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Atomic clusters represent the miniaturization limit of nanoparticles, where quantum size effects and discrete 
energy levels govern their properties. Classical jellium model and Clemenger-Nilsson model have well 
explained electronic shell structures of metal clusters, enabling the prediction of magic numbers; however, 
they struggle for low-symmetry or ligated systems. Here we prepare well-resolved gold clusters, examine 
their reactivities, and find that Au13

− and Au14NO− exhibit prominent inertness, which deviates from the 
predicted shell closures based on the common models. We introduce a geometry-confined superatomic shell 
(GCSS) model, through which we elucidate the enhanced stability of Au13

− pertaining to superatomic orbital 
splitting and subshell closure (1S2|1P4|1P2|1D6||1D0|). We demonstrate Au14

− as a near-critical cluster with 
labile frontier orbitals, allowing for superatomic orbital level reordering and enhanced stability in forming 
Au14NO−. Utilizing this GCSS model, we elucidate the size-dependent stability and reactivity of gold clusters, 
extending superatomic engineering from the spherical jellium model to geometry-confined superatomic shells 
that incorporate both geometric and ligand effects. 

 

Subnanometer metal clusters—comprising a few to several tens of atoms—define the ultimate 

miniaturization limit of metals, where every atom and electron governs the overall property1,2
. 

Unlike bulk metals, these clusters display discrete energy levels, quantum size effects, and atom-

mimicking orbitals with enhanced stability at magic numbers3-7, bridging the gap between isolated 

atoms and nanoparticles8-10. The well-established nearly-free electron gas (NFEG) theory and 

jellium model, built on solving the Schrödinger equation within spherical harmonic oscillator, 

square-well, or Woods–Saxon potentials11-13, have predicted diverse magic numbers (e.g., 2, 8, 18, 
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20, 34, 40, 58, …) across different metal clusters14-16. The Clemenger–Nilsson model further 

introduced ellipsoidal deformation to explain shell splitting in metal clusters17,18, and a recent 

symmetry-adapted orbital (SAO) model extended this to Ih, Oh, and Td symmetries, showing orbital 

splitting and inverted 2S/1D ordering under Td symmetry19,20. But these frameworks encounter 

difficulties with clusters lacking distinct symmetry, as well as those containing heteroatoms or 

ligands, thereby leaving a need for a unified model based on shape-confined potentials21-23. 

Coinage metal clusters, particularly gold24,25, provide a stringent testing ground owing to strong 

relativistic effects and s–d hybridization that drive rich structural diversity—from planar (Au1−11
−) 

to bilayer/oblate (Au12−15
−), hollow-cage (Au16

− and Au17
−), core–shell (Au18

−), and tetrahedral 

(Au19−20
−) motifs. However, a few key questions remain unsolved, including the origin of 2D-to-

3D transition26 and the magic numbers of gold clusters27,28, and the relative stability of Au13
− versus 

Au17
−. Notably, small gold clusters are prone to oxygen contamination and undergo complex 

structural evolution29,30; also, reliable metal cluster experiments demands stringent local pressure 

conditions and a fine balance between cluster growth driven by gas condensation and dynamic 

dissociation induced by gas collisions. To date, a normal Gaussian distribution of pure gold cluster 

anions has rarely been reported, which substantially hinders a fair comparison of their size-

dependent stability and reactivity.  

Here we address these questions by integrating a geometry-confined superatomic shell (GCSS) 

model with self-consistent DFT calculations, combining with mass spectrometry experiments. We 

prepared well-resolved gold clusters and performed a rigorous comparative analysis of their size-

dependent reactivity. Through a joint experimental and theoretical study, we elucidate the origin 

of unique stability of Au13
− and identify Au14

− as a near-critical cluster with perturbation-sensitive 

frontier orbitals and its NO binding populates a superatomic 1F state. We further elucidate the 

structural evolution of bare Aun⁻ clusters arising from competing shell-ordering tendencies 

governed by size and shape, and demonstrate the reactivity of Aun⁻ with O2 and NO, thereby 

validating the GCSS model that extends beyond spherical jellium and offers a route to engineer 

superatomic states in metal clusters31,32. 

