundary correction, and optimization

For a spatio-temporal point process observed over [0, T] x W, the log-likelihood is

N T
ﬁ(a):ngA(tj,xjmtj)—/ / Mt,x | Hy) dxdt, (19)
i=1 o Jw

where 0 is the vector of model parameters.
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Using the normalization of the temporal and spatial kernels, Eq. (19) can be
written as

N
00) =Y log \(t;,x; | Hy,) — pT
=1
. (20)
— Z K exp(aAm;) G(u;) Qi
=1
where N
w = min(T — t, H),  G(u) = / o(t) dt, (21)
0
and
Q= [ (x| m) dx (22)

is the fraction of the spatial trigger?rjlg density falling inside the observation window.
The factors G(u;) and @Q; correct, respectively, for the finite end of the catalogue and
for spatial boundary losses.

Epicentral coordinates were projected onto a local Cartesian system in kilome-
tres. In the numerical implementation, YV was defined as the axis-aligned rectangular
bounding box of the projected epicentres. The spatial integral @Q); was evaluated by
angular quadrature. If R;(¢) is the distance from event ¢ to the rectangular boundary
along direction ¢, then

1 X
P Fr(R; i), 23
Q N, ; r(Ri(or) | mi) (23)

where Fp is the radial cumulative distribution. For standard ETAS,

r\2]C
FRyE(R | mi) =1— |1+ <L) s (24)
whereas for SIETAS
2 K R Lz b
Frsrlm) =L(35). 2= (2

and I,(a,b) is the regularized incomplete beta function. Final likelihood values were
evaluated using Ny = 64 angular directions.

For numerical stability, productivity was parameterized in terms of a catalogue-
averaged nominal branching ratio ny:

np

K = (26)

~ .
Nt Z exp(aAm;)

=1



Under full temporal and spatial normalization, n;, is the mean number of direct off-
spring averaged over the empirical magnitude sample. Because the observed window
excludes offspring occurring outside W, the expected number observed inside the
catalogue is generally smaller than ny.

The standard spatio-temporal model has eight fitted parameters,

0E = (/j/a Np, @, C, P,y Te, Q’,YS)’

whereas SIETAS has ten:

OS = (M? Ny, &, C, P, Ty Te,y ba R, ’YS)

All six catalogues used in the final model comparison contain epicentral coordi-
nates. The standard ETAS and SIETAS models therefore contain eight and ten fitted
parameters, respectively, for every volcanic system, including Vesuvius.

Parameters were mapped to an unconstrained space by logarithmic or logistic
transformations and the negative log-likelihood, NLL = —/¢, was minimized with the
Nelder-Mead algorithm. For the largest catalogues, the first optimization stage used a
weighted subsample of target events while retaining all potential parent events within
H.

Model support was evaluated using

AIC = 2k — 20nx,  BIC = klog N — 2/pas, (27)

where k is the number of fitted parameters. Lower AIC and BIC values indicate greater
support after penalizing model complexity.

2 ETAS-SIETAS comparison

Table 1 reports the best solutions returned by the current numerical optimization.
SIETAS attained lower NLL, AIC, and BIC values than standard ETAS for Bardar-
bunga, Etna, Nevado del Ruiz, Vesuvius, and Yellowstone. For Hawaii, the current
SIETAS optimization returned a larger NLL than standard ETAS. Because standard
ETAS is contained in SIETAS as a limiting case, this result indicates that the current
SIETAS solution is not a valid global optimum. Model selection for Hawaii is there-
fore considered numerically inconclusive pending a multistart optimization initialized
from the embedded standard-ETAS solution.

The fitted nominal branching ratios were close to the imposed upper bound
ny = 0.99 for several catalogues. In addition, the standard ETAS fit for Vesuvius
reached the lower bound p ~ 1.001. These boundary solutions indicate that parameter
uncertainties and the sensitivity to m., H, and the spatial observation window should
be investigated before assigning a direct physical interpretation to the individual
parameter estimates.

All the values of the fitted parameters are reported in tables 2 and 3 respectively
for ETAS and SIETAS models.
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Table 1 Comparison between standard ETAS and SIETAS. Here k denotes the number of fitted

parameters. Lower NLL, AIC, and BIC values indicate greater statistical support. All comparisons
are spatio-temporal. The dagger identifies the current Hawaii SIETAS solution as a local numerical
solution requiring further multistart optimization.

