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Abstract

In the current study, we propose a phase-field regularisation of a two-dimensional discrete model
previously developed by the author and co-workers, with the aim of reducing the dependence of
dynamic crack propagation on the orientation of the lattice. The proposed model combines first-
neighbour normal and transverse bond interactions with a nodal phase field calibrated with the tensile
strength and the fracture energy. The gradient energy is expressed as a sum over the lattice bonds,
and the equations of motion are integrated explicitly. Three numerical examples are analysed: the
Kalthoff–Winkler test, a single-edge-notched plate under tension and the fragmentation of a thick
cylinder under internal impulsive pressure. The first two tests are studied on lattices rotated by 0,
15 and 30 degrees, while centred and shifted lattices are considered for the cylinder. The results are
presented in terms of the crack path, the propagation speed, the load–displacement response and
the energies, and are compared with experimental observations and numerical results reported in the
literature. The regularisation reduces the directional bias in the Kalthoff–Winkler and tension tests,
while the cylinder illustrates the influence of lattice symmetry and regularisation on fragmentation.
The differences between the energy removed by bond degradation and the regularised crack energy
are also discussed.

Keywords: Discrete model, Lattice model, Phase-field fracture, Dynamic fracture, Lattice orientation,
Fragmentation

1 Introduction

The problem of dynamic crack propagation in
brittle materials remains a difficult challenge. A
numerical model for dynamic fracture should be
able to capture the crack path, the crack speed
and the branching of the crack, and its predic-
tions should depend on the material and not on
the discretisation. Numerous methods have been
developed to this end, and they can be classified
into two types: continuous and discrete methods
(Braun and Fernández-Sáez 2016).

In continuum methods, the cracked solid is
considered as a continuous medium. The extended
finite element method (XFEM) was introduced
by Belytschko and Black (1999) and Moës et al.
(1999) to model cracks of arbitrary geometry
with minimal remeshing, and was first applied to
dynamic crack propagation by Belytschko et al.
(2003). In the cohesive zone models (CZM), the
fracture process is described by a cohesive law, and
the cracks are represented by cohesive elements
inserted between the finite elements (Xu and
Needleman 1994). Peridynamic models provide
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another approach to crack propagation, includ-
ing comparisons with alternative fracture methods
(Agwai et al. 2011). A comparative study of these
methods for dynamic fracture was presented by
Song et al. (2008). More recently, the phase-field
models (PFM) have been developed as an alter-
native to analyse problems of brittle fracture. In
these approaches, the crack is not introduced in
the solid as a discontinuity; instead, it is approx-
imated by a scalar field that smooths the crack
over a small region of width ℓ. The method was
first proposed by Francfort and Marigo (1998)
as a variational problem, and later implemented
by Bourdin et al. (2000). It has been applied
to quasi-static (Miehe et al. 2010) and dynamic
(Borden et al. 2012; Hofacker and Miehe 2012;
Bleyer et al. 2017; Mandal et al. 2020) brittle frac-
ture. Wu (2017) proposed the phase-field cohesive
zone model (PF-CZM), in which the regularised
crack is equivalent to a cohesive crack defined
by the tensile strength and the fracture energy,
and whose global response is insensitive to ℓ (Wu
and Nguyen 2018); it has also been extended to
dynamic cohesive fracture (Geelen et al. 2019).

In discrete methods, the solid is represented
by a set of points that interact according to a cer-
tain law, and the crack is the natural outcome
of the loss of these interactions. This category
includes the particle methods (Cundall and Strack
1979), peridynamic theory (Silling 2000; Silling
and Askari 2005) and the lattice models, whose
origin goes back to the work of Hrennikoff (1941)
(see also Ostoja-Starzewski 2002). Most of the
lattice models have restrictions regarding the Pois-
son’s ratio of the material. In lattices with central
(axial) interactions only, the Poisson’s ratio is con-
strained to 1/4 in plane strain for the triangular
central-force lattice considered here to guaran-
tee the equivalence with the isotropic continuum
(Kosteski et al. 2012). The non-central interac-
tion of the Born model (Born and Huang 1954)
removes this restriction, but it is not invariant
under rigid rotations. Other authors introduced
additional volumetric terms in the interaction
potential (Chen et al. 2014; Chen and Liu 2016),
or angular springs between consecutive bonds
(Braun et al. 2024).

A 2D discrete model (DM) was presented by
Braun and Fernández-Sáez (2014) based on the
discretisation of Navier’s equations of elastody-
namics after decomposing the total displacement

into the sum of normal and transverse components
(Mart́ın et al. 2000). This model is stable in the
admissible range of Poisson’s ratio, and its param-
eters are a function only of the elastic constants.
Braun and Fernández-Sáez (2016) incorporated
a bilinear softening constitutive law calibrated
with the fracture energy, which improved the pre-
diction of the crack path and of the dissipated
energy. Lattice models of this family have since
been applied to the dependence of the stress
intensity factor on the crack speed (Braun and
González-Albuixech 2019), to mixed-mode frac-
ture of polymers (Braun and Aranda-Ruiz 2021)
and to the dynamic fracture of anisotropic and
composite materials (Braun and Ariza 2019, 2020;
Braun et al. 2021, 2024). However, both the DM
and its softening version present a dependence of
the crack path on the orientation of the lattice. In
Braun and Fernández-Sáez (2014), the lattice was
rotated from 0◦ to 50◦ in the crack branching and
in the Kalthoff–Winkler problems, and the sym-
metry of the branches and the inclination of the
crack were found to depend on the rotation angle.
Since the crack advances by breaking bonds, it can
only follow the six directions of the first-neighbour
bonds, and the energy dissipated per unit crack
length depends on the angle between the crack and
the bonds.

The dependence of the crack path on the orien-
tation of regular lattices is a well-known problem
of discrete models (Schlangen and Garboczi 1997).
It can be reduced by using irregular lattices, at the
cost of a scaling of the interactions to recover the
elastic uniformity (Bolander and Sukumar 2005),
or by including more neighbours in the interac-
tions. Chen et al. (2014) showed that a lattice
spring model with three or four shells of neigh-
bours eliminates the directional preference of the
crack in quasi-static mode I, dynamic mode II and
dynamic branching problems, with a computa-
tional cost that increases linearly with the number
of neighbours. In peridynamics, the interactions
within a horizon play the same role, although they
introduce a surface effect near the free boundaries
(Le and Bobaru 2018).

The phase-field approach suggests a differ-
ent solution: if the crack is represented by a
field defined on the nodes, its path is no longer
restricted to the bond directions. Yue et al. (2023)
recently proposed a phase-field lattice model
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(PFLM), in which the PF-CZM is applied to a
3D body-centred cubic lattice of truss elements. In
the PFLM, the phase field is discretised with one-
dimensional finite elements along each bar, the
crack driving force is the axial stress of the bar, the
fracture toughness of the bars is calibrated for a
crack parallel to the faces of the cubic module, and
the problems are solved under quasi-static condi-
tions with an implicit scheme. Since the bars only
transmit axial forces, the equivalence with the
isotropic continuum is exact only for ν = 0.25. The
authors observed that the orientation of the truss
elements has a negligible influence on the crack
evolution, but this was not assessed by rotating
the lattice.

In the current study, we propose a phase-field
regularisation of the DM. The elastic model is
the first-neighbour DM of Braun and Fernández-
Sáez (2014), interpreted here as a Born-type
lattice with normal and transverse bond interac-
tions and positive stiffness coefficients throughout
the admissible Poisson-ratio range. The crack is
described by a nodal phase field calibrated with
the PF-CZM, which uses the same two fracture
parameters as the bilinear softening law of Braun
and Fernández-Sáez (2016), namely the tensile
strength and the fracture energy. The main contri-
butions are the following: (i) the gradient energy
of the phase field is written as a sum over the
bonds that is exact for linear fields on the hexago-
nal shell, so that the regularised crack is isotropic
up to terms of order a/ℓ and no orientation-
dependent calibration is needed; (ii) the crack
driving force is computed from an objective nodal
strain, since the transverse bond interaction of
the DM is not invariant under rigid rotations;
(iii) the equations of motion are integrated explic-
itly, which allows the analysis of dynamic fracture
problems; and (iv) the lattice-orientation depen-
dence is assessed systematically by rotating the
lattice. The performance of the model is evalu-
ated in three problems: the Kalthoff–Winkler test,
the single-edge-notched tension test of Chen et al.
(2014) and the fragmentation of a thick cylin-
der under internal impulsive pressure. The results
are compared with experimental results and with
numerical results reported by other authors.

