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Abstract

This paper proposes a parallax-aware (PA) and multi-armed bandit (MAB)-
empowered beam-training scheme for modular extremely large-scale antenna
arrays operating in hybrid near- and far-field environments. The scheme features
a closed-loop synergy between adaptive codebook update and MAB learn-
ing.First, a PA initial codebook is constructed to combat near-field spatial
non-stationarity. During probing, a greedy exponential Thompson sampling (G-
Exp-TS) strategy guides beam selection, while an empirical quantile-quantile
correlation criterion detects statistical steady states. Upon convergence, cross-
subarray geometric projection based on spatial-frequency gradients is triggered,
and a likelihood ratio test prunes identified noise-only sectors, achieving dynamic
codebook compression. Within this compressed action space, G-Exp-TS opti-
mally balances exploration and exploitation by casting beam selection as a 0-1
integer program to maximize long-term effective spectral efficiency (ESE). Sim-
ulation results demonstrate that the proposed scheme attains substantial ESE
gains with markedly reduced training overhead.

Keywords: Modular extremely large antenna array, Hybrid-field, Beam training,
Multi-armed bandit
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1 Introduction

To meet the stringent data rate and capacity requirements of future 6G networks,
wireless communications are inevitably migrating toward higher frequency bands,
such as the millimeter wave and terahertz regimes [1, 2]. While abundant unallo-
cated bandwidth is available, severe free-space path loss poses a fundamental challenge
[3, 4]. Extremely large-scale multiple-input multiple-output (XL-MIMO) has emerged
as a key physical-layer enabler to compensate for this propagation attenuation,
where arrays comprising hundreds to thousands of antenna elements generate highly
directional beams with massive beamforming gain [5, 6].

The large array apertures in XL-MIMO systems significantly extend the Rayleigh
distance, causing a substantial number of users and scatterers to fall within the
hybrid-field region, where near- and far-field electromagnetics coexist. To reduce the
prohibitive beam training overhead in this mixed propagation regime, early studies
employed hierarchical solutions that coarsely identify angles before refining near-
field distances [7–9]. Later works addressed more complex phenomena, such as the
hybrid-field beam squint effect [10], and leveraged deep learning to capture spa-
tial frequency correlations [11]. A unified wavenumber-domain framework has also
been proposed recently, reinterpreting spherical waves as plane-wave superpositions
to simplify codebook design and curb probing complexity [12].

Conventional centralized XL-MIMO beam training heavily relies on full dimen-
sional instantaneous channel state information (CSI), which incurs prohibitive pilot
overhead and is highly vulnerable to transient channel fluctuations [13]. To further
circumvent the pilot overhead of full-dimensional instantaneous CSI, statistical CSI
(S-CSI) and spatial geometric priors have been exploited as pragmatic alternatives,
characterizing the slowly varying layout of scattering clusters to constrain the beam
search space [13, 14]. Accordingly, a growing number of recent works have utilized S-
CSI for beam training in centralized XL-MIMO systems. To effectively leverage S-CSI,
some beam training schemes focus on optimizing the codebook structure, including
hierarchical spatial chirp codebooks [15], accumulation-based angular-radial decou-
pling [16], and wavenumber-domain transformation [12].Furthermore, data-driven
approaches have been widely adopted to learn the mapping from statistical features
to beam indices. For instance, deep residual networks have been utilized to directly
predict the optimal near field beam index from highly sparse pilot observations [17],
while incorporating user position as a spatial prior has enabled adaptive adjustments
of probing solutions [18].

While statistical priors alleviate the computational burden of beam training algo-
rithms, the physical realization of fully connected architectures in massive scale
systems remains severely hindered by staggering hardware complexity. Specifically,
connecting every radio frequency (RF) chain to antennas requires an excessive number
of phase-shifters, which leads to prohibitive power consumption. To overcome this fun-
damental hardware bottleneck, partially-connected subarray architectures have been
widely adopted in conventional massive MIMO (M-MIMO) systems. For instance, the
research demonstrates that a flexible unsupervised learning framework can effectively
optimize subarray structures. This approach successfully accommodates practical con-
straints, such as noisy CSI and quantized phase-shifters [19]. As the antenna count
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scales drastically, extending this modularity from M-MIMO systems to XL-MIMO
paradigms yields even more pronounced advantages. Based on this architecture, initial
research efforts focused on simplifying near field modeling within individual subar-
rays. For instance, computational complexity can be significantly reduced by applying
far field approximations at the subarray level, supplemented by an analytical phase
refinement utilizing the principle of stationary phase [20]. Furthermore, researchers
recognized that the subarray architecture naturally accommodates spatial variations
across massive apertures. To address spatial non-stationarity, [21] assigns distinct
codewords to different subarrays to adaptively match localized channel conditions.
similarly, independent subarray beamforming has been exploited to capture and uti-
lize ground-reflection multipath components in specific line-of-sight scenarios [22].
To further accelerate the search process, dynamically adjusting subarray activation
topologies has become a prevalent strategy. Specifically, [23] utilizes a sparse Dis-
crete Fourier Transform (DFT) codebook for initial coarse sweeping and subsequently
activates the central subarray to resolve angular ambiguity. Despite these advances,
existing subarray beam training methods rely on pre-defined codebooks or activation
patterns, which limits their adaptability to dynamic, spatially non-stationary chan-
nels. To overcome this rigidity, the multi-armed bandit (MAB) framework provides a
natural online learning alternative.

Rooted in reinforcement learning, the MAB model provides a robust framework
for sequential decision-making under partial feedback. By iteratively probing candi-
date channels and leveraging accumulated channel statistics, MAB effectively balances
the exploration-exploitation tradeoff. These characteristics make MAB particularly
well-suited for beam training applications. In early beam training studies, MAB was
primarily utilized to directly extract statistical priors from historical feedback. For
instance, joint near-field angular and distance sweeping has been formulated as an
MAB problem, employing the upper confidence bound (UCB) strategy to effectively
identify high-gain beams [24]. To accelerate algorithmic convergence, researchers began
incorporating environmental features and user collaborative information into the learn-
ing process. Specifically, contextual MAB algorithms have been introduced to bypass
explicit CSI estimation [25], while collaborative learning policies drastically shorten
beam training time by clustering users with similar signal-to-noise ratio preferences
[26]. As system complexity scales, extending MAB to handle higher-dimensional action
spaces has become a new focal point. To this end, hierarchical MAB architectures have
been designed to jointly execute beamforming and user scheduling [27], and quantum
walk principles have been incorporated to enhance exploration efficiency across 2D
beam spaces [28]. Despite recent algorithmic advancements, directly applying existing
MAB frameworks to XL-MIMO systems remains severely bottlenecked by the curse of
dimensionality. Lacking dynamic action space compression, conventional MAB designs
rely on static codebooks, inevitably suffering from prolonged blind exploration and
excessively slow convergence.