 

Results and discussion 

Mass spectrometry 

Gold clusters Aun
− (n = 7–21) were generated via laser vaporization (15–20 mJ, 532 nm) of a gold 

target disk (99.999% purity, Φ = 16 × 3 mm), carried by pulsed helium gas flow (99.999%, 10 

atm) through a tube nozzle (Φ = 2 mm, L = 35 mm), and then analysed using a home-built high-

resolution reflection time-of-flight mass spectrometer (Re-TOFMS)33.  We prepared pure gold 

clusters (free of contamination) with a normal Gaussian distribution to fairly compare their size-

dependent stability and reactivity, as shown in Fig. 1A-a. The down-stream reactions with oxygen 

(5% in He, 1 atm) were controlled by adjusting the pulse valve width, yielding AunO2⁻ products 
with varying reaction conditions. As shown in Fig. 1A, the even-numbered gold clusters (except 

Au10⁻ and Au16⁻ within unique geometry)34 are very reactive with oxygen, whereas the odd-

numbered ones are largely unreactive, especially Au13⁻. This trend is consistent with the previously 

published studies of Agn⁻ and Cun⁻ clusters29,35,36. The odd-even oscillating reactivity of Aun⁻ arises 
from their shell structures37-41 and alternately filled and half-filled sub-shells42. The even-number 

Aun⁻ clusters feature lower electron detachment energies and facilitate electron transfer from gold 
to oxygen43. This odd-even effect and prominent inertness of Au13⁻ were repeatedly observed in 
the gas-phase reaction experiments (Supplementary Figs. 1 and 2), indicating its unusual stability. 
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Fig. 1 | Aun− reacting with O2 and NO. A, Mass spectra of the Aun
− (n = 7–21) clusters produced by a 

homemade Lava source, in the absence (a) and presence (b-c) of different doses of oxygen reactant (5% in He, 

1 atm). The oxygen reactant of small (b) and large (c) doses correspond to pulsed (10 Hz) widths at 190 µs and 

215 µs respectively. B, Mass spectra of the Aun
− (n = 7−23) clusters reacting with different amounts of nitrogen 

monoxide (5% in He, 1 atm). The small (b), medium (c), and large (d) doses of the reactant correspond to pulsed 

(10 Hz) widths at 190 µs, 210 µs, and 230 µs, respectively. C, The estimated quasi first-order reaction rate 

constants for Aun
− clusters with NO. The insets show the Au10,13

− cluster structures. D, DFT-calculated HOMO–
LUMO gaps (EH-L) of the Aun

− clusters at the PBE0/SDD level of theory. E, Adsorption energies (ΔE), 
structures, and spin multiplicities of NO on the Au13−15− clusters, calculated at the revTPSS/SDD level of theory. 

 

Structure chemistry analysis 

Through a global-minima search utilizing an unbiased comprehensive genetic algorithm (CGA)44 

and subsequent re-optimization with Gaussian 16 software45, we have determined the lowest 

energy structures of the Aun
− clusters and their reaction products (Supplementary Figs. 6–11). The 

geometric structures of these gold clusters are consistent with the previous studies43. Notably, the 

adsorption of O2 on the odd-number gold clusters (even number of electrons) prefers a triplet state 

(except Au19
−), with small O2-binding energies of less than 0.1 eV (Supplementary Fig. 12). This 

may account for the lack of oxide products for the odd-numbered Aun
− clusters. Natural charge 

population analysis (NPA) and spin density distribution (Supplementary Tables 1 and 2) indicate 

that the reactions of even-numbered Aun
− clusters with oxygen are associated with electron transfer 

processes, namely, partial charges transferred from gold to the O2 molecule. Without forming 

dissociative oxygen-bridge species, or superoxo/peroxo intermediates46, the end-on and side-on 

adsorption of O2 on all these gold cluster anions induces relatively weak charge transfer with a 

magnitude of no more than 1.0 |e|. 

To further explore the intrinsic properties of size-dependent Aun
−

 clusters, we have also studied 

the reactions of Aun
− clusters with NO, as shown in Fig. 1B. In contrast to O2 which requires gold 

clusters to act as electron donors during reaction, NO can act as either an electron donor or an 

acceptor because it contains an unpaired electron in its antibonding π* orbital47,48. In the formation 

of the Auₙ(NO)⁻ products, the unpaired antibonding π* electron of NO becomes delocalized over 

the gold cluster, resulting in balanced nucleus-electron interactions and additional stabilization 
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energy. This stabilization energy is associated with electron delocalization and superatom-based 

bonding, mimicking conjugation stabilization in aromatic molecules which can be quantified 

within the Hückel molecular orbital framework. At a relatively low concentration of the NO 

reactant (e.g., a pulse width of 190 μs), distinct NO adducts were found for the Auₙ⁻ (n = 7, 9, 11) 

clusters, alongside rapid reactivity observed for even-sized ones; in comparison, the larger odd-

number Auₙ⁻ (n = 13, 15, 17, 19) clusters barely form detectable adduct products. 