The paper is organised as follows. Section 2
describes the DM, the bilinear softening law
and the objectivity of the bond interactions.
The phase-field regularisation is developed in

Section 3, where its relation to the PFLM of
Yue et al. (2023) is also discussed. The numeri-
cal examples are presented in Section 4, and the
conclusions are drawn in Section 5.

2 Description of the model

In this section, we briefly outline the DM devel-
oped by Braun and Fernández-Sáez (2014) and the
bilinear softening constitutive law incorporated by
Braun and Fernández-Sáez (2016), which are the
starting point of the present work. We also dis-
cuss the objectivity of the bond interactions of the
DM, which conditions the formulation of the crack
driving force in Section 3.

2.1 Linear elastic discrete model

Consider a two-dimensional triangular lattice of
spacing a (Fig. 1a) and a linear elastic, homoge-
neous, isotropic material of Young’s modulus E,
Poisson’s ratio ν and density ρ. In plane strain,
the longitudinal and transverse wave speeds are

cl =

√
E(1− ν)

ρ(1 + ν)(1− 2ν)
, ct =

√
E

2ρ(1 + ν)
;

(1)
in plane stress, cl is replaced by

√
E/[ρ(1− ν2)],

which corresponds to the Lamé constant λ∗ =
Eν/(1−ν2). Navier’s equation of elastodynamics,
ü = c2t∇2u + (c2l − c2t ) grad divu, is decomposed
(Braun and Fernández-Sáez 2014) by writing u =
un+ut, where un is curl-free and ut is divergence-
free, which yields the uncoupled form

ü = c2l∇2un + c2t∇2ut. (2)

For each bond ij connecting node i to a first neigh-
bour j (at distance a, unit vector nij), the local
normal and transverse relative displacements are
(Fig. 1a)

un
ij = (uij · nij)nij , ut

ij = uij − un
ij ,

uij = uj − ui.
(3)

The discretisation of Eq. (2) is based on the
weighted least-squares (WLS) paraboloid fit of
Mart́ın et al. (2000): given a smooth field f and
a set of M neighbours {rj} around ri, with dj =
rj − ri, the fit minimises

∑
j

[
fi +A · dj +

1
2B :
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Fig. 1 (a) Triangular lattice of the DM: node i, its six first neighbours, the hexagonal cell of area A0 and the decomposition
of the relative displacement uij of a bond into its normal and transverse components. (b) Lattice rotated by an angle θ
with respect to the specimen axes; no lattice row is then aligned with the notch (red). (c) Phase-field regularisation: the
crack (dashed line) is described by the nodal field di, whose path is not restricted to the bond directions, and the stiffness
of each bond is multiplied by ω(d̄ij) (bond shading)

djdj−fj
]2
, givingA ≈ ∇fi and trB ≈ ∇2fi. The

normal equations are F1 = R2 ·A+ 1
2R3 : B and

F2 = R3 ·A+ 1
2R4 : B, where F1 =

∑
(fj−fi)dj ,

F2 =
∑

(fj−fi)djdj and Rk =
∑

d⊗k
j . For a reg-

ular shell the result takes a simple form, which is
used below.

Lemma 1 (single regular shell) Let {rj}Nj=1, N ≥ 5,
be regularly distributed on a circle of radius ϱ centred
at ri, i.e. dj = ϱ(cos θj , sin θj), θj = θ0+2πj/N . Then

∇fi ≈
2

Nϱ2

N∑

j=1

(fj − fi)dj ,

∇2fi ≈
4

Nϱ2

N∑

j=1

(fj − fi).

(4)

Proof (sketch) For even N the point set is centro-
symmetric, so that the odd-order moments R1 and
R3 vanish (for odd N ≥ 5 they vanish by the trigono-
metric sums). Moreover, R2 = N

2 ϱ2I and, for N ≥ 5,
R4 is isotropic, R4,klmn = C(δklδmn + δkmδln +

δknδlm) with C = N
8 ϱ4 (using

∑
cos4 θj = 3N

8 and∑
cos2 θj sin

2 θj = N
8 ). The normal equations then

decouple, A = R−1
2 F1, and the trace of the second

one gives trB = tr(F2)/(2C); substituting R2, C and
tr(F2) = ϱ2

∑
j(fj − fi) gives Eq. (4). For N = 6 and

ϱ = a it reduces to Eqs. (14) and (16) of Braun and
Fernández-Sáez (2014). □

Following Braun and Fernández-Sáez (2014),
we retain a first-neighbour Born-type lattice

whose equation of motion at node i is

üi = β
6∑

j=1

un
ij + α

6∑

j=1

ut
ij ,

β =
2c2l
3a2

, α =
2c2t
3a2

.

(5)

Equation (5) defines the mechanical lattice used
in all comparisons of orientation. Its bond coeffi-
cients are positive for ν ∈ (−1, 0.5). The quantities
cl and ct parameterise these coefficients through
the nominal material data. The present study
assesses crack paths, propagation speeds and frac-
ture energies within this discrete model. It can
be interpreted as the equation of motion of par-
ticles of mass m = ρA0, where A0 =

√
3a2/2 is

the area of the hexagonal cell, interacting with
their first neighbours through bonds of normal and
transverse stiffness mβ and mα. The equations
are integrated explicitly with the Verlet algo-
rithm, with the time step limited by the Courant–
Friedrichs–Lewy condition ∆t ≤ a/cl (Braun and
Fernández-Sáez 2016). The strain tensor at a node
is evaluated as (Braun and Fernández-Sáez 2014)

γi =
1

6a

6∑

j=1

[
(uj−ui)⊗nij+nij⊗(uj−ui)

]
. (6)

2.2 Bilinear softening constitutive
law

The strain tensor of Eq. (6), averaged between the
two nodes of a bond, is used to evaluate a bilinear
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Fig. 2 Bilinear tensile stress–strain reference law: elastic
loading with modulus E up to ft at γ0 = ft/E, followed by
linear softening to zero stress at γ1. The dashed line illus-
trates unloading from a point on the softening branch at
fixed bond damage Dij , with secant stiffness E(1 − Dij).
The shaded area corresponds to Gfhij/Ωij . Schematic, not
to scale; the linear-softening branch provides the target cal-
ibration for the phase-field formulation

softening damage law calibrated with the frac-
ture energy Gf (Braun and Fernández-Sáez 2016):
denoting by γ0 = ft/E the strain at peak stress
and by γ1 the strain at complete softening,

γ1 =
2Gf hij

E γ0 Ωij
, Ωij =

a2

2
√
3
, hij =

a

2
√
3
,

(7)
where Ωij is the tributary area of a bond and hij

its characteristic length. The damage variable of
bond ij, Dij ∈ [0, 1], multiplies the bond stiffness
in Eq. (5) through the factor (1−Dij).

Under monotonic uniaxial tension, the bilinear
reference law is

σ(γ) =

⎧
⎪⎪⎨
⎪⎪⎩

Eγ, 0 ≤ γ ≤ γ0,

ft
γ1 − γ

γ1 − γ0
, γ0 < γ < γ1,

0, γ ≥ γ1,

(8)

with γ1 > γ0. Its area is 1
2ftγ1 = Gfhij/Ωij =

Gf/a. Figure 2 illustrates this reference law. The
phase-field formulation below uses the correspond-
ing linear-softening calibration; the schematic
does not represent a measured homogeneous
response of the hybrid lattice–phase-field model.

Since only six bond directions are available at
each node, the crack, which advances by breaking
bonds, can only follow one of six directions (60◦

apart). Braun and Fernández-Sáez (2014) report
a measurable dependence of the predicted crack
path on the orientation of the lattice with respect
to the loading axis (Fig. 1b). The phase-field reg-
ularisation of Section 3 addresses this directional
restriction using first neighbours only, without an
orientation-dependent recalibration of the fracture
law.

2.3 Objectivity of the bond
interactions

The transverse two-node interaction in Eq. (5)
should not be confused with an objective bending
interaction. Indeed, under an infinitesimal rigid
rotation, u(r) = Wr, W T = −W , one has
uij · nij = 0 but ut

ij = Wdij ̸= 0. Consequently,

a positive energy proportional to |ut
ij |2 penalises

a rigid-body rotation. This has no consequence
for the linear elastic response of Eq. (5), which is
exact for affine fields, but it conditions any frac-
ture criterion based on the bond energies: a crack
driving force derived from the transverse term
would damage rotating, but unstrained, material.
For this reason, the crack driving force of Section 3
is computed from an objective nodal strain tensor
and not from the bond energies.