For the XL-MIMO system in a hybrid-field environment, we propose a parallax-
aware (PA) and MAB-empowered beam-training scheme. The key innovation of this
scheme lies in the collaborative design of the parallax awareness and the online learning
process, enabling dynamic compression of the codebook space without the need for
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explicit CSI. Specifically, this scheme jointly operates the adaptive codebook update
mechanism and the MAB strategy: using geometric priors to define the candidate
set and using the statistical feedback to prune the codebook in real time, thereby
achieving efficient beam training within an optimized search space. This mechanism
avoids redundant exploration in pure noise sectors and significantly reduces the pilot
overhead. The main contributions of this paper are summarized as follows:

• We propose a closed-loop synergy framework that fundamentally integrates adap-
tive codebook updating with MAB-empowered learning. Rather than treating the
action space as static, this scheme utilizes the adaptive codebook update mecha-
nism to convert the geometric priors of the modular array into dynamic candidate
search regions. Subsequently, within this space, the MAB strategy is employed to
extract statistical features from historical interactions for online decision-making.
This collaborative approach avoids the high cost of global codebook scanning, sig-
nificantly reduces the pilot overhead, and effectively improves the effective spectral
efficiency (ESE).

• To overcome the severe parallax effect induced by spatial non-stationarity in hybrid-
field environments, we derive a rigorous mathematical definition for beam index
redundancy based on physical subarray displacement and the uniform power dis-
tance, thereby constructing an initial codebook that guarantees full spatial coverage.
To enable dynamic codebook updating, we introduce a steady state detection mech-
anism based on empirical quantile-quantile (Q-Q) correlation. Once a steady state
is reached, the system triggers cross-subarray geometric projection, coupled with a
likelihood ratio (LR) test for zero-power detection. This dynamic update mecha-
nism prunes invalid pure noise sectors in real time, achieving substantial codebook
dimensionality reduction.

• To maximize the long-term ESE of the system, we formulate the beam training pro-
cess as a MAB problem and equivalently transform the optimization objective into
a 0-1 integer programming problem. To efficiently solve this, we propose a G-Exp-
TS strategy. By exploiting the exponential posterior distribution of the received
signal power, this strategy optimally balances the exploration of the unknown envi-
ronment with the exploitation of known high-gain beams, thereby maximizing the
long-term ESE.

2 System Model

2.1 Communication Scenario and Channel Model

We consider a frequency division duplexing XL-MIMO downlink communication sys-
tem, where a base station (BS) serves a single antenna user. The BS is equipped
with a M-ELAA comprising N modules, with each module containing M antennas
and connected to a dedicated RF chain (i.e., the number of RF chains NRF = N).
The antennas are arranged in a uniform linear array (ULA) with a module aperture
of Dmod = (M − 1)d, where d = λc/2 is the antenna spacing and λc is the carrier
wavelength.
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As illustrated in Fig. 1, the M-ELAA is deployed along the y-axis and is symmetric
about the origin. Consequently, the coordinates of them-th antenna in the n-th module
(n ∈ {1, . . . , N}, m ∈ {1, . . . ,M}) can be expressed as pn,m = [0, δn,md]

T, where

δn,m = (2n−N−1)M+2m−M−1
2 .

module 1

y-axis ψl

Rl

ΦN,l

Φ1,l

module N

antenta 1

antenta M

cluster l

cluster 1
x-axis

User

S1,l

SN,l

m-ELAA Rayleigh distance

near-field cluster far-field cluster

Fig. 1: Illustration of a multipath channel model.

In XL-MIMO systems, the large array aperture significantly extends the Rayleigh

distance, defined as Z = 2((M−1)Nd)2

λc
. Because this boundary spans a vast area, practi-

cal communication environments typically encompass scatterers located concurrently
in both the near field and far field regions. This mixed spatial distribution gives rise
to a hybrid-field propagation mechanism. Statistically, assuming correlated Rayleigh
fading, this composite hybrid-field channel is characterized by

ht ∼ CN (0,Ω), (1)

where Ω denotes the global spatial correlation matrix (i.e., the channel covariance
matrix) spanning the entire massive array aperture. To accurately capture this hybrid
field feature, we model the environment as comprising a total of L scattering clusters.
Based on their physical distances to the array, these clusters are spatially partitioned
into a near field set LNF and a far field set LFF, satisfying |LNF| + |LFF| = L. Note
that all scatterers are assumed to be located beyond the uniform power distance, i.e.,
within the uniform power region. The global spatial correlation matrix Ω ∈ C

NM×NM

is thus mathematically defined as the power weighted superposition of the components
from all L clusters

Ω =
∑

l∈LNF

ρlΩ
NF
l +

∑

l∈LFF

ρlΩ
FF
l , (2)

where ρl denotes the normalized average power fraction of the l-th cluster, satisfying∑L
l=1 ρl = 1. For a near field cluster (l ∈ LNF), exact spherical wave propagation can

be considered. The spatial correlation matrix ΩNF
l between the u-th and v-th antennas
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across the entire M-ELAA is modeled as

[ΩNF
l ]u,v =

∫ π

−π
e−j

2π
λc

(ru(ψl)−rv(ψl))f (ψl) dψl, (3)

where ru(ψl) and rv(ψl) denote the exact physical distances from a scatterer within
the l-th cluster to the u-th and v-th antennas, respectively. Specifically, the distance
to the u-th antenna is given by ru(ψl) =

√
r2(ψl) + (δud)2 − 2δudr(ψl) sin(θl(ψl)),

where δud represents the physical coordinate of the u-th antenna along the y-axis, and
r(ψl) is the distance from the scatterer to the array center. Furthermore, ψl ∈ [−π, π]
defines the angular spread within the l-th cluster, and θl(ψl) represents the global
Angle of Arrival (AoA).