Volcanic system  Model me N k NLL AIC BIC

Bardarbunga ETAS 0.7 13594 8  16207.524  32431.047  32491.186
SIETAS 0.7 13594 10 16190.837  32401.675  32476.849
ABIC = —14.338 In favor of SIETAS

Etna ETAS 2.2 429 8 3151.654 6319.307 6351.799
SIETAS 2.2 429 10 3135.985 6291.971 6332.585
ABIC = —19.214 In favor of SIETAS

Hawaii ETAS 2.3 56555 8 165077.478 330170.956 330242.500
SIETAST 2.3 56555 10 165202.063 330424.127 330513.556
ABIC = 271.056 Current solution; inconclusive

Nevado del Ruiz  ETAS 1.9 1049 8 11448.267  22912.535  22952.180
SIETAS 1.9 1049 10 11244.245 22508.490  22558.045
ABIC = —394.134 In favor of SIETAS

Vesuvius ETAS -0.2 8319 8 7822.519 15661.038 15717.248
SIETAS -0.2 8319 10 7390.561 14801.122 14871.385
ABIC = —845.863 In favor of SIETAS

Yellowstone ETAS 2.0 6431 8  42653.101 85322.203  85376.354
SIETAS 2.0 6431 10  42631.104  85282.209  85349.898
ABIC = —26.456 In favor of SIETAS

Table 2 The ETAS parameters estimated for the six volcanoes here analyzed.

Parameter Bardarbunga Etna Hawaii Nevado del Ruiz Vesuvio Yellowstone

" 0.0766 0.0592 0.0828  0.1422 0.00215 0.0905

K 0.768 0.804 0.947 0.723 0.866 0.868

np 0.99 0.99 0.98 0.99 0.99 0.99

0.6 0.54 0.11 0.76 0.18 0.28
c 0.0013 0.002 0.52 0.055 0.002 0.05
1.06 1.1 1.33 1.07 1.0 1.06

Te 0.12 0.69 0.33 1.41 0.2 0.41

q 1.42 1.59 1.44 1.55 2.24 1.33

Ys 0.021 2.65-1075  0.16 3.74-1076 0.29 0.0047

2.1 Interpretation of the Nevado del Ruiz spatial parameters

The SIETAS fit for Nevado del Ruiz returned the spatial parameters

and therefore

re =72.40 km,  b=05355 k=
=2 Jg F 929,904

10.265,

Although the value of v appears anomalously large when considered in isolation, v
is not an independently fitted parameter in the adopted parameterization. Its value
is determined by the coupled estimates of b and k. In particular, the fitted value
of b is close to its imposed lower bound, by;; = 0.5, which necessarily produces a
comparatively large value of v.

10



Table 3 Estimated and derived SIETAS quantities for the six volcanic systems. The productivity

coefficient K is derived from the fitted nominal branching ratio ny, whereas v = (2 4 k) /b is derived
from b and k. The symbol I identifies the apparently large value of v obtained for Nevado del Ruiz,
which results from a strongly correlated combination of b, k, and r., as discussed in the text.

Parameter Bardarbunga Etna Hawaii Nevado del Ruiz  Vesuvio Yellowstone
I 0.037 0.04 0.045 0.073 0.0015  0.092
K 0.79 0.80 0.92 0.80 0.86 0.84

np 0.98 0.96 0.98 0.98 0.99 0.96

o 0.53 0.5 0.18 0.52 0.19 0.27

c 0.001 0.0007 0.31 0.00028 0.00023 0.05

D 1.05 0.97 1.14 0.74 0.87 1.06

T 4102.9 13916.12 1954 3256.56 5929.62  27644.2
Te 0.11 0.66 0.32 72.4 0.16 0.45

b 5.69 1.77 2.83 0.54 3.39 4.24

v 0.47 1.69 0.97 22.90% 1.19 0.61

K 0.67 1.01 0.73 10.27 2.02 0.59

Vs 0.093 0.0007 0.1 0.00082 0.32 0.00066

The shape of the SIETAS spatial density is controlled by the combined quantities 22

b, k, and r., rather than by v alone. Indeed, its far-field behaviour is 23
fa(r) oc r = p= (4R, r> L, (28)
so that the fitted areal-density tail for Nevado del Ruiz is approximately 224

fS("") x ,,,712.265'
The corresponding radial-distance density, pr(r) = 27r fs(r), decays as 25
—11.265

pr(r) « p (46 ~

The large value of v therefore expresses, together with the small value of b, a relatively 22

sharp suppression of triggering probability in the far field. 227
The apparently large reference length r. should likewise not be interpreted directly 2
as the physical radius of the volcanic swarm. For a triggering earthquake with m; = 22
m., the half-amplitude radius of the areal density is 230
1/b
rijp =T (21/V - 1) ~ 0.108 km. (29)