3 Phase-field regularisation of
the DM

The bond-breaking criteria of Section 2 tie the
crack to the lattice: a crack can only advance along
bond directions, and the energy dissipated per
unit crack length depends on the angle between
the crack and the bonds it severs. For first-
neighbour bonds of a triangular lattice this energy
is proportional to

∑2
k=0 | cos(ϕ − kπ/3)|, which

varies by 14% between ϕ = 0◦ and ϕ = 30◦.
In this section, the elastic lattice is kept as the
first-neighbour DM, Eq. (5), and the crack is rep-
resented by a nodal phase field di ∈ [0, 1] of width
ℓ, independent of the bond directions (Bourdin
et al. 2000; Miehe et al. 2010) (Fig. 1c). The phase
field is calibrated with the PF-CZM of Wu (2017),
which uses the same two fracture parameters as
the bilinear softening law, ft and Gf , and whose
global response is insensitive to ℓ (Wu and Nguyen
2018).
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3.1 Energy

Per unit thickness, the total energy of the lattice
is

Π(u, d) =
∑

⟨ij⟩
ω(d̄ij)Vij(u) +

Gf

π

[
1

ℓ

∑

i

A0 φ(di)

+ ℓ
1√
3

∑

⟨ij⟩
(dj − di)

2

]
,

d̄ij =
1
2 (di + dj),

(9)

where Vij = 1
2m(β|un

ij |2 + α|ut
ij |2) is the DM

bond energy, φ(d) = 2d − d2 the crack geometric
function and ω(d) the degradation function. The
bracket is the discrete counterpart of the regu-
larised crack length Γd =

∫
π−1(φ/ℓ+ ℓ|∇d|2) dA,

whose one-dimensional minimiser is d(x) = 1 −
sin(|x|/ℓ) for |x| ≤ πℓ/2 and 0 otherwise, with
Γd = 1 per unit crack length.

Lemma 2 (bond-sum gradient energy) On the six-
point shell of a triangular lattice, for every linear field
d(r) = g · r and every orientation of g,

1

2
· 1√

3

6∑

j=1

(dj − di)
2 = A0 |∇d|2. (10)

Proof
∑

j(dj −di)
2 = g ·R2g = 3a2|g|2 by Lemma 1,

and 1
2 · 3a2/

√
3 = A0. The factor 1

2 assigns each bond
to its two end nodes. □

Equivalently, the gradient term of Eq. (9)
has stationarity condition − 2√

3

∑
j(dj − di) =

−2A0∇2di, i.e. it is the six-point Laplacian of
Lemma 1. Because it is written as a bond sum,
it yields a consistent natural (Neumann) con-
dition in its discrete variational form on free
edges and notch faces (whose crossing bonds are
removed), in contrast with the horizon-truncation
(surface) effect of non-local interactions near free
boundaries (Le and Bobaru 2018).

3.2 Degradation function and crack
driving force

Following Wu (2017),

ω(d) =
(1− d)p

(1− d)p + a1d (1 + a2d+ a2a3d2)
,

a1 =
4

π

ℓch
ℓ
, ℓch =

EGf

f2
t

,

(11)

with (p, a2, a3) = (2,− 1
2 , 0) for linear softening,

the counterpart of the softening branch of Braun
and Fernández-Sáez (2016). The crack driving
force is the Rankine-type effective energy

Yi =
⟨σ̄1,i⟩2
2E

, H0 =
f2
t

2E
,

Hi(t) = max
(
H0,max

τ≤t
Yi(τ)

)
,

(12)

where ⟨·⟩ is the Macaulay bracket and σ̄1,i the
maximum principal stress at node i,

σ̄1,i =
σi,11 + σi,22

2

+

√(
σi,11 − σi,22

2

)2

+ σ2
i,12,

(13)

with σi = λ tr(γi)I + 2µγi (λ∗ in plane stress).
Here σ is an effective undegraded stress computed
for the driving force; it is not obtained by dif-
ferentiating the degraded bond energy. The nodal
strain γi is the first-order reproducing gradient of
the displacement, fitted with bond weights wij =
ω(d̄ij):

γi = sym
(
BiK

−1
i

)
,

Bi =
∑

j

wij uij ⊗ dij ,

Ki =
∑

j

wij dij ⊗ dij ,

(14)

which reduces to Eq. (6) in an intact, complete
neighbourhood and is exact for affine fields also
at incomplete boundary neighbourhoods. A node
next to an open crack thus measures the strain of
its intact side and not the crack opening, which
would otherwise raise H in the whole stencil and
widen the damage band. The fit is accepted when
detKi > 0.05 (trKi)

2 (the ratio is 0.25 for a
complete shell); otherwise Yi = 0. This condi-
tion is scale invariant, so uniform degradation of
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a stencil does not invalidate it, but it rejects one-
sided, nearly collinear fits. As in the original DM,
the nodes of the boundaries where the velocity
is prescribed are excluded from the driving force
(Yi = 0), since their damage would be an artefact
of the boundary condition.

The phase field minimises

Πd(d) =
∑

i

A0

[
ω(di)Hi +

Gf

πℓ
φ(di)

]

+
Gf ℓ

π
√
3

∑

⟨ij⟩
(dj − di)

2, doldi ≤ di ≤ 1,

(15)

whose stationarity condition at a node i strictly
between its bounds is

A0

[
ω′(di)Hi +

2Gf

πℓ
(1− di)

]

+
2Gf ℓ

π
√
3

∑

j∈S1(i)

(di − dj) = 0,
(16)

where S1(i) is the set of first neighbours of node
i. At either bound, the corresponding complemen-
tarity condition replaces this equality.

Proposition 1 (onset and local convexity) At the
lower bound d = 0, the stationarity equation must be
replaced by its Karush–Kuhn–Tucker inequality. Since
ω′(0) = −a1, the homogeneous residual is a1(H0−H).
Thus d = 0 is locally admissible for an unfloored driv-
ing energy H ≤ H0. With the history field of Eq. (12),
H = H0 below the tensile threshold and the residual is
zero. Moreover, ω′′(0) = 2a1(a1−p−a2), so strict local
convexity at the history floor requires a1 > p+a2+

1
2 .

For linear softening this is a1 > 2, or ℓ < 2ℓch/π.

If this condition is violated, the second deriva-
tive at H = H0 is negative and the undam-
aged homogeneous state is locally unstable under
admissible positive perturbations. This does not
establish instability for every unfloored H < H0,
or global convexity of the constrained problem.
Damage above the tensile threshold is therefore
interpreted subject to the local stability condition
and solver convergence.

The driving force (12) is computed from the
objective nodal strain rather than from ∂Π/∂d
of the bond energies Vij , for the reason given in
Section 2.3. The resulting scheme is variational in

d for a given H but not jointly in (u, d), as in the
hybrid formulation of Ambati et al. (2015).

3.3 Solution algorithm

The explicit integration of the DM is unchanged,
with ∆t = 0.125 a/cl in all the examples. At every
time step:

1. the nodal strain, Eq. (14), and Yi and Hi,
Eq. (12), are updated;

2. problem (15) is solved by a primal–dual active-
set method: on the free nodes (in practice the
process zone only), a Newton step with the cur-
vature ω′′H − 2Gf/(πℓ) floored to a positive
value, projected on the bounds and globalised
by backtracking on Πd;

3. every bond force of Eq. (5) is multiplied by
ω(d̄ij).

Step 2 involves only a sparse system with the
connectivity of the lattice, and it is restricted
to the candidate nodes (Hi > H0, di > 0, or
a neighbour with dj > 0); elsewhere the resid-
ual (16) is exactly zero. Each accepted iterate
decreases Πd. In the Kalthoff–Winkler and the
SEN tests, up to 30 iterations per step are allowed
(relative residual tolerance 10−8); in the cylin-
der test, whose lattices have up to 2.3 × 105

nodes, the number of iterations is limited to five
per step (relative residual tolerance 10−6), con-
tinued from the previous step (Section 4.3). The
fracture energy is Gf tΓd, where t is the thick-
ness, evaluated with the bracket of Eq. (9). The
energy removed from the bonds by the degrada-
tion, Wdeg =

∑
steps

∑
⟨ij⟩ max(ωold

ij − ωij , 0)Vij ,
is recorded separately, and the energy balance
Wext = K + U + Wdeg, where K is the kinetic
energy, U the stored elastic energy and Wext the
external work, is checked in every example.

3.4 Mechanical energy balance and
fracture-energy consistency

The energy accounting distinguishes the work
removed from the lattice by degradation, Wdeg,
from the regularised crack energy, Wf = Gf tΓd.
At a fixed displacement un, a damage update

7



changes the stored bond energy by

∆Wn
deg = U(un, dn−1)− U(un, dn)

=
∑

⟨ij⟩
(ωn−1

ij − ωn
ij)Vij(u

n) ≥ 0. (17)

The inequality follows from irreversibility, the
decreasing degradation function and the non-
negative bond energies for the positive bond coef-
ficients used here. The positive-part operation in
the implementation enforces this sign when accu-
mulating the increments. This accounts for the
energy removed by a damage update; it does not
establish consistency between the Rankine driving
force and the mechanical bond energy.