Conversely, for a far field cluster (l ∈ LFF), the impinging electromagnetic waves
can be approximated as Uniform Plane Waves (UPW) exhibiting uniform power
density and linear phase. The spatial correlation ΩFF

l simplifies to

[ΩFF
l ]u,v =

∫ π

−π
e
−j 2π

λc
(u−v)dSl sinϕl+Rl sinψl

r(ψl) f(ψl)dψl. (4)

where r(ψl) denote the physical distances from a scatterer within the l-th cluster to
the array center, Rl represents the radius of the l-th cluster. In both cases, f(ψl) char-
acterizes the spatial power distribution, Sl and ϕl specify the physical central distance
and angle of the l-th cluster relative to the array center. Specifically, it is defined as
the power location spectrum for near-field clusters and the power angular spectrum
for far-field clusters, both of which are assumed to follow a von-Mises distribution [29].

Although the aforementioned hybrid field model globally captures the spatial chan-
nel characteristics, the localized physical structure of the M-ELAA provides a highly
practical simplification paradigm. It is crucial to note that the local Rayleigh distance

for an individual module is profoundly reduced to Zmod = 2((M−1)d)2

λc
. Thus, the far-

field approximation condition Zmod ≪ r(ψl) is naturally satisfied for the scatterers,
including those located within the global near field region. Accordingly, by applying
the UPW approximation locally within the aperture of each subarray, the module spe-
cific spatial correlation matrix Ωn ∈ C

M×M can be analytically decoupled from the
high dimensional global spherical wavefront, and it comprehensively aggregates the
power from all L clusters

[Ωn]m,m′ =

L∑

l=1

ρl

∫ π

−π
e
−j 2π

λc
(m−m′)d

Sn,l sinϕn,l+Rl sinψl
rn(ψl) f(ψl)dψl, (5)

wherem,m′ ∈ {1, . . . ,M} denote the intra module antenna indices, while Sn,l and ϕn,l
specify the physical distance and angle from the geometric center of the l-th cluster to
the center of the n-th module. Meanwhile, rn(ψl) represents the exact distance from
a scatterer to the n-th module.
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Consequently, the global hybrid-field channel exhibits statistical decoupling at the
subarray level, enabling the formulation of the channel vector for the n-th subarray as

hn,t ∼ CN (0,Ωn). (6)

In coherence block t, let hn,t ∈ C
M×1 denote the channel vector between the BS

and the user for the n-th subarray. Accordingly, the signal received at the user from
the n-th subarray is modeled as

yn,t = hH
n,twn,txn,t + ηn,t, (7)

where wn,t ∈ B represents the active beamforming vector selected from the far-field
DFT codebook for the n-th module. The term xn,t denotes the pilot symbol trans-
mitted via the n-th RF chain, satisfying E[|xn,t|

2] = 1. Furthermore, ηn,t ∼ CN (0, σ2)
characterizes the additive white Gaussian noise (AWGN).

2.2 Problem Formulation

Based on the local UPW property established earlier, the beamforming vector wn,t

for the n-th subarray is selected from a far-field DFT codebook B = {b1, . . . ,bM}
[7]. By aggregating the beamforming vectors across all N subarrays, the global pre-
beamforming matrix is defined as Wt = blkdiag(w1,t,w2,t, . . . ,wN,t) ∈ C

NM×N .
Consequently, the SE Et achieved at coherence block t is calculated as

Et = log2

(
1 +

⃦⃦
hH
t Wt

⃦⃦2
2

σ2

)
. (8)

To account for the signaling costs in hybrid field environments, the ESE is further
defined as

Eeff
t =

(
1−

TBT

Tsum

)
Et, (9)

where TBT and Tsum denote the beam training overhead and the total number of
symbols per coherence block, respectively.

Assuming that the channel statistics remain stationary over T coherence blocks,
the objective is to maximize the long term average ESE across all subarrays. The
optimization problem P is formulated as follows

P : max
wn,t

1

T

T∑

t=1

Eeff
t

s.t. wn,t ∈ B, ∀n.

(10)

3 The PA And MAB-empowered Beam-training

The proposed PA and MAB-empowered beam training scheme comprises two collabo-
rative components: an adaptive codebook update mechanism and MAB-based online
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learning. As illustrated in Fig. 2, each coherence block is partitioned into codebook
update, beam training and data transmission. Within this process, the MAB algo-
rithm executes online beam training based on the currently codebook. Subsequently,
by extracting statistical feedback from the training process, the adaptive codebook
update mechanism dynamically curtails and prunes the redundant action space. By
synergizing online learning with geometric pruning, the proposed scheme excludes
redundant noise sectors and compresses training dimensionality, thereby reducing pilot
overhead and accelerating beam convergence to maximize the ESE.

T Coherence Blocks   (S-CSI remains unchanged)

Coherence Block 1 Coherence Block t

Steady-state Detection and
Codeword Projection

Codeword Selection , Downlink Pilot
Training and Uplink Feedback Data Transmission

Beam TrainingCodebook Update

Coherence Block 2 Coherence Block T

Fig. 2: The architecture of the PA and MAB-empowered beam-training scheme

3.1 Adaptive Codebook Update

This chapter presents the adaptive codebook update mechanism, comprising a PA
initial codebook and its dynamic updating. It constructs the initial scanning space
based on uniform power distance, and subsequently uses online statistical feedback to
adaptively compress the search space. This mechanism filters redundant noise sectors
to reduce candidate dimensionality, thereby saving resources, accelerating convergence,
and boosting system ESE.

3.1.1 PA Initial Codebook Design

To reduce the high overhead of full codebook beam sweeping, this paper designs a
low-overhead initial scanning codebook, denoted as In,0. In XL-MIMO, users and
scatterers mainly lie within the uniform power distance region. Thus, due to differ-
ent subarray positions, their AoAs vary significantly, which is a near-field parallax
effect. This severe parallax causes notable nonlinear shifts of optimal beam directions
across M-ELAA modules. To address this, we leverage parallax boundaries to add
precise angular overlap in adjacent scanning intervals. This PA-based initial codebook
eliminates blind spots and ensures full spatial coverage.

Since the physical beamwidth varies non-linearly in the angular domain, we map
the parallax effect into the spatial-frequency domain, defined as Θ = sinϕ ∈ [−1, 1],
which provides a uniform resolution. For a ULA comprising M antenna elements, the
central spatial frequency of the i-th beam is typically expressed as Θi = 2i−M−1

M .
In this domain, the resolution between any two adjacent beams remains constant at
∆Θbeam = 2

M .
To mathematically quantify the required angular redundancy between adjacent

subarrays, let Dmin denote the uniform power distance, and let Dmod denote the
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physical spacing between adjacent subarrays. The required beam index redundancy,
denoted by Cred, is established by the following lemma.

Lemma 1. The beam index redundancy between adjacent sub-arrays is given by

Cred =
⌈
MDmod

2Dmin

⌉
.