With the elevation of NO concentration, several reaction products of Auₙ(NO)2⁻ were detected, 

showing successive reaction and favourable addition of one or two NO molecules. However, even 

when exposed to a large amount of NO reactant, Au13⁻ and Au15⁻ do not attach any NO molecules, 
and Au13⁻ shows greater inertness than Au15⁻ (see Supplementary Figs. 3 and 4 for further details). 

This aligns with the previous finding of relative inertness of Ag13⁻ than Ag15⁻ (ref.42). Reaction 

rate constant calculations (Fig. 1C) validate the exceptional inertness of Au13⁻ among all the 
studied Auₙ⁻ clusters (for oxygen-reaction rates, see Supplementary Fig. 5). This coincides 

remarkably with the largest HOMO−LUMO gap of Au13⁻ among the studied clusters (Fig. 1D). 

The exceptional stability of Au13⁻ is also associated with its low electron affinity and large electron 

detachment energy, as well as strong second-order binding energy (Supplementary Fig. 13 and 

Tables 3 and 4). For even-sized clusters, Au14⁻ behaves differently from the others and solely forms 

Au14NO⁻ even at high NO concentrations. Both Au10⁻ and Au16⁻ show considerable reactivity with 
NO, and Au10⁻ shows the overall fastest reaction rate. The reaction trends observed in Fig. 1B are 

consistently reproduced across repeated experiments (Supplementary Figs. 3 and 4). 

We compared the NO adsorption energies on these clusters (Fig. 1E, Supplementary Figs. 11 

and 12), and find that Au13
− exhibits the lowest adsorption energy among all the studied Aun

− 

clusters, whereas Au10
− shows the highest value. Apart from this, the open‑shell superatom clusters 

possess higher reactivity than closed‑shell counterparts. Notably, the reactions of Au8
−, Au12

−, 

Au18
−, and Au20

− all lead to AunNO− products of a triplet spin state, with spin density largely 

localized on the NO moiety. This feature suggests weak orbital coupling interactions between gold 

cluster anions and NO molecules (Supplementary Table 2 and Fig. 14). Likewise, the NO 

adsorption products of odd‑sized clusters favour a doublet state, where spin density is 

predominantly centred on NO, pointing to feeble Au-NO interactions (Supplementary Table 2). In 

contrast, Au10NO−, Au14NO−, and Au16NO− each adopt a singlet state, reflecting orbital 

hybridization between the gold cluster and NO (Supplementary Fig. 15). Overall, the adsorption 

behaviour of NO on Aun
− clusters is closely correlated with the valence electrons of the cluster, as 

well as the orbital matching between the cluster and the NO molecule. 

 

Quantum chemistry analysis 

Fig. 2 compares the partial densities of states (PDOS) and superatomic orbitals of Au13
−, Au14

−, 

and Au14NO− clusters (more details in Supplementary Figs. 16–24). The superatomic states of 

these clusters feature low‑lying 1S orbitals and vivid 1P and 1D orbitals. The PDOS results reveal 

that the deep valence region below −8 eV is governed by Au‑s orbital contributions, while the 

frontier orbitals indicate a mixing of Au‑s, Au‑p, and Au‑d orbitals, originating from strong 

relativistic effects of Au atoms. Of particular interest, Au13
− splits the 1D manifold and produces 

a HOMO-LUMO gap of 2.63 eV despite the absence of a spherical shell closure. Adding one atom 

and one valence electron gives an open-shell Au14
− which shows a smaller HOMO-LUMO gap of 