All simulations start from an unstressed lat-
tice with d = 0; the initial notches are introduced
by removing crossing bonds. Two residuals are
therefore defined as

rm = Wext −K − U −Wdeg,

rf = Wext −K − U −Wf = rm + (Wdeg −Wf ).
(18)

The plotted balance error is rm/Wext, which mea-
sures the mechanical accounting error, including
the effects of time integration and work quadra-
ture. The separate quantities (Wdeg−Wf )/Wf and
(Wdeg − Wf )/Wext measure the fracture-energy
mismatch relative to the crack energy and the
total input work, respectively. A small mechanical
residual can coexist with a substantial fracture-
energy mismatch. The two fracture-related quan-
tities must not be added together in the same
balance: doing so would count both the energy
removed from the bonds and the crack energy
assigned to the same damage evolution.

The hybrid driving force does not enforce
Wdeg = Wf . A common energy potential for the
mechanical forces and the damage driving force
would be required to establish a variational energy
balance. Even then, an exact equality between the
accumulated degradation work and crack energy
requires examination of the evolution, constraints
and numerical integration; it is not a consequence
of the variational formulation alone.

3.5 Isotropy of the regularised crack

The crack measure of Eq. (9) was evaluated for the
optimal profile d = 1 − sin(r/ℓ) around straight
cracks of every orientation ϕ ∈ [0◦, 60◦] (1◦ steps)

Table 1 Regularised crack length per unit length,
Γd/L, of a straight crack in a first-neighbour triangular
lattice, over all orientations ϕ. Spread:
(max−min)/mean; the last column excludes the
orientations parallel to a lattice row or to a bisector
(ϕ = 0◦, 30◦, 60◦). The last row is the orientation
dependence of the energy dissipated by breaking
first-neighbour bonds

mean min max spread spread∗

PF, ℓ/a = 1 0.804 0.723 0.835 13.9% 2.6%
PF, ℓ/a = 2 0.903 0.865 0.923 6.4% 1.2%
PF, ℓ/a = 4 0.953 0.936 0.966 3.1% 0.6%
Bond breaking – – – 14.0% 14.0%

∗ Excluding ϕ = 0◦, 30◦ and 60◦.
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Fig. 3 Orientation dependence of the regularised crack
length of a straight crack in a first-neighbour lattice: (a)
Γd/L for three values of ℓ/a; (b) the same values normalised
by their mean, compared with the energy dissipated by
breaking first-neighbour bonds

in a first-neighbour lattice. Table 1 and Fig. 3 com-
pare the orientation dependence of the dissipated
energy with that of bond breaking.

Three conclusions follow. First, the orientation
dependence of the dissipated energy decreases as
a/ℓ: its spread equals that of bond breaking for ℓ =
a, is halved for ℓ = 2a and is quartered for ℓ = 4a.
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Second, the spread is concentrated at the orienta-
tions parallel to a lattice row (ϕ = 0◦, 60◦) or to
a bisector (ϕ = 30◦), where the nodes are aligned
with the crack (Fig. 3b); for all the other orienta-
tions it is below 2.6%, 1.2% and 0.6%, whereas the
energy of bond breaking varies smoothly with ϕ by
14%. The full-angle spread is, however, the rele-
vant measure of isotropy, since a crack may follow
any of these special orientations. Third, the lat-
tice underestimates Γd by a bias that is also first
order in a/ℓ and nearly orientation independent
(≈ 10% at ℓ = 2a), analogous to the well-known
overestimation of Gc in finite-element phase-field
models (Bourdin et al. 2000). It could be removed
by using Gf/Γd/L in Eq. (9); this correction is
not applied in the computations reported here.
Hence ℓ ≥ 2a is recommended. The condition of
Proposition 1 bounds ℓ from above, so the admis-
sible window is 2a ≤ ℓ < 2ℓch/π. For the Kalthoff
steel (ℓch = 5.92 mm) this is ℓ < 3.77 mm, which
requires a < 1.88 mm.

3.6 Relation to the phase-field
lattice model (PFLM)

The phase-field lattice model (PFLM) of Yue
et al. (2023) also combines a lattice discretisation
with the PF-CZM of Wu (2017). It uses a three-
dimensional body-centred cubic lattice of axial
bars, with the phase field interpolated along each
bar and an equivalent bar toughness calibrated for
a reference crack direction. In the current study,
the mechanical model is a two-dimensional trian-
gular Born-type lattice with first-neighbour nor-
mal and transverse interactions. The phase field
is defined at the nodes, and its gradient energy
is evaluated through the bond sum of Lemma 2,
without calibration for a particular crack direc-
tion. The crack driving force is obtained from the
maximum principal stress of the nodal strain ten-
sor, rather than the axial stress of individual bars.
This gives a hybrid formulation, whose energetic
implications are assessed in the numerical exam-
ples. Whereas Yue et al. (2023) considered quasi-
static problems with an implicit solution scheme,
the current study uses explicit time integration
for dynamic crack propagation and fragmenta-
tion. The dependence of the predictions on lattice
orientation is assessed by rotating the lattice in

the Kalthoff–Winkler and SEN tests, complement-
ing the orientation observations reported in the
PFLM study.

4 Numerical examples

The performance of the proposed model is
assessed with three examples, whose geometry
and loading are shown in Fig. 4. Firstly, the
Kalthoff–Winkler test is analysed, in which a crack
propagates under dynamic mixed-mode loading.
The second example is the quasi-static propaga-
tion of a mode I crack in a single-edge-notched
(SEN) plate under tension, used by Chen et al.
(2014) to assess the directional preference of the
crack path in lattice spring models. Finally, the
fragmentation of a thick cylinder under internal
impulsive pressure is analysed, in which many
cracks nucleate and interact. The parameters of
the three examples are summarised in Table 2.

In the first two examples, the lattice is rotated
by θ = 0◦, 15◦ and 30◦ with respect to the
specimen (Fig. 1b). Since the triangular lattice is
60◦-periodic and mirror symmetric, θ ∈ [0◦, 30◦]
spans every distinct orientation. For θ ̸= 0◦ no
lattice row is aligned with the notch or the edges.
The notch then removes the nodes within

√
3a/4

of the nominal segment, together with every bond
crossing it, and the boundary conditions act on a
band of width a along the corresponding edge. The
results are presented in terms of the crack path,
the crack speed, the energy balance and, for the
SEN plate, the load–displacement response, and
are compared with experimental results and with
the numerical results reported by other authors,
in particular with those obtained with the DM by
Braun and Fernández-Sáez (2014, 2016).

The crack front is defined as the farthest point,
from the notch tip, of the damaged region con-
nected to it, i.e. of the nodes with di above a
threshold that are joined to the notch tip by bonds
whose two end nodes are also above it. Three
thresholds, d ≥ 0.1, 0.5 and 0.95, are used; the
threshold 0.5 is used for the kinematics and 0.95
for the crack path. All crack propagation speeds
are normalised by the Rayleigh wave speed cR
of the reference material. Consistently with the
post-processing of the numerical examples, it is
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Fig. 4 Geometry and loading of the numerical examples (dimensions in mm; notches in red): (a) Kalthoff–Winkler test,
upper half of the plate with a symmetry condition on the lower edge; (b) SEN plate under tension; (c) thick cylinder under
internal impulsive pressure

Table 2 Material and discretisation parameters of the numerical examples. ℓch = EGf/f2
t ; PS: plane stress; PE: plane

strain

Example E ν ρ ft Gf ℓch State a ℓ ℓ/ℓch
[GPa] [kg/m3] [MPa] [N/m] [mm] [mm] [mm]

Kalthoff–Winkler 190 0.30 8000 843.6 22 170 5.92 PE 1.25, 0.625 2.5, 1.25 0.42, 0.21
SEN tension 69 0.30 2700 200 4600a 7.94 PS 2, 1, 0.5 4, 2 0.50, 0.25
Cylinder 210 0.30 7850 1050 20 000 3.81 PE 1, 0.5 2, 1 0.52, 0.26

aNot given in the original benchmark; adopted in the current study (see text).

evaluated using

cR ≈ 0.862 + 1.14ν

1 + ν
ct, v̂ =

v

cR
, (19)

where ct is given in Eq. (1). The same cR is used
for all lattice orientations and discretisations of
each material. Mean and maximum speeds are
reported as v̄/cR and vmax/cR, respectively.