Proof See Appendix A. □

Specifically, let In,t denote the active candidate beam index set allocated to the
n-th subarray at any given coherence block t. To establish this dynamic action space,
the entire codebook space is first uniformly partitioned, where the ideal base codeword
index set allocated to the n-th subarray spans the range from (n − 1)MN + 1 to nMN .
Subsequently, to address the near field parallax, the initial candidate index set In,0 at
the initial coherence block (t = 0) can be robustly constructed. Based on the derived
required redundancy Cred, In,0 can be formulated as

In,0 =
{
i ∈ Z

+
⃓⃓
⃓ max

(
1, (n − 1)

M

N
+ 1 − Cred

)
≤ i ≤ min

(
M, n

M

N
+ Cred

)}
.

(11)

Consequently, the initial codebook for the n-th subarray is formulated as

Wn,0 = {bi ∈ B | i ∈ In,0} , (12)

thereby providing a highly reliable prior starting codebook for the subsequent high
precision beam training.

3.1.2 Steady-state Detection and Codebook Update

Although the initial angular partitioning effectively reduces the search space, it
inevitably assigns some subarrays to blind sectors with no users or scattering clus-
ters. Fortunately, the high compactness of the initial codebook enables fast statistical
convergence during the preliminary exploration phase, allowing the system to quickly
identify subarrays that have captured high-energy beams. Once a steady state is
detected, we exploit the spatial information shared across the array to geomet-
rically project these validated beams onto other subarrays, triggering a dynamic
cross-subarray codebook update that forces the entire array to focus solely on
high-benefit directions.

Steady-state Detection: To precisely identify this statistical steady state and
trigger the aforementioned projection at the optimal moment, we introduce a stability
criterion based on empirical Q-Q correlation. Let En,cur and En,past denote the instan-
taneous SE sequences of the n-th subarray over the current window τ ∈ [t−Lwd, t−1]
and historical window τ ∈ [t−Lwd −Lstep, t−Lstep − 1], respectively. Let Ẽn,cur and

Ẽn,past be their corresponding ascending sorted empirical quantiles. The Q-Q Pearson
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correlation coefficient ρn is formulated as [30]

ρn =

∑Lwd

l=1 (Ẽ
(l)
n,cur − Ēn,cur)(Ẽ

(l)
n,past − Ēn,past)√∑Lwd

l=1 (Ẽ
(l)
n,cur − Ēn,cur)2

√∑Lwd

l=1 (Ẽ
(l)
n,past − Ēn,past)2

, (13)

where Ẽ
(l)
n,cur and Ẽ

(l)
n,past represent the l-th elements within their respective ascending

sorted windows. Additionally, Ēn,cur and Ēn,past denote the sample means of the
respective windows.

The training process is deemed to have reached a quasi-steady state if the
correlation satisfies

ρn ≥ ϵcorr, ∀n ∈ {1, 2, . . . , N}, (14)

where ϵcorr is a rigorous tolerance threshold designed to strictly compensate for the
artificial auto-correlation introduced by the window overlap.

Codebook Update: Once this stability threshold is reached, the system triggers
the cross-subarray geometric projection. To execute this, the system leverages the
statistical reward estimates collected during the preliminary exploration phase. Let
µ̂n,i,t denote the empirical mean of the received signal power for the i-th beam at the
n-th subarray up to coherence block t. To filter out weak multipath components and
noise, we identify the global valid set Wcan

t , which aggregates all candidate index pairs
(n, i) satisfying the pruning condition

µ̂n,i,t ≥ αthµ̂t,max, (15)

where µ̂t,max = maxn,i{µ̂n,i,t} represents the global maximum average beam gain
recorded across the entire array at coherence block t, and αth ∈ (0, 1) is a predefined
relative threshold.

To project these validated beams across the array with low computational complex-
ity, we exploit the spatial-frequency gradient. Let ϕn̄,iopt = arcsin((2iopt−M − 1)/M)
be the physical angle of a validated high-gain beam iopt at the source subarray n̄.
When projecting this beam to a target subarray n separated by a physical displace-
ment Dn̄,n, the far-field extreme assumes a planar wavefront with zero parallax shift,
inherently keeping the projected beam index identical to the source

bfar = iopt. (16)

In contrast, the near field extreme is governed by the spherical wavefront effect,
which induces a noticeable parallax shift across different subarrays. This shift reaches
its maximum when the signal source or scatterer is located at the minimum uniform
power distance, Dmin. To analytically quantify this worst-case spatial deviation, we
apply a first-order spatial-frequency gradient approximation (similar to the proof of
Lemma 1). Specifically, the maximum index drift from the source subarray n̄ to the
target subarray n is determined by

∆bn̄→n =
MDn̄,n cos

3 ϕn̄,iopt

2Dmin
. (17)
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Consequently, the near-field projected index extreme is bounded at

bnear = iopt +∆bn̄→n. (18)

Note that the physical displacement Dn̄,n is a signed value depending on the rel-
ative positions of the subarrays. Consequently, the near field limit bnear may shift to
either the left or the right of the far field reference bfar. To account for this direc-
tional ambiguity and ensure a robust projection, the predicted candidate index interval
Qn̄,iopt originating from the source beam iopt is rigorously formed by spanning all
discrete indices between these two spatial extremes

Qn̄,iopt ≜ {⌊min(bnear, bfar)⌋, . . . , ⌈max(bnear, bfar)⌉} . (19)

The preliminary candidate index set Ĩn,t is then constructed by taking the union
of its natively retained valid indices Iopt

n,t and the gradient-based geometric projections
from all other subarrays

Ĩn,t = Iopt
n,t ∪

⋃

(n̄,iopt)∈Wcan
t

n̄ ̸=n

Qn̄,iopt . (20)

However, the cross-subarray geometric projection inevitably introduces some low-
gain or pure-noise codewords into the candidate set, leading to an unnecessary
expansion of the codebook dimension. To address this, we employ an LR test for
zero-power detection to dynamically prune the codebook.