Because the radial-distance density additionally contains the two-dimensional Jaco- 2u
bian 277, its characteristic distances are larger: the fitted radial mode is approximately 23
0.79 km, the median triggering distance is approximately 2.97 km, and 90% of the 23
spatial triggering probability lies within approximately 10.86 km. Moreover, the fit- 2.
ted magnitude-scaling coefficient is v, = 8.24 x 1074, so that L; is nearly independent 2
of parent magnitude for this catalogue. For comparison, the standard ETAS fit gives 23

11
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a radial mode of approximately 0.98 km, a median distance of 2.26 km, and a 90%
quantile of 11.48 km. Thus, the central ranges of the ETAS and SIETAS radial dis-
tributions are comparable. Their main difference concerns the extreme spatial tail:
the 99% radial quantile decreases from approximately 94.65 km for standard ETAS
to 27.92 km for SIETAS. The Nevado del Ruiz result therefore indicates that the
new kernel suppresses very distant triggering much more strongly, rather than imply-
ing an anomalously large physical swarm radius. Nevertheless, the proximity of b to
its lower optimization bound and the compensating values of r. and v indicate sub-
stantial parameter correlation. The individual estimates of these parameters should
consequently not be assigned independent physical meanings. Multistart optimiza-
tion, profile-likelihood analysis, and bootstrap uncertainties are required to determine
whether this parameter combination is uniquely identified. The current result supports
the fitted spatial probability distribution, but does not by itself establish a specific
physical mechanism for the spatial localization of seismicity.

As shown in Figure 3, the comparison between the experimental earthquake occur-
rence rate and the theoretical rate calculated using the SIETAS model yields an
excellent agreement across all six investigated volcanic systems. By computing both
rates under an identical 90-day moving window smoothing scheme revealing a consis-
tent match between empirical observations and model curves. Remarkably, this strong
fit is visually clear even for the Hawaii (Mauna Loa—Kilauea) catalog. Although the
current numerical solution for Hawaii results in an AIC that statistically favors the
standard ETAS model over SIETAS due to ongoing convergence limits, the graphi-
cal overlay demonstrates that the physical parameterization of the SIETAS temporal
kernel is robust and aligns closely with the actual historical seismicity profile.

3 Mechanical interpretation of the tempered
temporal kernel

The temporal evolution of volcanic swarms is commonly characterized by a rapidly
decaying initial rate followed by a finite-duration tail. Empirically, this behaviour can
be represented by a power-law decay multiplied by an exponential taper [18]. Here
we provide a constitutive mechanical interpretation of the temporal kernel adopted in
SIETAS. This interpretation is intended to motivate the functional form of the kernel;
it is not claimed to constitute a unique microscopic derivation.

Consider a brittle seismogenic block H, with displacement h(t), elastically coupled
through a spring of stiffness k to a creeping or viscoelastic block U, with displace-
ment u(t). The latter is driven by an external loading system. This configuration is
illustrated schematically in Fig. 4. For additional information see Lippiello et al. [28].

The stress transferred from U to H can be written as

o(t) = k[u(t) - h(D)]. (30)
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Outside the short coseismic interval, the displacement of the brittle block may be
treated as approximately constant. Consequently,

o(t) ~ ka(t). (31)
We represent the transient response of the creeping block by a regularized Andrade-
type law,
A 1— 1—
— [+ =] p#£L

() —u() = TP (32)

t
Alog( +c)7 p=1,
c

where ¢ > 0 regularizes the response at the origin. Differentiating Eq. (32) gives

a(t) = A(t +¢)P. (33)

For p = 1, Eq. (32) corresponds to logarithmic afterslip, whereas values close to
p = 2/3 are compatible with the strain-rate decay associated with classical Andrade
creep [29, 30]. In the statistical model, however, p is estimated from the data and
should not automatically be assigned a unique rheological interpretation.

To represent the progressive loss of triggering capacity during a finite swarm, we
introduce a time-dependent susceptibility

x(t) = xo exp(—t/7), (34)

where 7 > 0 is the characteristic deactivation or relaxation time. Assuming that the
expected number of triggered instabilities per unit stress increment is proportional to
x(t), the triggering rate generated by a parent earthquake is proportional to

R(t) o< x(¢) o(t) ox exp(—t/7)(t +¢)7P. (35)

Equation (35) is precisely the unnormalized temporal shape adopted in the
SIETAS conditional intensity. Its two factors have distinct roles: (¢ 4+ ¢)~P describes
the transient creep-controlled decay, while exp(—t/7) describes the progressive termi-
nation of the triggering process. This factorization is a constitutive assumption and
should not be interpreted as the consequence of a uniquely determined probability
distribution of microscopic failure thresholds.