4.1 Edge-cracked plate under
impulsive loading
(Kalthoff–Winkler test)

The impact test of Kalthoff and Winkler (1987) is
modelled as in Braun and Fernández-Sáez (2014,
2016). The upper half of the 100× 200 mm plate
is modelled with a symmetry condition (vy = 0)
on y = 0, a 50 mm notch at y = 25 mm, and a
prescribed velocity V0 = 16.5 m/s on the impacted
edge below the notch (Fig. 4a). The material data
are E = 190 GPa, ν = 0.30, ρ = 8000 kg/m3,
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Gf = 22 170 N/m and ft = Eγ0 = 843.6 MPa
(γ0 = 4.44 × 10−3), which give ℓch = 5.92 mm.
The plane-strain thickness is t = 9 mm and the
response is computed up to 75 µs. For θ = 0◦ the
lattice coincides node by node with that used by
Braun and Fernández-Sáez (2014, 2016).

The crack path is characterised by the nodes
with di ≥ 0.95. Two angles are reported: (i) the
slope of a least-squares line fitted to these nodes
within 25 mm of the notch tip; (ii) the median
polar angle, about the notch tip, of the nodes
lying in the annuli 2.5–10 mm and 10–20 mm.
The experimental crack angle is approximately
70◦ (Kalthoff and Winkler 1987); the same value
is used as reference in dynamic phase-field studies
(Borden et al. 2012).

Table 3 and Fig. 5 summarise the results.
In all cases a single crack crosses the whole

specimen, and no spurious secondary crack
appears. The fitted angle varies between orienta-
tions by 1.6◦ for a = 1.25 mm and by 0.16◦ and
0.47◦ for a = 0.625 mm (ℓ = 2.5 and 1.25 mm).
The crack length and the regularised crack energy
vary by less than 1% and 2%, respectively. The
local angle in the first annulus is more sensi-
tive: its spread between orientations is 5.5◦ for
a = 1.25 mm and 5.1◦ and 3.5◦ for a = 0.625 mm
(ℓ = 2.5 and 1.25 mm), and the largest value cor-
responds to θ = 15◦ in the three cases. This spread
does not decrease with a/ℓ: on the finer lattice it
is larger for ℓ/a = 4 than for ℓ/a = 2. It is small-
est for the smallest ℓ/ℓch, for which the damage
band is narrowest.

With ℓ fixed, refining the lattice from a = 1.25
to 0.625 mm changes the fitted angle by less than
1◦. Two spacings do not establish asymptotic con-
vergence, particularly where phase-field iterations
fail to reach tolerance. The length ℓ itself, how-
ever, matters. For ℓ = 2.5 mm (ℓ/ℓch = 0.42)
the damage band is ≈ 3ℓ wide: it is formed as
the tip passes and does not widen afterwards. The
crack leaves the notch at ≈ 69◦ and bends to
≈ 66◦. For ℓ = 1.25 mm the band becomes a
sharp crack, the fit reaches 69◦ with R2 ≈ 0.99,
and the path agrees with the experimental 70◦.
The length ℓ also affects the energy, which is anal-
ysed below. The ℓ-insensitivity of the PF-CZM
(Wu and Nguyen 2018) therefore holds here only
for the path, and only at small ℓ/ℓch; ℓ ≲ ℓch/4
is a provisional choice suggested by this example,
subject to solver-convergence verification.

These results can be compared with those
reported for the same test. With the DM and a
strain criterion, Braun and Fernández-Sáez (2014)
obtained an initial crack angle of about 60◦ that
increased to 70◦ at later times; the inclination
depended on the lattice orientation, more strongly
for rotations of 10◦ and 20◦. With the bilinear
softening law, Braun and Fernández-Sáez (2016)
obtained an initial angle of about 65◦ increas-
ing to 70◦, on an unrotated lattice. XFEM and
phase-field models predict angles between 65◦ and
70◦ (Song et al. 2008; Borden et al. 2012), and
the experimental angle is about 70◦ (Kalthoff and
Winkler 1987). With ℓ = 2.5 mm the phase-field
DM gives 64–66◦ for every lattice orientation, at or
slightly below the lower end of this range, and with
ℓ = 1.25 mm it is within 1◦ of the experimental
value.

Figure 6 shows the velocity histories of the
front tracked with d ≥ 0.5, normalised by cR =
2799 m/s. The curves include the initial station-
ary stage and the subsequent acceleration. The
plotted window-averaged speeds never exceed the
Rayleigh speed. Over 10 ≤ L ≤ 60 mm, the
mean speed is 0.68–0.74 cR and the maximum
is 0.78–0.86 cR (Table 4). The speeds show lim-
ited sensitivity to lattice orientation and depend
only slightly on a and ℓ. The reported initia-
tion time, defined by the front exceeding 2a, is
approximately 20–23 µs, compared with approx-
imately 24 µs and 28 µs reported by Braun and
Fernández-Sáez (2016) and Braun and Fernández-
Sáez (2014), respectively. The propagation speeds
are of the same order as those obtained with
XFEM (Belytschko et al. 2003) and with the DM
(Braun and Fernández-Sáez 2014, 2016).

The centred-window estimate is v(t) = [L(t +
∆T/2) − L(t − ∆T/2)]/∆T , with ∆T = 5 µs,
so each value is a window-averaged propagation
speed. The initial position is extended constantly
for t < 0 when evaluating the first windows.
This averaging smooths the transition from zero
velocity and does not resolve the exact instant of
initiation. The histories end at L = 60 mm, before
the front approaches the upper edge.

The reference curves permit a direct visual
comparison of the velocity histories. The present
sustained propagation speeds are higher than
those of the earlier DM (Braun and Fernández-
Sáez 2014), while remaining of the same order
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Table 3 Kalthoff–Winkler test at t = 75 µs on lattices rotated by θ. Fit: line fitted within 25 mm of the notch tip
(coefficient of determination R2). Annuli: median polar angle of the crack nodes. L: distance from the notch tip to the
farthest crack node. Wf : fracture energy, Gf tΓd

a [mm] ℓ [mm] θ [◦] Fit [◦] R2 2.5–10 / 10–20 mm [◦] L [mm] Wf [J]

1.25 2.5 0 65.6 0.89 68.8 / 67.9 78.3 25.0
1.25 2.5 15 65.4 0.90 74.3 / 69.1 78.1 24.8
1.25 2.5 30 64.0 0.92 69.5 / 67.7 78.0 24.7

0.625 2.5 0 64.7 0.91 69.1 / 66.6 79.0 27.1
0.625 2.5 15 64.5 0.91 73.1 / 67.5 78.5 26.9
0.625 2.5 30 64.5 0.92 68.0 / 66.1 79.2 26.9

0.625 1.25 0 68.9 0.98 72.5 / 69.7 76.6 19.4
0.625 1.25 15 69.4 0.98 74.1 / 71.4 76.5 19.2
0.625 1.25 30 69.3 0.99 70.7 / 69.8 76.5 19.2

Table 4 Kalthoff–Winkler test: crack-front kinematics (threshold 0.5) and energies at 75 µs. tinit: time at which the front
exceeds 2a; v̄: mean speed for 10 ≤ L ≤ 60 mm; vmax: maximum over 5 µs windows; balance: (Wext−K−U−Wdeg)/Wext

a ℓ θ tinit v̄/cR vmax/cR Wext Gf tΓd Wdeg balance
[mm] [mm] [◦] [µs] [J] [J] [J] [%]

1.25 2.5 0 21.4 0.70 0.80 237.1 25.0 24.2 -0.17
1.25 2.5 15 22.4 0.68 0.79 238.1 24.8 23.6 -0.16
1.25 2.5 30 22.9 0.68 0.78 237.3 24.7 23.5 -0.14
0.625 2.5 0 19.4 0.74 0.80 229.2 27.1 22.2 -0.09
0.625 2.5 15 19.4 0.73 0.81 229.4 26.9 21.9 -0.09
0.625 2.5 30 19.9 0.73 0.81 227.9 26.9 21.9 -0.08
0.625 1.25 0 20.4 0.72 0.85 250.9 19.4 26.3 -0.09
0.625 1.25 15 19.9 0.71 0.84 250.0 19.2 25.5 -0.09
0.625 1.25 30 19.9 0.71 0.86 249.2 19.2 25.7 -0.09

as the DEM and XFEM results (Kosteski et al.
2012; Belytschko et al. 2003). The reference
histories exhibit larger short-time fluctuations.
Their normalisation and temporal processing are
retained from the source data; the comparison
does not establish equivalence of front definitions
or velocity-estimation windows across methods.