We employ a LR test for zero-power detection. For any codeword bi ∈ In,t evalu-
ated at coherence block t, the BS transmits a pilot symbol xt satisfying |xt|

2 = 1. The
received signal is yn,i,t = hH

n,tbixt + ηn,t, where ηn,t denotes the AWGN. Multiplying
yn,i,t by the conjugate pilot x∗t yields the equivalent scalar observation

ỹn,i,t = yn,i,tx
∗
t = hH

n,tbi + η̃n,t, (21)

where η̃n,t = ηn,tx
∗
t . Suppose the i-th beam has been selected Cn,i,t times up to

coherence block t. Let ỹn,i = [ỹn,i,1, . . . , ỹn,i,Cn,i,t ] denote the collection of historical
observations. The LR is defined as

γn,i,t =

∫∞
ζLR

P(ỹn,i|pLR)dpLR
∫ ζLR

σ2 P(ỹn,i|pLR)dpLR
, (22)

where pLR denotes the expected power and ζLR is a predefined power threshold. Dis-
tinctly, a large LR value (γn,i,t > ϵLR) confidently indicates a valid high-gain beam,
whereas a small value (γn,i,t ≤ 1/ϵLR) identifies a zero-power (pure-noise) beam. For
the analytical closed-form calculation of γn,i,t, please refer to [31].

To adaptively compress the action space, let Υn,t denote the pruned set of beam
indices for the n-th subarray. This set mathematically aggregates all statistically
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proven zero-power beams whose LR values fall below the pruning threshold 1/ϵLR, i.e

Υn,t =

{
i ∈ M

⃓⃓
⃓⃓ γn,i,t ≤

1

ϵLR

}
, (23)

where M = {1, 2, . . . ,M} represents the global codebook index space. On the other
hand, beams yielding γn,i,t > ϵLR are successfully identified as reliable active candi-
dates. To reduce the computational complexity, these confirmed high-gain beams are
subsequently exempted from redundant statistical testing and are directly maintained
in the candidate set. Consequently, the final effective candidate index set In,t used
for the subsequent MAB exploration phase is obtained by removing these statistically
proven noise beams from the preliminary geometrically projected set Ĩn,t:

In,t =
{
i ∈ Ĩn,t

⃓⃓
⃓ i /∈ Υn,t

}
.

The dynamic codebook at coherence block t is strictly updated as

Wn,t = {bi ∈ B | i ∈ In,t} . (24)

3.2 MAB-empowered Beam Training

The MAB framework is a classic reinforcement learning paradigm that models
sequential decision-making under uncertainty. In a standard MAB problem, an agent
iteratively selects from a set of available actions, each yielding a reward drawn from an
initially unknown probability distribution. The primary objective is to maximize the
cumulative reward over a given time horizon. To achieve this, the agent carefully navi-
gates the exploration-exploitation dilemma: balancing the exploration of less-sampled
arms to learn their true reward distributions against the exploitation of the arm
currently believed to be optimal.

Guided by this paradigm, we cast the dynamic beam training process as a MAB
problem. To balance system performance with exploration speed, we denote the train-
ing overhead budget per subarray by G, and let An,t be the index set of selected
codewords from the adaptively refined candidate codebook Wn,t in coherence block
t. Given that the beam probing is implemented using the candidate codewords bi,
i ∈ In,t, the problem is to find An,t to maximize the total received energy across all
subarrays, which is formulated as

P1 : max
An,t

1

T

T∑

t=1

N∑

n=1

∑

i∈An,t

⃓⃓
hH
n,tbi

⃓⃓2

s.t. An,t ⊆ In,t

|An,t| = G.

(25)

Since explicit CSI is practically unavailable, we formulate the beam training process
as a MAB problem, which is inherently capable of learning statistical channel features
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from online feedback. Specifically, each candidate codeword bi ∈ Wn,t is regarded as
a base arm, and the selected subset An,t constitutes a super arm. The instantaneous
reward for pulling the i-th base arm is defined as the received signal power

µn,i,t = |ỹn,i,t|
2 =

⃓⃓
hH
n,tbi + η̃n,t

⃓⃓2
. (26)

To design a rigorous sampling strategy, the statistical distribution of this reward
can be explicitly characterized.

Lemma 2. Let y be a complex random variable following a zero-mean complex Gaus-

sian distribution, y ∼ CN (0, ϱ). The squared modulus µ = |y|2 follows an exponential

distribution with mean ϱ, i.e., µ ∼ Exp(1/ϱ).

Proof See Appendix B. □

To effectively solve MAB problems, Thompson Sampling (TS) has emerged as a
highly efficient Bayesian heuristic. Unlike the UCB strategies, TS constructs a poste-
rior distribution for the expected reward of each arm and randomizes action selection
by sampling directly from these posteriors. This probabilistic framework naturally cal-
ibrates the exploration-exploitation trade-off: arms with high expected rewards or high
uncertainty are inherently more likely to be selected. In our hybrid-field beam training
scenario, TS is particularly advantageous because it can explicitly leverage the expo-
nential distribution of the signal power to construct precise posterior distributions,
guaranteeing fast convergence and asymptotic optimality. To balance exploration and
exploitation, we adopt the G-Exp-TS strategy. In coherence block t, for each arm
i ∈ Wn,t, G-Exp-TS generates a sampling value βn,i,t governed by an exploration
probability pexp = 1

|Wn,t|
1) Greedy Exploitation: With probability 1 − pexp, it directly assigns the

empirical mean βn,i,t = µ̂n,i,t.
2) Posterior Exploration: With probability pexp, the algorithm explores the

arm by sampling from its exponential posterior distribution. Specifically, by defining
ϑn,i,t =

Cn,i,t−1
Cn,i,t

(where Cn,i,t is the selection count) and drawing a uniform random

variable ζ ∼ U(0, 1), the exponential sampling value βn,i,t is obtained by solving
the bounds derived from the Kullback-Leibler (KL) divergence. The KL divergence
serves as a fundamental statistical metric, quantifying how the empirical probability
distribution of the rewards diverges from the hypothesized true distribution. In this
context, the KL divergence function is explicitly defined as

DKL(µ̂n,i,t ∥ ι) = ln

(
ι

µ̂n,i,t

)
+
µ̂n,i,t
ι

− 1. (27)

If ζ ≥ 0.5, we solve for the right-tail target KL divergence bound

βn,i,t = sup

{
ι ≥ µ̂n,i,t : DKL(µ̂n,i,t ∥ ι) ≤

− ln(2(1− ζ))

Cn,i,t · ϑn,i,t

}
. (28)
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If ζ < 0.5, we solve for the lower bound of the transcendental equation

βn,i,t = inf

{
ι ≤ µ̂n,i,t : DKL(µ̂n,i,t ∥ ι) ≤

− ln(2ζ)

Cn,i,t · ϑn,i,t

}
. (29)