1.09 eV. Upon NO incorporation, the HOMO/LUMO levels shift from its initial orbital level 1ܦ௬௭/1ܦ௫௭ to 1ܨ௬(3௫2−௬2)/1ܨ௭3, accompanied by a noticeable increase of the HOMO–LUMO 
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gap (2.0 eV). Charge decomposition analysis (CDA) (Supplementary Fig. 25) shows that the 

superatomic 1ܨ௬(3௫2−௬2) orbital is symmetry-matched to the NO π* orbital, strengthening Au14
−-

to-NO back-donation interaction. The distinct superatomic orbitals in Au13
− and Au14NO− clusters 

help balance their nuclear-electron interactions, thereby enhancing cluster stability, consistent with 

the experimentally observed inertness. Notably, these gold clusters exhibit superatomic orbital 

level splitting, shifting, and reordering, which deviates from the simple shell closure predicted by 

the spherical jellium or Clemenger-Nilsson shell models. 

 

 

Fig. 2 | Electronic properties of Au13,14
− and Au14NO−. a–b, Partial densities of states (PDOS) and superatomic 

orbitals for the Au13
−, Au14

−, and Au14NO− clusters, respectively, calculated at the PBE0/SDD level of theory. 

The light grey shaded area donates the total density of states (TDOS), whereas the blue, red, green and orange 

curves represent the PDOS contributions from the Au s, p, d and NO orbitals, respectively. Unless otherwise 

noted, an isovalue of 0.01 a.u. is used throughout this work. For the occupied orbitals, orange and light blue 

patterns denote the positive and negative phases of the wavefunctions respectively; red and blue denote the 

positive and negative phases of the wavefunction for unoccupied orbitals, respectively. 

 

GCSS model investigations 

To fully unveil the unusual stability of Au13
− and Au14NO− clusters, we propose a GCSS model to 

rationalize the delocalized electrons in such clusters having nonspherical structures, as shown in 

Fig. 3. This GCSS model incorporates particle confinement in arbitrary infinite potential wells, 

including triangular, circular, square, triangular-prismatic, triangular-pyramidal, spherical, 

tetrahedral, cuboctahedral, and ellipsoidal wells, as well as user-defined geometries with confining 

regions given by electron-density isosurfaces (for details, see Supplementary Figs. 26–30). We 

assume the potential barrier is sufficiently high such that the electron tunnelling probability is 

nearly zero and electron escape can be neglected. Thus, each delocalized electron as an 

independent particle confined to a domain Ω can be solved via the stationary Schrödinger equation. 



6 

 

The domain Ω is defined either by an analytical geometry rasterized by an interior-exterior mask, 

or directly from a DFT electron-density cube (for details see Supplementary text).  

Based on the GCSS modelling calculations, the enhanced stability of Au13
− and Au14NO− is re-

examined with the electron-density surfaces directly as the GCSS boundaries (Fig. 4). The C3v-

symmetric double-layer Au13
− denotes a 14-electron configuration, giving rise to superatomic 1D 

splitting and a subshell closure (1S2|1P4|1P2|1D6||1D0|) with a very large gap of 2.9 E* (where E* 

denotes the dimensionless energy unit of the GCSS; see Supplementary text). Within the GCSS 

model, the Au14⁻ exhibits a superatomic open-shell electron configuration (1S2|1P4|1P2|1D6|1D1). 

Upon NO incorporation, the confining potential becomes more oblate and induces superatomic 1D 

splitting and 1F descending, yielding a 16-electron configuration (1S2|1P4|1P21D2|1D4|1F2||1D0). 

Similarly, we also studied the heteroatom-doped clusters such as Ih-symmetric Mo@Au12 and Oh-

symmetric Sc@Au12
+, as well as a ligand-protected [Au13]

5+ nanocluster. For all these systems, the 

ordering of superatomic orbital levels and the corresponding electron-cloud patterns closely match 

the DFT calculation results. This agreement validates a broad applicability of the GCSS model and 

demonstrates that the boundary shape effectively accounts for the primary influence of structural 

rearrangement on the low-energy superatomic states. 

 

 

Fig. 3 | Schematic illustration and typical results of the geometry-confined superatomic shell (GCSS) 

model. The electron confinement region is represented by an arbitrary potential domain Ω, defined either by a 
user-specified geometry or by electron-density isosurface obtained from DFT calculations. Within Ω, electrons 
are treated as confined free electrons, whereas an infinite potential barrier is imposed outside the domain. The 

boundary of the confinement potential is denoted as ∂Ω, where the wavefunction satisfies the boundary condition ߰(⃗ݎ) ǀ∂Ω = 0. Solving the Schrödinger equation under different confinement geometries reveals that the 

superatomic energy levels Enl are determined by the shape and size of Ω, rendering orbital energy shifts, level 

reordering, and altered magic numbers.  