Figure 7 shows the kinetic energyK, the stored
elastic energy U , the fracture energy Wf , the
external work Wext =

∫
RV0 dt (R: reaction on

the impacted edge) and the balance error. The bal-
ance Wext = K + U +Wdeg closes to within 0.2%
at 75 µs (Table 4), which checks the mechanical
energy accounting at that time. This does not ver-
ify phase-field convergence or equality of the two
fracture energy measures; the transient balance
error is larger.

The two measures of the fracture energy, how-
ever, differ. Wdeg/(Gf tΓd) is 0.95–0.97 for a =
1.25 mm, ℓ = 2.5 mm; 0.82 for a = 0.625 mm,
ℓ = 2.5 mm; and 1.33–1.36 for a = 0.625 mm,

ℓ = 1.25 mm. This is a consequence of the hybrid
formulation: d is driven by the nodal Rankine
energy, whereas the energy actually released is
that of the degraded bonds, and their equality is
not enforced (Section 3.4). The signed mismatch
(Wdeg−Wf )/Wext at 75 µs ranges from −2.2% to
2.8% across the retained cases, despite a mechan-
ical balance error below 0.2%. For ℓ = 1.25 mm
the ratio increases after 60 µs, when Γd no longer
grows. This is probably the energy released by
the bonds crossing the open crack, whose resid-
ual stiffness ω(d̄ij), with d̄ij < 1, keeps decreasing
while they undergo large openings. For reference, a
straight crack of the final length releases Gf t L ≈
15 J, while Gf tΓd = 19–27 J and Wdeg = 22–
26 J. The excess is associated with the width of
the damage band (Γd/L = 1.25–1.72) and with
the O(a/ℓ) bias of Table 1. Decreasing ℓ brings
Γd closer to L but increases Wdeg. These results
motivate a common objective energy potential for
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Fig. 6 Kalthoff–Winkler test: propagation speed normalised by the Rayleigh speed for (a) a = 1.25 mm, ℓ = 2.5 mm; (b)
a = 0.625 mm, ℓ = 2.5 mm; and (c) a = 0.625 mm, ℓ = 1.25 mm. The front is tracked with d ≥ 0.5. Speeds are centred
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horizontal line denotes v = cR; all plotted speeds remain below this line. Reference curves show the earlier DM (Braun and
Fernández-Sáez 2014), DEM (Kosteski et al. 2012) and XFEM (Belytschko et al. 2003). Their published time coordinates
and normalised velocities are retained without additional smoothing

the lattice and the damage evolution, followed by
verification of its discrete energy balance.

For a = 0.625 mm and ℓ = 2.5 mm the phase-
field iteration reached its limit of 30 iterations in
29–37% of the steps; the results nevertheless coin-
cide for the three orientations, but a tighter solver
is advisable for production runs. In the other cases
it converged at every step. The half-specimen sym-
metry condition is only approximate on rotated
lattices, whose nodes do not lie on y = 0; no
spurious damage was observed near that edge.

Overall, in this example the phase-field reg-
ularisation reduces the lattice-orientation depen-
dence of the crack path. It does so using first
neighbours only, with ft and Gf as the only frac-
ture parameters, and with no recalibration of Ωij

or hij .

4.2 Single-edge-notched plate under
tension

The quasi-static mode-I benchmark of Chen et al.
(2014, Sect. 3.1) is used as a second test. The spec-
imen is a 300 × 100 mm plate, analysed in plane
stress with unit thickness, with a 20 mm notch

normal to the lower edge at mid-span (Fig. 4b).
The left and right edges are pulled apart in the x
direction with a velocity ramped to V = 0.5 m/s
over 100 µs, while vy is left free. The material data
of Chen et al. (2014) are E = 69 GPa, ν = 0.3,
ρ = 2700 kg/m3 and ft = 200 MPa. They use
a pure stress criterion and do not give a fracture
energy, so Gf = 4600 N/m is adopted here, which
gives ℓch = 7.9 mm. This value allows ℓ = 2 mm
≈ ℓch/4 with ℓ/a = 2 on a lattice with a = 1 mm
(≈ 35 000 nodes). Because of this choice, the abso-
lute loads are not comparable with those of Chen
et al. (2014); the comparison concerns the crack
path and the scatter between lattice orientations.

According to LEFM the crack runs straight
from the notch tip to the upper edge. The angle
π/4 used by Chen et al. (2014) is equivalent to θ =
15◦ by the 60◦ periodicity of the lattice and the
mirror symmetry of the specimen about the crack
plane. The ratio of kinetic to stored elastic energy
at peak load is K/U = 1.5–5%. The loading is
intended to be quasi-static, but a slower-loading
study is required to quantify the remaining inertial

14



0

50

100

150

200

K
 (J

)
(a)

0

20

40

60

U
 (J

)

(b)

0

5

10

15

20

25

W
f=
G
ft

Γ d
 (J

)

(c)

0 20 40 60
t (μs)

0

50

100

150

200

250

W
ex

t (
J)

(d)

0 20 40 60
t (μs)

0.8

0.9

1.0

1.1

1.2

1.3

W
de

g/
(G

ft
Γ d

)
(e)

0 20 40 60
t (μs)

−2.0

−1.5

−1.0

−0.5

0.0

Ba
la

nc
e 

er
ro

r (
%

)

(f)

a= 1.25 mm, ℓ= 2.5 mm
θ= 0 ±

a= 0.625 mm, ℓ= 2.5 mm
θ= 15 ±

a= 0.625 mm, ℓ= 1.25 mm
θ= 30 ±

Fig. 7 Kalthoff–Winkler test, energy histories: (a) kinetic energy K; (b) stored elastic energy U ; (c) fracture energy
Wf = Gf tΓd; (d) external work Wext; (e) ratio Wdeg/(Gf tΓd); (f) balance error (Wext −K − U −Wdeg)/Wext

influence. The curves are cut at complete sepa-
ration; after it the two halves rebound elastically
and the reaction becomes compressive.

The crack path is described by the nodes with
d ≥ 0.95 connected to the notch tip. Three mea-
sures are reported: the angle with the vertical of
the line x(y) fitted to these nodes, and their maxi-
mum and root-mean-square (RMS) distance from
the notch plane x = 150 mm.

Table 5 and Fig. 8 summarise the results.
With ℓ = 2 mm, the crack runs straight from
the notch tip to the upper edge for every ori-
entation (Fig. 8a–c). Its RMS distance from the
notch plane is 0.53–0.58 mm, smaller than a, and
its maximum distance is 1.0–1.6 mm. The largest
maximum distance occurs for θ = 15◦, the only
orientation without a lattice line parallel or per-
pendicular to the crack. Chen et al. (2014) obtain
comparable straightness only by including three or
four neighbour shells: with first neighbours their

cracks deviate markedly for θ = π/12, π/6 and
π/4.

All the curves (Fig. 9) coincide up to U ≈
0.18 mm, so the elastic stiffness does not depend
on the orientation. The oscillations are elastic
waves of the explicit loading. With ℓ = 2 mm, the
three orientations give peak loads of 7.78–7.94 MN
(a scatter of 2%) followed by a sudden brittle drop.
For comparison, the scatter of the first-neighbour
model of Chen et al. (2014) is of the order of 10–
15%, and it is reduced to a few per cent only with
three or four neighbour shells.

For a = 2 mm and ℓ = 4 mm (ℓ/ℓch = 0.5),
the peak load is 7.48–7.55 MN. The crack remains
approximately aligned with the notch plane, but
its RMS deviation increases to 1.72–1.87 mm and
its maximum deviation to 3.6–5.1 mm (Table 5).
Both a and ℓ differ from the reference case, so this
comparison does not isolate the influence of the
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Table 5 SEN tension test on lattices rotated by θ. Path: maximum and RMS distance of the crack nodes from the notch
plane (the fitted angle with the vertical is below 0.3◦ in every case). Fmax: peak reaction per unit thickness; Umax: edge
displacement at Fmax. Energies at complete separation; Gf t L = 368 J for the nominal 80 mm ligament; the tabulated L
is measured on the discrete crack

a ℓ θ max dev. RMS dev. Fmax Umax Gf tΓd Wdeg balance
[mm] [mm] [◦] [mm] [mm] [MN] [mm] [J] [J] [%]

1 2 0 1.5 0.53 7.94 0.209 485 647 −0.18
1 2 15 1.6 0.54 7.85 0.209 473 582 −0.16
1 2 30 1.0 0.58 7.78 0.204 477 587 −0.16

2 4 0 4.0 1.73 7.55 0.194 702 533 −0.18
2 4 15 5.1 1.87 7.48 0.194 695 528 −0.19
2 4 30 3.6 1.72 7.48 0.194 706 537 −0.20

0.5 2 0 2.0 0.62 7.32 0.190 484 458 −0.10
0.5 2 15 2.0 0.64 7.34 0.190 485 456 −0.10
0.5 2 30 2.3 0.69 7.37 0.190 494 456 −0.10
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Fig. 8 SEN tension test, final state (central part of the specimen): phase field d for (a)–(c) a = 1 mm, ℓ = 2 mm and
θ = 0◦, 15◦ and 30◦; (d)–(f) a = 0.5 mm, ℓ = 2 mm, with the same orientations. Red line: notch. Light grey lines show the
lattice bonds in the reference configuration

regularisation length. No refinement study at fixed
ℓ = 4 mm is reported.