Subsequently, to cast the selection of the super arm An,t as a specific optimization
problem, we revisit the optimization problem P1. Let vn,t ∈ {0, 1}|Wn,t| act as the
binary decision vector in coherence block t, where its i-th element vn,i,t = 1 implies
the i-th codeword is selected, and vn,i,t = 0 otherwise. By utilizing the generated
sampling value vector βn,t = [βn,1,t, . . . , βn,|Wn,t|,t]

T as a surrogate for the expected
reward, problem P1 can be equivalently transformed into the following 0-1 integer
programming problem

P2 : max
vn,t

βT
n,tvn,t

s.t. eTvn,t = G,
(30)

where e is an all-ones column vector of length |Wn,t|.
The optimal solution dictates selecting the top G candidate codewords from In,t

that yield the highest sampling values. For each selected codeword bi ∈ An,t, its
corresponding selection count and empirical mean are updated in real-time as:

Cn,i,t+1 = Cn,i,t + 1, (31)

µ̂n,i,t+1 =
µ̂n,i,tCn,i,t + µn,i,t

Cn,i,t+1
. (32)

Theorem 1 Over T coherence blocks, the expected total regret of the proposed scheme is

bounded by O(N
√

VEMT ), where VE is the variance bound.

Proof See Appendix C. □

The complete procedure of the proposed geometry-guided dynamic beam training is
summarized in Algorithm 1. By fundamentally limiting the MAB action space toWn,t,
the algorithm avoids redundant explorations in noise sectors and focuses entirely on
refining the optimal beams, thereby accelerating convergence and maximizing spectral
efficiency.

4 Simulation Results

In this section, we evaluate the performance of the proposed scheme through numerical
simulations. The primary system parameters are set as follows: fc = 100 GHz, N =
8, M = 32, and Dmin = 1.3 m. The central angles of the scattering clusters are
uniformly distributed in [−π/3, π/3], and their distances are uniformly sampled from
{4, 8, 12, 50, 70, 110, 120} m. Furthermore, the beam training overhead budget G is
tightly coupled with the number of scattering clusters, satisfying G = L. For the
proposed algorithm, the parameters are configured as Lwd = 20, Lstep = 5, ϵcorr =

14



Algorithm 1 PA and MAB-empowered Beam Training

Require: B, G, Lwd, Lstep, ϵcorr, αth, ϵLR, ζLR, σ
2

Ensure: In,t, Wn,t, and An,t, ∀n ∈ {1, . . . , N}
1: Initialize Cred = ⌈MDmod

2Dmin
⌉, In,0, Wn,0, µ̂n,i,0 = 0, Cn,i,0 = 0, Υn,0 = ∅, and

ỹn,i = ∅;
2: for t = 1, . . . , T do
3: if t > Lwd + Lstep and ρn ≥ ϵcorr, ∀n then
4: Calculate µ̂t,max and determine Wcan

t ;
5: for n = 1, . . . , N do
6: Compute ∆bn̄→n using (17);

7: Calculate Qn̄,iopt and obtain Ĩn,t;
8: Update In,t and Wn,t;
9: end for

10: else
11: In,t = In,t−1 and Wn,t = Wn,t−1;
12: end if
13: for n = 1, . . . , N do
14: Generate βn,i,t for i ∈ In,t via G-Exp-TS;
15: Solve P2 to obtain An,t;
16: for i ∈ An,t do
17: Acquire ỹn,i,t and update ỹn,i;
18: Update Cn,i,t and µ̂n,i,t;
19: Compute γn,i,t;
20: end for
21: Update Υn,t;
22: end for
23: end for

0.95, αth = 0.2, and ϵLR = 10. Assuming a coherence time of 1.5 ms and a user
terminal velocity of 1 m/s, the CCM remains quasi-static over a stationary period of
T = 667 coherence blocks.

To validate the superiority of our proposed scheme (defined in the legend as G-Exp-
TS BT), we evaluate its performance against the following beam training baselines:

• TH BT [20]: A scheme specifically designed to perform hybrid-field beam training
for partially-connected subarray architectures.

• Dual-UCB BT [24]: A centralized beam training framework that leverages the MAB
learning mechanism to optimize the beam training process.

• Hybrid BT [8]: A centralized scheme that differentiates between near-field and
far-field users through coarse beam sweeping with partially activated antennas, sub-
sequently employing a fine-grained hierarchical codebook to achieve precise beam
alignment.

Complexity Analysis. For Algorithm 1, the per-coherence-block complexity
is dominated by the dynamic codebook update and G-Exp-TS beam training. In the
worst case, each subarray retains the full codebook of sizeM . The valid beam screening

15



and cross-subarray projection in Lines 3-8 require O(NM) and O(N2M) operations,
respectively. The G-Exp-TS sampling and P2 solution in Lines 14-15 require O(NM)
and O(NGM) operations, respectively, while the update and LR test in Lines 16-
21 cost O(NG). Hence, the worst-case per-coherence-block complexity is O(NM +
N2M +NM +NGM +NG) = O(NGM +N2M).

The per-coherence-block complexities of the three baseline schemes are as follows:
the TH BT scheme has a complexity of O(M); the Dual-UCB BT scheme has a
complexity of O(N+MfSdis), whereM

f denotes the number of beams selected in the
first stage, and Sdis is the number of distance samples; the Hybrid BT scheme incurs
a training overhead of O(αN + 2 log(N)), with α the fraction of activated antennas.

Fig. 3 illustrates the ESE versus the number of coherence blocks under different
numbers of scattering clusters (L ∈ {1, 2, 3}), where the SNR is set to 10 dB. As
observed, the ESE initially increases during the exploration phase and then rapidly
converges to a stable steady state. This is because the steady-state detection and
cross-subarray projection effectively prune the noise-dominated candidate beams,
significantly reducing the exploration space for the subsequent MAB process. Addi-
tionally, the steady-state ESE is highest when L = 1 due to the highly concentrated
signal energy. Although the spatial energy dispersion slightly reduces the maximum
ESE as L increases, the proposed algorithm consistently maintains fast convergence
and robustness across all multipath conditions.

100 200 300 400 500 600

5

6

7

8

9

10

11

Fig. 3: EAE versus coherence blocks.

Fig. 4 compares the ESE performance of different beam training schemes versus
SNR. Fig. 4(a) and Fig. 4(b) present the results for L = 1 and L = 3, respectively.
It can be seen that the proposed G-Exp-TS BT scheme achieves a higher ESE than
the TH BT, Dual-UCB BT, and Hybrid BT algorithms across the entire evaluated
SNR range. By adaptively compressing the codebook and filtering out zero-power
beams, the proposed scheme can efficiently focus on the optimal directions, thereby
maximizing the system sum rate. Conversely, the baseline schemes exhibit inferior
performance, they allocate a significant portion of the training overhead to exploring
non-optimal or low-gain arms, which limits their ESE.
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Fig. 4: ESE versus SNR for different numbers of scattering clusters.