 

The same principle extends beyond the gold clusters. Across oblate, prolate, triangular-

prismatic and triangular-pyramidal domains, the GCSS modelling calculations (Fig. 5) reproduce 

the results of first-principles calculations, seen as superatomic orbital level ordering, symmetry-

resolved splitting and degeneracy patterns for the naked, doped and ligand-passivated MₙXₘ 

clusters (M = Na, Mg, Al, Cu, Ag, Au, Bi, Sn; X = Sc, Mo, Cl, I, NO) (Supplementary Figs. 31–
35, and Supplementary Tables 5–9). These comparisons reveal a shape-dependent interpretation 

of electronic magic numbers. Each confining geometry produces a distinct orbital sequence and a 
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set of shell-closing conditions, with the electron count determining which levels are occupied. The 

GCSS framework thus enables two complementary types of prediction: for a specified cluster, it 

can estimate the electron number required to produce subshell closures; for a fixed electron count, 

it helps to evaluate shapes, dopants, or ligands that promote shell closure. In view of this, the 

confining potential and the electron count operate as a coupled control mechanism governing both 

magic-number behaviour and the properties of delocalized electrons. 

 

 
 

Fig. 4 | Simplified free-electron orbital energy levels based on the GCSS modelling calculations. Red and 

blue denote the positive and negative phases of the correlative wavefunction, respectively. The corresponding 

energy values under equal‑volume scaling (E*) and a comparison with that given by units of electron volts (eV) 

are provided in Supplementary Fig. 30 and Supplementary Table 10. 

 

Taken together, the GCSS model leads to three general conclusions. First, spherical geometries 

are not always energetically favourable for metal clusters, which allow superatomic states to 

balance nucleus-electron interactions and delocalized electrons with additional stabilization 

energy. By reshaping the confining domain, a cluster can tune the splitting and reordering of 

superatomic orbital levels and thereby open an energy gap larger than that in a spherical potential, 

as illustrated by oblate Au13
−, triangular prism [Au10]

2−, and tetrahedral Au20 (Fig. 5, 

Supplementary Fig. 29, and Supplementary Table 10). Second, within this GCSS framework, the 

electronic magic numbers are not restricted to conventional jellium shell closures but can include 

6, 8, 10, 12, 14, 16, 18, 20, 24, 26, 28, 34, 40, etc. Third, the GCSS model facilitates the rational 

design of superatomic clusters by allowing geometric confinement, dopants, and ligands to modify 
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the cluster potential, thereby providing targeted control over orbital ordering and magic numbers. 

In light of this, geometric confinement is not simply a structural outcome but rather a tuneable 

variable that dictates electronic shell structure, superatomic states, and orbital level sequences49. 

 

 

Fig. 5 | Application of the GCSS model. a–d, Schematic illustration of the GCSS model for typical metal clusters 

and superatoms at varied deformation ratios a/c or x/h of the oblate (a), prolate (b), regular triangular prism (c) and 

regular triangular pyramid (d) potential domains. For both oblate and prolate, the a and c donate the semi-major and 

semi-minor axes, respectively. For both the regular triangular prism and the regular triangular pyramid, the x and h 

donate the base side length and the height, respectively. 

 

Conclusions 

In summary, we combine geometry-confined superatomic shell model, density functional theory 

calculations, and gas-phase mass spectrometry to investigate the stability and reactivity of pure 

metal clusters Aun⁻ (n = 1–20). Apart from the odd-even alternation in reactivity with O2, our 

results demonstrate remarkable inertness of Au13⁻, pertaining to its unique electronic configuration 

and large HOMO–LUMO gap, as well as low O2 adsorption energy. Reactivity studies with NO 

further confirm the stability of Au13⁻, and identify Au14⁻ as a near-critical cluster, where NO 

adsorption induces substantial structural rearrangement that stabilizes its superatomic 1F orbital 

and widens its HOMO–LUMO gap. Furthermore, we propose a GCSS model that incorporates 

particle confinement in both 2D and 3D infinite potential wells of variable geometry. This model 