At the recommended ℓ = 2 mm, refining the
lattice from a = 1 to 0.5 mm (ℓ/a = 2 → 4,
Fig. 8d–f) leaves the path unchanged: straight,
with RMS deviation 0.62–0.69 mm for the three
orientations. The damage band becomes narrower
and more sharply centred, and the solver con-
verges at every step. The peak load decreases by

5–8%, to 7.32–7.37 MN, with a scatter between
orientations of only 0.7%. The path remains
approximately straight at both tested spacings,
whereas the peak load is not yet fully converged
at ℓ/a = 2. In addition, the energy released
by the degraded bonds becomes close to Gf tΓd

(Wdeg/(Gf tΓd) = 0.92–0.95, against 1.2–1.3 for
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Fig. 9 SEN tension test: reaction F per unit thickness
versus the displacement U of each loaded edge, up to com-
plete separation. The inset shows the peak region

a = 1 mm). This suggests that ℓ/a ≥ 4 is prefer-
able when the load level and the dissipated energy,
and not only the path, are of interest.

The balance Wext = K + U + Wdeg closes to
within 0.3% in every case (Fig. 10). At the onset
of propagation the stored energy is converted into
kinetic energy (≈ 1000 J), as expected for unsta-
ble propagation under displacement control. As
in the Kalthoff test, the energy released by the
degraded bonds differs from Gf tΓd. The ratio
Wdeg/(Gf tΓd) grows during propagation from 0.9
to 1.6 for a = 1 mm, ℓ = 2 mm, and from 0.55 to
0.8 for a = 2 mm and ℓ = 4 mm. Both measures
exceed Gf t L ≈ 368 J: by a factor 1.3 (Γd) and
1.6–1.8 (Wdeg) for a = 1 mm, ℓ = 2 mm.

The energy values in Table 5 are evaluated
at the last saved state before separation, whereas
Fig. 10 includes the subsequent rebound. At the
tabulated state, (Wdeg − Wf )/Wext = 5.6–8.2%
for a = 1 mm, ℓ = 2 mm, and −9.9 to −9.7% for
a = 2 mm, ℓ = 4 mm. Refining to a = 0.5 mm
at fixed ℓ = 2 mm reduces its magnitude to 1.5–
2.3%, with Wdeg < Wf . Thus refinement improves
the agreement of the two energy measures in this
SEN comparison, although it does not establish
their equality or an asymptotic convergence rate.

The velocity histories (Fig. 11) include the ini-
tial stationary stage. The crack does not advance
until the peak load is reached, at ≈ 420–440 µs,
and then crosses the 80 mm ligament in ≈ 45 µs,
as expected for an unstable propagation. For
a = 1 mm and ℓ = 2 mm, where the front is
recorded every 0.5 µs, the mean speed of the front
d ≥ 0.5 is 0.54–0.60 cR (cR = 2902 m/s) and
its maximum over 5 µs windows is 0.90–0.94 cR,
with limited sensitivity to orientation. All speeds
shown in Fig. 11 remain below the Rayleigh speed.
The coarser temporal sampling in some cases
requires wider windows, so their short-duration
peaks are less well resolved; the plotted maxima
should therefore not be compared as instantaneous
speeds.

In summary, the SEN test confirms the
Kalthoff results in a quasi-static mode-I setting.
With ℓ ≲ ℓch/4, the phase-field DM with first
neighbours only gives a straight crack and a peak
load that are independent of the lattice orien-
tation to within ≈ 1.5 mm and 2%. The path
remains approximately straight at both spacings,
and refining to ℓ/a = 4 reduces both the peak load
and the energetic inconsistency. Chen et al. (2014)
need three or four neighbour shells to achieve
the same independence. The energetic inconsis-
tency of the hybrid driving force remains the main
limitation.

4.3 Thick cylinder under internal
impulsive pressure:
fragmentation

In this example we consider the fragmentation
of a thick cylinder due to an impulsive inter-
nal pressure. This problem was analysed with
the DM by Braun and Fernández-Sáez (2016,
Sect. 3.3), and similar problems have been simu-
lated by other authors using different numerical
techniques (Rabczuk and Belytschko 2004; Zhou
and Molinari 2004; Song and Belytschko 2009).
Unlike the previous examples, many cracks nucle-
ate and propagate simultaneously, and none of
them is initiated by a notch. The geometry and the
loading are those of Song and Belytschko (2009)
(Fig. 4c): the inner and outer radii are 80 mm
and 150 mm, and the internal pressure decays
exponentially with time,

p(t) = p0 e
−t/t0 , (20)
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with p0 = 400 MPa and t0 = 0.1 ms. The
pressure is applied as radial forces, distributed
equally among the nodes of the inner band. The
material properties are E = 210 GPa, ν = 0.3,
ρ = 7850 kg/m3, critical strain γ0 = 0.005 and
Gf = 20 kN/m (Song and Belytschko 2009). The
tensile strength is therefore ft = Eγ0 = 1.05 GPa
and ℓch = 3.8 mm. The problem is analysed in
plane strain, with unit thickness, up to t = 100 µs.

Two lattices are analysed: a = 1 mm with
ℓ = 2 mm (5.9 × 104 nodes, a1 = 2.43) and
a = 0.5 mm with ℓ = 1 mm (2.3 × 105 nodes,
a1 = 4.85). In both cases ℓ/a = 2, so that
the lattice spacing and the regularisation length
change together, and the two solutions correspond
to ℓ/ℓch = 0.52 and 0.26, respectively. Note that
ℓ = 2 mm is close to the stability limit a1 > 2 of
Proposition 1. The phase-field iteration is limited
to five iterations per step; this limit is reached in
about half of the steps (49–51% for a = 0.5 mm

and 57% for a = 1 mm), and the iteration is
then continued in the next step. The results of
this example are therefore less tightly converged
than those of the previous ones. Since the prob-
lem is axisymmetric, the lattice is the only source
of perturbation. When the lattice is centred on a
node of the axis, the discrete problem has the sym-
metries of the lattice, and the computed patterns
preserve at least its mirror symmetries about the
x and y axes. To assess the influence of this choice,
the finer lattice is also computed with its nodes
shifted by (0.31a, 0.47a) with respect to the axis,
which breaks these symmetries without changing
the spacing.

The final crack patterns are shown in Fig. 12
and the main results in Table 6. In all cases a set
of cracks nucleates on the inner surface and prop-
agates towards the outer surface, which is reached
by 12 of them in the centred lattices. The remain-
ing cracks arrest at a distance of 20–50 mm from
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the inner surface, as the pressure decays and the
stress is released by the neighbouring cracks. The
direction of propagation is predominantly radial,
with a mean inclination with respect to the radial
direction, measured between r = 95 mm and
r = 135 mm, of 4–9◦. With a = 0.5 mm most
of the through cracks branch near the outer sur-
face, giving wedge-shaped ends to the fragments.
On the centred lattices the patterns are symmet-
ric with respect to the x and y axes, a symmetry

inherited from the lattice. On the shifted lattice
this symmetry disappears (Fig. 12b): the cracks
are distributed irregularly around the cylinder,
their spacing and mean obliquity change, and the
number of fragments for the threshold d̄ij ≥ 0.9
increases from 12 to 19, whereas the energies
change by less than 3%. The fragment pattern of
the centred lattice is therefore partly imposed by
the symmetry of the lattice, while the global ener-
getic response is not. With ℓ = 2 mm the damage
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Table 6 Thick cylinder at t = 100 µs. Fragments:
connected components of more than 50 nodes after
removing the bonds with d̄ij above the threshold.
Obliquity: mean angle between the cracks and the
radial direction for 95 ≤ r ≤ 135 mm

a = 0.5 mm a = 0.5 mm a = 1 mm
centred shifted centred

Fragm., d̄ij ≥ 0.80 24 22 12
Fragm., d̄ij ≥ 0.90 12 19 12
Fragm., d̄ij ≥ 0.95 1 12 12
Obliquity [◦] 9.2 3.9 3.6
Wext [kJ] 64.3 65.9 172.1
Gf tΓd [kJ] 40.7 41.0 63.1
Wdeg/(Gf tΓd) 0.93 0.94 1.30
Balance [%] −0.41 −0.42 −0.15

bands are wider, and a ring of damage develops
along the inner surface between the cracks.