Fig. 5 investigates the impact of the number of scattering clusters on the ESE
under SNRs of 10 dB and 20 dB, as shown in Fig. 5(a) and (b), respectively. As
observed in both scenarios, the ESE of all schemes exhibits a downward trend as
the number of clusters L increases. This performance degradation occurs because the
total channel energy becomes spatially dispersed across multiple multipath compo-
nents, fundamentally limiting the maximum power that can be captured by a fixed
number of RF chains. Although the higher SNR in Fig. 5(b) naturally elevates the
overall ESE baseline compared to Fig. 5(a), the severe energy dispersion remains
the primary bottleneck. Despite these challenging conditions, the proposed algorithm
consistently outperforms the benchmark schemes and tightly tracks the performance
upper bound. This robustness confirms that the dynamic geometric projection and G-
Exp-TS exploration effectively identify and exploit the dominant hybrid-field paths,
thereby minimizing the impact of severe multipath interference across different noise
regimes.

Figs. 6(a) and (b) depict the ESE versus the beam training overhead budget under
SNRs of 10 dB and 20 dB for L = 3, respectively. It can be observed that the
Dual-UCB BT and Hybrid BT schemes exhibit a distinct inverted-U trend: although
increasing the overhead budget initially facilitates convergence and enhances the ESE,
their uncompressed codebooks inevitably lead to excessive exploration once the opti-
mal performance-overhead balance is surpassed. This over-exploration incurs a severe
time-fraction penalty, which subsequently degrades the ESE. In contrast, the pro-
posed G-Exp-TS BT scheme achieves its peak ESE at a minimal overhead budget and
consistently outperforms all baseline schemes. Benefiting from the geometry-guided
spatial projection and the LR-based pruning mechanism, the dimensionality of the
dynamic candidate codebook is drastically compressed. Consequently, even when a
large overhead budget is allocated, the actual training overhead is strictly bounded
by the small number of retained valid codewords. This mechanism fundamentally cir-
cumvents additional time-fraction penalties, enabling the system’s ESE to plateau
steadily. Meanwhile, since the overhead of the TH BT scheme is determined solely
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Fig. 5: ESE versus the number of scattering clusters at different SNRs.

by the number of antennas per subarray, its ESE remains completely invariant to the
dynamic overhead budget, manifesting as a horizontal line.
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Fig. 6: ESE versus training overhead at different SNRs (L = 3).

5 Conclusion

In this paper, we proposed a PA beam training scheme for M-ELAA in hybrid-
field environments. By integrating a modular antenna architecture with MAB online
learning, the proposed framework features a powerful synergy between adaptive code-
book updating and MAB learning to bypass the prohibitive overhead of traditional
exhaustive sweeping. Specifically, to combat near field spatial non-stationarity, we
first constructed a PA initial codebook. During the preliminary phase, a G-Exp-
TS algorithm is employed to conduct beam probing over this initial space, while an
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empirical Q-Q correlation criterion continuously monitores the process for statistical
steady states. Upon detecting convergence, the system leverages the acquired sta-
tistical reward estimates to execute spatial-frequency gradient-based cross-subarray
projections. By applying a LR test to strictly prune pure-noise sectors, the codebook
was adaptively updated and drastically compressed. Subsequently, the G-Exp-TS algo-
rithm successfully adapted to balance beam exploration and exploitation within this
reduced codebook space. Simulation results demonstrates that the proposed scheme
achieves high ESE with minimal overhead, significantly enhancing the effective spec-
tral efficiency. Future work will investigate spatial non-stationarity induced by partial
visibility in both single-user and multi-user scenarios to develop robust beam training
methods for complex blockage environments.
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Appendix

Proof of Lemma 1

To analytically quantify the parallax effect, let the center coordinates of the n-th
subarray and the user be denoted by (0, qn) and (u, v) in a 2D Cartesian coordinate
system, respectively. Owing to the uniform resolution characteristic of the spatial-
frequency domain, the number of redundant beams required for seamless coverage can
be precisely determined by quantifying the total observation drift of the near-field
spatial frequency.
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Let the spatial frequency Θ(qn) be expressed as a function of the array position
variable qn, such that

Θ(qn) = sinϕn =
v − qn√

u2 + (v − qn)2
. (33)

The rate of change of the spatial frequency with respect to the continuous displacement
of subarrays is governed by the partial derivative

⃓⃓
⃓⃓∂Θ(qn)

∂qn

⃓⃓
⃓⃓ = u2

(u2 + (v − qn)2)
3/2

=
cos3 ϕn
u

, (34)

where ϕn is the angle of arrival from the user relative to the broadside normal of
module n.

For adjacent subarrays separated by a discrete physical distance Dmod, since the
shortest perpendicular distance to the user is strictly bounded by u ≥ Dmin, the first-
order spatial-frequency drift ∆Θ at a specific observation angle ϕn is upper-bounded
by

∆Θ ≈

⃓⃓
⃓⃓∂Θ(qn)

∂qn

⃓⃓
⃓⃓Dmod ≤

Dmod cos
3 ϕn

Dmin
. (35)

Furthermore, considering the worst-case geometric scenario across all possible direc-
tions where cosϕn ≤ 1, the global maximum spatial-frequency drift ∆Θmax is firmly
bounded by

∆Θmax ≤
Dmod

Dmin
. (36)

Consequently, to thoroughly absorb this maximum global drift and ensure blind-
spot-free coverage, the required beam index redundancy Cred is evaluated by dividing
this drift by the constant beam resolution ∆Θbeam = 2/M :

Cred =

⌈
∆Θmax

∆Θbeam

⌉
=

⌈
MDmod

2Dmin

⌉
. (37)

This concludes the proof.