rationalizes orbital level splitting, mixing, and reordering by establishing the shape of the confining 

potential as a key determinant of both geometric and electronic structural evolution. Also, it helps 
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clarify the long-standing question of why M13⁻ (M = Cu, Ag, Au) exhibits stability comparable to 

that of the magic-number cluster M17⁻. Apart from the insights into the small coinage metal 

clusters, this GCSS model is also applicable to larger clusters and other metals, as well as 

heteroatom-doped or ligand-stabilized systems. These findings advance our understanding of 

superatomic features in metal clusters, shed light on cluster stability and structure evolution 

mechanisms, and validate the strategy for tuning superatomic states via heteroatom doping or 

ligand effects—expanding the prospects for superatom engineering in catalysis, materials design, 

and nanotechnology. 
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Methods 

Experimental methods 

The instrumental setup employed in this work to acquire the research findings is based on self-

designed equipment described in prior publications33. The experiments used a laser vaporization 

source with a gold disc target. A 532 nm laser beam struck the target surface, and a pulsed valve 

introduced high-purity helium carrier gas (99.999%, 10 atm) to entrain the resulting plasma. The 

plasma cooled before being injected into a growth chamber and passed through a supersonic nozzle 

(Φ = 2 mm, L = 35 mm), where cluster growth occurred. The generated clusters were collimated 

by a skimmer and detected using a custom high-resolution reflection time-of-flight mass 

spectrometer (Re-TOFMS). Cluster size distribution was controlled by adjusting the laser Q-

switch delay and carrier gas pulse width. The Re-TOFMS system comprised a pulsed acceleration 
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field and a constant-voltage DC reflectron field, with product mass numbers determined from time-

of-flight differences of ions with distinct mass-to-charge ratios.  

For reaction studies, reactant gases were introduced into the growth chamber through a pulsed 

valve to react with the clusters. The resulting products were then carried by the carrier gas to the 

detection chamber for mass spectrometry analysis. By adjusting the pulse width of the carrier gas, 

different reactant concentrations could be achieved, enabling controlled reactions of size-

dependent gold clusters. When the reactant gas concentration was low, the reactions of these gold 

clusters were treated as pseudo-first-order processes, from which the rate constants for their 

reactions with O2 and NO were determined. 

 

DFT calculation method 

Unbiased global structure searches for Aun
− clusters (n = 7−20) are performed via a comprehensive 

genetic algorithm (CGA)44 implemented in the DMol3 package. For each cluster size, an initial 

population of sixteen randomly constructed geometries is adopted. In every evolutionary 

generation, new candidate structures are generated by crossover and mutation operations, each 

assigned an equal probability of 50%. A maximum of 5000 iteration steps is employed to guarantee 

convergence to the global minimum structure. All candidate configurations are further optimized 

at the DFT level using the all-electron relativistic approach with the PBE functional and DND 

basis set.  

Low-energy isomers screened by the CGA method are further reoptimized with the Gaussian 

16 program package45. The revTPSS functional together with the SDD basis set is adopted for Au 

atoms, whose reliability has been validated in our previous studies50. For the interactions of Aun⁻ 
clusters with O2 and NO, all plausible adsorption sites—including top, bridge, and hollow sites—
are fully considered. Both singlet and triplet spin states are evaluated for even-electron systems. 

The 6-311+G(d) basis set is applied to N and O atoms51. The HOMOs and LUMOs are also 

calculated with hybrid functional at the PBE0/SDD level of theory. Atomic charge distributions 

are obtained via natural population analysis (NPA)52. Electron density surfaces (EDSs) are 

calculated using the Multiwfn code53-55. All molecular structure graphics are visualized and 

rendered by VMD software56. 

 

GCSS model theory 

We represented each delocalized electron as an independent particle confined to a domain Ω and 

solved the stationary Schrödinger equation with the bare electron mass mₑ: 
(ݎ⃗)௜߰ܪ̂  = [− ℏ22݉௘ 2ߘ + ఆܸ(⃗ݎ)] ߰௜(⃗ݎ) = (ݎ⃗)௣ℎ௬௦೔߰௜ܧ

ఆܸ(⃗ݎ) = { 0 if  ⃗ݎ ∈ ∞+ߗ if  ⃗ݎ ∉ ߗ (1) 