The fragments are identified as the connected
components of the lattice after removing the
bonds with d̄ij ≥ 0.9; components with fewer than
50 nodes are disregarded. The count is sensitive
to the threshold (Table 6): on the centred fine
lattice, with d̄ij ≥ 0.8 the arrested cracks that
join a through crack also separate fragments (24
fragments), while with d̄ij ≥ 0.95 a single frag-
ment is obtained, because the phase field along
parts of the through cracks remains between 0.9
and 0.95. For a = 1 mm the count is 12 for
all these thresholds. The values obtained, 12–19
fragments, are at the lower end of those reported
by other authors. Rabczuk and Belytschko (2004)
obtained around 20 fragments with a meshfree
method, and Braun and Fernández-Sáez (2016)
obtained between 15 and 21 fragments with the
softening DM and between 21 and 42 with the DM
of Braun and Fernández-Sáez (2014), increasing
in both cases with the refinement of the lattice.
The difference is related to the regularisation: the
phase-field band of width ∼ 2ℓ shields a region
around each crack, and cracks closer than this dis-
tance merge or arrest. The two centred lattices,
which change a and ℓ together, give the same
count at the reference threshold, so the present
results do not show the increase with refinement
reported for other techniques (Zhou and Molinari
2004; Song and Belytschko 2009); a study at fixed
ℓ would be required to assess it.

Regarding the crack direction, Song and
Belytschko (2009) obtained radial cracks with
XFEM, while Rabczuk and Belytschko (2004)

obtained oblique cracks that result in wedge-
shaped fragments, and the softening DM gave
an intermediate situation, with radial cracks and
some oblique trajectories (Braun and Fernández-
Sáez 2016). The phase-field DM also predicts an
intermediate situation: the cracks are predomi-
nantly radial, but they become oblique and branch
near the outer surface for the finer ℓ.

The energy histories are shown in Fig. 13.
Before fracture, both lattices give the same
response. The stored energy grows with the oscil-
lations of the cylinder and reaches its maximum
at ≈ 50 µs, when the fracture starts. The fracture
starts late because, with the stress criterion, the
damage requires the maximum principal stress to
reach ft (Proposition 1). The static hoop stress on
the inner surface for p = p0 is 0.72 GPa= 0.68 ft,
so the fracture is produced by the dynamic ampli-
fication of the stress, which is maximum at the
first peak of U . The fracture energy then grows
rapidly until ≈ 75 µs and reaches 40.7 kJ for
a = 0.5 mm and 63.1 kJ for a = 1 mm. The differ-
ence is due to the ring of damage along the inner
surface and to the wider bands for ℓ = 2 mm,
which also reduce the stiffness of the inner part of
the cylinder; the pressure then produces a larger
work (172 kJ against 64 kJ at t = 100 µs), most
of which becomes kinetic energy of the fragments.
The energy balance Wext = K+U+Wdeg closes to
within 0.5%, and the ratio Wdeg/(Gf tΓd) is 0.93–
0.94 for a = 0.5 mm and 1.30 for a = 1 mm at
the end of the computation. The signed fracture-
energy mismatch normalised by the external work
is −4.4 to −3.7% for the two fine lattices and
11.0% for the coarse lattice. These differences are
appreciably larger than the mechanical account-
ing error; the latter therefore cannot be used as
evidence that the prescribed fracture energy is
reproduced by bond degradation.

In summary, the phase-field DM reproduces
the fragmentation of the cylinder with a crack pat-
tern that is intermediate between the radial cracks
of XFEM and the oblique cracks of meshfree meth-
ods, as the softening DM did. The number of
fragments, 12–19, is at the lower end of the pub-
lished solutions; it depends on the threshold used
to define a broken bond and, on a lattice centred
on the axis, on the symmetry of the lattice, which
should therefore be broken in problems without
a notch. These two coupled (a, ℓ) cases suggest
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improved localisation at smaller ℓ/ℓch, but do
not isolate the influence of either parameter or
establish a universal recommended ratio.

5 Conclusions

In the current study, we propose a phase-field
regularisation of the 2D discrete model (DM)
developed by Braun and Fernández-Sáez (2014),
with the aim of reducing the dependence of the
crack path on the orientation of the lattice. The
elastic model is the first-neighbour DM, inter-
preted as a Born-type lattice with normal and
transverse bond interactions. The crack is repre-
sented by a nodal phase field calibrated with the
PF-CZM of Wu (2017), so that the model requires
the same fracture parameters as the bilinear soft-
ening DM of Braun and Fernández-Sáez (2016):
the tensile strength and the fracture energy.

The gradient energy of the phase field has been
written as a sum over the lattice bonds that is

exact for linear fields, with natural boundary con-
ditions on the free edges and on the crack faces.
With this discretisation, the orientation depen-
dence of the energy dissipated by a straight crack
is reduced from 14% with bond breaking to 6%
and 3% for ℓ = 2a and ℓ = 4a, respectively, and
to about 1% and 0.6% except for the orientations
parallel to the lattice rows or bisectors. We have
derived the tensile threshold and the condition
a1 > p+ a2 +

1
2 for strict homogeneous local con-

vexity at the history floor. This condition does not
establish global stability. The crack driving force
is computed from an objective nodal strain, since
the transverse bond interaction of the DM is not
invariant under rigid rotations.

In order to evaluate the proposed model,
numerical examples have been analysed on lattices
rotated by 0◦, 15◦ and 30◦, and the results have
been compared with experimental results and with
numerical results reported by other authors. The
reported final mechanical energy balance errors
are below 0.5%; transient errors are larger in
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some examples. This accounting does not establish
thermodynamic consistency.

In the Kalthoff–Winkler test, the phase-field
DM predicts a single crack that crosses the speci-
men with a fitted inclination varying between the
tested lattice orientations by 1.6◦ for a = 1.25 mm,
and by 0.16◦ and 0.47◦ for a = 0.625 mm with ℓ =
2.5 and 1.25 mm, respectively. With ℓ ≲ ℓch/4, the
crack angle is 69◦, in agreement with the exper-
imental results of Kalthoff and Winkler (1987),
and the crack speed is 0.71–0.72 cR, independent
of the orientation. The dependence on the lattice
orientation reported with the DM by Braun and
Fernández-Sáez (2014) is substantially reduced for
this problem.

In the single-edge-notched tension test, the
phase-field DM predicts a straight crack for all
the orientations, and the peak load varies by 2%
and 0.7% between orientations for a = 1 mm and
a = 0.5 mm, respectively. The mean crack speed
is 0.54–0.60 cR. The crack path remains approx-
imately straight at the tested lattice spacings,
and the peak load and the energetic consistency
improve with ℓ/a = 4. These results are compara-
ble to those obtained by Chen et al. (2014) with
three or four shells of neighbours, while the present
model only uses first neighbours.

In the fragmentation of a thick cylinder,
the phase-field DM predicts predominantly radial
cracks that become oblique and branch near the
outer surface, an intermediate situation between
the XFEM and meshfree solutions reported in the
literature, as obtained with the softening DM. At
the reference threshold of 0.90, the cylinder is
identified as 12 to 19 connected components, at
the lower end of the published solutions, since the
regularised bands shield the neighbouring cracks.
The number of fragments depends on the thresh-
old used to define a broken bond and on the
symmetry of a lattice centred on the axis. Between
the centred and shifted fine lattices, the ener-
gies differ by less than 3%; changing a and ℓ
together changes the external work much more
substantially.

Compared with the PFLM of Yue et al. (2023),
the proposed model permits positive bond coef-
ficients over the admissible Poisson-ratio range,
does not require an orientation-dependent cali-
bration of the fracture energy, accounts for the
multiaxial state of stress in the crack driving
force, and is formulated for dynamic problems.

Its main limitation is the hybrid character of the
crack driving force: the energy released by the
degraded bonds differs from the energy of the
regularised crack. Their agreement improves with
refinement in the SEN test, but is not enforced
by the formulation. The conclusions concern the
prediction of crack paths and propagation speeds,
their sensitivity to orientation within the Born-
type lattice, and fragmentation. Solver-tolerance
and time-step studies remain necessary to assess
numerical robustness. Further work is required to
develop a fully variational driving force based on
an objective lattice energy.
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