Proof of Lemma 2

From the channel model, the received baseband signal follows a zero-mean circularly
symmetric complex Gaussian distribution, i.e., yn,i,t ∼ CN (0, ϱ), where the variance
is defined as ϱ = bH

i Ωnbi + σ2. Let X = Re(yn,i,t) and Y = Im(yn,i,t). They are
independent and identically distributed (i.i.d.) real Gaussian random variables, i.e.,
X,Y ∼ N

(
0, ϱ2

)
. The joint probability density function (PDF) of X and Y is given by

fX,Y (x, y) =
1

πϱ
exp

(
−
x2 + y2

ϱ

)
. (38)
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Let Z = |yn,i,t|
2 = X2 + Y 2 denote the squared modulus of the signal. The

cumulative distribution function (CDF) of Z can be evaluated by integrating the joint
PDF over the circular region x2 + y2 ≤ z. By transforming the Cartesian coordinates
into polar coordinates (x = r cos θ, y = r sin θ), the CDF is derived as

FZ(z) =

∫ 2π

0

∫ √
z

0

1

πϱ
e−

r2

ϱ r dr dθ =
2π

πϱ

∫ √
z

0

re−
r2

ϱ dr. (39)

By applying the substitution u = r2 and du = 2r dr, the integral is simplified to

FZ(z) =
1

ϱ

∫ z

0

e−
u
ϱ du = 1− e−

z
ϱ . (40)

Taking the derivative of the CDF with respect to z, the PDF of the signal power
is obtained as

fZ(z) =
d

dz
FZ(z) =

1

ϱ
e−

z
ϱ , z ≥ 0. (41)

This precisely matches the PDF of an exponential distribution with a rate param-
eter of λ = 1/ϱ. Therefore, |yn,i,t|

2 ∼ Exp(1/ϱ). This completes the proof of Lemma
2.

Proof of Theorem 1

The lemmas utilized in the following proof are derived from literature [32, Sec. E].
Hence, this section outlines only the primary steps. For the sake of simplicity, we
consider the case where the number of scattering clusters is L = 1.

To establish the minimax optimality of the G-Exp-TS scheme for XL-MIMO sys-
tems, we analyze the cumulative regret per subarray. The total system regret is defined
as Qreg

total(T ) =
∑N
n=1Q

reg
n (T ).

We categorize the sub-optimal codewords into disjoint sets Fn,j = {i ∈ [Mn] |
2−(j+1) ≤ δn,i < 2−j} based on their expected gain gaps δn,i = µn,1 − µn,i. To
delineate the dominant regret boundaries, we introduce a critical separation threshold
∆∗
n = 4

√
VEMn/T . The regret decomposition for subarray n can thus be reformulated

as
Qreg
n (T ) =

∑

i:δn,i>0

δn,i · E[Cn,i,T ]

≤
∑

i:δn,i>∆∗

n

δn,i · E[Cn,i,T ] + max
i:δn,i≤∆∗

n

δn,i · T

<
∑

j<ϖ̂n

∑

i∈Fn,j
2−j · E[Cn,i,T ] + ∆∗

nT,

(42)

where the resolution depth is truncated at ϖ̂n = 1
2 log2(T/(VEMn)) − 3. For each

valid scale j < ϖ̂n, we define the localized error margin as ξ̂j = 2−j−2. The expected
pulls E[Cn,i,T ] are subsequently analyzed by decomposing the selection events into
two primary risk types.

Expected Pulls under Sub-optimal Over-estimation (Type-I)
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Type-I arises when a sub-optimal codeword i ∈ Fn,j is selected because its index

is over-estimated. For any ζ̂i > 0 such that ξ̂j + ζ̂i < δn,i, and a constant κn,i related
to the noise variance, the expected pulls under event Ec

n,i,ξ̂j
(t) are bounded via the

KL-divergence properties [32, Lemma E.3]

Type-I =
∑

i∈Fn,j
E

[
∑

t

I{i ∈ An,t, E
c
n,i,ξ̂j

(t)}

]

(a)

≤
∑

i∈Fn,j

(
1 +

2VE

ζ̂2i
+
VE

ξ̂2j
+

κn,i log(T ξ̂
2
j /(VEMn))

DKL(µn,i + ζ̂i||µn,1 − ξ̂j)

)
.

(43)

In step (a) [32, Lemma E.3], the exponential decay property of KL divergence
is utilized to restrict the over-sampling of sub-optimal arms, while the Mn term in
the denominator precisely cancels the Union Bound penalty on the multi-armed state
space.

Expected Pulls under Optimal Under-estimation (Type-II)

Type-II occurs when the optimal beam is under-estimated, i.e., βn,1(t) ≤ µn,1− ξ̂j .

We define Qn,1,s(ξ̂j) as the anti-concentration probability. Using the peeling technique

over the interval Ĥs = (µn,1− ξ̂j−αs, Rmax], we bound the pulls under event En,i,ξ̂j (t)
as

Type-II =
∑

i∈Fn,j
E

[
∑

t

I{i ∈ An,t, En,i,ξ̂j (t)}

]

(b)

≤

Ĵj∑

s=1

E

[(
1

Qn,1,s(ξ̂j)
− 1

)
I{µ̂n,1,s ∈ Ĥs}

]
+Θ

(
VEMn

ξ̂2j

)
.

(44)

In step (b) [32, Lemma E.1], using the peeling technique, the cases where the
empirical mean falls outside the high-probability confidence interval are isolated, and
the anti-concentration probability Qn,1,s is utilized to control the dominant term .

Integrating the exploration probability 1/Mn of G-Exp-TS to offset the exponential
anti-concentration term, we have

Type-II
(c)
= O

(
VEMn log(T ξ̂

2
j /(MnVE))

ξ̂2j

)
. (45)

Furthermore, (c) by leveraging the exploration probability 1/Mn of G-Exp-TS to off-
set the exponential term, the anti-concentration bound is integrated and scaled to
eliminate the impact of constant terms [32, Lemma E.2].

Convergence and Final Bound
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By substituting the Type-I and Type-II bounds back into the regret formula and
setting ζ̂i = ξ̂j = δn,i/4, the summation over j < ϖ̂n forms a convergent series

Qreg
n (T ) ≤

∑

j<ϖ̂n

∑

i∈Fn,j
ξ̂j · E[Cn,i,T ] + 4

√
VEMnT

= O

⎛
⎝
∑

j<ϖ̂n

MnVE log(T ξ̂2j /(MnVE))

ξ̂j
+
√
VEMnT +

∑

i≥2

δn,i

⎞
⎠

= O

⎛
⎝8
√
VEMnT ·

∞∑

k=0

log 64 + k log 2

2k
+
∑

i≥2

δn,i

⎞
⎠

= O

⎛
⎝√VEMnT +

∑

i≥2

δn,i

⎞
⎠ .

(46)

Finally, aggregating over N subarrays leads to the total regret

Qreg
total(T ) =

N∑

n=1

Qreg
n (T ) = O

⎛
⎝N

√
VEMT +

∑

n,i≥2

δn,i

⎞
⎠ . (47)

This completes the proof of the minimax optimality.
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