Over the temporal triggering interval 0 < t < H, the corresponding normalized
density is
exp(—t/7)(t + )7

Zs(H) ’

gs(t) = (36)

where

H
Zs(H) = /0 exp(—u/7)(u+ ¢)7P du. (37)
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Equivalently, this normalization can be written as

Zs(H) = e¢/7r1=P {F (1—p, ;) -r (l—p,H:C)], (38)

where I'(a,x) is the upper incomplete gamma function. In the numerical imple-
mentation, the integral in Eq. (37) is evaluated numerically, consistently with
Eq. (7).

When the characteristic times are well separated, ¢ < 7, the unnormalized kernel
has the asymptotic behaviour

c P, [
exp(—t/T)(t+¢c)P ~ ¢ t7P, cLtK T, (39)
t~Pexp(—t/T), t>T.

Thus, ¢ removes the singularity at the origin, p controls the intermediate power-law
decay, and 7 controls the late exponential taper. The late-time regime is therefore an
exponentially tempered power law, rather than a pure exponential or a conventional
gamma probability density.

Finally, for a fixed triggering interval H, the standard ETAS temporal kernel is
recovered in the limit 7 — oo:

t+e)?
7 .
/ (u+c) Pdu
0

For H = oo, this limiting ETAS density is normalizable only when p > 1, whereas
the exponentially tempered SIETAS kernel remains integrable for every p when ¢ > 0
and 7 > 0.

gs(t) — (40)

4 The origin of the spatial kernel

Here we would like to show as the spatial kernel 11 can be interpreted in terms of
damage propagation. For sake of simplicity, in what follows we do not report the
normalization factors and make the position ¢ = -+ simply because L; is independent

L;
of r. As a consequence we get f(r) = (1 + (cr)?)™" and elevating both members to
—1/v:
OV =1+ (er)” = (er)’ = [f(r)) " =1 (41)
Deriving in respect of r and applying the chain rule, we get:
d, e
d—f =-v(l+ (cr)b) t be(er)—! (42)
r

and after some manipulations:
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o 25y (1~ o) (13)
and eventually:
df 1/v
dry = O (L= 101, (44)

In Continuum Damage Mechanics (CDM), the state of a material is described by
a damage variable D (representing the cumulative density of micro-fractures in the
rock), ranging from 0 (intact material) to 1 (complete failure). The function f(r)
represents the residual integrity or reliability of the material f(r) =1 — D.

Substituting f(r) = 1 — D into the differential equation for the standard variant
(v = 1), we obtain the logistic growth equation [31]:

dD
d(lnr)
where r represents the variable driving the damage and 1 — D is the portion of
material still capable of resisting stresses. The rate of damage growth slows down as
the intact material is depleted, or accelerates initially due to stress concentration at
existing micro-cracks. The exponent v (in our case v # 1) introduces an asymmetry
into the structural degradation mechanism (generalization), modeling situations in
which damage propagates much more rapidly in the final stages compared to the
initial ones (or vice versa).
Let us to discuss the different terms of our equation:

=b-D(1- D) (45)

e The dependence of the rate on f(r) introduces a feedback mechanism: The volcanic
rock is highly fractured. When pressurized fluids enter the system, they reduce the
effective normal stress on pre-existing fractures, triggering micro-earthquakes. The
change in the medium'’s integrity (df) at a given distance r depends on how much
rock has already been "wetted" or fractured (1 — f(r)) and how much rock remains
intact (f(r)) and capable of offering hydraulic resistance.

e The scale factor r. (included in L;) represents a critical distance namely the
characteristic size of the seismic swarm [19].

® The exponent b can be viewed as a fracturing index of the rocks and controls the
speediness of the rate decay with the distance from the source triggering the swarm
occurrence.

® The exponent v is the Burr Asymmetry [32, 33]: A value of v # 1 indicates that
the damage propagation rate does not attenuate symmetrically in respect of the
inflection point of the curve. More precisely the curve is skewed generating an
heavy tail for v < 1 and a more rapid decay for v > 1. Practically speaking a
v > 1 indicates very confined seismicity, whereas v < 1 indicates a more efficient
propagation of the damage in space.