The infinite barrier imposes a homogeneous Dirichlet boundary condition. The domain is 

defined either by an analytical geometry, Ωg, rasterized by an interior-exterior mask, or directly 

from a DFT electron-density cube (Ωρ). In the latter case, the density threshold is supplied 

explicitly or taken as the median cube density interpolated at the Multiwfn surface vertices: ߰௜(⃗ݎ)|௥⃗∈డఆ = ߗ  ,0 = ఘߗ ௚,  orߗ = :ݎ⃗} (ݎ⃗)ߩ ≥ {isoߩ (2) 
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For Cartesian-grid solvers, the negative Laplacian was discretized on retained nodes by second-

order central differences with spacings ݀ݔ ݕ݀ , , and ݀ݖ . All six diagonal contributions were 

retained, while missing neighbours were assigned zero ghost values, imposing the Dirichlet 

condition on the voxelized boundary. Axisymmetric ellipsoids instead used sectorwise cylindrical 

generalized eigenproblems, ܭu =  :uܯߣ

c௜ܣ  = ,௜c௜ߣ ௜௝௞(ܿܣ) = 2−ݔ݀)2 + 2−ݕ݀ + ௜−1,௝,௞ܿ~)2−ݔ݀−௜௝௞ܿ(2−ݖ݀ + ~ܿ௜+1,௝,௞)−݀2−ݕ(~ܿ௜,௝−1,௞ + ~ܿ௜,௝+1,௞)−݀2−ݖ(~ܿ௜,௝,௞−1 + ~ܿ௜,௝,௞+1). (3) 

 

The lowest eigenpairs were obtained with sparse eigensolvers. Cartesian eigenvectors for 

overlaps, projections, and symmetry analysis were Euclidean orthonormal on retained nodes. On 

a uniform grid, the factor (݀ݖ݀ ݕ݀ ݔ)−12  gives volume-normalized plotting wavefunctions for 

display, whereas cylindrical eigenvectors were ܯ -normalized. Thus |߰௜|2  is a single-particle 

probability-density pattern, while signed isosurfaces retain phase. Idealized shapes were rescaled 

to a common volume, and energies were reported in equal-volume units E*, 

௜(E∗)ܧ  = ௣ℎ௬௦೔ܧ ∙ 2݉௘ܴ02ߨℏ2 = ݇௜2ܴ020ܴߨ = ߨ4|ߗ|3) )13
݇௜2 = ௜ܽeqߣ

2 for a unit-edge well

(4) 

 

Here, ܴ0 = (3|ఆ|4గ )13 is the equal-volume sphere radius; voxel masks use |ߗ| ≈ iܰn ݀ݖ݀ ݕ݀ ݔ. On 

density grids, ߣ௜ = ݇௜2; for unit-edge wells, ݇௜2 = ఒ೔௔eq
2 . In a sphere, n and l are exact and follow from 

the zeros of the spherical Bessel functions. For a non-spherical well, each numerical eigenstate ψᵢ 
was assigned a parent (ni, li) shell by maximum projection onto the same-grid spherical-Bessel and 

real-spherical-harmonic reference subspace Φₙₗ. Where implemented, a multiplet Ψg of dimension 

dg was assigned a parent shell by maximizing its dimension-normalized subspace projection: 

 (݊, ݈)௚ = argmax௡,௟ †௡௟ߔ‖ ௚‖ி2݀௚ߖ . (5) 

 

Parent-shell rules were solver specific: ellipsoidal branches were followed from the spherical 

limit; Td and Oh combined subspace weights with energetic and symmetry compatibility; Ih used 

the largest subspace weight; and density-cube calculations used basis-dependent statewise labels. 

The C3v and D3h scripts omitted spherical-parent projection. Grouped Td, Oh, Ih, and density-

derived states were classified through operation traces and character tables, whereas C3v and D3h 

states used rotation and mirror overlaps. Density-derived blocks were additionally assessed by 

character mismatch and subspace leakage, with heuristic subdivision when appropriate. 
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These thresholds are numerical acceptance criteria, and both parent-shell and irreducible-

representation labels are symmetry-supported numerical descriptors rather than exact quantum 

numbers. Full equations, decomposition criteria and group-specific sampling procedures are 

provided in the Supplementary Information. Further details regarding the GCSS model are 

available in the MATLAB codes deposited on Zenodo (DOI: 10.5281/zenodo.22127728). 
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