15

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351



352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

Conclusions

We introduced the Swarm-Informed ETAS model, which modifies both the temporal
and spatial triggering kernels of standard ETAS while retaining a uniform spatial back-
ground and isotropic triggering. The SIETAS temporal kernel combines a regularized
power-law decay with an exponential taper,

gs(t) ocexp(=t/7)(t +¢)7",

whereas the spatial kernel is a normalized, magnitude-dependent powered-logistic
24k

density,
-
r
1 -
+ <L> : b

Standard ETAS is recovered as a limiting case of this formulation.

The current in-sample likelihood comparison yielded lower NLL, AIC, and BIC
values for SIETAS than for standard ETAS for Bardarbunga, Etna, Nevado del Ruiz,
Vesuvius, and Yellowstone. The current Hawaii SIETAS solution returned a larger
NLL than standard ETAS. Because standard ETAS is contained in STETAS as a lim-
iting case, the Hawaii result is interpreted as a local numerical solution rather than as
conclusive evidence in favour of standard ETAS. A dedicated multistart optimization
is required before model selection can be completed for this catalogue.

The fitted SIETAS relaxation times are substantially longer than the adopted
365-day triggering-history interval for most of the catalogues. Consequently, the expo-
nential temporal taper is weak within the fitted interval in those cases. The present
comparison changes the temporal and spatial kernels simultaneously and therefore
supports, where favoured by the information criteria, the complete SIETAS specifi-
cation. It does not isolate how much of the likelihood improvement is attributable to
either the temporal or spatial component.

A constitutive two-block model provides a possible mechanical interpretation of
the temporal kernel. In this interpretation, regularized Andrade-type transient creep
controls the power-law factor, while a progressively decreasing triggering susceptibility
produces the exponential taper:

fs(r| m;) o L;2

R(t) x x(t)o(t) o< exp(—t/7)(t 4+ ¢)7P.

This factorization motivates the adopted functional form but does not constitute a
unique microscopic derivation. In particular, the fitted values of p and 7 should not be
interpreted as unambiguous evidence for a specific rheological mechanism. The spa-
tial results indicate that the additional SIETAS shape parameters can accommodate
cored triggering distributions with far-field attenuation different from that of stan-
dard ETAS. The Nevado del Ruiz fit provides the clearest example of the importance
of interpreting the complete spatial distribution rather than an individual parame-
ter. Although the derived value v = 22.904 is large, it is associated with b = 0.5355,
k = 10.265, and r. = 72.40 km. This coupled parameter combination produces char-
acteristic radial distances comparable to those of standard ETAS over the central part

16



of the distribution, but a much shorter extreme spatial tail. Therefore, neither r. nor
v should be interpreted independently as a direct physical length or material property.

Overall, our results indicate that swarm-informed temporal and spatial kernels
provide a more flexible statistical description of earthquake clustering in several vol-
canic catalogues. This improvement suggests that explicitly accounting for swarm-like
behaviour may capture features of volcanic seismicity that are not adequately rep-
resented by the standard ETAS formulation. However, a better fit does not by itself
establish predictive skill. Temporal and spatial residual analyses, together with rigor-
ous out-of-sample testing, are therefore required to determine whether the observed
gains translate into improved forecasting performance. Accordingly, STETAS should be
viewed as a flexible statistical framework for characterizing and investigating volcanic-
earthquake clustering, rather than as an operational model for eruption-forecasting
or monitoring model.
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Fig. 3 Comparison between the experimental and theoretical earthquake occurrence rates for the
six analyzed volcanic systems. The black solid line represents the experimental seismic rate calculated
using a 90-day moving time window. The blue solid line indicates the theoretical rate predicted by the
SIETAS model, using the estimated parameter values reported in the text. To ensure an objective and
homogeneous comparison, the theoretical instantaneous intensity A(t) was integrated and smoothed
over the identical 90-day window. Crimson vertical bars at the bottom indicate individual earthquake
occurrences above the selected completeness magnitude (mc). Note that despite the statistical AIC
penalties currently affecting the Hawaii sequence due to local optimization limits, the graphical overlay
shows an excellent first-order agreement with the historical seismicity across all catalogs.
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Fig. 4 Schematic representation of the two-block model used to motivate the temporal evolution
of swarm triggering. The brittle seismogenic block H, located at h(t), is elastically coupled through
a spring of stiffness k to the stably creeping or viscoelastic block U, located at u(t). The block U is
driven by the external loading system koVp. The model provides a constitutive interpretation of the
temporal kernel but does not imply a unique microscopic failure mechanism.
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